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ABSTRACT

A new approach to the cosmological recombination probleprésented, which completes
our previous analysis on thdfects of two-photon processes during the epoch of cosmolog-
ical hydrogen recombination, accounting f@-1s anchd-1s Raman events and two-photon
transitions from levels witlm > 2. The recombination problem for hydrogen is described us-
ing aneffective400-shell multi-level approach, to which we subsequendly @l important
recombination corrections discussed in the literaturs flau We explicitly solve the radia-
tive transfer equation of the Lyman-series photon field ttaimbthe required modifications
to the rate equations of the resolved levels. In agreemehtesrlier computations we find
that 2s-1s Raman scattering leads to a delay in recombiniagiaNe/Ne ~ 0.9% atz ~ 920.
Two-photon decay and Raman scattering from higher levets ) result in small additional

modifications, and precise results can be obtained whendirdg their éfect for the first 3-5
shells. This work is a major step towards a new cosmologézaimbination code (@moRec)
that supersedes the physical model includedstcrRt, and which, owing to its short runtime,
can be used in the analysis of future CMB data from thewék Surveyor.
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1 INTRODUCTION

The R.anck Surveycﬂ is currently observing the temperature and
polarization anisotropies of the cosmic microwave backgd
(CMB), and scientists all over the world eagerly await itstfitata
release, scheduled for early 2011. WithhiRk data sets cosmol-
ogists will be able to determine key cosmological paransetéth
unprecedented precision, making it possible to distirgbetween

the various models dfflation (e.g. seé Komatsu etlal. 2010, for

recent constraints).

Over the past 5 years, various groups (e.g.
see Dubrovich & Grachikv 2005; ghlubg&gunjaev

2006b; [Kholupenko & Ivanchik [ 2006; [ Switzer & Hirhta
[2008; |Wong & Scott | 2007: | Rubifio-Martin et al.| _2008;
Karshenboim & Ivandvi 2008} Hirata 2008: Chluba & Sunyaev
2008; | Jentschura_2009; Labzowsky €tlal. 2009; Grin & Hirata
[2010; | Ali-Haimoud & Hiratal 2010) have realized that the un-
certainties in the theoretical treatment of the cosmokigic
recombination process could have important consequermes f
the analysis of the CMB data from the.A&Rck Surveyor. It was
shown that in particular our ability to measure the preciskies
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of the spectral index of scalar perturbationg, and the baryon
content of our Universe will be compromised if modificatidis
the recombination model byeRrast (Seager et al. 1999, 2000) are
neglected|(Rubifio-Martin etlal. 2010).

To ensure that uncertainties in the cosmological recombina
tion model do not undermine the science return of thenék
satellite, it is crucial to incorporate all important preses lead-
ing to changes in the free electron fraction close to the maxi
of the Thomson visibility function (Sunyaev & Zeldovich 17
by more than~ 0.1% into one recombination module. The main
obstacle towards accomplishing this so far was that detaie
combination calculations took too long to allow accountiiog
the full cosmological dependence of the recombinationemions
on a model-by-model basis. This led to the introductionirof
proved fudge factorso Recrast (Wong & Scofl 2007; Wong et Al.
), or multi-dimensional interpolation scheml.
[2009:| Rubifio-Martin et al. 2010), that allow fast but appmate

representation of the full recombination code.

Although it was already argued that for the stringent ebans
of today’s cosmological parameters such approaches sheddf-
ficient (Rubifio-Martin et al. 2010), from a physical stgmint it
would be much more satisfying to have a full representatich®
recombination problem, that does notfsu from the limitations
mentioned above, while capturing all the important phylsiza-
cesses simultaneously. Furthermore, such a recombinaiaiule



http://arxiv.org/abs/1010.3631v3

2 Chluba and Thomas

increases the flexibility, and allows us to provide extensjce.g.,
to account for the féect ofdark matter annihilationenergy injec-
tion by decaying particlege.g. se¢ Chen & Kamionkowski 2004;
IPadmanabhan & Finkbeiner 2005; Chluba 2010), orvéigation
of fundamental constan{&aplinghat et &ll. 1999; Galli et Al. 2009;
Scoccola et al. 2009), while treating all processes simeiously.

In this paper, we describe our new approach to the recombina-

tion problem, which enables us to fulfill this ambition by osem-

ing the problems mentioned above. Our code, callesMGRed?,
runs in 1- 2 minutes for a given set of cosmological parameters as
it stands and can be optimized further to run well below a teinu
eliminating the need fofudge factorso solve the recombination
problem. One of the key ingredients that facilitates thisréase

in speed is theféective multi-level approach, which was proposed
recently by Ali-Haimoud & Hirata (2010).

We also extend our previous analysis on tifieas of two-
photon processes during the cosmological recombinationtepf
hydrogen [(Chluba & Sunyaev 2008, 2010b) to accountnods
andnd-1s Raman scattering and two-photon transitions fronmideve
with n > 2. The radiative transfer equation for the Lyman-series
photons during hydrogen recombination is solved in detsiihg

function of redshift. Because of particle conservatior tre num-
ber of electrons in excited states ofi ind H:1 being negligible,
one may writh

@)

where Ny denotes the number density of hydrogen nuclei, and
fhe Nre/Ny is the fraction of helium nuclei. The populations
of the different levels are given b¥? = N?/Ny, where "a’ indicates
the atomic species. Furthermoig,= XiH for convenience.

Equation [(1) implies that the recombination problem reduce
to finding solutions to<{,. For hydrogen, thetandardrate equation
describing the evolution of the ground-state populatiaitha form

(see alsa; Seager etal. 1099, 2000)

Ne = NH[l — XlHS] + NH[fHe - leSe]a

dXis . ‘
dt = AR;&—»ls + Z AREleS (za)
st k
AR?SHIS = AZSls[X';s - Xleeihym/kTy] (Zb)
AREE)«—»lS = Apidl+ nE[l)lS) [X,t:, -3 X?sﬁkplS] . (2c)

Herenyp:sis the mean photon occupation number over the Lyian-

a PDE solver that we developed for this purpose and can accom-line profile, A; the atomic rate cdicients for spontaneous emis-

modate non-uniform grids (see Appenfiik B for more detals)t
results for the ffect of Raman scattering on the recombination dy-
namics are in good agreement with earlier computatiir
2008). Furthermore, we show that two-photon decays frorelsev
with n > 4 — 5 can be neglected and Raman scattering is only im-
portant for the first few shells.

The main dfficulty with two-photon and Raman processes
during the recombination epoch is the presence of resosance
the interaction cross-sections related to normafl"lphoton tran-
sitions that are already included into the multi-level mabina-
tion code [(Hirata & Switzer 2008; Chluba & Sunyaev 2008; kira
[2008;[ Chluba & Sunyakv 2010b). Unlike for the 2s-1s two-phot
decay, all the highens-1s andhd-1s two-photon channels include
"1 + 1’ photon sequences via energeticdtiwer Lyman-series res-
onances, i.ens/d « kp < 1s withk < n. Similarly, forns-1s and
nd-1s Raman-scattering eveatshigher Lyman-series resonances,
i.e.,ns/d & kp < 1s withk > n, appear. Therefore, special care
has to be taken to avoitbuble-countingf these resonances in the
rate equations of the multi-level atom, as we explairg B.4.3,
§BZ32,$B53, andB54.

In § @ we outline our principle approach to the recombination
problem. The terms for the radiative transfer equation ahiat to
take all important recombination corrections into accoang de-
rived in § Bl We then solve the evolution equation for the high fre-
guency photon field during the recombination epoch, andtiiie
the diferent changes gl In §[B, we discuss the fierent correc-
tions to the ionization history, and we present our conohssiand
outlook in§ 6.

2 PERTURBATIVE APPROACH TO SOLVING THE
FULL RECOMBINATION PROBLEM

2.1 General aspects of the standard recombination problem

The cosmological recombination problem consists of deteénn
an accurate estimate of the free electron fractiany Ne/Ny, as a

2 This code will be available at www.Chluba/@®smoRec.

sion, andnﬂm is the occupation number of the CMB blackbody
photons at the Lymak-ransition frequencyi: = vipis

The solution of Eq.[{2), depends on the level populations
of the 2s- andkp-states. In addition, the photon distribution in
the vicinity of every Lyman-resonance has to be known, to de-
fine Nip1s. Nip1s is Often estimated by the Sobolev approximation,
which, however, breaks down during recombination, leadimg
non-negligible corrections to the recombination dynancg. see
IChluba & Sunyaev 2009h, 201Ch, 2009a). The rate equatians fo
the 2s- andkp-states themselves can, in principle, be explicitly
given. But here it is only important to realize that theselléaa
large network of rate equations which depends on the papotat
of all other excited levels. To complicate matters further the elec-
tron temperatureT,, enters the whole problem via recombination
codficients,ai(Te, T,), to each level, whereT, is the photon tem-
perature.

The evolution ofT, is described by one simple fiérential
equation, which accounts for the cooling of electrons cabigethe
Hubble-expansion, and the energy exchange with CMB phatans
Compton scattering. Other processes, e.g., such as Brairissig
cooling, are subdominal @000).

2.1.1 The fective multi-level approach

Recently, Ali-Haimoud & Hiratal (2010) suggested to sirfypthe
recombination problem to a subset of levels that need to be fo
lowed explicitly. Here we shall call the members of this ®ibse-
solved’ levels. This approach enables us to account for fileete
of recombinations due to highly excited statas>( 100), without
actually solving for all these level populations expligifThe ratio-
nale being that except for the optically thick Lyman-setiessi-
tions, all other rates are mediated by the CMB blackbody gt
and hence only depend on the photon and electron tempesature
The downside of this simplification entails the need to tab-
ulate effectiverate codicients as a function of, and T, prior
to the computation. This however needs to be done only once,

3 We assume to be at redshifts< 6000, well after doubly ionized helium
recombines.
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and given that the number of resolved states necessary for co
verging solutions is small, thigffective multi-level approache-
sults in tremendous speed-ups for recombination calonat{see
|Ali-Haimoud & Hirata 2010, for more details). For this worke
also implemented such arffective rate approach. The rate co-
efficients for an fective 400-shell hydrogen atom were com-
puted using our most recent recombination ¢
M), while helium is described with a multi-level treatthe
(Chluba & Sunyaéy 201Da).

Within this framework the choice of the number of resolved
states depends on the explaysicsthat one intends to include. For
example, in aninimalmodel for the hydrogen recombination prob-
lem one should explicitly solve for ties, 2s, and 2p level popu-
lations in tandem with the electron temperatdrg,

This minimal choice already allows us to include processes

etal

2.2 Beyond the standard rate equation for 1s

As mentioned ir§ [2.1.1, within the &ective multi-level approach
the choice for the resolved states depends on the physiestomb-
elled in detail. For example, in order to include the fulleet of
Lyman-series feedback, say uprio= 8, theminimal model that
follows 1s, 2s, and 2p would at least have to be extended by all
kp-states up to 8p.

Also, the inclusion of two-photon processes from higheelev
and Raman-scattering, requires us to re-write equdflan €jnore
generalized form as,

dXxtt
dt

(6)

= > {X'Ro1s - XiRusi}

mod i

that dfect the net rates in the 2s-1s two-photon channel and the WhereR._,; are the rates between the leveland j. These rates

2p-1s Lymana resonance, e.g., theffect of stimulated 2s-1s

two-photon decayl (Chluba & Sunyaev 2006b), or the feedbéck o
Lyman- photons on the 1s-2s rate (Kholupenko & Ivanithik 2006).
However, since we restricted ourselves to the 1s, 2s andagsst
corrections due to Lymag-or higher resonance feedback cannot
be modelled as these would require resoluipgstates witm > 2

(Chluba & Sunyaél 2007). We will return to these point$[E121.

2.1.2 Sobolev approximation fag:s

In a multi-level approach the Sobolev approximation is keato
obtain a solution for the photon-field around every resoaam
pearing in Eq.[[Zc). The photon occupation number arounti eac
line is then given

Anf = Anf[1-e Sl Xk]] 3)
n?

kols 7% is the Sobolev optical depth in the

Lymank resonance, angk = [ ¢4 (v) dv. Hereg{i(v) is the Voigt
profile corresponding to a resonance, and the line occupatio-
ber,n¥, is defined as:

whereAnf ~ nf —

N
K p
n = . 4
L3 Nis “)

Consequently, a simple approximation for the mean occopati
number is

PSAN, ®)
with P§ = [1 - e‘Tlé]/r'g being the Sobolev escape probability.

For the Lymana resonance Eq.[13) results in a photon
distribution that is rather unphysical (e.g. see discussio
Chluba & Sunyaey 2009b). This is primarily due to the assimnpt
that every interaction with the resonance leads to a compéetis-
tribution of photons over the whole line profile, which fopigal
values ofrs during recombination couples the photon distribution
from the line center up to frequencies in the Lyman-contmuBor
conditions present in our Universe, photon redistribubear fre-
quency is much lessfliective, most notably in the distant wings.
Thus, it is important to distinguish between scattering) emis-
sion and absorption events, as we will discus$[8h

~ k
Nkp1s = N —

4 Because the 2s and 2p states are usually close to full matisguilib-
rium, one could also eliminate either of these states uXpg= 3X2s and,
as a result, closely resemble the normatiRst code, now without requir-
ing a fudge factor.

5 We assumed that as— oo the distortionAn,, — 0, and that (as usual)
the factor ¢x1/v)? ~
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depend on atomic physics, the CMB blackbody, the electrom te
perature, and the solution for the Lyman-series spectsabdion
introduced by the recombination process.

To include two-photon corrections to the Lyman-series up to
N < Nmax, the important levels to follow are all thel andns-states
with 2 < n < nmax. The corresponding partial rates to the states
drop out of the equations, and the Lyman-series emissiorabnd
sorption profiles, usually given by a Voigt function, will beplaced
by the two-photon profiles for thes <> 1s andnd < 1s processes,
and similarly for the Raman process. We will specify theseem
tions more precisely in the following sections.

2.2.1 Accounting for corrections from radiative transfgfieets

Changes in the level populations, electron temperaturefiaael
electron fraction remain smalk( 1%), when diferent physical
processes, which were neglected in earlier treatments $esy
Rubifio-Martin et al. 2010, for overview) are included.ig fusti-
fies treating corrections td, and the populations of resolved lev-
els, X;, as smalperturbations On the other hand, it has been shown
that the changes in the photon field caused by time-depeadenc
(Chluba & Sunyaév._2009b), line scatteri aev
120094 Hirata & Forbés 2009), or two-photon correctidngdtdi
[2008; Chluba & Sunyafv 2010b), aren-perturbative

In §3 we derive in detail the fierent correction terms for the
photon difusion equation and provide modifications to the net rates
of the dfective multi-level atom. The idea is to first solve the re-
combination history using thefective multi-level approach in the
"1 + 1’ photon description, i.e. equak.,; = R} in Eq. (@), and
then compute the solution to the photon field using the radiat
transfer equation. This then leads to corrections in theratess,
which are used in computing changes to the recombinatioardyn
ics, and hence modify Ed.](6). These corrections being smiedl
mand only one iteration to converge. Detailed descripttonthe
notations in the following sections and part of the methosisdu

can be also found in Chluba & Sunyaev (2009b, 2010b, 2009a).

3 EQUATION FOR THE PHOTON FIELD EVOLUTION
AND CORRECTIONS TO THE EFFECTIVE
MULTI-LEVEL ATOM

To account for all corrections to the cosmological recoration
problem, itis important to follow the evolution abn-thermal pho-
tonsin the Lyman-series, which are produced during recombina-
tion. These photons interact strongly with neutral hydrogeoms
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throughout the entire epoch of recombination, and the& ohes-

hvar o 4Q 4100

wherex is the dimensionless frequency af(d) = 72 g

capefrom the Lyman-resonances is one of the key ingredients in The first term on the right hand side describes phot@iusion and

accurately solving the recombination problem.
The partial dfferential equation governing the evolution of the

photon field has the form (see Chluba & Sunyaev 2009b, for a de-

tailed discussion)

1 [ O0AN,

aAN,
—Hy £
c| ot v

Y ov

t] = C[AN, Jenyabs + C[AN ]scas  (7)

whereAn, = %ANV is the distortion in the photon occupation
number, and a distinction is made between the collision germ
leading to emission and absorptia@[An,Jenyans and scattering,

the second accounts for the recdilest.

3.1.1 Electron scattering

The difusion codficient in the case of electron scattering is (e.qg.
see Zeldovich & Sunyagv 1969; Sazonov & Sunyaev 2000)
o1NeC kTe
H[1+7 | mec?|

6.65 x 10?5cn? is the Thomson cross section.

De(X¥) = (10)

where o1 ~

C[AN,]scae As an example, the first term on the right hand side of Chluba & Sunyaev (2009a) pointed out that electron scatjéras

the equation can account for two-photon corrections toittesdro-
files, while the second term, electron godresonance scattering.
The second term on the left hand side describes the redshifi
photons due to Hubble expansion, and plays a crucial roleeies-
cape of photons from the optically thick Lyman-series resmes.

In Eq. [@) the CMB blackbody has been subtracted,Am,,=
n, — ', wheren? = ["/T» — 1]-1 is the blackbody occupation
number, because the left hand side directly vanishes foaekbl
body with temperatur&,(2) « (1 + 2). Also, spectral distortions
created by Compton scatteringf @lectrons withTe # T, will be
extremely small for conditions in our UniveBsat least if there is
no additional energy release.

By changing the time-variable to redshiftusing d/dt =
—H(1+2), and scaling to dimensionless frequemcy v/v»1, Eq. [1)
reads

AANy X

9z Iy [1+7

OANy
0X

- Az {C[Anv]em/abs"’ C[Anv]scat} > (8)

whereAn, = vo,1 An, and A, = Hc[vlil We will now discuss the

ol
terms describing the resonance anJ electron scatterigd@Ihwe

an d@fect only at the early stages of recombinatine (1400). How-
ever it is easy to include, and also has the advantage ofliztabi
ing the numerical treatment by damping small scale fluataatbf
the photon occupation number caused by numerical erroeg, iev
places where line scattering is already negligible.

As can be seen from the form of theffdision codicient in
Eg. [10), the #iciency of electron scattering to a large extent is
achromatic This is in stark contrast to the case of resonance scat-
tering, which is most ficient only in a very narrow range around
the line center (see next paragraph). Furthermore, the eunfb
free electrons drops rapidly towards the end of recomtmnatiuch
that the Fokker-Planck approximation is expected to breaknd

(Chluba & Sunyaéy 2009a). Nevertheless, thudion approxima-

tion remains sflicient for computations of the free electron fraction

(see Ali-Haimoud et al. 2010).

3.1.2 Resonance scattering

For resonance scattering by a Lymlatine the difusion codi-

cient is (e.g. sele Badko 1978.a; Ryblcki 2006; Chluba & ey

specify the diferent emission and absorption terms, which then in 20094, and reference therein)

§[@ andgHd are used to compute the corrections to the Lyman-series

distortion and ionization history.

3.1 Inclusion of partial redistribution by resonance and

electron scattering

Here we provide the terms for the Boltzmann equation de-
scribing the @&ect of (partial) photon redistribution by reso-
nance and electron scattering. The form of the collisiomter
for these cases within a Fokker-Planck formulation was dis-
cussed earlier (e.@. Zeldovich &SunyHev 1969; Bdsko j@?Sb,
Rybicki & dell’Antonid [1994:| Sazonov & Sunyaev 2000; Ryhick
[2006;[ Chluba & SunyaBv 2009a). Since we are only followirg th

evolution of the distortion from a blackbody, and since itlsar
that induced fects are negligitﬂs one can readily write

190
Az C[Anv] |scatt ~ ? 5(

09| Sancre@an. @

6 The cooling of CMB photons by losing energy to keep electraiik, ~
T, should lead to g-distortion withy-parametery ~ 1071° — 10-°. The
dissipation of energy by acoustic waves should leagl40l08. These can
be neglected for our purpose.

7 Eliminating the dominant term of the CMB blackbody leavesnith a
term that is tiny because we are always in the distant Wi¢oftthe CMB
at all times during recombination.

kp 2
o, N]_SC kTe Vi1 2 .k
D) = pEE X000, (1)
H[1+2 [myc? |2
kp _ 3/1&1 Axpis kp .
whereo " = =& —= andAv;” denote the resonant-scattering cross

81 AP
section and the D%ppler width of the Lym#&rresonance, respec-
tively. For the Lymane line o® ~ 1.91x 103 cn? andAvZ® ~
2.35x 108 v, atz ~ 1100. The Voigt profilesi’(x) = ¢P(x) Avi?,

is normalized as[” ¢{(X¥)dx® = K ¢P()dv = 1. Where

X = [v - wpl/AV® is the distance to the line center in units of
the Doppler width.

The scattering probability of the Lymdn¥esonancep§2, is
determined by aveighted countf all possible way®sut of the kp-
state,R,;p(Ty), excluding the Lyman-series resonance being consid-
ered, and then writing the branching ratifl as

Akpls
Akpls + Rt:p ’

yielding the probability for re-injection into the Lymda+reso-
nance. The rate§;p(T7) and the scattering probabilitiep'gﬁ(Ty),
can be pre-computed, independent of the solutions obtdioed
the multi-level code. We detail the procedure below.

Following|Rybicki & dell’Antonio (1994), the dfusion coef-

ficient isD o ¢{‘/p(v). We neglect corrections due to non-resonant

P = (12)

8 Stimulated emission for the Lyman-series has been neglecte

© 0000 RAS, MNRASD00, 000—-000
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contributions (e.g. see Llee 2005) in calculating the saageross
section, which would lead to aftiérent frequency dependence far
away from the resonance (e.g. Rayleigh scattering in theartis
red wing,[Jacksoh 1998). However, because it turns out &sakr
nance scattering is only important in the vicinity of the Lymay
resonance, this approximationfsces.

It is also worth mentioning that Eq.(IL1) together with Eq, (9
in the limit of large optical depE) provides a viable description
for the redistribution of photon over frequency. Unlike tease of
complete redistributioiin which the reemission after each scatter-
ing event occurs over the whole Voigt profile), in the recamabi
tion epoch photons are onpartially redistributedas a result of the
Doppler motions of the hydrogen atoms, so-called typedistei-

bution as defined in Hummér (1962).

3.1.3 Equilibrium solution for the scattering term

Independent of the type of scattering, the equilibriumriistion
with respect to the scattering term Eg. (9) is given by

AR = Any, () e €@, (13)

This is the expected Wien spectrum with the temperature effin
by the electrons. The normalizatidm,,(2) is determined by the
emission and absorption process.

The optical depth to line scattering being extremely large i
side the Doppler cores of the Lyman-resonanags~ 10° — 10?
during Hi recombination) causes the photon distribution within the

Doppler core to remain extremely close to equilibriusng=®?,

3.2 Normal Lyman-k emission and absorption terms

In the normal "1+ 1’ photon picture, the emission profile for each
Lyman-series resonance is given by a \Voigt- protw@ﬁ with Voigt-
parametegl®. Given the rateRy, (T, Te)s atwhichfresifq electrons
reach thekp-state, and the probablllty of photon injection into the
Lymank resonancepﬁ.ﬁn = psc, the Lymank line-emission and ab-

sorption term are (e.g. see Chluba & Sunjlaev 2010b);

- kp

dAn, YK o O PNiC VR By K K

= = KV AN - £°AN, ). (14
9Z lenyabs d H[1 + 7 Vgl X2 {V2pls lem X x} (14)

The factor 1x? accounts for the translation from photon number
to the occupation number becausdl, « v?An,, for which the
Voigt-profile is defined. Alsop® = 1 - p&, is the death or the real
absorption probability in the™ Lyman-series resonance, and?,
and f\* are given by,

AN® = Gis R;p — g /KTy (15a)
Op R;p le
£” = exp(h[y = vial /KT, ), (15b)

where gis/0 is the ratio of the statistical weights of the initial

and final states. The functiamé‘,’ﬂ(Ty,Te) can in principle be pre-
computed using the solution for the populations of the kdem

9 During hydrogen recombination photons scattdficiently of the

Lyman« resonance out te- 10* — 10° Doppler width (see Fig. 3 in
Chluba & SunyaéVy 2008b). However, the redistribution oftphe in the
distant damping wings still remains rather slow (Chluba &gae\ 2009a).

10 Electrons that did not enter the p-state via the Lyrkaasonance.
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the initial run of the &ective multi-level recombination code. How-
ever, the simplest way to define the raﬁg/R;p is to use the quasi-
stationary approximation for thgp-population (see details below).
We note that in full thermodynamic equilibriuzmt_f.ﬁn =0, so that
no distortion is created\f, = 0).

Physically, Eq.[(T#) includes two important aspects, whieh
not considered in the standard recombination calculafnstly,
it allows for a distinction between scattering events on side,
and real emission and absorption events on the other. Sgcond
it ensures conservation of blackbody spectrum in full thegya
namic equilibrium, even in the very distant wings of the §in@efer
Chluba & Sunyaev (2010b) for a detailed explanation of tiieia
point, and on how this leads to one of the largest correciioiise
case of Lymanx transport.

3.2.1 Computing\n’,

To solve the evolution of the photon field, one has to know atkwh
rate photons are produced by the Lyman-resonance. Thisleate
pends omn'¥, as defined in Eql(15).

The rate equation for the evolution of the population in the

kp-level has the form (see Appendix B Chluba & Sunyaev 2010b),

X X

d Tt |y, R~ R toa
dx
Tkp glsAkplsxls — Aprs Xip 5 z (16b)
Ly—-k
]—lip _ f (pbp(y) lralkTy n dy (16c)
13 = f oML +nldv~ 1+ (mg) ~ 1 (16d)

In this picture the emission, absorption and resonanceesicet
terms are all treated simultaneously. In addition, the asgtry
between the emission and absorption profile in the Lykaes-
onance, as required by detailed balance, has been inctegora
Under quasi-stationarity, and using the definition of thatde

probability, pi°, Eq. [18) yields

O Re _ 1 [gkp o fgp] + I, 17)
Okp R;p Xls pd Ois Xis
such that with Eq[{15)
e L[R2 ] one g
P
~ Anf [1 + %”P'g}. (18b)
d

In the second step we used the normal Sobolev approximddion,
which 7% ~ nk — P [nk - nf'mj (for the case of Lymar-compare
also with Eq. (41) in Chluba & Sunydev 2009b).

From Eq. [I18b) we havan®, ~ Ank, since for all Lyman-
series resonances the second term in brackets is very dieaér-
theless, for the total normalization of the line intensikyse to the
Ilne center, this small correction is importan
), in particular for the Lymaa-resonance.

Also we would like to mention that for the Voigt parameter of
the Lymank profiles,a® = A% /[4xAV], thetotal width of the line
is used, where transitions induced by the CMB blackbody. te.g
higher levels) are included. Numerically, it is possiblectoinpute
the total width for the Lymarkresonance Wit = Ao/ i,
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3.3 The 2s-1s two-photon channel

The 2s-1s two-photon channel provides the pathway for about

60% of all electrons in hydrogen to settle into the groundesta
(Chluba & SunyaéV 2006a). It therefore provides the mosbimp
tant channel in the cosmological recombination processe Me
treat the case of 2s-1s separately to illustrate the impoaiaprox-
imations in the two-photon picture. The derivation outtiria this
section is then used to obtain the corresponding terms éotvib-
photon processes from excited states with 2 (see§ [3.4).

The net change of the number density of electrons in the 2s

level via the 2s-1s two-photon channel is given by

dXas |
2| = A [ o) -y
S

2 Xos f G214 nOIIL + vz — W)y, (19)
where A%, = 822065 (Labzowsky et al. 2005) is the vacuum

2s-1s two-photon decay rate, ap@ denotes the 2s-1s two-photon
decay profile normalized aﬁgo dv = 1. Including all possible
ways in and out of the 2s-level the net change of the numbesityen
of electrons in the 2s-state can be written as

dXZs _ dXZs

dt ot

HereR}, andR, include the &ect of all transitions to bound states
with n > 2 and the continuum.

In order to simplify the notation we now introduce

+ Ry = RoXas, (20)

1s

(FW))? = f 0y (21a)
0

Gy =(nn)? (21b)

Gy = ([L+n][L +n])7 (21c)

where f(v) is some arbitrary function of frequency and= n(v)
andn’ = n(v’) with v' = vj;5— v.

Then, undequasi-stationaritythe solution for the population
of the 2s-state is given by

Ris + Agt X1s G5
Ré AZSISQZS
In the multi-level approach theffect of stimulated two-photon
emission is neglected leading &° ~ 1. Also any CMB spec-

tral distortion that is introduced by the recombination qass
(e.g. because of Lymam-emission) is omitted, implyingz?s

X5 = (22)

nP! np">2y ~ exp(-hv,1/KT,). In this approximation, the result
from Eq. [22) becomes identical to the one obtained usingZH).
and Eq.[[(2D), in the standard multi-level approach.
However, in the recombination problem corrections to both
G2 andG3® are important. For the stimulated two-photon emission
only the occupation number given by the undistorted CMB lblac
body has to be considered and thus,

2. 2spl
Gy’ =G,",

which can be precomputed as a function of temperature. aipic

G5 exceeds unity by a few perceft (Chluba & Sunjjaev 2006b).

For G one can make use of the fact that the distortions at
eitherv or v are very small, so that

~ ([1+0P][1 + "] ) (23)

nn ~ P+ An+ P A, (24)

Hence Eq.[(19) can be re-written as,
deS
dt

AG® = f o1 [P An+ P! AN | dv =2 f o5r P Andy, (25b)

(25a)

- Agzl*s[x e—hv21/kTy - XZS] + Agzlsxls Agis

where we defined the stimulated 2s-1s two- photon decay rate
within the CMB ambient radiation field a&/;. = A2, G2 (cf.
Chluba & SunyaeV 2006b). Also Eq._(25b) reflects the symmetry
of the two-photon profile arouna= v,/2.

Note that forg>>" only the CMB blackbody spectrum is im-
portant and therefore can, in principle, be precomputedfasa
tion of photon temperaturd,,. This also emphasizes thefdirence
in the origin of the two terms of EqE(ZBaQZSp' being thether-
mal contribution, whileAG3® arises solely because nbn-thermal
photons created in the recombination process.

By comparing Eq.[(25) with Eq[{2b) one can write down the
correction to the 2s-1s net two-photon rate

AR A2 SAgzspl [X ekt _ %, ]

2s-1s T

slsxls Ag (26)

Here we |ntroduce¢zigZspl ggsp'—l, which during recombination
is of order~ 1%. In EquatlonIIZS) the integralg?° depends on the
spectral distortion introduced by the recombination pssde the
Wien'’s tail of the CMB blackbody. Including only the Lyman-
distortion provides a manner in which to take its feedba@&oe

into account (cf. Kholupenko & Ivanchik 2006).

3.3.1 The 2s-1s two-photon emission and absorption term

In contrast to the Lyman-series channels, the terms for io¢op
radiative transfer equation in the case of the 2s-1s chararebe
directly obtained from the net rate between the 2s and 1s atain

Eqg. (19), resulting in

1 6N 2sls

C at Iy

27 Nop22[1 + NO)][L + N(va1 = ¥)]

o MBI N1 —v).  (27)

2
Here we define(zbgz = 2“)2?, where the factor of two results from
two photons being added to the photon field, and theanhverts
the units to per steradian.

The reason for this simple connection to the net rate equatio
is related to the fact that every transition from the 1s statéhe
2s level is expected to lead tocemplete redistributiorover the
2s-1s two-photon profile. The main reason behind this assamp
of redistribution is that the probability of coherent 1ss2attering
event is tiny because the 2s-1s decay rate is extremely soral
pared to the time it takes to excite a 2s-electron to higheasideor
the continuum.

However, some additional simplifications are possiblestFir
we can again replace the factors,4In][1 + n’], accounting for
stimulated two-photon emission with those from the undistb
CMB blackbody. Furthermore, from E@._{24),

, AnY
nn ~e™2/*[1 4+ P][1 + '] ]

An
1+ —+—
Pl el

(28)

Also, since the spectral distortions at very low frequesieies never
important, one of the two terms in E@._{28) (say the one rdlate

© 0000 RAS, MNRASD00, 000—-000
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An) can always be omitted. Therefore we can rewrite EJ. (27) as 3.4.1 Net rates for two-photon transitions from excitedrsd a

2sls

1 0N, ~2y
S - A (-] @
wheregl” = $2[1 + nP][1 + nP"] and

x —hv:

ANZS, = xiz — g war/kTy (30a)
efhv21/kT7

2s _ ~ —
f2s = o~ exp(h[v = va1] /KT, ). (30b)

If the term & pv
redshifts £ < 400), where the Lyman- photons emitted at ~
1400 redshifts into the 2s-1s absorption channel, one iitiadd
has to subtract the teriff*An,, within the brackets of Eq[{29). In
terms ofx = v/v,1, ZandAn, the photon occupation number now
evolves as,

N o )
- AnZs, — f2°An,|. 31
9z |y Hl1+7 » [VZl em X x] (31)
2 A2y
Here the 2s-1s cross section is givenody, .= Ag:islls andgsl” =

~2y*
4r 1/21(,02S .

Eq. [31) bears a striking resemblance to the emission and ab-

sorption in the Lyman-series channels as in Ed. (14) beaanesef
the two photons that are involved in the 2s-1s two-photorcgss

is drawn from the undistorted CMB blackbody spectrum, sa tha

the evolution equation essentially becomema-photorequation.

The diference is the absence of a death probability since practi-

cally every electron that is excited to the 2s state will taldetour
to higher levels or the continuum @& ~ 1.

3.4 Two-photon emission and absorption terms from excited
levels withn > 2

One of the most interesting modifications to the solutiontfer
photon field is related to the deviations of the profiles fog th

different two-photon emission and absorption channels from the

Lorentzian shape_(Chluba & Sunyhev 2008). For the recombina

tion problem only those one-photon sequences involvingradry
series resonance (e.g. 46 2p < 1s) are importa. In this sec-
tion we shall replace the standard+11’-photon terms for these
channels with the full two-photon description that take® iac-
count the coherent nature of the proEss

We generalize the approach detailedlin Chluba & Sumyaev

(2010b) for emission of photons close to the Lymafine to in-
clude corrections around the Lymgarand higher resonances.

11 All the other two-photon emission and absorption channg. (éd <
2p < 2s) can be treated within a blackbody ambient radiation ,fistd
that their net rate can be directly computed. Without dewiat from the
blackbody shape these will be extremely close to the norinall” photon
rates. Also they can onlyfiect the net recombination rate as a 'correction
to correction’, because they only act on the electron 'fiegdiates’ into
the main channels towards the ground state. A similar arguim&ds for
Raman scattering events that do not directly connect torivengl state.

12 conditions persistent in the Universe at the recombinagjpoch makes
collisions negligible, maintaining the coherence of the-hoton decay
(e.g. se 008)

© 0000 RAS, MNRASD0Q, 000—-000

d-states

The net change of the number density of electrons in the level
j € {ns,nd} via the j-1s two-photon channel is given by

dX; z _9
dt 1s Ois
- AX f @7 () [1+nM)][L +n(vp - V)] dv.  (32)

T Ol OL L

Herey? denotes the profile for thp1s two-photon decay, which
]

is non-negligible, as might be the case at very low can be computed as explained in Apperidix A, and is norm&fzed

asfwjy dv = 1. The (vacuum) two-photon decay rate is given by

jls Z Ajkp Pem.

The ratio of the statistical weights &/g:s = 1 for thens-states,
andg;/g:s = 5 for nd-states. Equatiof (B3) simply reflects the one-
photon decay rates and branching ratios of all the "I' photon
routesj — np — 1s via intermediate p-states with< n;. Stimu-
lated emission induced by the CMB photons is not includedhén t
definition of A7, since it is taken into accountftérentially by the
integrals in Eq.[(3R).

With notations defined in Eq(21), and following the proce-
dure to derive Eq[{25), we can re-write Hg.(32) as

(33)

dx;

7 g, g, :
3 A27*[ L X ™Ky x|+ 22 A Xi5AG, (34a)

1s 1s
1s ! g g J

. Vils ,
AG) =2 f (,DJ?V n? Andy, (34b)
vi1s/2
where we defined the stimulatgdls two-photon decay rate within

the CMB ambient radiation field &7 = A7 63"

Thegip' depends crucially only on the CMB blackbody spec-
trum and thus can be precomputed as a function of photon rempe
ature,T,. On the other hand, like for the 2s-1s two-photon process
(see Eq.IIZIS))AgJl arises due tmon-thermalphotons, and hence
depends directly on the solution for the photon field.

In the normal "1+ 1’ photon picture, the two-photon profiles
can be considered as a sunmefunctions and therefore

A2+

]13 Z A] kp pem

HereAj,, = A ko[ +nP'(vi)], and the stimulatedfiect close to the
Lyman-series resonances has been neglected +.6° (v ~ 1.

(35)

3.4.2 Two-photon emission and absorption for excited s- and
d-states

The two-photon emission and absorption terms are obtaiokd f
lowing the steps in the derivation of Eq._{31). For thés two-
photon channel one therefore obtains

2y %
19

X2

dAn, |1 JlSlec vz

= Anly, - fian|.
0z lp, ~ H[1+7 [v22.80m - fiany]

(36)
V21

13 Small correction to the normalization due to the two-phadescription
are neglected.
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g B AT
O1s 8mvjr ’
andg¢” = 4xvpg? (v) [1+ P (W][L + P'()], where, because of

The j-1s two-photon cross section is given bﬂs =

energy conservation, = vjis — v. Also,
| _ s X
Angp = =5 — & " 37a
o gj xls ( )
o ei/kTy il KTy
i = - N o
V=5 = Trmgy - Pl —al/kn). @7

Again we emphasize the resemblance of the equation abokatto t
of the one-photon equation for the Lyman-series emissiahadmn
sorption channels as in Eq.{14).

3.4.3 Correcting the Lyman-series emission and absorption
terms in the radiative transfer equation

Two-photon decays from a given initial statec {ns, nd} involve
Lyman-series resonances with< n. For example, a 4d-1s two-
photon emission event includes thffeet of the Lymanz andpg
resonance. In the Lyman-series emission and absorptiorstas
in Eq. [13), these are already accounted for asI1photon terms,
when the profile is given by the normal Voigt function.

To avoid thedouble countingf these transitions in the radia-
tive transfer equation, two modifications are necessargil(@death
probabilities,pzp, have to be reduced to account only for those
channels that are not included in the two-photon descripmd
(ii) the Lyman-series emission rates have to be reducethésame
reason. This approach was also explaine
) for the 3s-1s and 3d-1s two-photon process. InatLafly
the j-1s two-photon process (say for 3d-1s), the modified death
probability andAR, of the Lymank resonance becomes,

mko _ i-kp

Py = Pd Py (38a)
] +
1
A = 3% Bo ™R (38b)
1s R; Rkp
where the partial death pI’ObabI|Itpé K is given by
i i
A S = P = pf =2 Re . (380)
d Ap1s+ R;p Akpls d R;p
The partial rates in and out of the-state are
R = AjplL + 1P (vjip)] X (38d)
. o]
R = = Ak T (Vi) (38e)
gkp
J+
such thas =n & ie/Trwithn/ = s X0
RII< X 9 Xis

When more than one two-photon channel is included, then for
every Lyman-resonance the following needs to be computed;

B = o - Z Py (39a)
]+

Aﬁgﬁq = 1 M g /KTy (39h)
3Xis Rt:p - ZJ Rkp

where the sums run over all involved initial levéls

3.4.4 Correcting the net rates in the multi-level atom

Equation[(3R) relates the population of leyalith the ground state.
The corresponding net two-photon transition rate inclubesfect

of all '1 + 1' photon processeg, < np < 1s, via Lyman-series
resonances with < n;. Double-counting can again be avoided by
subtracting the corresponding 41’ photon terms from the full
j-1s two-photon rate. The remaining corrections can therdded

to the dfective multi-level code as additional rates which directly
connects leve] to the ground stdté

In the standard multi-level description of glle np < 1s

sequencesy > n), the contributions to the two-photon net rate as

in Eq. [32), take the form (see also Chluba & Sunyaev 2010b)

dX: 2y(1+1)
j _ 9
W XlsAkpls Pd nkpls X] kp pem (40a)
dt 1skp 1s
g' " *
= g_ljxlsAjkp P P (7)) Plpis = Xj Ajyp Pl (40D)
S

% 2y(1+1) _ nj-1 % 2y(1+1) (400)
dt | 4 dt 1skp

Equation [[40a) is interpreted as electrons exiting lgvela the
routej - np —» lsata rate\;, , times the probabilitypé‘,i] (sec-
ond term). Similarly, electrons reach stgtéom the ground state
V|a the route 1s— np — |, with the Lymank excitation rate,
Akplsnkplstlmes the probabllltypjj ¥ to then make the transition
kp — j (first term). Using Eq[(38c) anII(EBe) leads to [EQ.{40b).
Equation [(40b) helps make the connection of the full two-
photon net rate and the 4 1’ photon terms because Ef. (40b)
can be directly derived from Eq.{32), assuming that the plvoton
profile is given by independent (non-interacting) resoeanwhere

nyaevthe line shapes are given by the normal Voigt-profiles.

Substitutingnipss = nP! (vkp19) + ANyp1s, and using the relation
/<y = [1 + nP'(»)]/nP'(v), Eq. [40b) simplifies to

dX; 2y(1+1)
dt

ikp Pem &x:l_s e_hvjllkTy — Xj]
Ois

1skp

9 —
+ g_1J Xls Aj kp pt:‘% npl(ijp) AnkplSs (41)
s

such that upon summing over the intermedigperesonances we
have,
dx;
dt |,

2y(1+1)
2y(1+1),
jls

[31 Xyo e Min/kTy _ Xj]

k<nj

Xls Z Ajkp pem n’! (Vikp) ANyp1s. (42)
1s

The above with Eq[{34) reveals the correction term for the ra
equations as;

9i h
ARJZZAS = JlsAgz [ J ISES ias/KTy XJ]
g k<nj A p
: _ .
+ AT = Xas|AG] = D =R P (vp) Afgas| - (43)
s k=2 jls
. i i 2y(1+1)% | A2
Here we definé\G} = G} - A'[ 7 /AT

Similar to the 2s-1s two-photon channel, the correctioreo t
rate equations here has two contributions. The first is edlad
AG), which is independent of the solution to the photon distiu
and therefore can be pre-calculated, and the second aftisinghe

14 |Chluba & Sunyaévi (201Db) proposed a varied treatment intwttie

"1 + 1’ photon terms were first taken out of the standard networkatd
equations and then the full two-photon rate between I¢\waid 1s added,
which at the end, is completely equivalent.
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integral Agjl. However, in contrast to the 2s-1s two-photon chan-
nel, in the normal rate equations, part of the latter ternirisaay
included. Thus the '} 1’ photon term has to be subtracted (last
term in brackets), where this term is calculated using theofy
approximation forANp;s.

Agjz in principle also arises in the normal+1L’ picture, when
differentially accounting for thefiect of stimulated emission in
the CMB blackbody. However, the shape of the two-photon emis
sion profile is crucial, since with the normal sum of Loreats
the integrand in Eq[{Z1c) would diverge for— v;; andv — 0
dCthba & Sunyaék 201i)b). Furthermore, the latter two teims
Eg. [43) account for both, modifications in the shape of tHe fu
two-photon profiles, and fierences in the solution of the photon
field in comparison with the standard Sobolev approximation

3.5.1 Netrates for ns-1s and nd-1s Raman-scattering

The net change in the number density of electrons in the level
j € {ns,nd} caused bhyj-1s Raman scatterings is given by

dx;

R sC
=2y 50 =2 M) [+ = ] dv

V1
1% f
gls Viis

- AR fo o RO [ +n(viss + )] dv  (45a)

1s

g, Visc
= L afe [0 vad 0 L - vl
O1s Vils
Visc
- A?lSXj f ga?(v — Vj1s) N(v = vj1s) [1 + n(v)] dv, (45Db)

Vils

The problem is numerical because two large terms are being \yneore Eq.[[@5b) was simply obtained from H_{45a) by tramsfo

subtracted. One way to achieve stable results is to splitahge
of integration into intervals where the mean occupation pemm
in the standard Sobolev approximation is represented bygace

Chluba & Sunyaey 2009b)

kp]

_ ° kp
ANyp1s = Antp f ¢bp(V/) [1 —eTsiry
0

} ©
-1

] dv’

kp

= An® [ =AnP[1-PE].  (44)

Ky
TP

S 0

with X'jp = fov go'\‘,p dv’. Outside the resonances one can simply com-
pute each term in E_{#3) separately, since there the batitihs
are small. For those intervals containing a reson&aethe other
hand, one should compute both contributions in one integpdhat
the main terms cancel. Clearly, the choice of the intenalsnly
motivated by the numerical precision that needs to be aebiev
Since the Voigt-profiles have their main support inside tiop@er
core, itis stificient to define regions of a few Doppler width around
the resonances. This approaciffises for our purpose.

Alternatively, one can directly integrate the net two-mimot
production rate, EqL(36), over frequency and then subth&chet
"1 + 1’ photon rate to obtain the correction. We confirmed thahbot
approaches lead to the same answer.

To capture part of the dependence AR]ZLB on the solu-
tion for the populations, in numerical computations we tatathe
function 77, = AR, /(XiAn)) as a function of redshift, once
we computed the solution for the photon field using the reduolt
the populations of the levels obtained from a run of offiecive
multi-level recombination code.

3.5 Raman-scattering

In our previous works_(Chluba & Sunyaev 2010b, 2009a) we did
not consider theféect of Raman-scatteringn the ionization his-
tory. However, correction due to this process reachis/N, ~
0.9% atz ~ 900 [Hiratd 2008), and hence demands careful con-
sideration. The matrix element for this process is direalgted to

the one for the two-photon emission process by crossingyssiny.

In Appendix[A we explain how to compute the Raman-scattering
profiles,go'f(v), for the j-1s Raman process. Additional details can
also be found i8), where the importance of tffisoe
during recombination was shown for the first time.

© 0000 RAS, MNRASD0Q, 000—-000

ing the frequency range of the second integral.
In Eq. [45),¢% denotes thg-1s Raman-scattering profile, and
the Raman-scattering cieient is given

Nmax

2

k=nj+1

Yo

AR —
j1s gj

A P (46)

The ratio of the statistical weights @,/g; = 3 for thens-states,
andgg/g; = 3/5 for nd-states. Equatiof (#6) simply reflects the
one-photon terms and branching ratios of all thet’1’ photon
routesj — np — 1s via intermediate p-states with> n;.

A rigorous treatment of EqL{#6) would include the integral
over continuum states. However, any electron reaching ¢ime ¢
tinuum would forget its history because of fast Coulomb riate
tions resulting in decoherence of the Raman process in thneo
uum. Furthermore, as mentioned above, the Lyman-contingum
extremely optically thick such that these channels willahe can-
cel out (see aI08). Also, in numerical compatetive
only follow the evolution of the photon field up to some maxima
frequency,ymax. Therefore, in our description we are not account-
ing for the full Raman-process connected with transitionsliving
photons withy > vimax. This approximation is fully justified as the
higher Lyman-series contribute negligible amounts to ttel tre-
combination rate. Thus the sum over intermediate p-staesrbe
finite, without significant loss of precision.

To simplify Eq. [45) we define the following quantis

AODF = [ - 1) o (47a)
L= (n[1+ 0N (47b)
Ry = (W[1+n]) (47c)

with " = n(v — vj15). In the spirit of the two-photon emission and
absorption process, we can now write
Ry~ (0P [1+1P])" + (AnfL+nP'])"
1 [ [

(48a)

~ Ry €™ 1 (An[1+ '] >IR

. , R .
Ry~ (MP[L+P] )" = ARUARS (48b)

15 we caIIAJR1S ‘coefficient’ since in vacuum there is no Raman-process.
16 Formally, the upper limit of the integral over the Ramanfjes should
go to infinity. However, since we are following the spectrumaffinite range
of frequencies, this introduces an upper limijtax < visc
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The totalj — 1s'1+ 1' Raman-scattering rate in the CMB black-
body ambient radiation field is

Nmax

. 9
AR = N 22 A P () pt, (49)
k=nj+1 i
This then leads to
dN; |® j
d_tj Aiz[s; Xy iy _ X, gJ AlesxlsARJl (50a)
AR} = f @R = viag [1 + "] An(v) dbv. (50b)

Vils

HereAR'* andARJ are important in defining the correction to the
rate equatlons (se3.5.4). AgainAT}; is the thermal contribution,
while AR} arises from non-thermal photons.

3.5.2 Terms in the radiative transfer equation for
Raman-scattering

From Eq. [4b) the terms in the radiative transfer equatiortte
photon field can be obtained. However, one aspect is impaidan
keep in mind: a photon that Raman-scatteffsam electron in the
j-state is removed from frequenciesOv < v;.. However, the
scattered photon appears in the frequency range vj; < v <

v1e, and likewise for the inverse process. This descriptionmss
complete redistributiorof photons over the full Raman-scattering
profileﬂ during each scattering event. Therefore, the terms for the
radiative transfer equation read

10N,
c ot

jls
= - AN s+ ) [+ )
1s

R,vSvJC

AR

HaN; ZR0IN0) [L+n(vjzs +¥)] (51a)

ON, |'*®
ot

1
¢

= Aleij ‘;JR(V = vj1s) N(v = vjas) [1 + N(v)]

Ryvj1s<v

- AN = v ) L+l = v (510)
whereg(v) = ¢R(v)/4x. Itis clear that the total integral over fre-
guency vanishes, when adding the above two terms, showatg th
the Raman-process conserves photon number. However, the nu
ber density of electrons in the 1s aftate is altered after each
Raman-scattering event, according to [Eqg] (45).

With regards to the recombination dynamics we are not in-
terested in the changes to the photon spectrum at low fregegen
Therefore, we only consider Eq._(31b). For stimulated tertims
distortions can be neglected. Furthermore, one can dﬁ'ﬁi‘(@)é
FRE)PP(W) [1 + 0P (vjas + v)] = 7(v) n°'(v), and neglect the distor-
tions at low frequencies, such that

1 0N, |11

R
c ot ~A

~R,
jlsNJ 90, *(V - leS)

Ryjis<v

-9 AN (= v ). (52)

wheref; is defined by Eq[{37b). In terms of the photon occupation
17 We neglect corrections caused by partial redistributionRaman-

scattering events, but like in the case of two-photon ttemms these should
be very small.

number this equation becomes,

i1 R.*
s JlleSC VJJ_ ¢J

H[1+z]

OANy
0z

- [v21 Ak, - flAn,|,  (53)

Ryvjissv

WhereAném is defined as in Eq[{3¥a). Thels Raman-scattering
9 5% and we sep? =

O1s 8mvjy ' i -
47rv,-1<7>'f'*(v — vj1s). Note the close similarity of this equation to
the one-photon equation for the Lyman-series emission &ad a
sorption channels in EJ._{l14). Photons scattering fromuieegies

0 < v < vjc into the rangevjis < v appear as a source term. This
is related to the fact the these photons are drawn from the CMB
blackbody.

cross section is given bijlS =

3.5.3 Correcting the Lyman-series emission and absorption
terms in the radiative transfer equation

Like in the case of two-photon emission and absorption, ése+
nant part of the Raman-process is already part of the 11 pho-
ton Lyman-series transfer in E@._{14). To avoid double-timgnwe
simply have to correct the death probability am’, of the Lyman-
k resonance for terms that are included in the Raman-sicejter
process. For example, when using the terms for the 2s-1s fiRama
scattering process in the radiative transfer equaﬁéﬁand AN,
for Lymang, y, 6, and higher will have to be corrected.

The modified death probability can be obtained by adding
appropriate terms to the sums of E[g.](39). However, for each i
cluded Raman-channels one now h@g Api L + Pyl

i+ Skp Pl kp v kp/KT.
andR _g—jAkp,np(kap)XJ Rkp g Xi € e

3.5.4 Correcting the net rates in the multi-level atom

Like in the case of two-photon emission and absorption eyeot-
rections to the net rates in the multi-level atom have to bimee
to avoid double-counting. In the standard multi-level diggion
ofall j & np < 1s sequences < n), the contributions to the
Raman-scattering net rate, Hg.|(45), takes the form

dX; RO+D Okp ikp = Okp ol kp
e :_xls Akpls pd nkpls_ __Xj Akpj n (ij) Pem (543)
dt 1skp gls g]
o)X . — o)X
= g—lpxlsAkpj Pe Php1s = g__pxj Ay P! (vi) e (54b)
s ]
de R(1+1) - Nmax de R(1+1) (540)
dt 1s k=nj+1 dt 1skp

As mentioned aboveax is a consequence of the finite computa-
tional domain. The terms in Eq._(54) is interpreted as in teeof
two-photon emission and absorption ($6&4.4).

Inserting Nip1s = np'(vkpls) + Angis and using the relation
KTy = [1 + nP'(v)]/nP'(v), Eq. [54b) simplifies to,

dX; R(1+1)
at

_ Gkp

= 9i =L X e min/kTy
9

—Agpij npl(VJk) Pem Xj
Ois

1skp

gkp Xls Aka pem Ar‘kpl& (55)
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such that summing over the intermedifgeresonances leads to,

de [S]; hy:
—_ = X6 vj/KTy _ X;
dt Ois e !

=A%

R(1+1)
j1s [

1s
Nmax

Okp . _
+ xls Z = Akpj pg?n Ar‘kpls-

k=nj+1 S

(56)

Using Eq.[[(BD) it is clear that the correction term for theeratjua-
tions are,
| g h
ARE, o= A AR) [g—l‘ Xyge Mis/kTy — xj]
S

Kp
n *

max % Akp i pem
AR

j1s

R
+ Ale

AR} —

& xls Al‘Tkpls > (57)
Ois

k:ni+1 gJ
where we defin@R) = R}, — AV /AR _ Like for the two-photon

channels (see Edjl43)ﬁ)7i’£ in principle also arises in the normal

'l + 1’ picture, where the shape of the Raman-profile ensure that

the integrand remains finite, this time in the limitwf- vjs (See
Appendix[A2). Furthermore, the latter two terms in Hg.](5&) a
count for both, modifications in the shape of the Raman pmofile
with respect to the normal sum of Lorentzians, an@ledénces in
the solution of the photon field with respect to the Sobolgwax-
imation.

Again one can compute the integrals over frequency by split-
ting the range of integration and using Ef.1(44) to model the
“Sobolev part”. In numerical calculations, we tabulste,, =

AR’?HIS/(XlsAnjL) versus redshift, to include the correction into the
effective multi-level recombination code, and then use thisaie
rect the rate equations.

4 CHANGES IN THE LYMAN-SERIES DISTORTION
FOR DIFFERENT PHYSICAL PROCESSES

In 8 we discuss the changes to the free electron fraction direto t
various physical processes under consideration. Howeverder

to understand the source of these corrections it is illtiser#o first
look at the modifications in the Lyman-series spectral difto.

In Fig.[d we present the spectral distortion at twéetient
redshifts, one before the maximum of the Lyman-series éomiss
(which happens ar ~ 1300- 1400), and one just before the
maximum of the Thomson visibility function. We include Lyma
resonances up to= 8 for these computations. The solutions to the
populations of the hydrogen levels were obtained from oynlém
mentation of the fective 400-shell recombination code.

The solid black line in all panels, shows aaference casdor
which the Lyman-series is modelled using Voigt-profilesisidase
already includes thefiect ofresonance scatterinffor all Lyman-
series resonancesglectron scatteringthe full time-dependence
(Chluba & Sunyaév 2008b) of the emission and absorption pro-
cess, and théhermodynamic correctiofactor for each resonance
(Chluba & SunyaéV 201Db), capturing a large part of the cerre
tions with respect to the Sobolev treatment. In particutes, dis-
tinction between scattering and emisgaisorption events (by in-
troducing the death probability) is important for the phrothstri-
bution on the blue side of the Lymanfesonance (see discussion
in IChluba & SunyaeV 2009b). Furthermore, time-dependence a
the thermodynamic correction factor lead to a large moditioaof
the photon distribution with respect to the standard Sabcéee.

We will now discuss the féect of the diferent processes on
the shape of the Lyman-series distortion separately.

© 0000 RAS, MNRASD0Q, 000—-000

4.1 Hfect of Lyman-series scattering

In Fig.[, the dotted curve shows the case for which we “sweitch
off” the terms for Lyman-series scattering. This line is onlsilvie

in the upper panels, since at high frequencies above the hyma
line it coincides with the reference case. The figure illasts that
partial redistribution by Lyman-series scattering is oimyportant
close to the Lymamr resonance, and on its red wing. We could,
in principle, neglect the correction due to resonance agag for
Lymann with n > 2, however, with our &icient PDE solver it is
straightforward to take them into account.

The physical reason for this behaviour is that the scaterin
probability in the Lymanw line is very close to unity 2P+ 0.999-
0.9999), such that only in the vicinity of the Doppler core cealr
emission and absorption terms afi@ently, strongly redistribut-
ing photons over frequency. Outside the Doppler-core, hiewee-
distribution is much slower making thefect of Doppler redistri-
bution visible.

For the higher Lyman-series resonance, on the other haad, th
death probability is only about an order of magnitude smalfian
the scattering probability, implying that far out in the gsof the
resonance photons can b@@&ently redistributed by emission and
absorption processes. In this case, resonance scatteedg to a

small correction (see also arguments in Ali-Haimoud E2@1.0).

4.2 Two-photon emission and absorption from the excited
states withn > 3

Next we include the corrections due to tleapewf thens-1s and
nd-1s two-photon profiles (Fi§] 1, rithshed line). Byshapewe
also address modifications caused by the presence of CMRB-blac
body photons.

One can see that in comparison to the reference case this
slightly decreases the spectral distortion between all drym
resonances, indicating that the emisgidnsorption opacity has
decreased. The largesffect is seen between the Lymanand
Lymans lines, as a result of the 3s-1s and 3d-1s two-photon emis-
sion and absorption process. This result is in agreemeit auit
earlier treatment (Chluba & Sunyaev 2010b), where it wasatem
strated that the shape of the 3s-1s and 3d-1s two-photoregrofi
leads to a slight acceleration of recombination, which hargs
less important than the corrections arising from the thelynamic
correction factor and time-dependence, individually.

We tried to identify the main source of the modifications abov
the Lymang resonance in more detail. In the full two-photon pic-
ture, the 3s-1s and 3d-1s two-photon emission and absorgten-
nels only act on photons with < vs;. However, when neglecting
the modifications to the shapes of the two-photon profileargel
part of the opacity above the Lymghtiine (incorrectly) comes
from the 3s-1s and 3d-1s 't 1’ photon channel, which involves
the Lymane resonance and is modelled by a normal Voigt profile.
It turns out that only for the 3s-1s and 3d-1s two-photon essc
does the exact shape of the two-photon profile really mateve
the Lymang line the small correction with respect to the solid line
is practically captured byruncatingthe Voigt profiles (in particu-
lar the one for Lymane), such that the energy is conserved (e.g.
photons emitted or absorbed in a 3s-1s and 3d-1s 11 photon
process can only have energies vz, and so on). This illustrates
how important the shape of the line profiles is when goingritw i
the damping wings of the resonances.




12 Chluba and Thomas

z=1490 z=1190
— T — 10°F T — 1
| N ]
102 g reference case — . reference case 4
L S e w 2y-emission | o W 2y-emission +H
r /» —————— w 2y-emission and Raman- scanerlng' e S W 2y-emission and Raman- scattenng’
: no scattering a r no scattering
Ly-a diffusion
r correction I
[ Ly-a diffusion
x x correction
3 3 10t
o, D n
< 101 b < F
53 ]
E - )
1P P I I I b o 1P P I I PR L L.
®.99 0.995 1 1.005 1.01 1.015 1.02 B.99 0.995 1 1.005 1.01 1.015 1.02
viv,, Vv,
z=1490 z=1190
T L B B B T T T I e —— L e e e B T T T 5|
102 = reference case | 102 L reference case —
E 7 1 e w 2y-emission 3 :\ ————————— W 2y-emission 3
.~ 4 e w 2y-emission and Raman-scattering | [ T w 2y-emission and Raman-scattering E
no scattering - L no scattering ]
1 10" E . -
w0 3 : N\ ]
L B ol .
Sx L i <:1x 10 E E
"< 1E E “x £ ]
E L ] 10 E
1071 ? o L E 2 I \ |
E R - 10°¢ \\ 3
i 5 3 BT . 5 3 N
1920 Ly e b b b e b i e 0 | L L 103 L0 e b e b b b i b |l I
0.96 1 1.04 1.08 112 1.16 12 1.24 1.28 0.96 1 1.04 1.08 1.12 1.16 12 1.24 1.28
v/v,, vivy

Figure 1. Solution for the Lyman-series distortion at= 1490 (left panels) and = 1190 (right panels) for dierent combinations of physical processes
(for details see§d). In all cases we include thefect of electron scattering. We also marked the positiond@fLyman-series resonances with the vertical
dashed-dot-dotted lines. Théext of partial frequency redistribution is only importatdse to the Lymane line center, so that the dotted line is only visible
in the upper panels. A movie on the time-evolution of the Lyrsaries distortion can be found at www.Chlubg.giman-series-movie.

4.3 Importance of Raman scattering resonance frequency. It turns out that both part of the ctare are
important for the 2s-1s Raman treatment.

We note, that the spectral distortionzat 1190 in the full
treatment looks very similar to the curve give))
"However, i Hiratal(2008) also the CMB blackbody spectruns wa
added, anah, instead ofx®*An, was plotted, which makes a direct
comparison more dicult.

In addition to the two-photon corrections, we ran casesalsatin-
clude the full Raman scattering treatment (Eig. 1, klash-dotted
line). One can see that the Raman process led to an enhartceme
of the spectral distortion between the Lymamnd Lymang reso-
nance, while in all the other cases the spectral distortemehses
between the resonances. Thus one expects an increasedibiye-
feedback correction and hence a delay of hydrogen recombina
tion from Lymane. On the other hand, these additional red-wing

Lymany photons were created in a 2s-1s Raman event, such that at
earlier times an acceleration is expected. This simpleipgdis in 5 CHANGES TO THE FREE ELECTRON FRACTION

agreement with earlier discussions of this proc@@) FOR DIFFERENT PHYSICAL PROCESSES

In the case considered, the main source of thiedince inthe  |n this section we present our analysis of thigetient corrections to
Lyman-series distortion comes from the 2s-1s Raman treatme  the standard recombination calculation. We focus on hyetrpand
Neglecting the Raman-corrections to the highefls andnd-1s model the helium recombination dynamics using the desoript

channels does ndfect the shape of the distortion noticeably. This  given in[Chluba & SunyaéV (2010a), including the first fivelishe
is one of the reasons why the Raman process need to be includedyith full feedback. With the current version of ouffective multi-
only for the first few levels. level recombination code we are able to account for all irtaydr
Since in the case of Raman scattering, the-24s scattering  corrections to the recombination dynamics of hydrogen. kidavs
profile is given byg™*(v) ~ gR(v)n"'(v) (see Sec{_3l5), one ex-  adirect comparison with previous results and find very gapée:
pects two sources of corrections: (i) due to thedence oiij(v) ment. All figures in which we compared the output of our recom-
with respect to a sum of Voigt profiles with appropriate wésgh  bination code with Rcrast we used Rceast v1.4.2 t
and (i) the factomP'(v). In the normal "1+ 1’ photon picture this ), but excluded the corrections to the helium recontinna
factor would not appear fierentially, but instead directly for each  history in Ricrast and removed the switches in thedRast ODE
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Figure 2. Dependence of the modifications to the recombination dycemi
on the number of included shells. The results of offieaive multi-level
recombination code were directly compared with the outmmfRecrasT.

system (see Fendt et al. 2009, for details). The cumulaffeetson
the ionization history is presented in Fig. 6.

5.1 Results from our dfective multi-level code

In Fig.[2 we show the changes in the recombination dynamits wi
the number of shells that were included into the computatibn
the efective rates. This figure confirms that our implementation
of the dfective multi-level approach yields corrections that are in
agreement with our earlier computatizm
find that the correction converges dowrzte 200 when including
~ 300- 400 shells, as already explained in_Chluba &t al. (2010).
We also directly compared with our full multi-level recomation
code and found the fierence to be smaller thaiNe/Ne ~ 1075,
Collisional processes are still able to change the low rifidsh
behaviour at the- 0.1% level in this redshift rang al.
), however, we defer a detailed analysis on the impcetain
this efect to a future work.

5.2 The reference case

In Fig.[3 we present a compilation offtérent corrections to the
ionization history that are included into our referenceecdsor
this weinternally compared the outputs of our recombination code
when switching on andfbdifferent processes. We computed the
solution to the photon transfer problem including the Lyrsanies

up ton = 8, with Lyman# (n = 9) on the upper boundary of
the frequency grid. In the Lyman-series transfer we did net i
clude the corrections to th@ofilesof the emission and absorption
processes arising from two-photon and Raman events, i.elewe
scribed Lymark emission and absorption using Hg.J(14). However,
in our full reference case, Lymdnresonance and electron scat-
tering, as well as 2s-1s two-photon emission and absorpiEne
included (see Sedil 4 for additional comments).

To account for all the corrections to the rate equations én th
effective multi-level recombination code, we ran the obtaiseld-
tion for the photon distribution through the modules thabadllow
us to take the two-photon and Raman scattering correctivosic-
count (see explanations in Sdct. 3). However, we replaceduth
profiles of the channels with the normal Voigt-profiles.
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Figure 3. Corrections that are included into the reference case.

The cumulative dference with respect to the output of our ef-
fective multi-level recombination code which does not g any
of the radiative transfer corrections is shown in [Elg. 3.dtat we
find a delay in recombination kyNe/Ne ~ 0.4% atz ~ 930, and an
early acceleration bjxNe/Ne ~ —1.0% atz ~ 1270. The reference
case therefore captures a significant part of the total chorewith
respect to Rerast (see Secf Bl5 for details).

5.2.1 The 2s-1s two-photon correction

Figure[3 shows the total correction due to changes in thes2s-1
two-photon channel. We only modified the 2s-1s two-phototh an
Ly-a net rate in our fective multi-level recombination code using
Eqg. [28), but did not alter any of the other rates. Also we chgtl

off line-diffusion.

We find a delay of recombination byN/N. ~ 0.83% atz ~
990, which is slightly (byANe/Ne ~ 0.18%) larger than in earlier
computations of this process (| 009).

There are two main reasons for thigfdrence; (i) because in
the reference case we include the emission and absorptithrein
2s-1s two-photon channel, tiself-feedbaclkf photons emitted by
2s-1s transitions on the 1s-2s two-photon channel is aceddar,
which leads to an additional delay afNe/Ne ~ 0.08% and (ii)
the remaining deceleration kyNe/Ne ~ 0.1% is just caused by
normal absorption of 2s-1s photons by Lymarfwithout the aid
of line-diffusion).

5.2.2 Feedback to Lyman-and the djfusion correction

We now considered the feedback correction toalLykike in our
earlier treatment (Chluba&SunyJiév 2b07) we fintlle/Ne ~
0.21% atz ~ 1100. We computed this correction from our radiative
transfer code by modifying the Lyman-escape probability, with
resonance scattering switchefl. Ve also left the rate equations
for the higher Lyman-series resonancesfigwed, in order to not
reflect the full Lyman-series feedback correction, whichoants

to ANg/Ne ~ 0.26% atz ~ 1100 (Chluba & Sunyaﬂv ZojOa).

In Figure[3 the correction due to Lymanéliffusion alone is
depicted. Again this was computed as a correction to the byma
a resonance only. We find an accelerationAlye/Ne ~ —0.44%
atz ~ 900. This is slightly smaller than in our earlier computatio

(Chluba & Sunyaély 2009a). The reason is simply that therenlye o




14 Chluba and Thomas

ns-1s andd two-photon corrections
L e e e . e

1) S

-0.1

e
S
v

e

AN_/N_in %

o
w

fffff 3s-1s and 3d-1s correction
2y correction up to = 4
2y correction up ta1 =5
2y correction up tm = 8
L ———— separate effect ofyalecays from n>3

.04

r o b b b b b b b b b b by

0'2?00 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600
z

Figure 4. Two-photon corrections from highly excited levels ¥ 2) and

their convergence with.

included 3 shells into our computation. However, when idiig
more than 5- 10 shells the dfusion correction becomes slightly
smaller, reducing to the curve presented in Eig. 3. To chhek t
precision of our PDE-solver, we recomputed the curve fordhe
shells case and confirmed our earlier result.

5.2.3 The correction due to time-dependence and
thermodynamic factor

The final correction that is taken into account by the computa
tions in the reference case is caused by the time-dependétioe

Lyman-« emission process and the thermodynamic correction fac-

tor (see Fig B). The origin of these terms was first explainedté-

tail bylChluba & Sunyag\ (2009b) ahd Chluba & Sunyaev (2010b)
The net &ect is an acceleration in recombination AjNe/Ne ~
-1.28% atz ~ 1200. This result is in excellent agreement with
the curves presented in Chluba & Sunyaev (2010b), Fig. I@ithe
Note that in the Figure of Chluba & Sunyaev (2010b) also th&3s

and 3d-1s two-photon profile correction was included.

5.2.4 Correction from the higher Lyman-n

For the solid black line in Fid.]3 all Lyman-series correnavere
included. However, so far we have just discussed the caorecto
the 2s-1s two-photon and Lymanehannel. We found a cumula-
tive acceleration byANg/Ne ~ —0.06% atz ~ 1210 as result of the
higher Lyman-series. This correction includes all feet#bzmrrec-
tions among the higher levels, time-dependence, and thetiuy-
namic factors. Since the additional modification is smhl§ shows
that just a detailed treatment of 2s-1s two-photon and Lymaar-
rections already gives a very good approximation to thd tmia
rection in the reference case.

5.3 Two-photon corrections from levels withn > 2

In this Section we discuss the correction caused by the rcedifi
tions in the emission and absorption profiles of tisels andhd-

1s two-photon channels. These corrections are duequéjptum-
mechanicamodifications to the shapes of the line-profiles, and (ii)
stimulatedtwo-photon emission in the CMB blackbody radiation
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Figure 5. Raman scattering corrections from excited levels

field. For two-photon processes fram andnd-states witm > 2
the former dominates.

In Fig.[4 we present the changes to the free electron fraction
when the two-photon corrections up to the 8s-1s and 8d-1s two
photon channel are included. Two-photon processes leatbtala
acceleration of recombination MNe/Ne ~ —0.46% atz ~ 1120.
The main contribution comes from the 3s-1s and 3d-1s twadgpho
process, while the higher levels only addN./N. ~ —0.08% at
z ~ 1200. The correction practically converge when accourfting
the two-photon terms up to 5s-1s and 5d-1s. Also the resuthé&
3s-1s and 3d-1s two-photon process compares extremelywtiell
our earlier computation (Chluba & Sunysev 2010b). We catelu
that for practical purposes it is ficient to include the two-photon
corrections for alhs andnd states up to ~ 4 — 5.

5.4 Corrections caused by Raman processes

The final process we discuss is thffeet of Raman scattering,
which was investigated also mm%). The resultwf o
computation is shown in Fifll 5, confirming that Raman sdatger
leads to a delay of recombination BWN./N. ~ 0.9% atz ~ 920.
This result is in very good agreement with the analysis oftdir
M). We found that the correction is dominated by the2R4-
man process. Higher level Raman scattering lead to a small ad
ditional modification, which for practical purposes could be-
glected. We recommend including the Raman-correctionshfer
first three shells.

As mentioned above, the Raman correction has two separate
contribution: one from the feedback of Lymanphotons on the
Lyman« resonance, which leads to a delay of recombination a
low redshifts, and a second arising because of the acostepat
1s scattering. The delay and acceleration need to be quitaxe
in redshift to create a netfect. We find that their individual con-
tributions have amplitudes comparable~ta2%, however, partial
cancelation makes them smaller.

5.5 Total correction with respect toRecrast

In Fig.[8 we show the cumulative correction to the ionizatios
tory caused by all the processes included into our preseatmai-
nation code. The changes during hydrogen recombinationdfou

here are very similar to those presented_in_Rubifio-Maatt .

© 0000 RAS, MNRASD0Q, 000—-000



Towards a complete treatment of recombinatiorl5

Total correction with respect to Recfast

e e L ML

2
1.6

12] o \
0.8
0.4 \
. 0
I \
2 s \ N
zZ L
z \ \

-1.2

of /
2l \/
sl \ /
\

3.6 11 TS S L1
SOO 400 600 800 1000 1200 1400 1600 1800 2000 2200 2400 2600 2800
z

Figure 6. Total correction to the ionization history. We compared o
put of our dfective multi-level recombination code withe&ast v1.4.2

mﬂ. However, we switched all helium flags irciRst
off.

M). The only major dierence is visible at low redshifts, since
their analysis was based on the results from a 100-shelblygdr
recombination model and hence the low redshift freezealuvas
overestimated (see Figl 3 and comments in Chluba €t al.[{p010
However, as argued earlier (Fendt €t al, 2009; Rubifio-Maital.
[2010; Chluba et al. 2010, we expect that this additionalifiuad
tion does not fiect the conclusions of their work at a significant
level. In particular, they showed that the cumulatifEeet of all
published recombination corrections could lead to biasésd val-
ues ofQ, h? andng, that reachv —1.70- and~ —2.3¢, respectively.
For the analysis of CMB data from theA&ck Surveyor these cor-
rections have to be taken into account carefully when aneger
queries about diierent models oinflation.

6 CONCLUSIONS

In this paper we complete our analysis on the importance of tw
photon transitions and Raman scattering during the cosgirolo
cal recombination epoch. We explicitly solve the radiatirns-
fer equation for the H Lyman-series transport, including all im-
portant processes (e.g. resonance scattering, full tepesttence),
extending our former treatment to account for Raman sdadfess
well as two-photon transition from highly excited levelghwvi > 3.
Our computations are performed using dieetive multi-level ap-
proach for hydrogen to accelerate the recombination caticul,
that without optimization achieves runtimes-ofl. — 2 minutes.

We find that 2s-1s Raman scattering leads to a small initial
acceleration of recombination at high redshifts, whicmthens
into a deceleration oANg/Ne ~ 0.9% atz ~ 920. ns-1s and
nd-1s Raman processes from levels with> 2 only result in a
small additional correction. Two-photon transitions frosrandnd-
states witth > 3 accelerate hydrogen recombination by additional
ANg/Ne ~ —0.08% atz ~ 1200. For practical purposes one only has
to include the two-photon corrections for the fixstt — 5 shells.

This work carves a path towards a new cosmological re-
combination code, &moREc, that supersedes the physical model
included in Rcrast and can be used in the analysis of future
CMB data, e.g. from theiRnck Surveyor, At, Ser, and GisPor.
The final step will be to perform a detailed code comparison,
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and to optimize the implementation of the recombinationegod
so that runtimes of seconds can be accomplished, incorporat
ing all the important physical processes without requirargy
fudge factors. Our final version ofd8moRec will be available at
www.Chluba.déCosmoRec.
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APPENDIX A: COMPUTING THE TWO-PHOTON
EMISSION AND RAMAN PROFILES

Al Two-photon emission profiles

We compute the two-photon decay profiles according to
[Chluba & Sunyaév|(2000b) and _Chluba & Sunyakv (2D10b). In
their treatment the infinite sum over intermediapestates is split
up into levels with principal quantum numbers> n; andn < n;,
wheren; is the principal quantum number of the initial state. This
makes the sum over resonances (in the case of 3s and 3d ofly one
finite and allows to use interpolation or fitting formulae tbe re-
maining contributions to the total matrix element from thériite
sum.

We tabulate the non-resonant parts of the two-photon ma-
trix elements prior to the computation. The resonances afe a
alytically added afterwards. As explained a
), close to the resonances, the motion of the atonmsrec
important, leading to a broadening of the two-photon prsfileo
include the &ect of motion on the shape of the lines close to the
Doppler core, we take the ratipy” = ¢ /o™, of the vacuum
two-photon profiles to the sum of Lorentzians, and tabulatni
the computational grid in frequency. For every evaluatiotirne,
we first compute the Voigt-profiles for the resonances ofrage
and then sum these with their respective weights to obtaindtal
\oigt-profile of the resonance. These are then multiplieqbﬁ%)to
obtain an approximation for the two-photon profile in thefi@me.

This procedure also allow us to include the changes in tlaé tot
width, I'y,, of the resonances with redshift. In vacuum this width is
related to the total decay rate, however, with the CMB thiis can
change at the level of 10% for the Lymam line whenn > 2.

A2 Raman profiles

A ns-1s andnd-1s Raman process has formiHy — H + v/,
where H denotes a neutral hydrogen atom in an excitgthd-
state. In contrast to the two-photon emission proce$s—HH +

v + v, the Raman process only works when photons are available.
In vacuum no Raman scattering events occur. s anchd-1s
Raman scattering matrix elements are related toshies andhd-1s
two-photon matrix elements lyossing-symmetrylhe energies of
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Figure Al. Frequency dependence of the 2s-1s Raman profile. This profile 10
has to be interpreted as a scattering cross section, wherdbtron is in 3d-1s Raman profile
the excited state. The positions of the Balmep, y, ands resonances are ol 0 T sum of Lorentzians
' - A [ ol R ratio of g, andg,

marked. For comparison the cross section computed as a dusnesftzians

are shown. Furthermore, we also show the ratio of these tofilgs, indi-
cating that close to the resonances the profile becomes tzaenwith 10
small corrections.
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the incoming photony, and the outgoing photory,, are given by
v+ vj1s = v, wherehyjys is the excitation energy of the initial state
with respect to the ground state.
Raman scattering profiles can be derived using the formulae 10
given in Chluba & Sunyaev (2010b). The maitteience are: (i) in :

the functionsf,,(y) andhy(y) (see Eq. (8¢c) and (10d) in their paper) 102

T T R==C LT
Ll Sy

|

. - E . 0.1
y = v/vj1s has to be replaced withy; (ii) the pre-factory®(1 - vivy,
y)® needs to be substituted lyy(1 + y)3; and (iii) the resonances _ _ _
now appear for intermediatep-states witm > n;, wheren; is the Figure A2. Same as Fid_A1, but for the 3s-1s and 3d-1s Raman profiles.

principle quantum number of the initial state. We marked the positions of the Pascherg, andy resonances.

For a given computational frequency grid only a finite number
of resonances appear, say for< n < nes Like in computations
of the two-photon emission profiles, one can therefore gmitnfi-
nite sum over intermediate p-stat(_es (i_ncluding the contimy int_o APPENDIX B: PDE-SOLVER
resonant and non-resonant contributions. The non-rescoatri-
butions come froom < n; andnes < n, where the non-resonant  For this work we implement our own partialfférential equation
matrix element scales like/§ fory — 0 and (ll[nJ? -1 -y (PDE) solver in order to fine tune performance and precisiam-
towards the ionization threshold,— vjc. One can therefore tab-  paring with previous results obtained using the NAG libreoy-
ulate Mmy[l/[nf — 1] - y] on a grid and add the finite number of  firms the precision of our own implementation.

remaining resonances analytically. The pole displacesnarising The PDE describing the radiative transfer problem during re
from the finite lifetime of the intermediate p-state, as ri@red in combination is of thearabolictype. It is desirable to use an im-
[Chluba & Sunyaév (2010b), has to be included. plicit or semi-implicit numerical scheme, to avoid strofgitation

In Fig.[AT and’A2 we present some examples of Raman scat- on the step size imposed by stability. Several numericairdtgns
tering profiles. The electron is assumed to be in the excitze,s for this type of problems have been discussed, e.g. Cran&tdtin
so that a low frequency photon can Raman scatfethe atom. In method (sei2).
the recombination problem, these photons will be drawn ftben For the recombination problem it is beneficial to useom-
CMB blackbody, as spectral distortions below the Balmetticen uniformgrid in frequency as in the vicinity of the resonances one
uum can be neglected. Figufes]Al A2, also show the rattios o needs a resolution dfv/v ~ 107 —107°, while a much coarser grid
the Raman profiles with respect to the sum of Lorentzianss&Clo  can be introduced outside this zone. However, this imphiasthe

to the resonances all these ratios are extremely close tp @si spatial discretization that is normally used in the Crankelon
expected. We use this ratio to include tHeeet of motion of the method is only accurate to first order in the grid spacing. héeg-
atom on the shape of the resonances close to the Dopplerasore, fore decided to implement a second order scheme in whichrgte fi
explained in the previous section. and second derivatives of the occupation nunmhevith respect to

© 0000 RAS, MNRASD0Q, 000-000
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frequency can be written as

% = Z ki (X) Ny, (B1)
2
N CL (B2)

where the sums run over five grid-points in the neighbourhood
of x. The codficientsk;(x) and A;j(x) can be easily derived using
Lagrange interpolation formulae (e.g. see_Abramowitz &8te
@). These cdBcients can then be precomputed and stored once
the grid is chosen. The PDE appearing in théudion problem can
thus be written as matrix equation,

Bij ny, = by,

(B3)

where the matrixBj, is bandﬂ with four off-diagonal elements.
Such system can be easily solved wi(iM) operations, wher&l
denotes the number of grid-points.

For each resonance we typically needed(® points in fre-
quency. Increasing this number to 10* per resonance did not
make a notable ¢fierence for the final correction to the ioniza-
tion history. Our typical step size in redshift wAg ~ 1, but we
also tried a ten times smaller time-step, without finding sigyif-
icant modification in the solution. Our tests also showed ¢van
Az ~ 10 should be dticient for detailed computations of the ion-
ization history.

Furthermore, we tried fully implicit and semi-implicit
schemesg-method withg > 0.5), finding good performance for
0 ~ 0.6. We also experimented with the distribution of grid points
and found that it is important to sample the Doppler core well
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