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Several dynamical symmetries of the Dirac Hamiltonian are reviewed in a systematic man-
ner and the conditions under which such symmetries hold. These includes relativistic spin
and orbital angular momentum symmetries, SO(4) x SU,(2) symmetry for Dirac Hydrogen
atom, SO(3) x SU,(2) symmetry for the relativistic simple harmonic oscillator. The energy

spectrum in each case is calculated from group-theoretic considerations.

I. INTRODUCTION

As is well known symmetries play an important role in the progress of physics. Symmetries
are of two types: (i) Geometric, the well known example of which are space-time symmetries,

e.g. rotation (ii) Dynamical, where the underlying dynamics manifest some symmetry. This

is well illustrated by the Hydrogen atom in Schrodinger theory, where the energy levels show n?

degeneracy. The (21+1) degeneracy with respect to magnetic quantum number is due to rotational

symmetry of the potential —<, where « is fine structure constant. For one energy value F, there are
n—1
> (21 + 1) = n? different possible eigen-functions; such a degeneracy occurs onﬁr for 1/r potential
=0

|

of force. Usually a degeneracy is associated with a symmetry and it is known [1] that in this case
. = . 72 = — =g =g —
there is an external symmetry [R, H} =0,with H =2 — 2 and R = ﬁ(p x L —Lxp)— %7

om T
The operator R in Quantum Mechanics corresponds to the Lenz’s vector in the classical Kepler
problem, where the bound orbits close on themselves and do not precess. The orbital angular
momentum L and K = %ﬁ ([? is hermitian when acting on eigenstates of H with-negative
energy eigenvalues- the ones in which we are interested; 4/ 57 commutes with R and E) generate

-

SO(4) algebra, which is isomorphic to SUy;(2) xSUx(2) generated by M = E;R7 N = LER. This

symmetry leads to n? degeneracy.
Similarly for the non- relativistic harmonic oscillator, the energy spectrum shows degeneracies
in addition to those which arise due to rotational invariance. As is well known, the energy spectrum

En = %hw(2N +3) depends on the quantum number N = 2n+(, where n > 0 is the radial quantum
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number and [ is the orbital angular momentum. Thus all states with [ = N, N —2,....0 or 1 have
the same energy. These degeneracies are produced by an SU(3) dynamical symmetry [2].

Obviously the above symmetries are broken in the relativistic quantum mechanics, where a
spin 1/2 particle satisfies the Dirac equation. As is well known this is because the spin-orbit
coupling leads to splitting of the energy levels [3]. The question then naturally arises, under which
conditions the larger symmetries are obtained in the Dirac Hamiltonian. This has been answered
for harmonic oscillator in M] and following the method of u], for the Hydrogen atom in B] The
purpose of this paper is to review the previous work mentioned above and to discuss the symmetries
of the Dirac Hamiltonian in a systematic way, using the Dirac algebra and for harmonic Oscillator
SU(3) algebra generated in the Gell-Mann basis E

]. The energy spectrum in each case has also

been calculated from group-theoretic considerations.

II. DYNAMICAL SPIN AND ORBITAL ANGULAR MOMENTUM SYMMETRY FOR
THE DIRAC HAMILTONIAN

The Dirac Hamiltonian is given by

H=d- g+ Vy (7) + Bm (1)

where for the Hydrogen atom V4, (7) = —% and is the time component of electromagnetic potential

AP (7), (u=10,1,2,3). If one introduces a Lorentz scalar potential Vg (7), then
H=a-p+ VW (7)+B(Vs (F) +m) (2)

The Dirac Hamiltonian (2]) is invariant under a spin symmetry H], [H , §] = 0, provided that V3,
(7) = Vs () + U, where U is a constant potential. Here the generators S form the spin SU(2)

algebra and are given by

)

5

§= (3)
0 up 5 u,
where § = ¢'/2 are usual spin generators and u, = ? is the helicity unitary operator. It is easy to
check that
[Si, Sj] =i €iji Sk (4)
In the Pauli representation of Dirac matrices,
10 07 01
B = , a= , 7 =—iata?a? = (5)
0 —1 g0 10



. 7 0
By introducing ¥ = 7 , one can write the Dirac Hamiltonian (2]) and the spin operator (3]
07
as
H =785+ Vv (7)+B(Vs (7) +m) (6)
~ 1 = 1
§=3 P+ a-p 55y @
Then since [5,1 — 5] =0, [B,i}: , [75,2_3]: ,[75,5]+:0and [iﬁ,iﬁp’}zo
G _ lrs S 3 }5_ *qi'ﬁpi
3] - L[5, 2] +LEna-s) [z & ]
1- . SFp 1— IDRY
oD 9,0y 2P DUy g9 2 7 ]
p
1 1 . 1— . . )t
= st - sy + v (v - @ 2E) @

Thus [H , 5*1 = 0if 9'Vy (¥) = d'Vs (7) or Vis (7) = Vg () + U. Further for spherically symmetric
potentials, Vi () = Vi (r), Vs () = Vg (r), the Dirac Hamiltonian has an additional invariant

algebra [1], [H , E] = (0 where

and [ = 7 x P is the orbital angular momentum. One can write

L1+ [“‘Tﬁ)z S (10)

Then [VV (r),l? =0, [Vg (r),l? = 0 and it follows as above that
[H, E} =0, [Li,Lj] =i eijp Ly (11)

Thus S and L are separately constants of motion while § and [ are not, but § + [ is.The above
symmetries find applications in the hadron and nuclear spectroscopies E] and Q(Q) ¢(q) meson
spectroscopy [9] where spin-orbit splitting is seen to be suppressed [10]. Here @ is a heavy quark
cor b and ¢ is light quark u,d, or s,

Finally the Dirac Hamiltonian, which has relativistic dynamical spin and orbital angular mo-

mentum symmetries, is

H=~"% -7+ 1+B8)V(r)+pm (12)



where constant U can be absorbed in the mass term m. We note that

(H+m) =" 5+ (1+B8)(V +m) (13)
H? —m? = 7 4+ 21+ B)V(m + V) ++° [(1 = HVE 5+ 1+ VE 5] (14)

IIT. SO(4) x SU,(2) SYMMETRY FOR A COULOMB LIKE POTENTIAL

Since in the non-relativistic limit 8 — 1+ O(p?/m?) and 4°> — O(p/m), the natural generaliza-

tion of the Lenz’s vector in the Schrodinger theory, for the relativistic case is

omR — 2mT
where
2mL = (14 B) f(r)7+ A+ | (14 B) v59(r)7% - 5+ (1 — B) 155 -ﬁg(r)F] (15)
where now
N=pxL—-Lxp (16)

L is the relativistic orbital angular momentum defined in Eq. (). Since H involves 7°% - p,
therefore T' should involve such a term and the second term in square brackets appears to make

the operator hermitian. The functions f(r) and g(r) are to be determined from
[H, f] ~0 (17)

Now L commutes with H and also with V and 8m and therefore it also commutes with 75fl - Dy

it follows that [755‘, - D, K] = 0 since p commutes with 3 - 7. Thus using (i -p)? = p?

2m [Hf] — 45 [i-ﬁ, F(r) 7—2(V + M)g(r) F] +4°8 [i-ﬁ, f(r)F—2(V—|—M)g(r)F]+

+(1+ B[V, A+ (1+B) [p°,9(r) 7] (18)
The condition (I7) gives
f(r)=2(V +m)g(r) (19)
and

(1+ B)[V,A] + (1 + B) [p?,g(r) 7] =0 (20)



Now using Eq. ([I0) and the fact that (1+ 3)(1 — ) =0,

1+ B)[V,A] = 1+5) [v,ﬁx - fxﬁ}

10V 1, - -
On the other hand
B . dgl . 10971, - - 1[0 dg.] .
2 _ og| - tog _ _1i1o 99
[p ,g(r) 7‘] = -2 [g(r)—kar}p 5 [rxl lxr} . [8T(g(r)+rar)]r (22)

It is important to point out that so far we have made no commitment to the form of potentials

V(r) and g(r). The condition [20) is satisfied if

g(r) =V(r) (23)
and
Vir)+ raa—‘; =0

which gives V/(r) =constt. 1 i.e, the Coulomb potential —2. It is the constraint (20) which forces
the relations (23) and as a result V(r) has to be the Coulomb potential.

Hence
ol =2(14 B)V(V +m) P+ A+ F
where
F=ns [(1 —BV P+ he. (24)
In order to find ﬁ [Fi, I‘j], we note that

[A", AT] = —4€ p*LF (25)

(14 B)2V(V +m)z', A] —i < j = —4(1 + B)V(V + 2M)ie* Lk (26)
where we have used, 7‘%—‘7{ = —V(r) for V.= -2 and that [c.f. Eq. (I0)]
(1+p)*F =1 +p)Lk
Further

[ALFI] —i 4 j = —4icT* 35 |1 =BV S -5+ (1+8) - pV | LF (27)



[(L+B)V(V+m)a", F/] —i< j=0 (28)

[Fi,F7] = —4(1 + B)eF LFV? (29)

Collecting the various terms and using Eq. ([I4]) with V = —a/rwe see that

H? — m?

v I —
)=

Defining K* = 1/#22Fi, we have finally.

[K', K7] = iiFLF

i€k Lk (30)

[K', L] = icFKF

(L', L7] = ik Lk (31)

which generates SO(4) algebra. Further S commutes with L’ as well as with H and K7. Thus

defining
o L'+ K
2
~ L — K°
N' =
2

we see that

(M, M) = ielFM*
[N{, NI| = ielFK*
[M',N7] =0 (32)
Thus the invariance group for the Dirac Hamiltonian (12) for the Coulomb potential of the hydrogen

atom is SUp ® SUy @ SU,(2), where SU,(2) is the group generated by S? given in Eq. ().

The energy spectrum can now be easily determined

H? — m?

m2

o (H +m)?

P2
m2

(L2 +1) +a (33)

andT-L=L-T = 0, implying K- L =0so that M2 = N2. In terms of Casimir operator, M?, we
can write Eq. (B3)) as

(m? — H)M? = H? —m? + o*(H + m)? (34)



Now since M obey angular momentum commutation relations, M? has eigenvalues m(m+1), where
m can take on the values 0, 1/2, 1, ---. It is customary to use j for m, then Eq. (?7?), gives the

energy eigenvalues
2_ 2
E = imm (35)
where n = 2j + 1, i.e. the energy spectrum is determined only by the principal quantum number
n and states in the different j values are degenerate showing no spin-orbit splitting. The Dirac

equation with vector and/or scalar Coulomb like potentials

V(r) = —=F (36)
Vs(r) = =22 (37)

T

is exactly solvable ] and energy spectrum is given by

_ m 2 2 971/2
E = oz%/ e {—avag + (n — 0;) [ozv — o+ (n—6j) ] } (38)
where
1 1y 2 2 12
5]‘:(]4‘5)— (J+§) — (ay —ag) (39)
For ay = ag, this reduces to Eq. ([B3). On the other hand for oz = 0,
a2 —-1/2
E=4+mil+ —Y_ 4
n{i+ 5 (40

which is the well known energy spectrum for the Dirac equation for hydrogen atom, showing the

fine-structure and spin-orbit splitting

IV. SU(3) SYMMETRY FOR THE RELATIVISTIC HARMONIC OSCILLATOR

In non-relativistic quantum mechanics, the harmonic oscillator Hamiltonian

1
H = %[pz + m2w27‘2], (41)

which is symmetric in p +— z, commutes with the quadrupole moment operator Q¥ [i,j = 1,2, 3]
y 1 1

QY = [m2w2 <xla;9 - gél’mj) + <plpj - 55”292” (42)

Note that, being symmetric in 7 and j as well as traceless, Q¥ has five independent components

while the orbital angular momentum (% = z'p/ — 2/p?, being antisymmetric in i and j, has three

independent components. In order to go from tensor basis to the Gell-mann basis, we introduce

A i A A A
F = 2 2—T_a— - —T_a—_—T_a— —T_a— 4
" [mw:p 2:17+2mw T SP-P T +D 5 P (43)



where a = 1,....8, and T and p are column matrices [belonging to representation 3 of SU(3)]

xl pl
T=| 22 |, p=| p? (44)
l‘?’ p3

The superscript 7' denotes transpose so that 7/ and p’ are row matrices. The tensor and Gell-Mann

basis are related by

F, = 5 (Aa)ij FY
F9 = Z ()‘a)ij F, (45)

Aq are 3 x 3 Gell-Mann matrices. The decomposition (@3] corresponds to 3 x 3 = 3 4+ 6 where
the representation 3 is antisymmetric and corresponds to orbital angular momentum [ while
the representation 6 is symmetric and corresponds to the quadropole moment Q%. In particular

Fy = mwl, F5 = —mwl?, Fy = mwl® while Fy, F3, Fy, Fs and Fy corresponds to Q¥ e.g. F| =

m2wixlz? +plp? = Q12 + Q}JQ. Using the commutation relations, [I is 3 X 3 unit matrix|
[@.p"] = il (46)
[%, %] = ifabc% (47)
we obtain
[Fa, Fy] = i fapemw (48)

where a,b,c = 2,5,7 and this corresponds to
(1, 17] = i€k IF (49)

On the hand for a,b = 1,3,4,6,8 in Eq. 1), c¢ is restricted to 2,5,7 and fio3 =
1, (f147, fass; fas7, f3as) = 1/2, (f156, fasr) = —1/2, (fass, fors) = V/3/2, all others are zero.

Now for the relativistic harmonic oscillator where we have the Dirac Hamiltonian (I2]), with

Vr)= %mw 72, qaudrupole moment operator takes the form
MU = (1+ B)(QY + QY+ [(1 = BgQIS T + (1 + AT FeQ¥]  (50)
Since [753.7,Q§,j] =0,

[H,T) = (5.7, F()QY —2(V +m)g(r)QY] + 78[5 7, F(r)QY —2(V +m)g(r)QY],
+1+B)V, QI+ (14 B)p* 9(r)Q¥] (51)



Thus [H,T] = 0 gives [Qi = m*w? (2'27 — %(W 2?) and similar expression for Q;f)j.]

(V +m)g(r)
1
om

with V(r) = $Mw?r?. Thus
y 1 » » 1 y y
MY = (18— (V+mQY +QF + 57" [1-BQYS - T+ (1+/T - FQ¥|  (53)
In the Gell-Mann basis this becomes

1
r, =(1 +5)E(V—|-m)Ff + FP +

P [(1 ~HEE T+ (14T 7F5} (54)

2m
Then using the commutation relations ([@4]) and (45])

[T, T) = i fapern®w? ((1+B)(V+m)F+ oy [1— QRS T +(1+8)Y. ?FD (55)

where F,. = zmw[ p D —26 Z|. Thus
=1if + + L 3 2_7
[Co,Tp] =i hem’w? (H +m)F, 27 B)[Fe, (56)

%
where a,b = 1,3,4,6,8 while ¢ = 2,5,7. Thus F, is essentially the orbital angular momentum [ .
Now using Eq. (I0)

(H+m)L" = [753? + 1+ BV + m)] "+ %(1 — B)(=F - i;'fp'f]
- (H+m)lk+27 (1-8)(% x 7)*
1
= (H+mi*+ 37°0 - p)— [F, T3] (57)
where we have used —— [Fc, g 7] {lk, 37] = %(g X 7)'“, Thus
|:fa7 fb] = Z‘fabcﬁ:c (58)
where now Fy = L3,Fv5 =17 ﬁ7 =L'and ', = ——2Le_ Further
mw2(H+m)
|:ﬁ1a7 ﬁb] = Z‘fabc[::c (59)

a,b,c=2,5,7 and

|:ﬁ1a7 fb] = ifupele (60)



10

where a = 2,5,7 and b,c =1, 3,4,6,8.

The commutation relations (B8] (9, [60]) generate the SU(3) algebra. Since S commutes with H
as well as with all the above generators, the invariant algebra of the relativistic harmonic oscillator
represented by the Dirac Hamiltonian (I2) with V (r) = $mw?r? is SU(3) @ SU,(2).

We now calculate the energy spectrum for which purpose we note from Eq. (52) that [a =

1,3,4,6,8]
1
?=yr,r, = g(H2 —m?) — mw?(H +m)(L* + 3) (61)

where we have used the definitions of F¥ and FY, e.g. given in Eq. (Il F¥ = mw?zixe and

FP = pip, Bas. (@ and (@ with V = mw??, (14 B)(1 - §) = 0, 35(1 % §) = (1 F fys and
Eq. ([). In terms of I'y, Eq. ([BI) takes the form

3mw? [Z T.Lo+ L?| = (H? —m?)(H +m) (62)

But L2 =Y, 1?’1)2, where b = 2,5,7. Thus Eq. (62]) takes the form
3mw?T? = (H? — m?)(H + m) — 9mw” (63)

where 2 = Yo L.Ta+ > fbfb is the invariant of the group SU(3) and as such is proportional to
unit matrix.

Hence Eq. (63]) gives the energy eigenvalues
(E —m)*(E 4 m) — 9mw? = Cmw? (64)

where C' is to be fixed. This can be done in the following way. We take the non-relativistic limit
of Eq. (), H — Hpon—rel + m, which gives
p* p*

_ b _ P 2.2
Hyon—rel = o + 2V S + mwr (65)

which as is well known gives the energy eigenvalues [note we have to replace w by /2w in the

ordinary harmonic oscillator eigenvalues]
1
En = —w(2N +3 66
Now we take the non-relativistic limit of Eq. (64]), E — Ex + m, which gives
mw?(2N + 3)? — 9mw? = Cmw? (67)
fixing C' = 4N (N + 3). Putting back in Eq. (62]) the energy eigenvalue equation becomes

2
(Ex —m)2(Ex +m) = 4 (N + g) meo? (68)

where N =0,1,---. This agrees with one obtained from the exact solutions of Dirac equation B]
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V. SUMMARY AND CONCLUSIONS

We have systematically reviewed the various dynamical symmetries of the Dirac Hamilto-
nian, clearly stating the conditions under which such symmetries hold. These symmetries in-
clude relativistic spin and orbital angular symmetries which hold when Dirac Hamiltonian with
scalar Vg(r) and vector Vi/(r) spherically symmetric potentials satisfy 0Vy /Oor = 0Vg/0r or
Vv = Vg + U. Here U is a constant potential but can be absorbed in redefinition of the mass.
Then if V(r) = —a/r, as for the hydrogen atom the Dirac Hamiltonian has SO(4) ® SU,(2) or
equivalently SUp;(2) ® SUN(2) ® SU,(2) symmetry. Here SU,(2) is the SU(2) group generated by
the relativistic spin S’ defined in Eq. @) or Eq. (@). If V(r) = $Mw?r?, the harmonic oscillator
potential, then the symmetry is SU(3) ® SU,(2). We have used Dirac algebra of Dirac matrices
and for the simple harmonic oscillation, Gell-Mann basis of SU(3), which is more transparent and
simple (at least for physicist with particle physics background) compared to the basis used in [4].
We have also calculated energy spectrum in each case from group theoretical consideration, which

agrees with the exact solution of Dirac equation in each case.
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