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Abstract: In this paper, by applying the properties of weighted pseudo almost periodic
functions and Banach contraction mapping theorem, a set of sufficient conditions for the
existence of weighted pseudo almost periodic solutions of a fractional neutral functional
differential equations is obtained. In addition, we list a specific example of application of
theorem to explain our proof.
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0 Introduction

In the recent years, the existence, uniqueness, stability of almost periodic, almost auto-
morphic, asymptotically almost periodic, pseudo almost periodic solutions are rather attractive
topics in the theory of almost periodic functions(see [1-7] for details). For instance, in (8],
the author introduced a new class of almost periodic functions. This new concept is called
weighted pseudo-almost periodicity. The theory of weighted pseudo-almost periodic is based

on notions of pseudo-almost periodic functions which are introduced by Zhang[9-11], on the
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basis of definition of pseudo-almost periodic functions[12-14], with the help of a weighted mea-
sure du(x) = p(x)dz, where p : R — (0,00) is a locally integrable function over R, which is
commonly called weight. In [15], the authors considered some sufficient conditions of existence
and uniqueness of a weighted pseudo-almost periodic mild solution to the following semi-linear

fractional differential equation
Deu(t) = Au(t) + D1 f(t,u(t)), t € R, (0.1)

where 1 < a <2, A: D(A) C X — X is a linear densely defined operator of sectorial type on a
complex Banach space X and f: R x X — X is a weighted pseudo-almost function satisfying
suitable conditions in X. More details of weighted pseudo-almost periodicity see[16-19] for
details.

Motivated by [15], we considered some sufficient conditions of existence and uniqueness of
a weighted pseudo-almost periodic mild solution to the following neutral functional fractional

differential equations
Dg(u(t) — Fi(t, Bru(t))) = A(u(t) — Fi(t, Byu(t)) + Dy~ Fy(t, u(t), Bu(t), te B, (0.2)

where 1 < a <2, A: D(A) C X — X is a linear densely defined operator of sectorial type
on a complex Banach space X, Bj, By are bounded linear operators. F; : R x X — X and
Fy: Rx X x X — X are all weighted pseudo-almost functions satisfying suitable conditions in
X.

This paper is organized as follows. In Section 1, we recall some basic definitions, lemmas
and preliminary facts which will be used throughout this paper. Our main results are proved
in Sections 2. In Section 3, we list a specific example of application of theorem to explain our

proof.

1 Preliminaries

Throughout the work, let (Z, |-|) and (W, |-|) be two Banach spaces. The notation B(Z, W)
represents the Banach space of all bounded linear operators from Z into W endowed with the

supremum norm defined by ||z|| = sup,cp{|z(t)|}. And when Z = W, we abbreviate it to B(Z).

1.1 Weighted pseudo-almost periodic solutions

Now we denote U as the collection of functions p : R — (0,400) satisfying: (i) p is
piecewise continuous; (i7) p has the property which is a locally integrable function on R.
For any r > 0, each p € U, set m(r,p) = [*_p(z)dz. Let

Us ={p€U: lim m(r,p) = co};
rT—00
Ug={peU:pis bounded and inlf%p(x) > 0}.
e
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It is obviously that Ug C U,, C U.

We assume that (X, ||-||) and (Y,]|-||) are two Banach spaces, BC(R x Y, X) is the Banach
space of all linear bounded continuous functions from R X Y into X (respectively, the class of
jointly bounded continuous functions f : R XY — X). The space BC(R, X) equipped with its
natural norm ||u|| = sup,¢p [|u(t)||. Furthermore, C(R,Y") is the Banach space of all continuous
functions from R into Y (respectively, C'(R x Y, X) the class of jointly bounded continuous
functions f: Rx Y — X).

Definition 1. (1) A strongly continuous function f : R — X is is called almost periodic in
t € R if for every € > 0 there exists I(¢) > 0 such that every interval of length l(¢) contains a
number T with the property that || f(t + 1) — f(t)|| < e for each t € R. The number T is called
an e-translation number of f and the collection of all functions will be denoted AP(X).

(2) A continuous function f: R xY — X is called almost periodic in t € R uniformly in
y €Y if for every e > 0 and any compact K CY there exists l(e) > 0 such that every interval
of length l(¢) contains a number T with the property that ||f(t + 7,y) — f(t,y)|| < € for each
t € R andy € K. The collection of those functions is denoted by AP(Y, X).

Let p € Uy. Define

PAR(X,p) ={f € BO(R, X) : lim o

[ 15 xats)as =oy.
Obviously, when the weight function p(x)=1 for each z € R, PAP,(X,p) is said to be the
so-called ergodic space PAPy(X)([9-11]), which is defined by
1 T
PAP)(X) = {f € BC(R, X) : lim M/ 1£(5) | xds = 0}

r—oo m _r

Similarly, we define PAP,(Y, X, p) as the collection of jointly continuous functions f : RxY —
X, f(-,y) is bounded, for any y € Y, such that
1 T
PARYY. X.p) =/ € BO(Rx ¥.X) s lim —s [ 1f(5.9)o(s)ds = 0}

r—o00 M, _r

Definition 2. ¥/ Let p € U,,. A function f € BO(R,X) is called weighted pseudo almost
periodic if f = g+ ¢, where g € AP(X) and ¢ € PAPy(X, p). The collection of these functions
are denoted by PAP(X,p). The functions g and ¢ are respectively called the almost periodic

and the weighted ergodic perturbation components of f.

Definition 3. /¥ Let p € Uy,. A function f € BO(R x Y, X) is called weighted pseudo almost
periodic int € R uniformly in ¢ € Y if f = g+ ¢, where g € AP(Y,X) and ¢ € PAP,(Y, X, p).
The collection of these functions are denoted by PAP(Y, X, p).

Lemma 1. ¥ Let p € U, f € PAP(Y, X, p) satisfy the Lipschitz condition
|f(t,u) — f(t,v)]| < Ll|ju—v|y, for any u,v € Y,t € R
If h(-) € PAP(Y,p), then f(-,h(-)) € PAP(X, p).
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Similar to the proof of Lemma 1, we easily have

Lemma 2. Let p € Uy, f € PAP(Y XY, X, p) satisfy the Lipschitz condition
1t z,u) = f(&y,0)ll < Lz —ylly + lu—vlly), for any z,y,u,v €Y, T € R
If hi(+), ha(-) € PAP(Y,p), then f(-;hi(), ha(")) € PAP(X, p).

Lemma 3. ©®/ Fiz p € Uy,. The decomposition of weighted pseudo almost periodic function
f=g+ ¢, where g€ AP(Y,X) and ¢ € PAPy(Y, X, p), is unique.

More details of weighted pseudo almost periodic functions, see [8,14] for details.

1.2 Sectorial linear operators and their associated solution operator

A closed linear operator A with dense domain D(A) in a Banach space X is said to be
sectorial of type w and angle @ if there are constants w € R,0 € (0,%), M > 0 such that its

resolvent exists outside the sector

w+ Sy ={w+A: A€ C,arg(—=N\)| <0} and ||(A — A) 7! <

M
S NEw TS (L

Sectorial operators are well studied in the literature, usually for the case w = 0. For a recent
reference including several examples and properties we refer the reader to [20]. Note that an

operator A is sectorial of type w if and only if wl — A is sectorial of type 0.

Definition 4. ?Y/ Let A be a closed and linear operator with domain D(A) defined on a Banach
space X. We call A is the generator of a solution operator if there are w € R and a strongly
continuous function S, : Rt — L(X) such that {\* : ReA > w} C p(A) and

AT — A) e = / e MG, (t)xdt, ReX > w,z € X.
0

In this case, S, (t) is called the solution operator generated by A.
If A is sectorial of type w with 0 < § < 7(1 — §), then A is the generator of a solution

operator given by
1

Sa(t) := o 7e MACTL\Y — A) L),
where v is a suitable path lying outside the sector w + Sy (cf. [21]). In [22] has proved that if
A is a sectorial operator of type w < 0 for some M > 0 and 0 < 0 < 7(1— §), then there exists
C > 0 such that

M
Y gt > 0. 1.2
1+ |wfte” 0= (1.2)

In the border case o = 1, this is analogous to saying that A is the generator of a exponentially

[1Sa ()|l Bx) <

stable Cy-semigroup. The main difference is that in the case a > 1 the solution family S, (%)

decays like t~®. Cuesta’s result proves that S, (t) is integrable. We also note that

oo 1 *éﬂ
/ ds =" forl<a<2, (1.3).
o 1+ |wls® asin &
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therefore S,(t) is integrable. The concept of a solution operator is closely related to the
concept of a resolvent family (see [23 , Chapter I]). For the scalar case, where there is a large
bibliography, we refer the reader to the monograph [24], and references therein. Because of the
uniqueness of the Laplace transform, in the border case o = 1 the family S, (¢) corresponds
to a Cy-semigroup, whereas in the case @ = 2 a solution operator corresponds to the concept
of a cosine family; see [25]. We note that solution operators, as well as resolvent families, are
a particular case of (a, k)-regularized families introduced in [26]. According to [26] a solution

operator S, (t) corresponds to (1, %)—regularized family.

2 Main results

Following [15], we give this definition.

Definition 5. Assume that A generates an integrable solution operator E,(t). A continuous

function u : R — X satisfying the integral equation

u(t) = Fi(t, Biu(t)) +/ E,(t — s)Fs(s,u(s), Bau(s))ds, t € R

—00

is called a mild solution on R to (0.2).

Throughout the rest of the paper, we now require the following assumptions:
(H,) The functions F; € PAP(Y, X, p). There exist positive numbers L; such that

[ F1(t, 1) — Fi(t, 22)|| < L, [|o1 — 22|l

for each all t € R and x; € X, = 1,2 satisfying |z;| < K.
(H3) The function Fs(t,x,y) : RxY xY — X is weighted pseudo almost periodicin ¢t € R

uniformly if z,y € X. There exist positive numbers L, such that

[ Fa (s, 21,91) — Fo(s, w2, y2)|| < Le,(lv1 — 22lly + lyr — 22llv),

for each all ¢ € R and x;,y; € X,i = 1,2 satisfying |z;], |y;| < K. Setting F5 = f; + fo with
fi € AP(Y xY,X) and fy € PAP,(Y x Y, X, p), we suppose that fo(-,u(-), Bou(-)) € L'(R)
for u € PAP(X, p), where B; is the bounded linear operator.

(H3) Let Vo be the collection of all continuous weights p : R — (0,00) such that

sup [%} < 00, sup [%} < oo for every 7 € R. We easily know if p € V., then the

sER s>0
space PAP(X, p) is translation invariant.

Lemma 4. ?% Let A : D(A) C X — X be a sectorial operator in a complex Banach space X,

satisfying the hypothesis in (1.1). Then there exists C'(0,«) > 0 depending solely on 0 and «,

such that
MC(0,a)

E ()| < ————=.
12001 < T o

(2.1)
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Lemma 5. Let p € V.. Assume that A is a sectorial operator of type w < 0. If f : R —
X is a weighted pseudo almost periodic function and TUf is given by (T f)(t f E,(t —
s)Fy(s,u(s), Bou(s))ds, t € R. Then I'f € PAP(X, p).

Proof. Let w € PAP(X, p), we easily have that the functions B;u(t),i = 1,2 are weighted
pseudo-almost periodic. Under assumptions (H;), (Hz), by using Lemma 1, it follows that
Fi(t, Biu(t)) € PAP(X, p) and by using Lemma 2, it follows that F5 (¢, u(t), Bou(t)) € PAP(X, p).
Now write Fy(t,u(t), Bou(t)) = f1(t,u(t), Bou(t)) + fa(t, u(t), Bou(t)), where f; € AP(X) and
fo € PAPy(X,p). Let Giu(t) f E.(t — s)fi(s,u(s), Bou(s))ds, Gou(t) f E.(t —
s) fa(s,u(s), Bau(s))ds. To complete the proof, one must prove that Gyu(t) € AP(X), Gou(t) €
PAPy(X,p). Since fi(s,u(s), Bou(s)) € AP(X), therefor for each ¢ > 0, there exists 6 > 0
such that for all v € R, there is a T € [y, + d] with

|f1(t + T u(t 4+ 7), Bou(t + 7)) — fi(t,u(t), Bou(t))| < e

for each t € R. By setting s =t — 7, we get that Giu(t + 7) = ffoo E.(t—s)fi(s+ T, u(s +
7), Bou(s + 7))ds. Considering Giu(t + 7) — Giu(t), it easily follows that

IGru(t+7) = Gru(®)] = L [Balt = 9)lllg1(s + 7 ulha(s + 7)) = g1 (s, u(hs(s))|ds
MC(0,a) _ MC0,0)|w| " w
< Ef oo 1+|w|(t— s)"d asin(m/a) €

Thus Giu € AP(X).
The next step is to show Gou(t) € PAPy(X, p). It is clear that Gou(t)is bounded continu-
ous. Thus it remains to show G := lim m(i D) [7|Gau(t)|p(t)dt = 0. Clearly,
r—00 )

G

IN

lim s [0 [0 1Ba(t = )l fa(s, us), Bou(s)) | dsp(t)dt

T—00

< OM lim Iy e moy S I fa(tu(t), Bau(t)) || p(t)dtds.

By using that the space PAP(X,p) is translation invariant, it follows that fo(t — s, u(t —
s), Byu(t — 5)) € PAP(X, p) for each s € R. Let ®(r) = — Tp) [T 1 f2(s, u(s), Bou(s))||p(s)ds
hence ®(r) — 0 as r — oo. Since ®(r) is bounded(”@(r)“ < |If2]l) and m is in-

tegrable in [0,00), by using the Lebesgue’s dominated convergence theorem it follows that
lim,_, o rlij{}o I ﬁ s f | f2(s,u(s), Bau(s))||p(t)dtds = 0, thus Gou(t) € PAPy(X, p).

w|s® m

To prove our main results, we define a mapping ® by
t
(Pu)(t) = Fi(t, Byu(t)) +/ E,(t — s)Fy(s,u(s), Bau(s))ds, t € R. (2.2)
Lemma 6. Let p € V... Under assumptions (H,)—(Hs3), the function (Pu)(t) maps PAP(X, p)
into itself.

Proof. From Lemma 1, Lemma 5, we have F} (¢, Byu(t)), ff E,(t—s)F5(s,u(s), Bou(s))ds €
PAP(X,p). In all (®u)(t) = Fi(t, Byu(t)) + f E.(t — s)Fy(s,u(s), Bou(s))ds belong to
PAP(X,p).)
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Theorem 1. Let p € V.. Assume the conditions (Hy) — (Hs) are satisfied. If there exists a

positive number r such that

MC(8, a)|w| =7
L Fi(t,0 L F5(t,0,0)]) < 7. 2.3
F1T+§1€l}§| 1( ) )| =+ asin(ﬂ/a) ( F2r+§1€l£| 2( » Yy )D r ( )

Then Eq.(0.2) has one unique weighted pseudo almost periodic solution.

Proof. Let B, = {u € PAP(X,p), ||u|| < r}, where r satisfies (2.3). Now we prove that

(®u)(t) is a contraction from B, into B,. If u € B,, we have

|Pul| = Sup{|F1(t Byu(t) —l—f E.(t — 8)Fy(s,u(s), Bau(s))ds|}
< sup{|F1<t Byu(t)) — Fi(t,0)] + | Fi(¢,0)|
f |1 Ea(t = s)[[(1Fa(s, u(s), Bou(s)) = Fa(s,0,0)| + | Fa(s,0,0)|)ds}
< L lull 4+ 5up [ Fy(£,0)] + (L Jull + sup lg(t,0)) [, 7w ds
< LiJull +sup |F (¢, 0)] + %(L&nun +sup |F(t,0,0))
<

asin(m/a)

Lp, 7+ sup |Fy(t,0)] + W(Lw + sup |Fy(t,0,0))) <
teR teER

which implies that ||®u|| < r and so that ®(B,) C B,.

Moreover, for u,v € B, we get

[Pu — of| < [[Fy(t, Bru(t)) — Fi(t, Bio(t))]]
+ [ NEa(t = s)ll[ Fa(s, u(s), Bau(s)) — Fa(s, v(s), Byv(s)) | ds
< Lpllu—vll+ Lp,u— Ullf o ds

0o 1+|w|(t—s)™
_ (LF +LF MC(0,a)|w|™ aﬂ'
1 2

asin(m/a) )HU_UH
Since (2.3), by using Banach contraction mapping theorem, we have that (0.2) has a unique

weighted pseudo almost periodic solution.

3 Application

Consider the following fractional differential equation

O (u(t,z) — qu(t — 7,2)) = %u(t, x) — pu(t,x) + 0F M (u(t,z) + Bu(t — 7,2)), t € R,z € [0, 7],
u(t—7,0) =u(t—7,7m) =0, t € R,
(3.1)
where 7> 0,0 < ¢ < 1,0 < 8 < 1. Let X = (L?[0,7]; | - |[2). We define A: D(A) C X — X
given by Au = u” — pu(p > 0) with the domain D(A) = {u(-) : " € X, u(0) = u(7) = 0}. Then
A is the infinitesimal generator of an analytic semigroup on L?([0,7]). Hence A is sectorial of

type w = —u < 0. Let u(t) = u(t,-), Eq.(3.1) can be formulated by the inhomogeneous problem

-7
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(0.2). We take Fi(t, B1¢) = qp(t — 1), Fa(t, ¢, Bagp) = ¢(t) + S(t — 7). Then (3.1) takes the
following form

O (ult) — qu(t — 7)) = Au(t) + 07" (u(t) + Bu(t — 7)),
According to Theorem 1 , we have the following result.

Theorem 2. Assume the conditions (Hy) — (Hs) are satisfied. If g+ 2l 273 9 Thep

asin(m/a)

Eq.(3.1) has one weighted pseudo almost periodic solution.

4 Conclusion

In this paper, existence of weighted pseudo almost periodic solutions of a fractional neutral
functional differential equations is considered. By applying the properties of weighted pseudo
almost periodic functions and Banach contraction mapping theorem, a set of sufficient con-
ditions for the existence of weighted pseudo almost periodic solutions of a fractional neutral
functional differential equations is obtained. In the end, we examine sufficient conditions for the

existence and uniqueness of weighted pseudo almost periodic solutions for a concrete example.
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