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Abstract: In this paper we deal with the problem of  Sobolev imbedding in thecritical cases on Carnot 
groups. We prove some Trudinger-type inequalities on the whole Carnot group, extending to this 
context the Euclidean results by T. Ozawa  and the Heisenberg groups by the same author. The 
procedure depend also on optimal growth rate of Gagliardo-Nirenberg inequalities. We note the 
condition m>\max{Q/q,1} in [1], Theorem 1.4,  can be replaced by m>Q/q  though a new inequality 10 
on G. Using these inequalities, we also obtain the Brezis-Gallouet-Wainger inequality on Carnot group. 
Keywords: Carnot group; Sobolev's inequality; Brezis-Gallouet-Wainger inequality 

 

0 Introduction 
This paper is a continuation of the paper [1]. In [1], it is proved that for every p 15 

with1 p< < ∞ , it holds 
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for all 0 ( )nu C H∞∈  and for all q with p q≤ < ∞ , where H∆  is the Kohn's sublaplace 

on Hn and ,CQ p  is a constant depending only on Q and p, but not on q. Inequality (1) 

generalized the result of T. Ozawa [2].  Using inequality (1), the author obtain some other 20 
inequalities which characterize the critical imbedding in the Sobolev space and the 
Brezis-Gallouet-Wainger type inequality. 

The aim of this note is to prove analogous inequality (1) on the Carnot group G. Recall that if 

G is a Carnot group, then the Lie algebra of of G can be written by 
1
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i
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=

=⊕   which 

satisfy[ , ]i j i jV V V +⊂ . The homogeneous dimension of G is
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be a basis of 1V . The second order differential operator 
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is called a sub-Laplacian on G. 
To this end we have: 

Theorem 1. Let1 p< < ∞ . Then there exists a constant ,CQ p , depending only on Q and p 30 

such that for all 0 ( )u C G∞∈ , 
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Theorem 1 implies the following result. 
Theorem 2. Let1 p< < ∞ . There exist positive constant α  and C>0 such that for all 
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where p'=(p-1)/p is the Holder conjugate of p. 
Finally, we obtain the following Brezis-Gallouet-Wainger inequality on G. 
Theorem 2. Let1 p< < ∞ , 1 q< < ∞  and m>Q/q. Then there exits a constant C such that 

for all / , ,( ) ( )Q p p m qf H G H G∈ ∩  with / , ( )
1Q p pH G

f ≤‖‖ , 40 
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1 Notations and preliminaries 
We begin by quoting some preliminary facts which will be needed inthe sequel and refer to 

[3] for more precise information on this subject. Let G be a Carnot group. Consider the Lie algebra 

1

r

i
i

g V
=

=⊕  of G. Let . By the assumption on the Lie algebra one immediately sees that the system 45 

1, , kX X"  satisfies the well-know finite rank condition, therefore the operator 
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G j j
j j

X X X
= =

∆ = − =∑ ∑  is hypoelliptic. 

As a simply connected nilpotent group, G is differential with n\ , 
1

dim
r

i
i

n V
=

= ∑ , via the 

exponential map exp : g G→ . The Haar measure on G is induced by the exponential mapping 

from the Lebesgue measure on n\ . 50 

For 0λ > , we define : g gλδ →  by setting ( ) iX Xλδ λ=  if iX V∈  and extending 

by linearity. Via conjugation with exponential mapping,  λδ  induces an automorphism of G 

onto itself which we also denote by λδ . The Jacobian determinant of λδ  (relative to Haar 

measure) is  everywhere equal to Qλ , where 

1
dim
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= ∑  55 

is the so-called homogeneous dimension of  G. We shall denote by the 1( , , )G kX X∇ = "  

the related subelliptic gradient. Note that G∇  is λδ -homogenous of degree one. In other words, 

( ) ( )G Gu uλ λδ λ δ∇ ° = ∇ ° . 

We call a curve :[ , ]a b Gγ →  a horizontal curve connecting two points , Gξ η ∈  if  

( )aγ ξ= , ( )bγ η=   and  1( ) span{ , , }ns X Xγ ∈� "  for all s. The Carnot-Caratheodory 60 

distance between ,ξ η  is defined as 

( , ) inf ( ), ( )
b

cc a
d s s ds

γ
ξ η γ γ= 〈 〉∫ � �  
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where the infimum is taken over all horizontal curves γ  connecting ξ  and η . It is known 

that any two points  ξ  and η  on  G can be joined by a horizontal curve of finite length and 

then  ccd  is a  metric on G. An important feature of this distance function is that the distance is 65 

left-invariant. For simplicity, we always write ( ) ( , )cc ccd d eξ ξ= , where e=(0,0) is the origin of 

G. 

Given any Gξ ∈ , set 1
*

( )
( )

ccd ξ
ξ δ ξ−= . The polar coordinates on G  associated with ccd  

is the following  (cf. [4]): 
1 1
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where { ; ( ) 1}ccG dξ ξΣ = ∈ =  is the  unit sphere related to ccd . 

Let Ph  (h>0) denote the heat kernel (that is, the integral kernel of Ghe ∆  on G.  For 

convenience, we set ( ) ( )( )P x, t P x, t ;eh h= .  The following  global estimates for Ph  can be 

found in [5]: for every 0ε > ,  there exist constants , 0QC ε >  such that 
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2 The proofs 
Consider the potential Iλ  of order (0, )Qλ∈ , defined by 

1( )( ) ( ) ( )Q
ccG

I f d f dλ
λ ξ η ξ η η− −= ∫ . 

Similar arguments to those in [1] show that 

Lemma 1. There exists ,CQ p  depends only on p and Q such that for any q with 80 

1 p q≤ ≤ < ∞  and 0 ( )f C G∞∈ , 
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where p'=(p-1)/p is the Holder conjugate of p. 
Using Lemma 1, we have the following: 

Lemma 2.  There exists ,CQ p  depends only on p and Q such that for any q with 85 

1 p q≤ ≤ < ∞  and 0 ( )f C G∞∈ , 
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where p'=(p-1)/p is the Holder conjugate of p. 
Proof.  By the following identity 
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we have, using the estimates (2), 
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The desired result follows by choosing (0,1/ 4)ε ∈ . 
Proof of Theorem 1.  It has been proved in [6] and [7], though the Littlewood-Paley 

analysis on G, that 100 
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By the Interpolation inequality, 
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Therefore, the following Gagliardo-Niremberg inequality holds for 

all  0 ( )f C G∞∈  and (0,1)θ ∈ : 105 
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The desired result follows from Lemma 2. 
Proof of Theorem 2. Recalling the results in Theorem 1, we can see that the proof is 

completely analogue to the context of n\  and Heisenberg group. These complete the proof of 
Theorem 2. 110 

To prove the Theorem 1.3, we firstly need the following lemma: 
Lemma 3.  Let 1 p< < ∞ . For every s with Qp'/(Q+p)<s<p', there holds 
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On the other hand, using the inequalities (see [2]) 
1 / 1

/ /| ( ) ( ) | ( ) ( ) Q p
Q p Q p cc ccI I Cd dξη ξ η ξ− − −− ≤  

When ( ) 2 ( )cc ccd dξ η≥ , we obtain 

/
2 ( ) 2 ( )( ) ( )

cc cc

s Qs p s
cc d d ccJ Cd d dξ ηη ξ ξ− −
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The desired results follow. 
Lemma 3 implies the following embedding theorem: 

/2 1| ( ) ( ) | ( ) ( )m
G ccf f C f d σξ η ξη− −− ≤ −∆‖ ‖  

with / (0,1)m Q qσ = − ∈ . 
Proof of Theorem 3.  We assume 0<m-Q/q<1. Then 130 
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where / (0,1)m Q qσ = − ∈ . By Holder inequality and Theorem 1, there exists a constant 
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( )1 1/1 1/
( ) 1 , ,| ( ( )) | log

cc

pQ p
d Q p Q pf d C e r Cτ ξ τ τ −−

≤ ′≤ ≤ −∫ D ε ε . 140 

Similar arguments to those in [5] and [7], we have 
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The desired result follows by setting 
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In the case / 1m Q q− ≥ , we choose s  satisfying / (0,1)s Q q− ∈  and 1s ≥ . Similar 145 

arguments to those in [5], we have 
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On the other hand, by Gagliardo-Niremberg inequalities in the proof of Theorem 1, 
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The result now follows. 
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Carnot 群上临界情形的 Sobolev 不等式 
杨乔华 170 

（武汉大学数学与统计学院，武汉 430072） 

摘要：本文主要考虑在一般的 Carnot 幂零李群上临界情形的 Sobolev 嵌入问题。我们证明

了在整个 Carnot 群上存在一类 Trudinger 型不等式，这一点推广了由 T. Ozawa 所证明的

欧式空间和本文作者所证明的 Heisenberg 群情形。该证明过程依赖于一类

Gagliardo-Nirenberg 不等式的估计。在本文还得到了一个新的嵌入不等式，利用该不等式，175 
文献[1]中定理 1.4 的条件 m>\max{Q/q,1} 可以改进为 m>Q/q . 进一步利用上述不等式，

我们还得到了 Carnot 群上的 Brezis-Gallouet-Wainger 不等式. 
关键词：Carnot 群；Sobolev 不等式; Brezis-Gallouet-Wainger 不等式 
中图分类号：O152.5；O178 
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