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A Kind of Accelerated AOS Difference Schemes For Dual

Currency Option Pricing Model

ZHOU Gaoxin, YANG Xiaozhong
(Institution of information and computation, School of Mathematics and physics, North China
Electric Power University, Beijing 102206)

Abstract: Black-Scholes equation of Dual currency option pricing is a typical multi-asset option
pricing model, and it is important to research it's numerical value. This paper uses the accelerated
additive operator splitting (AOS) algorithm to transform the two-dimensional Black-Scholes equation
into two equivalent one-dimensional equations, and then construct the ‘explicit-implicit' and the
"implicit-explicit' scheme. These schemes proved to be stable and convergent unconditionally and they
have second-order accuracy.The total computation of these schemes is only a quarter of the traditional
AOS scheme. Finally, the numerical example shows the effectiveness of the accelerated AOS
difference schemes.

Keywords: Dual currency option pricing model; accelerated AOS algorithm; ‘explicit-implicit’ scheme;
"implicit-explicit' scheme; second order accuracy

0 Introduction

In the financial market, the option is a kind of important financial derivatives. Along with the
development of the financial market, it is difficult to meet the needs of financial traders by only
using European, American and other single asset options. Therefore, the financial institution
designs more complex multi-asset options.

The dual currency option is a typical multi-asset option, and it is an option contract of
investing in foreign securities. Generally speaking, the dual-currency option pricing depends not
only on changes of foreign securities price, but also on changes of foreign currency exchange rate,
therefore the pricing of which is more complex. This paper mainly discusses the Black-Scholes

equation of dual currency option pricing 2],
o 1| ,.,0WV RRY 202 OV A oV X oV
—+=|0,S +2p0,0,5,S, ——+0,S +(rh,-q9,)S,—+(r—-0,)S,—-rV =0
at 2 1¥1 aslz p 1~ 2% 2881882 2%2 8822 (l ql) lasl (l QZ) 2882 1
g=n-r+q+o,0,p, Q,=1,. )

Here, V is the price of the dual currency option, S, is foreign risk asset, S, is the exchange
rate of foreign currency against domestic one, I, is the domestic interest rate without risk, T, is

the foreign rate without risk, ois the volatility of S,, o, is the volatility of S,, pis the

correlation coefficient and ( is the interest rate. The equation (1) has the analytical solution [1][2]:

1 (T 1 =(n,—-K)' | olal -2po,o,a,a, +clal
VS,S,t: erl(Tt) 1 exp 2% 19 2%1%2 lZd?]d?]
(8520 27(T -t) 0,0, 1— p? ) m 20703 (1- p* )T -1) s
S o
al:In—lJ{rz—q—alazp—%j(T—t),
Ui
S, 022
a,=In"2 4|1 —r,——2 T -t) )
m, 2

Although the Black-Scholes equation of dual currency option pricing has the analytical
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solution (2), it cannot meet the effective requirement in option pricing. In practice, the numerical
method has been widely used, such as the Monte Carlo method and the Binary Tree method, the

two methods have less accuracy than the finite difference method; Xiaozhong Yang, Yangguo Liu

(2007) proposed the general difference scheme for solving the Black-Scholes equation[4], but it

has lower accuracy; Lifei Wu, Xiaozhong Yang (2010) put forward the 'explicit-implicit' and

‘implicit-explicit' difference schemes for the Black-Scholes equation of options payment [5],

however it did not consider the multi-asset options; Weichert (1998) firstly used the additional
operator splitting (AOS) method to solve the multi-dimensional partial differential equations [6];

Yi Zhang(2010) proposed the accelerated AOS schemes for nonlinear diffusion filtering [7], this
method reduce the computation time and storage space, but it used the Hopscotch method to deal
with the one dimensional equation, which is only conditionally compatible. This paper uses the
accelerated AOS method to split the two dimensional Black-Scholes equation into two one
dimensional equations, then constructs the ‘explicit-implicit' and ‘implicit-explicit' schemes for the
every one dimensional equation. Meanwhile this paper analyzes the compatibility, stability,
convergence and accuracy of the scheme. Finally, some numerical examples verify the
effectiveness of this scheme.

1 Accelerated AOS difference scheme

1.1 Initial-boundary value problem
Assume that the underlying assets meet geometric Brown motion, and the market is arbitrage
free. It does not consider the tax. By the A — hedging principle, we can get a portfolio IT:

IT=V -AS,S, —-A,S,.

Select the proper A;, A,tomake II no risk, namely:

dIT = r,I1dt,

dIT =dV —A,d(S,S,)-A,dS, —A,S,S,qdt — A,S,r,dt
Then through the [t0 formula:

2 2 2
Y :{mz{afslﬂumﬂmzy6 v}}dtﬂdsﬂﬂdgz

ot 2 0S? 85,08, 1 oS? s, s,
We can get the Black-Scholes equation of dual currency pricing:
‘Zi{afsf Z;\; +2p0,0,5,S, asaje\alsz+ 038} Z;\g } +(r, - a1)312;/1+ (r,—4,)s, 2;/2 -V =0
G=r-r,+q+o0,0,p0, G,=r,. (3)
In theory, the solving area of this equation is:
{(5,,5,,t)0<S, <0,0<S, <0, t[0,T]}

But in the actual transaction, the price of the underlying asset will not always appear to be

zero or infinity. Therefore, the financial institution provides a small enough value S (S > 0)

as the lower bound and a large enough value S e (S < =) as the upper bound for it. Then
the pricing problem can be solved in a bounded area:

Q= {(81’ 821t181min < S < Simaxr Samin < Sz < Spmar LE [O’T]}

Assume that the foreign option is the call option, then construct the initial and boundary

-2-
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conditions for equation (3). For the reason that the option pricing is a backward problem, the

75
initial condition is:
V(S,,S,,t)=S, max(S, - K,0)
the boundary condition is:
(Slmln 'S, vt) 0, V(Slmax 1 Szvt) =0.
80 (SI’SZmin’ ) 0 V(SI’SZmax’ )_0
In order to solve the equation (3), we can substitute its variable as follows:
X=1InS,,y=InS,,z=T —t.
Then this pricing model will be transformed into the initial-boundary value problem of partial
differential equation with constant coefficients:
o 1| ,0V o 0V . ooV . oV
Yy 0y —5 +2p0i0,——+0;, — || h-0——F | —— rl—qz—— —+rV =0
85 r 2 OX OXoy oy 2 ) ox 2 )oy
G, =n-r,+d+0,0,p,
4, =r, (4)

Initial condition:
V(x,y,0)=e* max(e* - K,0),

90 Boundary condition:
V(InS, .., y,t)=0, V(InS,..,y,t)=0
V(x,InS,...,t)=0, V(x,InS,,...t)=0.

1.2 Construction of accelerated AOS difference scheme
Firstly, transform the equation (4) into equivalent equation set along with the X axis and

)

the y axis:
V vy X V vy
95 8__0128 =2 - 1— N palaza +rV =0, (5)
ot 0 2 8X oxoy
\ v X \Y v
8——0128 =2/ - 2— N; ,00'102a +rV =0. (6)
ot 2 8y oxoy
Then make a mesh partition on the areaQ2, let h, h,as the space step and k as the time
step:
=InS,,, +ih, 1=012.,M,,
y;=InS,, +jh,, j=012..,M,,
7, =Nk, n=012,..,N.
100 Here h, = Simax ~ Simi k= T _t. V", denotes V(Xi, yj,rn) , then the initial
M, N '
conditions will be transformed into:
VS =el® max( ™ _K 0) ©)
and the boundary conditions will be transformed into:
Vg, =0,V =0, V3 =0,V =0. 8)
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105 Inthe Xaxis direction, the space derivative can be replaced by the central difference:

ﬂ " _Vi?rl,j _Viil,j
OX 2h,

ij
[GZV jn _ Viil,j - 2Vi,nj +Viil,j

ox* ), h/ '

the mixed partial derivative can be replaced by :
V=V = +Vi'”j

no_ i+1, j+1 i+1,j-1 i-1, j+
(ny )i,j -

2(h, +h;)
110 We still use (ny ).n, denote the equation (9) for convenience.

(9)

If the time derivative can be replaced by the one-order forward difference:
n n+l n
[ﬂj _ ViV
or k
the equation (5) will be transformed into :
Vin}—l _Vinj , V‘n _ Z\/inj _’_V‘n [ R 0_12 Jvn _V‘n
- —=0. ' n—0, -

ij

i+1,j i-1,j + 2 i+1,j

i-1,j
k ' h? 2h,

115 (10)
If the time derivative can be replaced by the one-order backward difference:

[6V jn _ Vi,nj _Vi,nj4

+poo, V1)

or k
the equation (5) will be transformed into :
\VAURRVALL \VAURN, VAL VL VAU VAN,
i,j i,j — 0_12 i+1,j |2,J i-1,j + 2 rl _ dl _ 0-1 i+, i-1,j
k h; 2h,
120 (12)

Then we construct the 'explicit-implicit' scheme 101 we adopt the explicit scheme (10) at the
odd number floor, and implicit scheme (11) at the even number floor.

Vizjn+l _Vizjn V2n _Z\/izjn +V2n R 0'12 V2n _V2n
’ —= ’ n—0 -

i]

+,00'10'2(ny):j + r-Vi,nj

2 Vit j i-1j i+, i-1j 2n 2n
k =0, hlz +2 Zhl +po-lo-2(vxy)i’j _r\/l,j

V-Z-MZ _V‘2‘n+l V‘2n+‘2 _2\/‘2‘n+2 +V‘2n+‘2 2 V‘2n+‘2 _VIZanZ
i NP i+ l,i 9 -4, _0u |Tmi Ty P00, (ny)izw _ rvizjmz
k h? 2h, i
(12)
125 Similarly, in the Y axis direction we can get:
\/iZ_n—Fl _VZ_n V2_n _ 2\/2_n +V2n azwv2n _V2n
J ij 274 ij ij-4 A 2 ij+ i,j-1 N 20
K =0, h? T4 hL-0, > ) 2, +pq02(vxy)i,j A%y
ViZ_n+2 _vz_n+1 vZ_n+2 _2\/2_n+2 +v2_n+2 02 v2_n+2 _v2_n+2
N ij ij+ ij i,j-1 A 2 i,j+ i,j-1 2n+2 2n+2
k :gf 5 + I’l _q2 5 \ +pq02(vxy)i'j _r\{jm
" )

(13)
If the computation is done in the X axis direction, the result Vi'j of equation (12) is denoted
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as (\/i'j )X In the y axis direction the result is denoted as (Vi'j )y. Then the arithmetic mean value

130 of (\/i'j )X and (Vi'j )y is the final value:

V.. )] +{V. .
Vi‘j :( |,1)X 2( I,])y (14)

Similarly, if we adopt the implicit scheme (11) at the odd number floor, and explicit scheme
(10) at the even number floor, we can construct the 'implicit-explicit' scheme as follow:
Inthe Xaxis direction:

V_Z_n+1 _V_Z_n V_2n+_1 _ 2V_2_n+1 +V_2n+_1 02 V_2n+_1 _V_anl
i,j hj 2 Ti+l,j i i-1,j ~ 1 i+l,j i-1j 2n+1 2n+1
=0, +2 -0 —— |——F%——+t P00, (ny ) - rVi_,

135 k ' h?2 2 2h, i J
V_2_n+2 _V_2_n+1 V_2n+_1 _ 2V_2_n+1 +V_2n+_1 2 V_2n+_1 _V_2n+_1
- K = 612 Tl f;; =l42 r, - A1 LY on =g PO 0, (ny )IZTH - rVi,zjn+1
1 1

In the Y axis direction:

V_Z_n+1 _V_Z_n V_2_n+1 _ 2V_2_n+1 +V_2_n+1 02 V_2_n+1 _V_Z_n+1
i, hj 2 Vi j+l i ij-1 ~ 2 i,j+l ij-1 2n+1 2n+1
=0, > +2/rn-0, —— 7+p0'162(\/xy)i_ —rVi,j
k h 2h, ¥
V_2_n+2 _V_2_n+1 V_2_n+1 _ 2V_2_n+1 +V_2_n+1 02 V_2_n+1 _V_2_n+1
] ) L j+1 , j-1 ~ L j+1 ,j-1 2n+1
i i 2622 i+ i W r, -G, ——2 i+ i +,00'162(\/X )_”_* _rviz_n+1
k h22 2h2 Y /i, ]

When the traditional AOS scheme is adopted to calculate, it needs to solve an equation set
that contains a triple diagonal matrix every step. Generally, we use the thomas method to solve it,

140 and the computation isO(M, x M, x N ). However, if we use the accelerated AOS algorithm to
construct the 'explicit-implicit' and 'implicit-explicit' scheme, it only needs to solve the triple
diagonal matrix every two step in the X and Yy axis direction. Therefore, the total computation of
the accelerated AOS scheme is a quarter of the traditional one.

2 Analysis of the compatibility and accuracy

145 Firstly, we consider the 'explicit-implicit' scheme. Add up the two equations of (12), we can
_2_n+1
eliminate '

Vizjn+1 _Vizjn 2£Vii;j _Z\/izjn +Vii1j \/ 22 _Z\/izjmz +\/szsz
) J_ o , ) , ) .

i+1,j
1 +
k

hy hy

2n 2n 2n+2 2n+2
+2£r P J{vm,,- VA, VT -V }pm (v, 7+, - el o)

2) 2 2h, i i
(15)

V(x,y,t
The above equation is the well known Crank-Nicloson scheme. Suppose ( y ) is the
. . ) V(Xi’yj’zn) Vi,zjn. .
analytical solution of (12), and substitute by in the above equation. Then
150  make difference between the two side of the equation, and we will get the truncation error:
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2n+l 2n 2n 2n 2n 2n+2 2n+2 2n+2

(R_zp) _ Vi,j _Vi,j —U Vl+lj 2Vi, VI -1,j V|+11 2Vi,j V—lj
k 1 h12 h12
VZ? _V 2n V2n+2 _V 2n+2
. A Y9 i+1, ] i 1] i+, i-1,j . 2n 2n+2 . n 2n+2
Z(I’ 0, 2 j{ Zhl 2h1 P60, ((ny)i,j +(VXy)i,j ) r(Vi,i +Vi,i )
(R?), | o yime)
Then expand as the Taylor Series at the point , and simplify it to get:

(RIZVT )x = O(hlz + kz)
Similarly, in the Y axis direction, we will get:
s (), =olhi k)

Finally, take the arithmetic mean value of (RIZT) and (Rf;1 )y :

Rf;‘:%[(Rf? (R2" ] o(h? +h2 +k?) (16)

Therefore we will get the following theorem:
Theorem 1: The 'explicit-implicit' scheme of accelerated AOS difference scheme of dual
160  currency option pricing has two order accuracy, and it is compatible with the equation set (5),(6)
unconditionally.
If we apply the same method on the 'implicit-explicit' scheme, we will get similar theorem.
Theorem 2: The ‘implicit-explicit' scheme of accelerated AOS difference scheme of dual
currency option pricing has two order accuracy, and it is compatible with the equation set (5),(6)
165  unconditionally.

3 Analysis of the stability and convergence
Firstly, the stability of the scheme will be considered. As to the ‘explicit-implicit' scheme,
take the Fourier transformation on the two sides of the equation (15), and simplify it to get: Ble]

1+rk—of hk ( —2+e” '5)—@—@1 021 j: (e‘f —e’if)\72”+2(§)=
1 1

1-rk +012hL2(ei§ _2+e‘5)+[r_ql _%lzjh(eié _e—ié) \72n(§)
! .

170 Therefore, the growth factor is:

kK . (¢ k Y-S TN
1-rk +40? —sin?| = |+2—| r=§, ——= |sin(&)i
Ul h2 [Zj hl( ql 2 j (é)
S)l_,k
2) “h,

(17)

G(¢)= ;
1+rk —4o; 2sinz[

Denote that:

e ()
o- %( )
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175 Then the equation (17) can be transformed into:
1-P+Qi
G(¢)=rF
1+P-Qi

and we can get that:

> (1-P)+Q?
G(&) _—(1+ S <1.

In practice, we can get that P > 0. Therefore |G(§j <1is always true.

180 By the Von Neumann Theorem, we can get that the AOS difference scheme in the X axis
direction is stable unconditionally. Similarly, we can get that the scheme in the Yy axis direction is

also unconditionally stable. Therefore we can get the following theorems:
Theorem 3: The 'explicit-implicit' scheme of accelerated AOS difference scheme of dual
currency option pricing is unconditionally stable.

185 In addition, due to the Lax Theorem [9], we can get:
Corollaryl: The 'explicit-implicit' scheme of accelerated AOS difference scheme of dual
currency option pricing is convergent.
If we apply the same method on the ‘implicit-explicit' scheme, we will get the similar
theorem.
190 Theorem 4: The 'implicit-explicit' scheme of accelerated AOS difference scheme of dual
currency option pricing is unconditionally stable and convergent.

4 Numerical example

Here, we consider an American investor buy the Nikkei index call option. Assuming the

current price of the Nikkei is 20,000 yen, the dividend rate of the Nikkei is 0.03, the volatility is

195 0.2, the Japanese yen against the dollar as 0.01, the volatility of exchange rate is 0.1, the
correlation coefficient between the Nikkei and the yen is 0.2, the risk-free interest rate of
American is 0.08, the risk-free interest rate of Japan is 0.04, the Strike price of option is 19,000

yen. Consider the deadline of the option is 3,6,9 and 12 months, and the final exchange rate is the

spot exchange rate 2.

200 The numerical experiment is done in Matlab 7.6 environment. The comparison among
analytical solution and numerical solution, such as the result of the accelerated AOS difference
scheme and the Crank-Nicloson scheme is shown as follows:

Tab.1 The compasion of analytical and numerical solution table

Time/(month) 3 6 9 12 relative error
Analytical solution  21.6886 23.7346 26.5386 27.5893 0
AOS scheme 21.6386 23.5391 25.1436 26.4882 0.0198
Crank-Nicloson 21.7279 24.5015 27.7231 31.2501 0.0668
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Fig 1:The compasion of analytical and numerical solution

From table 1 and figure 1, we can see that the accelerated AOS difference scheme has higher
calculation accuracy than the Crank-Nicloson scheme. With a longer deadline of the option, the
advantage of the scheme is more obvious. The numerical result demonstrates the theoretic analysis
that the accelerated AOS difference scheme is effective.

5 Conclusion

In this paper we construct the accelerated AOS scheme. The main idea of the scheme is to
split the two-dimensional Black-Scholes equation into two equivalent one-dimensional equations,
and then construct the ‘explicit-implicit' and the 'implicit-explicit' scheme. This scheme is
second-order accuracy, stable and convergent unconditionally, and the total computation of these
schemes is only a quarter of the traditional AOS scheme.

The main advantages of accelerated AOS difference scheme are as follows. Firstly, the AOS
algorithm splits the high dimensional equation into low ones. This method can avoid the
complexity of using difference method directly on high dimensional equation. AOS difference
scheme is very applicable to deal with the high dimensional equations. Secondly, the
‘explicit-implicit' and ‘implicit-explicit ' scheme also has prominent advantage. Classical implicit
scheme hides the potential stability, which is no use in the calculation, but when it is applied in the
alternate scheme, this potential stability just cover the stability shortage of explicit scheme. Finally,
the implicit scheme calculates the approximate value of the analytical solution from above, and the
explicit scheme calculates it from below. Every two steps produce errors with the opposite symbol,
which can counteract with each other, and then obtain the more accurate result.
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