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Abstract: In this paper, a new generalized contractive condition is introduced in metric space. By the
condition and without the normality of the cone, the existence of common fixed points of multivalued
mappings satisfying generalized contractive conditions in cone metric spaces is proved. These results
extend some of the most general common fixed point theorems for two multivalued maps in cone

metric spaces.
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1 Introduction

Fixed point theory and common fixed point theory have basic roles in the applications of
some branches of mathematics. The theory of common fixed points of multifunctions is a
generalization of the theory of fixed point of mappings in a sense. Using the concept of Hausdoff
metric, Nadler [1] obtain multivalued version of the Banach contraction principle. Recently,
Huang and Zhang [2] introduced the concept of cone metric space, replacing the set of positive
real numbers by an ordered Banach space. They obtained some fixed point theorems in cone
metric spaces using the normality of the cone, which induces an order in Banach spaces. Later,
Wardowski [3] introduced the concept of multivalued contractions in cone metric spaces and, with
the condition of normal cones, obtained fixed point theorems for such mappings.

In this paper, we will prove some common fixed points results for multivalued mappings
taking closed valued in cone metric spaces without the condition of normal cone. Our result
extend and unify various comparable results in the literature ([4][5][6]).

Let E always be real Banach space and P subsetof E. P iscalled cone if and only if:

(i) P isnonempty and closed set, also P = [0];

(i) a,beR,a,b>0,x,yeP=ax+byeP;

(iii) xeP and - xe P= x=0.

For a given cone P — E, we can define a partial ordering < with respect to P by
X<y if and only if y—XxeP. We shall writt X<y to indicate that X<y but X#Y,
while X<y will stand for y—XeintP , whereintP denotes the interior of P .

The cone P is called normal if there is a number K >0 suchthatforall X,y e E,

0<x<yimplies|| XK K|l Y.

The least positive number satisfying above is called the normal constant of P .
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Definition1.1. Let X be a nonempty set. Suppose the mapping d: X xX — E
satisfies:

(i) 0<d(x,y) forall x,ye X and d(x,y)=0 ifandonlyif x=y;
(i) d(x,y)=d(y,x) forall x,yeX.

Then d iscalled a cone metricon X ,and (X,d) is called a cone metric space.

Definition1.2. Let (X,d) be acone metric space, {X,} asequencein X, then

(i) {x.,} is a Cauchy sequence if for every ce E with 0 < c, there is a natural number
N suchthatforall n,m>N, d(x,,X,)<C;

(i) {x,} is a convergent sequence if for every ce E with 0 < c, there is a natural
number N and xe X suchthatforall n>N, d(x,,X)<c forsome xe X ;

(ili) (X,d) is called a complete cone metric space if every Cauchy sequence is

convergentin X ;
(iv) Aset B X s said to be closed if for any sequence {x,} in B convergesto X

in X,wehavexeB.
Let X be a cone metric space. We denote by P(X) the family of all nonempty subsets

of X,andby P,(X) the family of all nonempty closed subsets of X . A point X in X is
called a fixed point of a multivalued mapping T : X — P, (X) by XeT(X). The collection of
all fixed points of T is denotedby F(T).

Remark 1.3.[5] If a<ha,forsome aeP and he(0,1),then a=0.

2 Main Results

Rus [7] coined the term R-multivalued mapping, and proved the set of the fixed points is
nonempty in complete metric space (X,d), for the multivalued mapping T : X — P, (X)

which is a R-multivalued mapping. Recently, Abbas [5] proved a common fixed point theorem for
two R-multivalued mappings in non normal cone metric space.

In this section by introducing a new generalized contractive condition we obtain a common
fixed point theorem for two multivalued mappings in a cone metric space without using the
condition of a normal cone, which extends a theorem of Abbas [5].

Lemma2.l. Let (X,d) be a cone metric space with a cone P. If there exist a sequence
{x,} inXandareal number y e (0,1) such thatforeveryne N,
d(X,.5,X,) <yd(X,, X, ),
then {Xx } isa Cauchy sequence.
Proof. Let X, € X be an arbitrary but fixed. Note that forall m>n,
d(X,,X,) <d(X,, X,,;) +d(X .1, X,.n) +--+d(X,.0, X,,)
< [?/n +yn+1 +”.+}/m71]d (Xoa X1)

<2 d(x,%),
1-y
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Now let 0 <« Cc be given. Choose a symmetric open neighborhood V of 0 such that

n

/4

c+V < P . Also, choose a natural number N such that 1 d(X, %) <c forall n>N,

and hence d(X,,X,)<<c forall n,m> N .Therefore {X } isa Cauchy sequence inX.

Theorem 2.2. Let (X,d) be a cone metric space and T, T :X — P,(X) two
multivalued mappings such that for i, j€1,2 with i# j and for eachx,y e X, u, €T,(X),
there exists U, €T, (Yy) such that

d(u,,u,) <Ad(x,y)+Bd(x,u)+Cd(y,u,)+Dld(x,u,)+d(y,u,)l,

where AB,C,D>0 and A+B+C+D<1. Then F(T)=F(T,)#< and
F(M)=F(,)eP,X.

Proof. Suppose that X, is an arbitrary point of X . For 1,je€l,2 withi= ],
take X, € T;(X,) - Then there exists X, € T;(X;) such that

d (X, %) < Ad (X, X;) + Bd (%o, %) + Cd (x;, X, ) + D[d (%5, X,) + d (%, X,)]
<(A+B+D)d(x,,X)+(C+D)d(x,X,),
which implies
d (X, %;) < kd (%, %),

A+B+D
Where 0<k = 1 c. D <1. Now for X, €T;(x,), there exists X, € T;(X,) such that

d(X,,%;) <kd(x;,X,) . Continuing this process we obtain a sequence X, in X with
Xong € Ti(Xon5) s X €T;(X,,4) such that d(X,X,,,) <kd(X,,,X,). From Lemma 2.1 we
get {X,} isa Cauchy sequencein X .Since X is complete, there exists an element X eX
suchthat X, — X as N—>oo.

1-C-D 1-C-D
2(A+B+D) 2(B+D+1)

number N, such that d(x,,X) < dc for all m>N, is given. If X, €T,(X,, ), there

let 0<c be given and 0< o <min{ }. Choose a natural

exists U, €T,(X") suchthat

d(X,,,u,) < Ad (X, ,, X )+ Bd(X,, ;,X,,) + Cd (X",u,) + D[d (X, ;,U, )+ d (X", %, )],

which further gives

d(x",u,) < Ad(X,, 4, X))+ Bd (X, 4, %, ) +Cd (X", u, )+ D[d (X, ,,u,)+d (X, X, )] +d(X,,, X)

and so
@A-C)d(x",u,) < Ad(X,, 4, X )+ Bd (X, 4, X, ) + DA (X, 4, U )+ (D +21)d (Xy,, X))
< Ad(%,, 5, X )+ Bd(X,,,, X)) +Bd (X", X,,) + Dd (X,,,,X )+ Dd(x,u,)

+(D+1)d(xy,, X).
Thus
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d(x',u,) < A+B+Dd(X2n,1,X*)+B+D+1
1-C-D 1-C-D
<A+B+D 1-C-D C+B+D+1 1-C-D c
1-C-D 2(A+B+D) 1-C-D2(B+D+1)
=,
which shows that U, —>X as n-—>oo . Since T,(X) is closed, X e F(T,) and

soF(T,)#9.

d(%, %)

Let X € X be a fixed point of T,. Then, by hypothesis, there exists X € T,(X") such

that
d(x’,x) < Ad(X",x)+Bd(x",x")+Cd(x",x)+ D[d (x,x) +d(x",x)]
=(C+D)d(x",x),

which by using Remark 1.3, implies that d(x,x)=0.Andso X =X.Thus, X €T,(X").
Andso F(T,) < F(T,).Similarly, F(T,) < F(T,). Therefore F(T,)=F(T,)#J.

Now we prove that F(T;) is closed. Let {X } be a sequence in F(T;)=F(T;) such
that X, =X as Nn—oo. let 0« C be given and 0<§<1_C—_D. Choose a natural

2(A+1)

number N, suchthat d(x,,X )< oc forall m>N, isgiven. For i= j,sincex, €T, (x),
there exists v, € T;(X) such that

d(x,,v,) < Ad(x,,x)+Bd(x,,x,)+Cd(x,v.)+D[d(x,,v,)+d(X,X,)],
which further gives

(1-D)d(x,,v,) < (A+D)d(x,,x)+Cd(x,Vv,).

And so
A+D C
d(x,,v,) < d(X,,X) +——=d(x,v,).
(%) S T80, ) + == (x,,)
From
d(x,v,)<d(x,x,)+d(x,,V,)
A+D C
< d(x,, X) +——=d(x,v,)+d(x,,V,
T 0000+ a0V +d (x,v,)
A+l C
=——d(X,,X) +——=d(x,v,),
54060+ == d(xv)
we get
1-D  1+A A+1
d(x,v,) < d(x,,X) =————=d(X,, C.
(V) S x gl ) = e d i 0 <

Thus d(x,v,) >0 as n—>o. Since v, €T;(x) for neN and T,(x) is closed,
xeT;(x).Hence xe F(T,)=F(T;). The proof is completed.

Remark 2.3.
(i) Lemma 2.1 have the same result of [4, Lemma 3.1] without the condition of a normal
cone.

(i) In Theorem 2.2, if D =0, we can easily obtain the result of [5, Theorem 2].

-4-
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