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1. Introduction

The model for the restricted 3-body problem studied by Sitnikov([15]) and Moser ([8])
is well known:Under Newton’s law of attraction,two mass points of equal mass m1 =
m2 =

1
2
moving in the plane of their elliptic orbits such that the center of masses is at

rest, the third mass point which does not influence the motion of the first two moving
on the line perpendicular to the plane containing the first two mass points and going
through the center of mass.

Let z(t) be the coordinate of the third mass point, then z = 0 corresponds to the
center of mass of the first two mass points,z(t) satisfies

z̈(t) =
−z(t)

(|z(t)|2 + |r(t)|2)3/2 (1.1)

Where r(t) = r(t + 2π) > 0 is the distance from the center of mass to one of the
first two mass points.

For a small eccentricity ε > 0 ,the r(t) takes the form (Moser[8]):

r(t) =
1

中国科技论文在线 http://www.paper.edu.cn 

1



study the homoclinic orbits(parabolic orbits) of (1.1).

Moser[8] used the geometry of the Bernoulli-shift and the symbolic dynamics to
study the existence of infinitely many periodic orbits of (1.1).

Mathlouthi [7] used variational methods to give another proof of Moser’s result.Souissi
[16] used variational minimax methods and approximations to prove the existence of at
last one parabolic orbit of the circular restricted 3-body problem for 0 < α ≤ 1:

z̈(t) + α
z(t)

(|z(t)|2 + |r|2)α/2+1
= 0, (1.3)

Here we use variational minimizing method to prove

Theorem 1.1 For (1.3) with 0 < α < 2,there exists one odd parabolic orbit which
minimizes the corresponding variational functional.

Remark Comparing our Theorem 1.1 with all the other Theorems,the variational
solution in our Theorem 1.1 is the most simple and natural solution,another new point
of our Theorem 1.1 is that we found odd symmetrical parabolic solution for all the
circular restricted 3-body problem with weak force type potentials (0 < α < 2).

2.Variational Minimizing Critical Points

In order to find parabolic orbit of (1.3),firstly,we find mT -periodic solution of (1.3),
then let m → ∞ to get the parabolic orbit. Noticing the symmetry of the equation, we
can find the odd mT -periodic solution of the restricted 3-body problem:

−z̈(t) =
αz(t)

|z2(t) + r2|α/2+1
(2.1)

We define the functional:

f(z) =

∫ mT

−mT

(
1

2
|ż(t)|2 + 1

(z2(t) + r2)α/2
)dt, (2.2)

z ∈ HmT = {z, ż ∈ L2[−mT,mT ]|z(−mT ) = z(mT ), z(−t) = −z(t)} (2.3)

Since ∀z ∈ HmT , z(0) = 0,then we have equivalent norm for ∀z ∈ HmT :

‖z‖mT = (

∫ mT

−mT

|ż(t)|2dt)1/2 (2.4)

Lemma 2.1 f(z) is weakly lower semi-continuous(w.l.s.c.) on HmT .
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Proof:(1).It is well-known that the norm and its square are w.l.s.c.,
(2).∀zn ⊂ HmT ,if zn ⇀ z weakly,then by compact embedding theorem,we have the
uniformly convergence:

max
−mT�t�mT

|zn(t)− z(t)| → 0, (2.5)

so

∫ mT

−mT

1

(|zn(t)|2 + r2)α/2
dt →

∫ mT

−mT

1

(|z(t)|2 + r2)α/2
dt (2.6)

Hence

lim
n→∞

f(zn) ≥ f(z) (2.7)

Lemma 2.2 f is coercive on HmT .

Proof:By the definitions of f(z) and the coercivity (f(z) → +∞, ‖z‖ → ∞).
Lemma2.3( Tonelli,[1]) Let X be a reflexive Banach space,f : X → R ∪ +∞,if

f 
= +∞ and is weakly lower semi-continuous and coercive(f(x) → +∞, ‖x‖ → ∞),
then f attains its infimum on X.

Lemma 2.4(Palais’s Symmetry Principle[9])Let G be a finite or compact group,σ
be an orthogonal representation of G, let H be a real Hilbert space,f : H → R and
satisfies

f(σ · x) = f(x), ∀σ ∈ G, ∀x ∈ H. (2.8)

Let

F � {x ∈ H|σ · x = x, ∀σ ∈ G}. (2.9)

Then the critical point of f in F is also a critical point of f in H.

Lemma 2.5 (1).f(z) attains the infimum on HmT ,the minimizer z̃α,m(t) is an odd
mT -periodic solution.
(2).Furthermore ,when m → ∞, z̃α,m(t) → z̃α(t) and z̃α(t) has the properties:

(i).
|z̃α(t)| → ∞, |t| → ∞, (2.10)

(ii).
| ˙̃zα(t)| → 0, |t| → ∞. (2.11)

So z̃α(t) is a parabolic solution.
The proof of (1) is obvious by Lemmas 2.1-2.4.

In the following,we will give the proof of (2) of Lemma 2.5, in order to do this, we
give a key Lemma 2.6 ,in its proof,we use the properties of the odd test loop and the
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variational functional, the proof about the estimates for infsup values in [16] is totally
different from here.

Lemma 2.6 There exist constants c > 0 and 0 < θ < 1 independent of m such that
the variational minimizing value for f(z) on HmT satisfies

am ≤ cmθ (2.12)

Proof:We choose special odd mT−periodic function defined by

gβ(t) = tβ, t ∈ [−mT, 0], (2.13)

where 1
2
< β = p

q
< 1

α
,p, q are odd numbers and (p, q) = 1.

Then

f(gβ(t)) =
∫ mT

0
β2t2(β−1)dt+ 2

∫ mT

0
dt

(t2β+r2)α/2

≤ β2

2β−1
(mT )2β−1 + 2

1−αβ
(mT )1−αβ ≤ cmθ,

(2.14)

where

θ = max(2β − 1, 1− αβ) (2.15)

c =
β2

2β − 1
T 2β−1 +

2

1− αβ
T 1−αβ > 0, (2.16)

When 0 < α < 2,we have 1
α
> 1

2
,we can choose 1

2
< β < 1

α
,then 2β−1 > 0, 1−αβ >

0,hence θ > 0;when β < 1, 2β − 1 < 1,then 0 < θ < 1.

Similar to infsup-critical points in the paper [16],here for our minimizer ,we have

Lemma 2.7 Let z̃α,m be critical points corresponding to the minimizing critical
values am = min

HmT

f(z),then

‖z̃α,m‖∞ → +∞, when m → +∞ (2.17)

Proof:By the definition of fm(z̃α,m) and Lemma 2.6,we have

cmθ ≥ fm(z̃α,m) ≥
∫ mT

−mT

dt

(‖z̃α,m‖2∞ + r2)α/2
=

2mT

(‖z̃α,m‖2∞ + r2)α/2
(2.18)

Hence

‖z̃α,m‖2∞ ≥ (
2T

c
)α/2 ·m 2(1−θ)

α − r2 → +∞, as m → +∞. (2.19)

Lemma 2.8 { ˙̃zα,m} is uniformly bounded.
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Proof: The Proof is easy (ref.[16]) by the conservation of the energy along the
solution and existing tm ∈ [−mT,mT ] such that

˙̃zα,m(tm) = 0.

Now we prove Theorem 1.1:

The proof is standard as [16].
By z̃α,m(0) = 0 and Lemma 2.8,we have

(i).{z̃α,m} is uniformly bounded on any compact set of R.

(ii).{z̃α,m} is uniformly equi-continuous on R.

By Ascoli-Arzelà Theorem,we know {z̃α,m} has a sub-sequence converging uniformly
to a limit z̃α(t) on any compact set of R,and z̃α(t) is a solution of (2.1) and z̃α(t) ∈
C2(R,R).By the energy conservation law,we have

E =
1

2
| ˙̃zα|2 − 1

(|z̃α|2 + r2)α/2
= 0 (2.20)

Then

1

2
| ˙̃zα|2 = 1

(|z̃α|2 + r2)α/2
> 0, (2.21)

Now we claim

(i).
|z̃α(t)| → +∞, as |t| → +∞, (2.22)

in fact,if ∃β > 0 s.t

|z̃α| < β, ∀t ∈ R, (2.23)

By (2.21),∃γ > 0 s.t

| ˙̃zα| > γ, ∀t ∈ R, (2.24)

Then we have

|z̃α(t)| = |z̃α(t)− z̃(0)| = |
∫ t

0

˙̃zαdt| > γ|t| → +∞, as |t| → +∞, (2.25)

This is a contradiction.
Now by (2.21) we have

(ii).
|z̃α(t)| → 0, as |t| → +∞. (2.26)
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