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Abstract The paper introduces the concept of noncommutative Banach spaces and ob-
tains several fixed point theorems for continuous or discontinuous ordered contractive
maps in ordered noncommutative Banach spaces.fifcgnt condition that the fixed

point is unique is given.
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1 Preliminaries

Amann [1] introduced the concepts of ordered topological linear space and ordered
Banach space and gave a number of solutions of nonlinear equations in ordered Banach
spaces. Based on his work, many authors studied the properties of fixed points of
nonlinear equations in ordered Banach spaces [2-6]. Furthermore, [7] introduced some
types of ordered contractive maps and obtained some fixed point theorems in ordered
Banach spaces. lllumined by [7] and [1], the paper defines the ordered contractive
maps and obtains the corresponding theorems of fixed points ordered contractive maps
in noncommutative Banach spaces. Let us give the definition of a noncommutative
Banach space firstly.

Definition 1.1 Let E be a group.E is called a noncommutative Banach space if the
following conditions are satisfied.

1. There exists a metrid on E so that E, d) is a complete metric space.

2. Thedis invariant under the translation operation. Tha¥is,y,z<€ E, d(xzy2 =
d(x.y);

3. There exists a binary continuous operation

F:RxE—E, (a,0)d,
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which extends the group multiplications it

4. The metricd is sub-homogeneous, that is, fere E, there exists a constant
Cx > 0 such that for € R,

d(x*, €) < Cyald(x €).

It is clear that a Banach space is a noncommutative Banach space. The following
is a nontrivial example.

Example 1.1 Suppose thaH is a Hilbert space antd(H) is the unitary group of
H. As a subset of (H), U(H) is a complete metric space, where T € U(H),
d(S, T) =|IS - T||. Furthermore, foll € U(H) anda € R, set

2” .
T = f e*’dE,,
0

whereE, stands for the spectral measure associated with the op@rghrthenU (H)
is a noncommutative Banach space.

Proof. It suffices to prove thdt)(H) possesses properties 3 and 4 of definition 1.1.
Firstly suppose that (T,, T) — 0 whereT, € U (H). Since fork € N,
d(TR.TY) = ITeTh - TTR + T =TT
<o =TI+ ITIITE S = T,
using induction one can see for an arbitrary polynor®igk), d (P (T,),P(T)) — O.

Since fore > 0, there exists a polynomi#o(x) such that supq o IPo(X) — x| < §,
thus

1o

d(Po(T),T%) < d@dﬁ%ﬂﬂs%

3!

Also for > 0, 3N € N so that ifn > N, [|Po(Tn) — Po(T)Il < 5. Thus whem > N,
d(TR.T%) < Ty = P(Tn) + P(Tn) + P(T) - P(T) - T

< TR = P(T)I+ 1P(Tr) = P(THIT+ IIP(T) = T

< &

Therefore forr € R, d (T, T) — 0 implies thad (T2, T*) — O.
Secondly the metrid is pseudo-homogeneous. One can supposeTthat. For
a €R,

2” .
ar = 0 (@ -1)del
< sup |[é% —1.
0€[0,2r]
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Since the exponential function is a periodic function, we can consider only the case of
la| € [0, 1].

; 2 < 2nlal, if la| > 3:
sup €% - 1] = ; ) 2
Sup e -4 { €27 — 1] < 21lal, 0 <] < L.

In all, setCr = % then for anye € R, d(T?, 1) < Crlald (T, I).
Similarly one can prove that fof € U(H) , lim,_,, T* = T andU(H) is a
noncommutative Banach space.

2 Ordered contractive maps on the noncommutative Ba-
nach Spaces

In this section we will introduce an ordering structure in a noncommutative Banach
space, and get basic properties of ordered contractive maps.

Definition 2.1 Suppose thaE is a noncommutative Banach space. ABet E is
called convex if¥x, y € P, xPy¥ € P, wherep,q € R* andp + q = 1. Furthermore,
P c Eis called a cone iP is closed, convex and invariant under exponential operation
by element of [Q0), and if PN P! = {g}, whereP™! = {x!|x € P}.

Itis easy to see that a cone is a semigroup. Each cone can induces a partial ordering
in E through the rulex < y if and only if Y*x# € E for g € [0, 1]. This ordering is
antisymmetry, reflexive and transitive.

Definition 2.2 If there exists a constait > 0 such that forang < x <y, d(X, €) <
Nd(y, e), P is called positive, and the constaxts called the positive constant Bf

Let “<” be the partial ordering determined by a cdheForu, v € E, if one ofu g v
andv < u holds, we say that andv are comparable and write:

v(wv) = u, whenvgu,
> 71 v, whenugv.

Lemma 2.1 If u and v are comparable, then tvand vu? are comparable, and

e<vV (uv‘l,vu‘l) .

Proof. One can suppose that u. ThenVa € [0, 1],
(uv‘l)a (vu‘l)fa = (uv‘l)a ((uv‘l)fl)ia = (uv‘l)za.

Since 2 > 0 anduv! € P, (U\fl)za € P. Thus the elementsv? and vu? are
comparable, andu! < uvl. Also, Va € [0,1], (U\rl)“ e = (U\rl)a € P, so

esuv? andes v (U\rl,vwl).
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Definition 2.3 Let E be a noncommutative Banach space Bralpositive cone oE
with the positive constarltl. A mapA: E — E is called g3-ordered contractive map
if there exists a constant© 8 < 1 such that fou,v € E, if uandv are comparable,
thenAuandAv are also comparable, and moreover

v (Av(Au)‘1 , Au(Av)‘l) <V (vu‘l, uv‘lf .
Here theg is called the constant of the ordered contractive map.
Remark 2.1 The ordered contractive map need not be continuous.

Lemma 2.2 Suppose that for all re N, u, and v, are comparable. If y — Vo,
u, — Ug, then  and \ are comparable. That is to say, the ordering structure is
compatible with the metric given in E.

Proof. SinceVn € N, one ofu, < v, and v, < u, holds, there exist subsequences
{Vn,} and{uy,} such that foi0 < B < 1, eithend, v’ € P or v, uy? € P holds. Without
lose of generality, suppose th#tv,” € P. Then

ARRAT) < IR )+ 3R )
= d(u. ) +d(v. ).

The last equation holds because the metric is invariant under the translation operation.
Becausenm, — Vo andu,, — Uo, we havevy” — v# andu;” — u’. Since the
multiplication operation of is continuous,

lim d (uh,vi?, Lpv”) = 0.

Notice the fact that the core is closed,ugvaﬁ € P. This implies that and vy are
comparable.

Lemma2.31If x,ye P,and x<y,thenV0< g < 1, ¥ <V’

Proof. Sincex gy, Ya € [0,1], y*x® € P. ForO< B8 < 1, aB € [0,1], sO
yBx=% ¢ P, namely¥® < y°.

Lemma 2.4 If x and y are comparable, then (d (xy’l, yrl) , e) =d(xy).

Proof. One can suppose(x.y) = x. Thenyx® < xy™* andv (xy%,yx?t) = xy%.
Since the metrid is invariant under the translation operation,

d(xy) =d (xy‘l,yy‘l) =d (v (xy‘l,yx‘l) , e).

This completes the proof.
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3 Theorems about the Fixed Points

Throughout this section we suppose thas a noncommutative Banach space which
is partially ordered by a positive cofewith the positive constariti, and give several
theorems on the fixed points of the ordered contractive majis on

Theorem 3.1 Suppose that the-ordered contractive map AE — E is continuous. If
there exists an elemeng ¥ E such that yand Ax are comparable, then the sequence
A%, converges to some fixed poiritof A. Moreover, there is a numberQepending
on the choice of g so that

Cx-N-B

d(x0,>(*)<( 1-5

+ 1)d(xo,A>q)).

Proof. Consider the sequence
X1 = AXg, Xo = AXq..., Xne1 = AXy, ...

Sincexg and x; = Axy are comparable and the mags ap-ordered contractive map,
x; and x, = Ax are comparable, and hencg,and x,,1 = Ax, are comparable. Since

V (xe¥ s X% ) = V (A1 (%) Ak, (A1) Y) 5V (%0 ey )

using lemma 2.3,

A

v (xnx;il, xn+1x;1) v (xn_lxgl, xnx;_ll)ﬁ

2

\ (Xn—ZX;}l* X”‘le_lflz)ﬁ

AR\

A

v (xoxg ™, xlxalfn .
Thus,
d (v (xnxr;}l, xn+1x;1) , e) < Nd(v (xoxil, xlx()lfn , e) . 1)

Because the metrit is sub-homogeneous, there exists a consEgntwhich depends
on the choice 0kg, so that

d (v (xoxll, xlxal)ﬁn , e) < Cy, -p'd (v (xoxil, xlxal) , e) ) 2)
Notice that the metrid is invariant under the translation operation,
d(V (XXt XX 1) - €) = d (Xn, Xne1) - ©)
In the same way,

d (v (xoxil, xlxal) , e) =d (X0, X1) - (4)
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So the inequality (2) turns into

d (v (xnx;}l, xn+1x,;1) , e)

N-d (v (xoxgl, xlxgl)ﬁn , e)
N-C, -Ad (v (xoxIl, xlxal) , e)
N - Cy, - B"d(Xo, X1).

Thus the sequende} is a Cauchy sequence singe (0, 1). Suppose that, — x*,
then

d (Xn, Xn+1)

N

N

AX = Alim x, = lim Ax, = rI]im Xne1 = X',

N—oo N—oo

which implies thatx* is a fixed point ofA. Moreover

d(x", %) < d(Xo,X1)+d (X, X2) + -+ d(Xn, Xne1) + -+

DA% Xne1) + d (X0, Xa)
n=1

Cy, - N - 8"d (X0, X1) + d (X0, X1)

n
gk

n=1
Cx-N-B
= |———— +1]d (%, AX).
(25257 + 1)dba A
|
Corollary 3.2 Conditions and assumptions are the same as in theorem 3.1X bet
another fixed point of A. IX and X are comparable, therx = x*.
Proof. Since X and x* are comparable, one can suppose tikag Xx*. Using the
definition of contractive map,
v (AX(AX) L AX (AR ) < v (x X LR
namely,
v(xx oY) s v (xx et
Since X < X, V (Yx*—l, x*Y—l) = xX L, thenx’X ! < (x*Y‘l)ﬁ, (x*Y‘l)ﬁ_l € P. Notice
that 1- 8 € [0, 1], (X*Yfl)l_ﬁ € P. By (x*?l)ﬁ_l eP and(x*?*l)l_ﬁ eP, xxl=g
andx* = X.
|

Theorem 3.3 Suppose that AE — E is aB-ordered contractive map. If there exists
an element ¢ € E so thatVn, % and A'x, are comparable, then A has some fixed
point, and the sequencgA"xg} converges to one fixed point & A. Moreover, there
exists a constant ¢ such that

. CXo'N'ﬁ
d(x,xO)<(W+l)d(xO,A>b).
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Proof. Similar to the proof of theorem 3.1, the sequefige = A%} is a Cauchy
sequence. By the completenesseflet x, — x* € E. Now we prove thatx" is a
fixed point ofA.

For all m,n, suppose thatm > n, using the given conditionyy, and X, are
comparable. ThenAx, and Ax,_n are comparable, and so axg = A"Xy and Xy, =
A%mnn. Let m — oo, using lemma 2.2¥n, x, and x* are comparable, therefor&x;,
and Ax* are comparable, and so

e<vVv (Axn (AX)L, AX (Axn)‘l) <V (xnx*‘l, x*x;l)ﬁ.
Since P is a positive cone,
d(V (A% (AX) ™, AX (Ax) ™), €) < Cxp - N B (V (XX ™1, XX )  €),
that is
d (Xn+1, AX) = d (AX,, AX) < Cy, - N - Bd (Xn, X*) — O.

Therefore x* = Ax* and x* is a fixed point of A. At last, similar to the proof of
Theorem 3.1, we can get the estimatiord@k*, xo) and we omit it here.
|

Theorem 3.4 Let A: E — E be a continuous map and satisfy the following condi-
tion:
(C1) If uand v are comparable, then Au and Av are comparable. Also, if u and
Au are comparable, and v and Av are comparable, then there exists éO %) o)
that forvg € [0, 1],
-1 18 -1 “1\¥ -1 -1\¥
\/(Av(Au) ,Au(Av) ) < v(AUo u,uo (Au) ) o v(AVov ,V(AV) )

If there exists an element x E, such that ¥ and Ax are comparable, then the
sequencgA™xg} converges to a fixed point ©f A. Moreover, there exists a constant
Cy, such that

. Cy,-N-21
d(Xo,X)<(1+ﬁ)d(xO, AX) .

Proof. Setp= then 1+ = 1+ . Consider the sequence:

l !
X1 = AX, Xp = AX = Aszw- s = AXg, oo
Since %o and Axy are comparable, far € N, x, and Ax, are comparable, and
e s V(nGh Xt
v (A% (A, Ak (AY)
A
< v (qu G H Yoo (A%-) )V (A xq (Ax) )

=V (XXt X1y ) v (Xn+lxﬁ ’anﬁi1)1~
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Therefore

eV (xXh XX ) € V (%X X0 ) Y (Meende Xy )
and Vg € [0, 1],

v (xxts X% ) 5V (3t a6tV (et Xy )

That is,

v (it e v (gt omgh) Y e
and so A
SV (ot xeq )

Since 0< A< 1,0< 4 <1, using lemma 2.3

n+1

_ _1\1=2)
v(xmlxnl, Xn X1 )

e

N

v (Xn+1xr_11’ anr:il)

v (% Ko )

IR

v (Xo)ql, xlxal)(ﬁ)n '

A

Using inequality (2) in the proof of theorem 3.1 there exists a con§igrguch that,

/1 n
-1 -1 ~1 -1
d(v (xmlxn ,xnxn+1),e) <Cy-N- (m) d(xox1 , X1Xg )
Since the metricd is invariant under the translation operation,

/l n
d(xn,xn+1)<CXO~N~(m) d (X0, X1).

This implies thafx,} is a Cauchy sequence. By the completeneds, &dt x, — X" €
E, then
AX = lim AX%, = lim Xpp1 = X",
n—oo n—oo
ThusA has a fixed point ifE, and the sequencfgA"x} converges to a fixed point oA.
]

Theorem 3.5 Let A: E — E be a map satisfying the condition (C1) of theorem 3.4.
If there exists an elemeng x E so thatVn € N, xg and A'xg are comparable, then

A has a fixed point in E, and the sequen@'x,} converges to a fixed point »f A .
Moreover, there exists a constanj,Guch that

N'CXO'/l

)d(xO, Ao).
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Proof.  Similar to the proof of theorem 3.3x, = A"xo} is a Cauchy sequence.Let
Xn — X* € E. Now we prove thatx* is a fixed point of A. As we have proved
in theorem 3.2, for alln, x, and x* are comparable. Using (C1), for afi, x,_; and
Xn = AX,_1 are comparable. Lat — oo, using lemma 2.2x* and Ax‘ are comparable.
Hence,

&5 v (A% (AX) L, AX (Ax) ) 5 v (Axcd, X, (Axn)*l)ﬂ oV (AXX L X (Ax‘“)‘l)ﬂ.
Let n — oo, we obtain
e v (x (AX) L AX (X)) 5 v (AL x (AX) ) o v (Ax XL x (AX) )
that is

e<vV (x* (AX)L, AX (x*)‘l) <V (AX“X*fl, X" (Axk)_l>2/l-

Thus,v (Ax x4, x* (Ax) )" € P. Since 2-1 < 0 and v ((AY* x %, x* (Ax) ™) €
P, x (Ax)™! = Ax (x*)"! = e namely,Ax* = x*. Thereforex* is a fixed point of A.

Remark 3.1 In Theorems3.3, 3.4and 3.5, the estimations of kg, x*) are the same
as that in theorem 3.1. This is becaug&,} is the Cauchy sequence which makes
d (Xn, X*) < Cy, - N - 8d (X1, Xo) hold. In theorems 3.4 and 38,= 4.

Theorem 3.6 Suppse thatg)vp € E with wy < Vo, and[ug, Vo] = {u € E|up S U < Vp}
is a ordered interval in E. If A [ug, Vo] — [Uo, Vo] IS aB-ordered contractive map,
then A has a unique fixed point. Moreover, for alle {up, Vo] , the sequencgA"x}
converges to the only fixed point of A.

Proof. Define the sequences:
u = AUO,UZ = AUl,"' s Unyl = ALh’ 5

Vi = AV, Vo = AVy, -+ Vg1 = A, - - -,

then {un}, {vn} C [ug, Vo]. Since Uy < Vo and A is aB-ordered contractive map, for all
n, u, and v, are comparable, and

e

A

v (unvgl, vnugl)

% (AUn—l (AVao1) ™, AV g (AUn-1)71>

1 1 \8
V\Un-1V .21, Vn-1Up 3

IZANRZN

ﬂn
v (uoval, voual)

N

BecauseP is positive, there exists a constaluwol and a positive integeM such that

d (Un, Vi) = d(unvgl, e) =d (vnugl, e) < Cypr - N+ 8"d (Uo, Vo) -
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Since againug < ug, for all n,u, and u,,; are comparable and

e

A

V (Untinty, Unsatint)
v (Atn1 (Au) ™, Ay (A )

_1 1\
\Y (Unflun s Unun_l)

NN

n

A

v (uougl, ulual)ﬂ
Thus,
d (Un, Un+1) < B"Nd(uo, Uy) .

Notice thatB < 1, {u,} is a Cauchy sequence with a limit poirite [up, Vo]. Similarly
{vn} is a Cauchy sequence with a limit poirite [up, Vp]. Then

d(u',v) = lim d(Un, Vo) < lim Cypr - N - 57d (Uo, Vo) = O.

This implies thau* = v*.

Now we prove thatu* is a fixed point of A. For all m > n, since ug and up_, are
comparable, A'ug = u, and A"Un_n = Uy are comparable. Lein — oo, then u, and
u* are comparable, anéu, and Au* are also comparable,

es V(A (AU AU (Aw) ™) < v (unu T urug )
So,
I!im d (Uns1, AUY) = r!im d(Au, AUY) < r|1im Cyu-t - N-gd(uy,u”) =0

Thus Au* = u*, u*is a fixed point of A.
For all x € [ug, Vo], since x and ug are comparabled"x and A"uy are comparable,
and

e<vV (A”X(A”uo)f1 ,A'ug (Anx)fl) S [V (UOx_l’ xugl) e

Therefore A"x — u*.
Now we prove that the fixed point & is unique. Suppose thatis another fixed
point of Ain [ug, Vo], then

du,v) < d(u*, A'ug) + d(Aug, A"V).
Notice thatuy < v, we have
e < Vv (A”uo (A™)1, Ay (A”uo)‘l)
= v ((AA”‘luo) (AR (AR ) (AA”-luo)‘l)

v (A“‘luo (A”‘lv)_l , A”‘lv(A“‘luo)_l)ﬁ

N

A

n

Y% (uov’l, vual)ﬂ

N

10
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Thus

d (A"uo, A"V) d (vA”uo (AN) ™1, A”v(A”uo)’l)
Nd(v (uov‘l, vu{)l)ﬂn , e)
< NC18'd (U, V).

Sinceu* andyv are fixed pointsd (A"up, A"V) — d(u*,Vv), we haved (u*,v) = 0. The
uniqueness is proved.
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