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Abstract

The Ising model on an infinite generic tree is defined as a ther-
modynamic limit of finite systems. A detailed description of the cor-
responding distribution of infinite spin configurations is given. As an
application we study the magnetization properties of such systems and
prove that they exhibit no spontaneous magnetization. Furthermore,
the values of the Hausdorff and spectral dimensions of the underlying
trees are calculated and found to be, respectively, dj, = 2 and d, = 4 /3.
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1 Introduction

Since its appearance, the Ising model has been considered in various geo-
metrical backgrounds. Most familiar are the regular lattices, where it is well
known that in dimension d = 1, originally considered by Ising and Lenz
[18, 22], there is no phase transition as opposed to dimension d > 2, where
spontaneous magnetization occurs at sufficiently low temperature [24], 25].

The Ising model on a Cayley tree turns out to be exactly solvable [9, [15,
23]. Despite the fact that the free energy, in this case, is an analytic function
of the temperature at vanishing magnetic field, the model does have a phase
transition and exhibits spontaneous magnetization at a central vertex. One
may attribute this unusual behavior to the large size of the boundary of a
ball in the tree as compared to its volume.

Studies of the Ising model on non-regular graphs are generally non-
tractable from an analytic point of view. For numerical studies see e.g. [4].
See also [6], where the Ising model with external field coupled to the causal
dynamical triangulation model is studied via high- and low-temperature ex-
pansion techniques. In [2] a grand canonical ensemble of Ising models on
random finite trees was considered, motivated by studies in two dimensional
quantum gravity [I]. It was argued in [2] that the model does not exhibit
spontaneous magnetization at values of the fugacity where the mean size of
the trees diverges.

In the present paper we study the Ising model on certain infinite random
trees, constructed as “thermodynamic” limits of Ising systems on random
finite trees. These are subject to a certain genericity condition for which
reason we call them generic Ising trees. Using tools developed in [11, [13]
we prove for such ensembles that spontaneous magnetization is absent. The
basic reason is that the generic infinite tree has a certain one dimensional
feature despite the fact that we prove its Hausdorff dimension to be 2. Fur-
thermore, we obtain results on the spectral dimension of the generic Ising
trees.

This article is organized as follows. After a brief review of some basic
graph theoretic notions that will be used throughout the article and fixing
some notation we define, in Section 2], the finite size systems whose infinite
size limits are our main object of study. The remainder of Section 2] is
devoted to an overview of the main results, including the existence and
detailed description of the infinite size limit, the magnetization properties
and the determination of the annealed Hausdorff and spectral dimensions of
the generic Ising trees.

The next two sections provide detailed proofs and, in some cases, more
precise statements of those results. Under the genericity assumption men-
tioned above we determine, in Section B], the asymptotic behavior of the
partition functions of ensembles of spin systems on finite trees of large size.
This allows a construction of the limiting distribution on infinite trees and



also leads to a precise description of the limit. In Section [ we exploit the
latter characterization to determine the annealed Hausdorff and spectral
dimensions of the generic Ising trees, whereafter we establish absence of
magnetization in Section [l

Finally, some concluding remarks on possible future developments are
collected in Section [6

2 Definition of the models and main results

2.1 Basic definitions

Recall that a graph G is specified by its verter set V(G) and its edge set
E(G). Vertices will be denoted by v or v; etc. An edge is then an unordered
pair (v,v’) of different vertices. Both finite and infinite graphs will be con-
sidered, i.e. V(G) may be finite or infinite, and all graphs will be assumed
to be locally finite, i.e. the number o, of edges containing a vertex v, called
the degree of v, is finite for all v € V(G). By the size of G we shall mean
the number of edges in G and denote it by |G|, i.e. |G| = 4E(G), where §M
is used to denote the number of elements in a set M.

A path in G is a sequence of different edges (vg,v1), (v1,v2), ..., (Vk—1,Vk)
where vy and v are called the end vertices. If vy = v the path is called a
circuit originating at vg. The graph G is called connected if any two vertices
v and v" of G can be connected by a path, i.e. they are end vertices of a
path. The graph distance between v and v’ is then defined as the minimal
number of edges in a path connecting them. A connected graph is called a
tree if it has no circuits.

Given a connected graph G and R > 0 and v € V(G) we denote by
Br(G,v) the closed ball of radius R centered at v, i.e. Bpg(G,v) is the
subgraph of G spanned by the vertices at graph distance < R from wv.

A planar graph is a graph together with an embedding ¢ : V(G) — R?
and an association to each edge (v,v') € E(G) of an arc 9(v,v’) in R?
connecting ¢(v) and ¢(v') such that arcs corresponding to different edges
are disjoint except possibly for endpoints. Two planar graphs are considered
identical if one can be continuously deformed into the other in R2.

A planar tree is a planar connected graph without circuits. In the fol-
lowing we will often refer to planar trees simply as trees.

In this paper we consider planar rooted trees, where rooted means that
they contain a distinguished oriented edge e =< r, 7’ >, called the root edge,
and whose initial vertex r is called the root verter. Further, we assume the
root r to be of degree 1. We denote by T the set of such trees, by Ty the
subset of T of trees of size N and by T the subset of infinite trees, such

that -
T = <U TN)UTOO. (1)

N=1



The height of a finite tree is the maximal distance from the root to one
of its vertices.

The set T is a metric space with the distance between two trees 7 and
7/ defined by

~—

CZ(T,T,):in{}%L_i_1 |BR(T):BR(T,)}, (2

where Bg(7) denotes the ball of radius R centered at the root 7, i.e. Br(T) =
Bpr(7,r). See [11] for further details on properties of d. In particular, d is
an ultrametric, i.e.

d(r,7") < max {J(T, ™, J(T', 7'”)}
forall 7, 7, 7" € T.

2.2 The models and the thermodynamic limit

The statistical mechanical models considered in this paper are defined in
terms of planar trees as follows. Let Ay be the set of rooted planar trees of
size N decorated with Ising spin configurations,

Ay ={s: V(r) = {1} | T € Tn}, (3)

and set

o
A= <U AN>UAOO, (4)
N=1

where Ao, denotes the set of infinite decorated trees. In the following we
will often denote by 75 a generic element of A, in particular when stressing
the underlying tree structure 7 of the spin configuration s. Furthermore, we

shall use both s, and s(v) to denote the value of the spin at vertex wv.
The set A is a metric space with metric d defined by

. 1
i) =int { g | Ba(r) = Bale). sl = loor 9

as a generalization of (2).

We define a probability measure uy on Ay by

1
p (1) = e M0n(r), 7€ Ay, (6)

where the Hamiltonian H(7s), describing the interaction of each spin with
its neighbors and with the constant external magnetic field h at inverse
temperature (3, is given by

H(rs) = - Z Sv;8v; — h Z Sy, - (7)

(vivj)EE(T) v eV (T)\r
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Figure 1: Example of an infinite tree, consisting of a spine and left and right
branches.

The weight function p(7) is defined in terms of the branching weights py,—1
associated to vertices v € V(1) \ r, and is given by

H Poy—1- (8)

veV (T)\r

Here (pn)n>0 is a sequence of non-negative numbers such that py # 0 and
pn # 0 for some n > 2 (otherwise only linear chains would contribute). We
will further assume the branching weights to satisfy a genericity condition
explained below in (25]), and which defines the generic Ising tree ensembles
considered in this paper (see also [13]). Finally, the partition function Zy

in (@) is given by
S Y ), ©

TETN SEST

where S, = {+1}V(")

Our first result (see Sec. B) is to establish the existence of the thermo-
dynamic limit of this model, in the sense that we prove the existence of a
limiting probability measure u = ,u(ﬁvh) = limy_o un defined on the set
of trees of infinite size decorated with spin configurations. Here, the limit
should be understood in the weak sense, that is

/fTsd,U'NTs /fTsd,U'Ts

for all bounded continuous functions f on A. In particular, we find that the
measure u is concentrated on the set of infinite trees with a single infinite
path, the spine, starting at the root r, and with finite trees attached to the
spine vertices, the branches, see Fig. [Il

As will be shown, the limiting distribution p can be expressed in ex-
plicit terms in such a way that a number of its characteristics, such as the
Hausdorff dimension, the spectral dimension, as well as the magnetization
properties of the spins, can be analyzed in some detail. For the reader’s
convenience we now give a brief account of those results.



2.3 Magnetization properties

As a first result we show that the generic Ising tree exhibits no single site
spontaneous magnetization at the root r or at any other spine vertex, i.e.

tim uCP({r, | s(0) = +1}) = £,
for any vertex v on the spine and all 5 € R. Details of this result can be
found in Theorem

The fact that the measure p is supported on trees with a single spine
gives rise to an analogy with the one-dimensional Ising model. In fact, we
show that the spin distribution on the spine equals that of the Ising model
on the half-line at the same temperature but in a modified external magnetic
field. As a consequence, we find that also the mean magnetization of the
spine vanishes for A — 0.

A different and perhaps more relevant result concerns the the total mean
magnetization, which may be stated as follows. First, let us define the mean
magnetization in the ball of radius R around the root by

MR(B7h):<’BR(T)’>ﬁ}1< > su> (10)

UGBR(T) B.h
and the mean magnetization on the full infinite tree as

M(B,h) = limsup Mg(B, h). (11)

R—o0

For the generic Ising tree, we prove in Theorem [B.4lthat this quantity satisfies

lim M(3,h) =0, B€R.
h—0

2.4 Hausdorff dimension

Given an infinite connected graph G, if the limit

In|B
dy = lim In | Br(G, v)|

12
R—o0 InR ( )

exists, we call dy the Hausdorff dimension of G. It is easily seen that the
existence of the limit as well as its value do not depend on the vertex v.

For an ensemble of infinite graphs G,, with a probability measure v, we
define the annealed Hausdorff dimension by

i i MUBROD,

13
R—o0 InR ’ ( )

provided the limit exists, where < - >, denotes the expectation value w.r.t.
.



We show in Theorem (1] that the annealed Hausdorff dimension of a
generic Ising tree can be evaluated and equals that of generic random trees
as introduced in [13], i.e.

dp,=2.

2.5 Spectral dimension

A walk on a graph G is a sequence (vg,v1), (v1,v2), ..., (Vg—_1,vx) of (not
necessarily different) edges in G. We shall denote such a walk by w : vg — v
and call vy the origin and v, the end of the walk. Moreover, the number
k of edges in w will be denoted by |w|. To each such walk w we associate a

weight
|w|—1
~1
Ta(w) = To(t)
i=0
where w(i) is the i’th vertex in w. Denoting by II,,(G, vp) the set of walks of
length n originating at vertex vy we have

Z Ta(w) =1.

w€ll, (G,vo)

i.e. mg defines a probability distribution on IT,,(G, vg). We call 7 the simple
random walk on G.

For an infinite connected graph G and v € V(G) we denote by m(G, v)
the return probability of the simple random walk to v at time ¢, that is

(G, v) = Z Ta(w).

wWv—v

|w|=t
One can in a standard manner relate this quantity to the discrete heat kernel
on G, but we shall not need this interpretation in the following. If the limit

d, = 9 lim 2m(Gv)

t—o00 Int

(14)

exists, we call ds the spectral dimension of G. Again in this case, the exis-
tence and value of the limit are independent of v.

If G is the hyper-cubic lattice Z¢ it is clear that dj, = d and by Fourier
analysis it is straight-forward to see that also ds = d. However, examples of
graphs with dj, # ds are abundant, see e.g. [12].

The annealed spectral dimension of an ensemble (G, V) of rooted infinite
graphs is defined as

d, = 2 lim G )

t—o00 Int

(15)

provided the limit exists.



We show in Theorem that the annealed spectral dimension of a
generic Ising tree is

dy == (16)

The values of the Hausdorff dimension and the spectral dimension of
generic Ising trees are thus found to coincide with those of generic random
trees [I3]. This indicates that the geometric structure of the underlying trees
is not significantly influenced by the coupling to the Ising model as long as
the model is generic.

3 Ensembles of infinite trees

In this section we establish the existence of the measure p(®") on the set
of infinite trees for values of §, h that will be specified below. Our starting
point is the Ising model on finite but large trees. We first consider the
dependence of its partition function on the size of trees.

3.1 Asymptotic behavior of partition functions

Let the branching weights (py)n>0 be given as above and consider the gen-
erating functions

p(z) = pn2", (17)
n=0

which we assume to have radius of convergence & > 0, and
oo
Z(B,h,g) = > Zn(B,h)g", (18)
N=0

where Zy is given by ().
Decomposing the set S; into the two disjoint sets
SE={seS8:|s(r)==+1}, (19)
gives rise to the decompositions

Ay = AN+ UAn_

and
A=A, UA_.

Correspondingly, we get

Z(/Bahag) = Z+(57h7g) +Z—(/87hag)7



-_ + — Nt Ny=N—k
1<k<N

Figure 2: Decomposition of a tree of size N + 1 with s(r) = +1. The tree is
decomposed according to the spin and the degree of the root’s neighbor.

where the generating functions Z4 (g, h,g) are given by
Z:l:(ﬁahag) = Z ZN:I:(B,h)gN’ (20)
N=0

and Zy+ are defined by restricting the second sum in (@) to SZ.
Decomposing the tree as in Figl2 it is easy to see that the functions
Z+(g) are determined by the system of equations

{Z+ = glap(Zy) +a p(2.)) 1)
Z_=gbp(Z+) +b " p(Z-))
where a=elth p=e PR (22)
Let us define F': {|z] < £}2 x € — C2 by
F(ZJraZ*ag) :Z_gq)(ZJr’Z*)’ (23)
where,
_ (% _(ap(Zy)+a T p(Z2)
z=(7). wanz=(ON TN ET) @

With the assumption & > 0, we have

OF 0P ap'(Zy) at¢'(Z2)
9z ' 9%z :“‘9<b¢<z ) b—1¢<z>) /
+

and in particular, F(0,0,0) = 0 and 2—2(0,0,0) = 1. The holomorphic
implicit function theorem (see e.g. [16], Appendix B.5 and refs. therein)
implies that the fixpoint equation (2I]) has a unique holomorphic solution
Z+(g) in a neighborhood of g = 0. Let go be the radius of convergence of the
Taylor series of Z(g). Since the Taylor coefficients of Z, are non-negative,
g = go is a singularity of Z, (g) by Pringsheim’s Theorem ([16] Thm.IV.6).
Setting

Z:(g0) = gh/{glo Z+(9)

9



we have that Z(go) < 4+o00. In fact, if £ = co this follows from (2II), since
©(Z4) increases faster than linearly at 400, assuming that p, > 0 for some
n > 2 If £ < 400 we must have Zy(gg) < &, because otherwise there
would exist 0 < g1 < go such that Z,(g1) = & and Z_(g1) < £ (or vice
versa), contradicting (21]) (the LHS would be analytic at g; and the RHS
not). In particular, we also have gy < +oo and that gy equals the radius of
convergence for the Taylor series of Z_(g) by (2.
The genericity assumption mentioned above states that

Z+(90) <&, (25)

which we shall henceforth assume is valid.

Remark 3.1. It should be noted that, in the absence of an external magnetic
field, i. e. forh =0, one has Z,(B,0,9) = Z_(5,0,9) = Z(83,9) and the sys-
tem (Z1) determining Z+ reduces to the single equation Z = 2gcosh 3 p(Z).
On the other hand, this equation characterizes the random tree models con-
sidered in [13] except for a rescaling of the coupling constant g by the factor
2cosh 5. It follows that the condition (25]) can be considered as a general-
ization of the genericity condition introduced in [13]. For this reason, the
results on the Hausdorff dimension and the spectral dimension established
in this paper follow from [13] in case h = 0.

Under the assumption (25), the implicit function theorem gives

det (1 — go @) =0, (26)
where /( 0) 1 /( 0)
Z a” VA
o) = (29, 2° :(“‘P AR —>, 27
0 ( + ) bng(ZJOr) b 180,(29) ( )

with Z{ = Z4(go). Expanding (ZI]) around Z{ we get
AZ = Ag Do+ gy D) AZ + 9—20 DUAZE+O(AZ3 AgAZ), (28
where
n_ ((AZ™\ _ (24— 29)" g
AZ" = <(AZ_)TL - (Z_ _ 70 )n ) Ag =49 — 9o, (29)
ol = (a 2y o ‘P"(ZO)> . (30)
by 4z
By (26), we have

where



Hence, multiplying (28] on the left by ¢ = (¢; ¢2) gives
Agedy + 9—20 cOl AZ2+O(AZ3,AgAZ) = 0. (33)
This equation, together with (28]), gives
(AZ+)? = =K+ Ag + o(Ag), (34)
where the constants K1 (depending only on 3 and h) are given by
K, =d’K_ (35)

with 1, 0 1, 0
goa  P(Z2) 1—gob™ ¢'(Z7)

a= = , 36
1—goay'(Z) 90b¢'(29) (30)
where the identity follows from (26), and
2 Z9)+ bt p(Z°
o= 2 ae(Zy) +b o(Z2) (37)

go a3 ago”(Z_?_) +bL"(Z0)"

This proves that Z4(g) has a square root branch point at g = go in the disc
{g | lg| < go}-

Remark 3.2. The transpose of the matriz go®{ has positive entries and
etgenvalues 1 and X\, with

A =det go®' (23, 72) = g (ab™! — a”'b)' (29)¢(22). (38)
In particular, we have A < 1 by construction and A > —1 since
14+A= go(ago'(Z_?_) + b_lgpl(Zg)) > 0. (39)

Hence 1 is the Perron-Frobenius eigenvalue of the transpose of go®( (cf. [16]
and refs. therein) and we have c1,co > 0 and accordingly o > 0.

Making further use of the implicit function theorem we next show that
Z+(g) have extensions to a so-called A-domain (cf. [I6]), as described by
the following proposition.

Proposition 3.3. Suppose the greatest common divisor of {n { Dp > 0} 18
1. Then the functions Z1(g) can be analytically extended to a domain

Dey={z]|z] <go+e€ z# go, |arg(z — go)| > ¥} (40)

and (34]) holds in Dy, for some e >0 and 0 <9 < 7.

11



Proof. From det(1 — g®'(Z4,Z_))|g=g, = 0 and det(1 —g®'(Z1, Z_))|g=0 =
1, we have
det(1 — g®'(Z,,Z_)) > 0, 0<g< go. (41)

Hence
| det(1 — g@'(Z4,Z-))| > det (1 — |g|®'(Z+(|9]), Z-(|g]))) >0 (42)

for |g| < go, where we have used that ¢ and Zi have positive Taylor
coefficients. Moreover, in the limiting case |g| = go we get that det(l —
g®'(Z4,Z_)) =0 if and only if

9¢'(Z+(9)) = 90#'(Z+(g0)). (43)
In particular, | (Z+(g))| = ¢'(Z+(go)) which implies
1Z+(9)| = Z+(90)- (44)

By the definition of Zn4(8,h) we have that Zy4(8,h) > 0 for all N of the
form

N=1+4n;+ns+ -+ ng, (45)
where n; are such that p,, >0, 7=1,...,s. Hence, eq. (@) implies
gV =g (46)

for some fixed 6 € R and all such N. By the assumption on (p,,) this implies
g = go. This proves that the functions Z1(g) can be analytically extended
beyond the boundary of the disc {g { lg| < go}, except at go.

It remains to show that

det(1 — g®'(Z,,Z_)) #0 (47)

for 0 < |g — go| < € for some € > 0, since this together with the implicit
function theorem proves the claim with ¢ = 0. By (B34) it suffices to show

J det(1 — g®'(Z4,Z-))| K+

0% & 48
; | (18)

+ det(1 — g®'(Z+,Z-))| K- #0.

07_ 20
The LHS equals
[ — goag” (Z9) (1 — gob~ "¢ (22)) — gSa‘lbw”(Zi)w’(ZD] VEL

(49)

+ [ — g0b™ 1" (22) (1 — goay' (23)) — ggalbso'(Zi)@”(Zb} VE-
which obviously is < 0. The reader may also consult [10] for a general

theorem on the asymptotic behavior of solutions to systems of functional
equations of the type considered here. O

12



The above result allows us to use a standard transfer theorem [16] to
determine the asymptotic behavior of Zni(8,h) for N — oco. We state it
as follows.

Corollary 3.4. Under the assumptions of Proposition [3.3, we have

Zna(,h) = 5 20 g5 N2 (14 o(1)) (50)

for N — oo, where go, K+ > 0 are determined by (21)), (28), and (34)-@31).

3.2 The limiting measure

For 1 < N < oo and fixed B, h € R we define the probability distributions
pn+ on Ayt C A by

1 —H(T.
pN+(Ts) = 7€ H(w), (51)
N+
such that p 7
N+ N—
= — — UN_. 52
HN = THNG + Zn M (52)

We shall need the following proposition, that can be obtained by a slight
modification of the proof of Proposition 3.2 in [I1], and whose details we
omit.

Proposition 3.5. Let Kr, R € N, be a sequence of positive numbers. Then
the subset

C=(){meA||Br(r) < Kg} (53)

r=1

of A is compact.
We are now ready to prove the following main result of this section.

Theorem 3.6. Let 5,h € R and assume that the genericity condition (23)
holds and that the greatest common divisor of {n { Dn > O} 1s 1. Then the
weak limits

p+ = lim puny+ and p= lim uy (54)
N—o0 N—o0

exist as probability measures on A and

o 55
P+ g M (55)

where « is given by (30).

13



Proof. The identity (55]) follows immediately from (52l), Corollary B.4 and
B3), provided py exist. Hence it suffices to show that py exists (since
existence of p_ follows by identical arguments).

According to [I1], it is sufficient to prove that the sequence (uy4 ) satis-
fies a certain tightness condition (see e.g. [7] for a definition) and that the
sequence

unt ({75 | Br(1) = 7,5y 3) = 8}) (56)
is convergent in R as N — oo, for each finite tree 7 € T and fixed spin
configuration §.

Tightness of (un+): As a consequence of Proposition B3] this condition
holds if we show that for each € > 0 and R € N there exists Kg > 0 such
that

pn+({7s | [Br(T)| > Kr}) <€e, NE€N. (57)

For R =1 this is trivial. For R =2, k£ > 1 we have

pny ({75 | [Ba2(7)] =k +1})

_ -1
=7y >
N+ +Ny=N—1
—1
<k E : NS
Ny+-+Np=N—1

N 2(N=1)/k

< st K2 | 24 (90)* ™ + Z- (90| v

Pk

k k
a/HZNZ.Jr —{—aill_[ZNi,
=1 =1

aHZNH_ —i—a*l HZNi—
=1 =1

Pk

where we have used (B0)). The last expression tends to zero for k — co as a
consequence of (25)). This proves (B7) for R = 2.
For R > 2 it is sufficient to show

un+({7s | IBrRe1(7)| > K, Br(7) = 7, 8|y ) = 8}) = 0 (59)

uniformly in N for k — oo, for fixed 7 of height R and fixed s € {il}v(%),
as well as fixed K > 0. Let L denote the number of vertices in 7 at maximal
height R. Any 7 € A with Br(7) = 7 is obtained by attaching a sequence
of trees 7q,...,7s in A such that the root vertex of 7; is identified with a
vertex at maximal height in 7. We must then have

Tl + -+ s = || = |7 (60)

and
ki +--+ kL =385, (61)

14



where k; > 0 denotes the number of trees attached to vertex v; in 7, i =
., L. For fixed kq, ...,k we get a contribution to (B9]) equal to

L
7S <H<ZN¢§W>’“Z”“> I | B
i=1 veV ()

Ni+-+Ng=N—|#| \{r1,.v}

L
< cst. H(max ZO)kipy., (ks 4 1)%/2
i=1
(62)

where the inequality is obtained as above for R = 2 and the constant is
independent of ki,..., k.

Since
‘BR_H(T)‘2’%’+k1+"'+kL>K (63)
and the number of choices of k1,...,kr, > 0 for fixed k = k1 +- - -+ k1, equals
k+L—1 kL1
< 64
") = dw 9

the claim (B9)) follows from (25]) and (62I).

Convergence of pn+({rs | Br(T) = 7,s|y ) = §}): Using the decomposi-
tion of 7 into 7 with branches described above and using the arguments in
the last part of the proof of Theorem 3.3 in [I1] we get, with notation as
above, that

pn+=({7s | BrR(1) = 7,sly(s) = 8})
|71 L
N—oo. Y —H (%) (65)
sy S0 ot e ),
i=1 Ve
provided §(r) = £1 (if §(r) = F1 the limit is trivially 0). O

Introducing the notation
8) = {7 | Br(r) =7, sly) = 8} ,

where 7 is a finite tree of height R with spin configuration §, and using (33,
it follows from (65) that the pi-volumes of this set are given by

L
s (A(3)) = g‘OTl e H(7s) Za(s(vz):Fl /2 H © Zs(vj
1=1 j#i
if 5(r) = £1 and where vy, ..., v, are the vertices at maximal distance from

the root r in 7.
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The above calculations show, by similar arguments as in [11, [§], that
the limiting measures pi are concentrated on trees with a single infinite
path starting at r, called the spine, and attached to each spine vertex wu;,

i=1,2,3..., is a finite number k; of finite trees, called branches, some of
which are attached to the left and some to the right as seen from the root,
cf. Figlll

The following corollary provides a complete description of the limiting
measures fiL.

Corollary 3.7. The measures u+ are concentrated on the sets
AL = {TS €At | T has a single spme} ,
respectively, and can be described as follows:

i) The probability that the spine vertices ug = r, uj,ug,...,un have
1., Ky left branches and kY, ... Kk} right branches and spin values
so = *1, s1,89,...,SN, respectively, equals

S0
S0y +--4S
Pry ooty oty (805 )

N _—H - 0 \ki+k} (sN—50)/2 (66)
=gype N H(Zsz')i "Pk;+k;'+1 alsn=s0)/2,

i=1

with
N N
HN = _/sti—isi - thi.
i=1 i=1

ii) The conditional probability distribution of any finite branch 4 at a fized

ui, 1 < i < N, given k,.... Ky, k{,....k%, so,...,sn as above, is
given by
v () = (2) gy e T pove (67)
veV (1)\u;

for s(u;) = s;, and 0 otherwise.

iii) The conditional distribution of the infinite branch at uy, given ki, ...,

/ /! /1
En, ki, kN, 50,---,5N, equals figy .

4 Hausdorff and spectral dimensions

In this section we determine the values of the Hausdorff and spectral di-
mensions of the ensemble of trees (7, i) obtained from (A, i) by integrating
over the spin degrees of freedom, that is

a(A) = p({7 ! T € A})
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for A C 7. Note that the mapping 7, — 7 from A to 7 is a contraction
w.r.t. the metrics (@) and (2]).

Most of the arguments in this section are based on the methods of [13],
and we shall mainly focus on the novel ingredients that are needed and
otherwise refer to [I3] for additional details.

4.1 The annealed Hausdorff dimension

Theorem 4.1. Under the assumptions of Theorem the annealed Haus-
dorff dimension of i is 2 for all 38, h:

. In (| Bgl)
= 1. _ - e =
dp = Jm — 5

Proof. Consider the probability distribution v4 on {TS ‘ Tis ﬁnite} given by
(67) and denote by Dg(7) the set of vertices at distance R from the root in
7. For a fixed branch T, we set

where (-),, denotes the expectation value w.r.t. vy. Arguing as in the

derivation of (21I), we find
T =90 (a9'(Z9) fry + a1 (22) fry)
Tr =90 (09 (Z9) fimy +6719/(22) fra)

for R > 2, and fljE = Z9. Using that c, given by (32)), is a left eigenvector
of go®(, with eigenvalue 1, this implies

afft+efr=afi +teofr,=...

=afiftofi=aZl+ecz’.

Since c1, co, Zi, ff.% > 0, we conclude that

kl < <’DR’>yi < k27 R > 17 (68)
where k1, ko are positive constants (depending on /3, h). Using
R
(1Brl),, = D (1D, (69)
R'=0
we then obtain
1+ ki R <(|Bgl),, <1+kR, (70)

Finally, it follows from (66]) that
1 1
1+ R+ kg RR+1) < (IBrl), <1+ R+ko SR(E+1),  (T1)

which proves the claim. O
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Remark 4.2. By a more elaborate argument, using the methods of [13, [14)],
one can show that the Hausdorff dimension dy defined by ([I2)) exists and
equals 2 almost surely, that is for all trees T € T except for a set of vanishing
-measure. We shall not make use of this result below and refrain from giving
further details in this paper.

4.2 The annealed spectral dimension

In this section we first establish two results needed for determining the
spectral dimension. The first one is a version of a classical result, proven by
Kolmogorov for Galton-Watson trees [17], on survival probabilities for vy.

Proposition 4.3. The measures v+ defined by (67) fulfill

b cvifmen|Dan o)<t o1, (72)

where ki > 0 are constants depending on B, h.

Proof. Let Hf.%(w) be the generating function for the distribution of |Dg|
w.r.t. vy,

Hi(w) = 29> ve({r | IDR(T)| =n}) w™. (73)
n=0

Arguing as in the proof of (21), we have

HE = 9o (a <P(HE_1) +a! ‘P(H}E—l)) (74)
Hy = go (bo(Hp_y) + b0~ o(Hp_y))
for R > 2, and Hf = Z{ w.
Note that
Zyvy({rs € A | Dr(r) # 0}) = 22 — HZ(0), (75)

and that the radius of convergence for Hi is > 1. Also, (H3(0))g>1 is an
increasing sequence. In fact, HiX(0) = 0 and so Hy (0) > 0 by (74). Since
¢ is positive and increasing on [0, &), it then follows by induction from (4]
that (H;%(O))Rzl is increasing. Hence, we conclude from (74]) and (2I) that

HE0) /29 for R — oo (76)

Taking R large enough and expanding @(Hﬁ(())) around Z9 we obtain, in
matrix form,

AR =go Py Ar—1 — %0 ;A% +O(A% ), (77)

(AR (20— HE )"
R‘Q&&)‘Qﬁ—HﬁwJ’ )
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and where ®(, ®( are given by ([27) and [B0). Setting Lr = cAg, eq. (77)

gives

Ly =Lp-1 = 5 c®fAh  + 08} ). (79)
From this we deduce that there exists Ry > 0 such that
Lp1—A_ L% | <Lp<Lp—AL} ,, R > Ry, (80)
where Ay = AL(B,h) are constants. Hence, it follows that
1 1 1 1 1 1
+B_ < < —< < +By,
Lr1 Lpil—A_Lpy ~ Lrp~ Lpaal—AyLp1 ~ Lp
for R > Ry, where B4 > 0 are constants. This implies
1
B_R+C_< I <B:iR+C, (81)
R

for suitable constants Cy. Evidently, this proves that

D_ Dy

?gzi—ﬂg(o)gﬁ, R>1, (82)
where Dy > 0 are constants, which together with (78] proves the claim. O

We also note the following generalization of Lemma 4 in [13].

Lemma 4.4. Suppose u : A — C is a bounded function depending only on
Ts € A through the ball Br(7) and the spins in Br(T), except those on its
boundary, for some R > 1. Moreover, define the function Er : A — R by

Brir) = 3 Ve (33)

Z
veEDR (T) v

with the convention ER(ts) =0 if Dg(7) = 0. Then

4
u(7s)du+(15) = w(7s)ER(Ts)dv+ (Ts). 84
J s (m) = 2= [ atm)Ba(rdvs(r) (34)
Proof. Using (66HGT) we may evaluate the LHS of (84]) and get
ST ulrg) gy e 0 qlsem=s0)2 T p,, s, (85)
TsEA(R) veV (r)\r

where A(R) denotes the set of finite rooted trees in A with one marked
vertex wg of degree 1 at distance R from the root, and vg is the neighbor
of WR.-

On the other hand, the integral on the RHS can be written as

1 | T \/Ks
7T Z u(Ts)g‘Ole H(rs) V__sn) 7 H Poy—1- (86)

70 S(UR
rs€A(R) s(vr) veV (T)\r
By comparing the two expressions the identity (84) follows. O
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As a consequence of this result we have the following lemma.
Lemma 4.5. There exist constants c+ > 0 such that
-1 -2
(IBrI™"),, <czR (87)

Proof. Define, for fixed R > 1, the function

a(r) = {|DR<T>|—1 if D (r) # 0 (58)

0 otherwise.

Then u(7) fulfills the assumptions of Lemma [£.4] for this value of R. Hence

z:

(IDr(T)” 1>ﬂi_\/— Y. Dr@[ME@) e I peaa
Ts:DR(T)#D VeV (T)\r
C//
LD D | G-
Ts:DRr(T)#0 veV (T)\r

(89)

where Proposition 3] is used in the last step. Combining this fact with
Jensen’s inequality, we obtain

1
-1 o
(1861 = o5,
< R ((ID1][Ds] | DR) ")

n Kt (90)
<R H1 (D~ E
< (R VR < R72
]

Returning to the spectral dimension, let us define, with the notation of
subsection 2.5 the generating function for return probabilities of the simple
random walk on a tree 7 by

l\.’)\«*
\_/

(91)

o0
Z 1—x
t=0

and set

Q(z) = (Qr()); - (92)
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The annealed spectral dimension as defined by (IH) is related to the singular
behavior of the function Q(x) as follows. First, note that if ds exists, we
have

(mi(ryr))y ~t" 2, t—o0. (93)

For ds < 2, this implies that Q(x) diverges as

Q(z) ~z77, as z—0, (94)
where B
=1- ds (95)
y=1-.

We shall take (@4]) and (@5) as the definition of ds and prove ([@4) with v = %
by establishing the estimates

ca P <Q(z) <ea!? (96)

for x sufficiently small, where c and ¢ are positive constants, that may depend

on 5, h.

Theorem 4.6. Under the assumptions of Theorem[3.8, the annealed spectral
dimension of (T, ) is

- 4
s — g
Proof. We first prove the lower bound in (96l).
Let R > 1 be fixed and consider the spine vertices ug,uq,...,ur with
given spin values s, ..., sg and branching numbers &, ..., kR, k7, ... k% >

0 as in Corollary 3.7 The conditional probability that a given branch at
u; has length > R is bounded by & by Proposition £3l Hence, the condi-
tional probability that at least one of the &’ + k7 branches at u; has height
> R is bounded by (K} + k7)5. Using Corollary 3.7 and summing over
ki,.... kg, k,... k%, we get that the conditional probability gr that at
least one branch at w; is of height > R, given sq, ..., sg, is bounded by

/

—Hp (srt1)/2 £ o €
Hso Z))a I (97)

230 |

1+
2#]

Using that the distributions of the branches at different spine vertices are
independent for given s, ..., sg, it follows that the conditional probability
that no branch at u1,...,ur haslength > R, for given sq, ..., sg, is bounded
from below by

'\ R
1- QR)R > <1 _ E) > e—c’+0(R*1). (98)
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Denoting this conditioned event by Ag, it follows from Lemmas 6 and 7 in
[13] that the conditional expectation of Q. (x), given sq, s1, ..., SR, iS

—1
> ec’—l—O(R*l) << + Rx + Z ‘T’) >
TCT R

—1
/ - R
260+O(R ) <%—|—Rx—|—x<z |T|> > .
R

TCT

Here (-), denotes the conditional expectation value w.r.t. p on Ag and

Z re the sum over all branches T" of 7 attached to vertices on the spine
-
at distance < R from the root. We have

<ZR\T1>R:i<\BR< g

TCT =1

R
<> uwAg | s0,. . 58)"" (IBRl),, (100)
i=1
R
S eC/+O(R_1) Z <|BR|>VS S CR2,
i=1 '
where (70)) is used in the last step.
This bound being independent of sq,...,sr we have proven that
1 5 \ !
Q(z) > cst. I + Rz + CRz (101)

and consequently, choosing R ~ x_%, it follows that

Qz) > ca™s. (102)
As concerns the upper bound in ([@4), it follows by an argument identical
to the one in [13] on p.1245-50 by using Lemma O

5 Absence of spontaneous magnetization

Using the characterization of the measure (%" established in Section Bland
that dj, = 2, we are now in a position to discuss the magnetization properties
of generic Ising trees in some detail. In view of the fact that the trees have
a single spine, we distinguish between the magnetization on the spine and
the bulk magnetization. In subsection B.I] we show that the former can be
expressed in terms of an effective Ising model on the half-line {0,1,2,...}.
The bulk magnetization is discussed in subsection
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5.1 Magnetization on the spine

The following result is crucial for the subsequent discussion.

Proposition 5.1. Under the assumptions of Theorem[3.8, the functions Z.
are smooth functions of B, h.

Proof. In Section B.I] we have shown that Zi(3,h,g) is a solution to the
equation
F(Ze,Z_,9) =0

where F' is defined in (23)), and that
Z3.(B.h) = Z+(90(B, h). B. h) (103)

is a solution to

(104)

F(23,2°,90) =0
det(1 — go®'(29,2%)) =0,

considered as three equations determining (Z?L,Zg, go) implicitly as func-
tions of (3, h). Hence, defining G : (—R, R)?> x R — R3 by

F(29,2°, g0)
0 0 — T
G(Z+, Zf,go,ﬁ, h) - <det(]]_ — gOQ’(ZR, Zg))

it suffices to show that its Jacobian J w.r.t. (Z9,2°,go) is regular at
(Z%(B,h), Z° (B, ), go(B, h)). We have

S (n—gofb’(Zi,ZS) —@(Z&ZD) ’

Aq A B
where
Ar = -0 det( — o(29,2%)), B = - det(1 — go®'(22, 20))
OZS_L + B 890 + -
are readily calculated and equal
Ap = —g0a¢"(Z3) (1 = gob™ "¢/ (Z22)) — g5 a™ 0" (29)¢ (22),
A= —gob ' ¢"(Z22) (1 = goap'(29)) — g5 ™" b (20)"(22),

B=—ay(Z9) — b1 (2%) + 290 (ab™! —a™1b) ¢/ (Z)¢' (2°).

Using egs. (I04) and (36]), we get

1 —«o

A, A<

det J = (Z0 b/ (Z) + g5 Z° (1 — goay (21))) ‘

since clearly A+ < 0 and « > 0 by Remark This proves the claim. [
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We can now establish the following result for the single site magnetization
on the spine.

Theorem 5.2. Under the assumptions of Theorem [F0, the probability
p B ({s, = +1}) is a smooth function of B,h for any spine vertex v. In
particular, there is no spontaneous magnetization in the sense that

1
i (B;h) — —
lim jO0 ({5, = +1}) = 5. (105)

Proof. For the root vertex r, we have by eq. (55]) that

WO (str) = 1) = T2 (106)

where a(3, h) is given by (B6]) and is a smooth function of 3, h by Proposition
Bl Hence, to verify (I05) for v = r it suffices to note that «(5,0) = 1,
since @ = b~! and Z?L =279 for h = 0.
Now, assume v = uy is at distance N from the root, and define
1ti
a2
1+a’

pij = pi({sv = j}) (107)

for i, j € {£1}, where we use £1 and + interchangeably. From eq. (G0
follows that

oo =snb) = D A8 woar g (5000 8n)
k! k! >0
81y ySN—1

N
- Z HgO[QI(Z‘?”Zg)]Si—lsia%

$1,..8N—1 1=1

(108)

SN 50

= [(90 (I)/(ZS]F,ZQ))N]S()SNO[ 2,

where we have used that the matrix elements of ®'(Z9,2°) are given by
[@'(28, 205,15, = P50 (Z3) (109)

Hence, substituting into (I07) we have

1+j
o 2

i l4+a

pij = [(90®' (29, Z°))V] (110)

By Proposition [.], all factors on the RHS of (II0]) are smooth functions of
B, h, and by (B3] we have

p M ({sy = 5}) = pij +p_j - (111)
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Eq. ([03) is now obtained from (II0) by noting again that for h = 0 we
have a = 1 and hence ¢; = ¢o, which by [BI]) gives

1
P+j +p*j = [(1 1)(90 (I)/(ZO’ZO))N]]' 5
- (112)
=1 1);-=-=.
O
The preceding proof together with (66]) shows that the distribution of
spin variables sg, ..., sy on the spine can be written in the form
plsos ., sn) = e Tilomsn) (g (29)' (20)) 2 % (113)
Q@
where
N N sn
Hy(s0,---,8N) = —ﬁZsi_lsi—h’Zsi— 7loga (114)
=1 =1
and ()
1. ¢ Z
W =h+-1 * 115
ta @) _—
Since p(so, . . ., Sn) is normalized, the expectation value w.r.t. p of a function
f(soy...,sn—1) hence coincides with the expectation value w.r.t. the Gibbs

measure of the Ising chain on [0, N], with Hamiltonian given by (I14]) and
([II5). In particular, we have that the mean magnetization on the spine
vanishes in the absence of an external magnetic field, since A’ is a smooth
function of h, by Proposition [0.1] and vanishes for h = 0 (see e.g. [5] for
details about the 1d Ising model).

We state this result as follows.

Corollary 5.3. Under the assumptions of Theorem [30, the mean magne-
tization on the spine vanishes as h — 0, i.e.

lim lim <50+"'+5N1> = 0. (116)
/37h

h—0 N—oco N

5.2 Mean magnetization

For the mean magnetization on the full infinite tree, defined in Sec. 23]
we have the following result, which requires some additional estimates in
combination with Proposition .11

Theorem 5.4. Under the assumptions of Theorem [F4, the mean magneti-
zation vanishes for h — 0, i.e.

lim M(B,h) =0, BER,
h—0

where M (3,h) is defined by ({I0)-(11).
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Proof. Consider the measure vy given by (67)) and, for a given finite branch
T, let Sr(T') denote the sum of spins at distance R from the root of T.
Setting

my; = 22 (SR),, (117)

it follows, by decomposing T according to the spin and the degree of the
vertex closest to the root, that
mp = go (a@(ZQ)mp_y +a™ (20 mp_y) (118)
=200 (00" (Z8)mp_y + 071 (Z22)mp_,),

for R > 1, and m§ = +£Z%. In matrix notation these recursion relations
read
mpr = g0<I>/0 mpr—1, (119)

which, upon multiplication by the left eigenvector ¢ of go®j,, leads to
cmpr=goc®ympr_1 = cmp_1, (120)

and hence
amptemp=aZl -z,  R>0. (121)

Now, fix N > 1 and let Ur n denote the sum of all spins at distance
R > 1 from the N’th spine vertex uy in the branches attached to uy. The
conditional expectation of Ug n, given sq, s1,...,Sn, then only depends on
sn, and its value is obtained from Corollary B.7]by summing over Ky, kX, > 0,
which yields

o -1 o
<g<ng>k<k . 1>pk+1> >Z okl O
= ¢ (Z3)7 1 (Z0y) my = dyy’
Using the matrix representation (II0Q]) for p;;, this gives
_ 1070 70 \\N ad;
Wespn = o 0 Dl¥ @220 (). ()

As pointed out in Remark 3.2] the matrix go®{, has a second left eigen-
value A such that |A\| < 1. Let (ej,ez) be a smooth choice of eigenvectors
corresponding to A as a function of (5, h), e.g.

()= (22 ) <%

(1)=1(2)+5(2) (125)
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From (I23]) we then have

1
1+«

= c c Nier e ad;
(Ur,N) g, (Aler ) +BA (e e2)) ( dg > (126)

A
= (cradf + cady) + AN

T+a (elad;g + eady),

1+a
and from (the proof of) Theorem [(.2]it follows that A — ¢~ and B — 0 for
h — 0, where ¢ = ¢1(3,0) = c2(3,0).

Next, note that \dﬁ\,R > 1, are bounded by a constant C; = C1(53,h)
as a consequence of (68), and that

(Mp(8, 1)) < (Brbzh 30 [(Unw) )

fONSR (127)

<GR? Y (Uni),,)
R',N<R

for some constant Cy = C5(S, h) by (T1). It now follows from (I26]) that

R
Z (closz +cody) +R'BC, Oy max{eq,ea}.
R'=1

ACy

(Mr(B:h)) g n| < R(+a)

(128)
Obviously, the second term on the RHS vanishes in the limit R — oo.
Rewriting the summand in the first term on the RHS as

crad} + cady = crampbe' (Z9) 1" (Z9) + campe' (Z2°) 1" (22)
= (am} + comp) ¢ (2°)71¢"(2°)
+emf, [ag (29)71"(22) — ¢ (2°) 71" (2%)]
+ comp [cp'(Zg)_ltp"(Zg) — @,(ZO)_lﬁpll(ZO)] ’

(129)

we see the last two terms in this expression tend to 0 uniformly in R as
h — 0 by continuity of Z{, go and boundedness of |m}i%|, and the same holds
for the first term as a consequence of (I21]) and continuity of ¢1, ¢z, Z$ and
go- In conclusion, given € > 0 there exists § > 0 such that

ACy

T a +C'R7!, (130)

(Mr(8.h)),| < €

if |h] < &, where C” is a constant. This completes the proof of the theorem.
O

Remark 5.5. A natural alternative to the mean magnetization as defined

by ([IO)-(II) is the quantity
NI(8,h) = limsup Mg (8, h)

R—o0
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where

MB(ﬁ,h)Z<|BR(T)|_1 > Sv>
7)

veBr( B.h

It is natural to conjecture that limy,_,o M(3,h) = 0 holds for generic Ising
trees.

6 Conclusions

The statistical mechanical models on random graphs considered in this paper
possess two simplifying features, beyond being Ising models, the first being
that the graphs are restricted to be trees and the second that they are
generic, in the sense of (25]). Relaxing the latter condition might be a way
of producing models with different magnetization properties from the ones
considered here. Infinite non-generic trees having a single vertex of infinite
degree have been investigated in [I9] 20], but it is unclear whether a non-
trivial coupling to the Ising model is possible. A different question is whether
validity of the genericity condition (25]) for A = 0 implies its validity for all
h € R. The arguments presented in Section Bl only show that the domain
of genericity in the (3, h)-plane is an open subset containing the -axis, and
thus leaves open the possibility of a transition to non-generic behavior at
the boundary of this set.

Coupling the Ising model to other ensembles of infinite graphs represents
a natural object of future study. In particular, models of planar graphs
may be tractable. The so-called uniform infinite causal triangulations of
the plane are known to be closely related to planar trees [14, 2], and a
quenched version of this model coupled to the Ising model without external
field has been considered in [2I], and found to have a phase transition.
Analysis of the non-quenched version, analogous to the models considered
in the present paper, seem to require developing new techniques. Surely, this
is also the case for other planar graph models such as the uniform infinite
planar triangulation [3] or quadrangulation [§].
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