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Abstract

In this paper, we propose an adaptive semiparametric estimation for the nonparametric
component of partially linear models. The new estimator is better than the usual nonpara-
metric method in the sense that the convergence rate of its MSE adapts to the underlying
models. The convergence rate is of optimal nonparametric rate O(n~%/%) generally and can
achieve the parametric rate O(n~!) on some conditions. Simulation studies show that the

new estimator outperforms the traditional nonparametric estimator.
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1. Introduction

In recent years, there has been increasing interest and activity in the general area of
partially linear regression smoothing. For a detailed account of this model, see the monograph

by Hérdle, Liang and Gao(2000).
In this paper, we mainly consider the following fixed design partially linear model

where {x;} and {t;} are respectively p-dimensional and scalar explanatory variables, data
{Y;} are observed at (z;,t;), B is an unknown p-dimensional parameter, g(¢) is an unknown

smooth function for ¢ € [0,1], and &1, --,¢&, are independent and identically distributed
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with mean zero and variance o2. Without loss of generality, assume that the design points

t1, -, tn satisfy0§t1<t2---<tn§1.

Usually, the estimation procedure is designed as follows. For every given (3, define an

estimator of g(t) by
gn(t:8) = Y _ Wai(D)(Y; — 27 3),
i=1

where Wp,;(t) is positive weight function depending on ¢t and the design points t1,-- -, t,.
Replacing g(t) by g, (t; 3) in the model (1.1) and using the least squares (LS) criterion, we
obtain the LS estimator of 3 as

Brs = (X"X)'X7Y, (1.2)

where X7 = (Z1,---,Ty) with T; = x; — D01 Wyi(ty)z; and YT = (171, _ ,}N/n) with ?J =
Y; — > Whi(t;)Yi. Then, the nonparametric estimator of g(t) is defined as

n

n(t) =D Wi(t)(Yi — 2] fLs). (1.3)

i=1

Under some regularity conditions, the mean squared error (MSE) of g, (t) satisfies
2

MSE(jn(t)) = % +O(hY) + o(n~ A1) + o(RY). (1.4)

This suggests that the optimal choice for h is proportional to n~'/® and then MSE(§,(t)) is

proportional to n~=%/5.

Note that n~%/® is the standard convergence rate of nonparametric estimation. However,
although we do not know which form ¢(¢) has, we are very interested in finding an estimation
procedure to guarantee that the estimator of g(¢) has the following properties: if g(t) is in fact
a parametric function, then the estimator has parametric convergence rate; otherwise, the
estimator has the nonparametric convergence rate. In other words, the estimation procedure

should adapt to the model function g(t).

In this paper, we will utilize a nonparametric adjustment to solve the above problem.
Nonparametric adjustment technique has been used to improve the density estimation (Naito
(2004), Hjort and Glad (1995) and Hjort and Jones (1996)). The proposed estimator can
be viewed as semiparametric in such a case that it combines parametric and nonparametric

methods. In the proposed approach, a parametric plug-in estimator is used as a crude guess
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of ¢g(t). This initial parametric approximation is adjusted via multiplication by a nonpara-

metric factor. The resulting estimator can achieve a satisfactory convergence rate, even the
parametric convergence rate, when regression function space has “good” properties in the

sense that the underlying functions are sufficiently smooth or are already parametric.

It is worth pointing out that, in our estimation procedure, we need not to have any
knowledge about the function g(¢). The convergence rate of the MSE of the new estimator
is of optimal nonparametric rate O(n_4/ %) generally and can achieve the parametric rate
O(n~!) on some conditions. However, for the usual nonparametric estimator, its convergence
rate is at most O(n~%?), and in this sense, the new estimator is better than the traditional

nonparametric method.

This paper is organized as follows. In Section 2, a nonlinear least squares is used to obtain
a series approximation to the nonparametric component and then this initial estimator is ad-
justed based on a local Lo-fitting criteria to establish the adaptive semiparametric estimator.
The asymptotic behavior of the proposed estimator is investigated in Section 3. In Section 4,
random design regression model as an extension is discussed. Simulation studies are reported
in Section 5 to illustrate the theoretical conclusions. The technical proofs are relegated to

Section 6.

2. The Estimation Procedure

We now introduce the semiparametric estimation procedure to construct our adaptive es-
timator. For every given (3, the initial estimator of g(t), denoted by gas(t, 3) = M | Grpi(t),

can be obtained by minimizing

1 n

M 2
-y {(Yi —z]B) =Y. Hkpk(tz')}
i=1 k=1

n-

for 0, € O, where O is parameter space, py(t) are basis functions satisfying

1 1 1, for j=k
/1Pk(t)dt:07 /1pj(t)pk(t)dt={ 0 7

otherwise,

and M depends on n and tends to infinity as n tends to infinity. Let

Py(t) = (pr(t),-- - pm(t)7
91\/[ = (91,“'79M)T
01(B8) = (6:1(B), -, 0um(B))"

= (0 S Put) PR (8) 0! Sy Part) (Y — 7).

3
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Then the initial estimator can be expressed as

am(t, B) = Pi(t)6xr(B)-

To the above notations be well defined, we assume that the design points are well designed
such that the matrix Y ;" Pys(t;) Pf;(t;) is positive definite. For the fixed design regression
model, this assumption condition is somewhat difficult to be realized, but for the random

design model it is common.

Next, we aim to multiple the initial estimator by an adjustment factor £ = £(¢t, 3). We will
give general criterion in Section 4 to determine the adjustment for random design models.

We here define the following local Lo-fitting criterion for fixed design model as

06,5, = 1 [ K("5 ) (o) ~ @artu 5)6) e 21

for the solution of €. Let s9 =0, s; = (t;+ti+1)/2,i=1,---,n—1, and s,, = 1. By minimizing
the criterion (2.1) with respect to &, we get the estimator of (¢, 3)

£ h71f1 ( £)g(u)gar (u,B)du
t, = o
(. 5) h=t fo U) 73 (u.B) du

R f K (%) g(w)ar (u,B)du
h 1f0 (454)33, (w.B)du
h T f:j K (%) gar (u,B)du(Y;—z] B)
Rt [0 K ()33, (u,8)du
= i1 Wni(t)(Y; — 2] B),

where b k() 5
R G (u,B)du
Wni(t) = - 1}’ IK = v (2.2)
Consequently, the semiparametric estimator of g(t) can be expressed as
an(t, 8) = gur(t. )% Ezww — [ B)(Y; - 23P),
i=1
where .
waig () = P (0) (7Y PM(ti)Pﬂg(ti))*lnflpM(ti)wnj(t). (2.3)
i=1

By substituting g, (¢, 3) for g(¢) in the model (1.1) we can obtain an LS estimator of 3.
However, such an estimator has no explicit representation. For convenience, we now use a

\/n-consistent estimator 6 , e.g., Brs defined by (1.2), as a replacer of the estimator of §.
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From the proof of Theorem 3.1, we can see that the y/n-consistent condition is necessary
and sufficient for the convergence of nonparametric component. Finally, the nonparametric

estimator of ¢(t) is defined as

n n

9n(t) =33 Wi (t)(Y; — 27 B)(Y; — 25 3). (2.4)

i=1j=1
3. Asymptotic Behavior

In this section, we assume that the design points are generated by a positive, Lipschitz
continuous function ¢(-) in the sense that t; = Q(%), i = 1,--+,n, in which Q(u) =
F~1(u) and F(t) = f(f p(u)du, 1 < u < 1. We also assume that K(-) has support [—1,1], is
Lipschitz continuous and fil K(u)du = 1 and fil uK (u)du = 0. From now on, we denote

JK - f_l]_ Kg(u)du and O'%{ = f—l]_ UQK(u)du

Suppose that there exist §; € © such that g(t) = > 5o Oxpr(t) and let remainder term
enr(t) = 22 Oupr(t) — M 0pi(t). We need the following conditions.

(i) For ¢t € (0,1), there are functions €y(t), €1(t) and es(t) such that ex(t) # 0,k =0,1,2,

and

lim Mep(t) = €(t), A/}lgloo M (ep(t)) = El(t)’]\/}igloo M2 (ep(t))" = ea(t)

M—o0
for constants yo < 1 < 9 and vy > 0.

(i) E( - B)*=0(n™").

Condition (i) presents the convergence rates of the remainder term and its derivatives,
respectively. It also implies that the nonparametric component g(¢) should be smooth to
some suitable extent such that the remainder term has a suitable rate to tend to zero. The
decreasing relationship between the rates described by v < 71 < 79 is also common. For
example, if {py} is trigonometric function basis or polynomial basis, the remainder term has
this property. Condition (ii) presents the standard convergence rate of parametric estimator

and g defined by (1.2) satisfies it.

Let h = O(n™")and M = O(n®) for 0 < v < 1 and 0 < § < 1. We have the following

theorem.

Theorem 3.1 Assume that conditions (i) and (ii) hold, g(¢) and p(t) have two continuous

derivatives on (0,1). Then, for ¢ € (0,1), the bias and variance of §,(¢) can be expressed
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respectively as
Bias(gn(t)) = %h2a%(M’7262(t) +o(h2M~2) + O(M =+ + O(n~1 M),

~ 0—2 — — —
Var(g,(1) = oty +O0(n™") + O0(n~2h~?).
The theorem above shows that, when 0 < 2/(1 4 ), the MSE of g, () has the represen-

tation
o?Jk
nhe(t)

To determine the convergence rate of M SE}, we need the following conditions:

1
MSE; = + Zh‘*a;yw—%(62(1t))2 + O(M~2001),
(iil) y0 — 2 > 1.
(iv) 0 =72 < L.
Then by minimizing M SE}, we get the following corollary.

Corollary 3.1 (I) Under condition (iii), suppose the conditions of Theorem 3.1 hold, if v

and J are chosen satisfying

v<1/2, 2v/(h0 =72 — 1) <4 <min{2/(1 +0), (1 = 2v)/(1 +2)},

then, for estimating g(t), the optimal choice of h satisfies

a?J 1/5 1 1/5
= Crewmor) Gare)

In this case the the mean squared errors of g, (t) satisfy

MSE(§a(t) ~ S 1 (rttsar) s (srstrtor) 1/5} (Mv5/4n)4/5

(IT) Under condition (iv), suppose the conditions of Theorem 3.1 hold, if 0 is chosen satisfying
0 < 2/(1+ ), then, for any h,

o?Jk

M—200-1)
nhi(t) | Ot )

MSE(gn(t)) ~

According to Corollary 3.1, we have the following surprising results.

(A) Conditions (iii) and (iv) are essential for the adaptability of our semiparametric

estimator. Under condition (iii), the MSE has a standard asymptotic structure as in the
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classical nonparametric estimation. Under condition (iv), the MSE can achieve the conver-
gence rate of parametric estimation. For example, if 79 > 5/3, ¢ is chosen to satisfy that

1/[2(v0 —1)] <6 <2/(14 ), and h is independent of n, then
MSE; ~O(n™h).

This means that in a “good” regression function space G, the convergence rate of the MSE of

the new estimator can achieve the order of O(n~1), the optimal rate in the parametric case.

(B) Under condition (iii), the convergence rate of the new estimator also depends on the
property of the function space G. If 9 = 0, the asymptotic order of bandwidth h is of
order O(n_l/ %), the standard optimal convergence rate. If 7o < 0, the resulting estimator
is under-smoothing. This means that, in a larger function space, the estimator has to be
under-smoothing to guarantee optimal convergence rate. On the other hand, if vo > 0, the
resulting estimator is over-smoothing. This means that any function in a smaller function
space can get a better first-stage estimator and, consequently, the second-stage estimator can

be over-smoothing.
4. Extension

We now extend the previous method to random design regression model, i.e., t; = T; are
randomly designed in model (2.1). In this case, the regression function is defined as the

conditional mean of Y given explanatory variable (X, T, and (X,7T) and ¢ are unrelated.

Let T(1y < Tioy < -+ < Tiy) be the order statistics of 17,715,---,1, and sg = 0,s; =
(T4 + Ti41)) /2,4 = 1,---,n — 1,8, = 1. In this case the semiparametric estimator of
g(T) has the same representation as in (2.4). Furthermore, if the random design points
11,15, -+, T, are quasi-uniform, we can get the same properties as in the above theorem and
corollary. Here we need the quasi-uniform design points to guarantee good approximations

to the integrals as given in Section 2. The conclusions and the proofs are similar and thus

the details are omitted.

However, the quasi-uniform condition is not a necessary condition if the local Lo-fitting
criteria (2.1) is replaced by the following locally weighted least squares,
T B 2
{Vi = X7 B+ gu(T)e]} Wi(t) (4.1)

n
=1

where the weight functions W,,;(¢) depend on the distances |T; — t|. Minimizing the criteria
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(4.1), we get the estimators of £(t) as

oy i Y- XEBLan (T Wi ()
O = = G T P Wm(d)

Finally, the second-stage estimators of g can be expressed as

Y= XTB g (T, A Wai(?)
1 (9 (T3, B)P W (1)

The estimator (4.2) is similar to (2.4), and then has the similar properties as given before.

gn(t) = g (t (4.2)

The details are omitted.
5. Simulation Studies

Finite sample performance of the semiparametric estimator is investigated by simulations.
In the following examples, the sample size is chosen as n = 500, the basis functions are chosen
as sin-cosine functions, and the nonparametric estimator of g(¢) is obtained by local linear

method.
Example 1. Consider the following model
Y; = 0.75X; + sin(nT;) + i, i =1,---,500, (5.1)

where X; are independently distributed as U(0,1), T; = i/n, and ¢ is distributed as N (0, 0.1252).
The kernel function is chosen as K (u) = 0.75(1 — u?)I(Ju| < 1); the bandwidth is derived

from the cross validation; the number of the basis functions is chosen to be M = 4.

Note that, in this model, the nonparametric component can be completely parameterized
by finite basis functions. Then this example is designed for checking that, in a “good”
regression space, the new semiparametric estimator can achieve a satisfactory convergence
rate. In fact, a number of simulations show that the new estimator is better than the

nonparametric method. Figure 1 reports the detail of one of the simulations we conducted.
(Figure 1 is about here)
Ezxample 2. Consider the following model
Y; =0.75X; + T2 + &4, i =1,---,500, (5.2)

where X;, T; and ¢ are distributed as those in Example 1. The simulations we conducted

again indicate that the new estimator of the nonparametric component g has the similar
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behavior as that of the nonparametric estimator. Figure 2 presents part of the simulations

for model (5.2).

(Figure 2 is about here)
6. Proofs

Denote gas(t) = M, 0xpr(t) and

WU (Y — 21B) [2 K (%) g (u)du
h~ lfo (T)QJQM(UCZ .

gm(t) = gn(t)

e

Lemma 6.1 If the conditions of Theorem 3.1 hold, then

Bias(gn(t)) ea(t) + o(h?) + O(n™1) + O(M ),

Var(gu(t)) = 525 +0(n™1) + 0(n"2h72).

Proof.
E(gm (1))
. (t)h_ Y Yima el B—a]B) [0 K(*7 ) (u)du
h= 1fo ( )gM(u)d“
:g(t)+ g (1Y g(ts f K(L>9M( Ydu—g(t lfo L=t)g2, (u)du
h 1f0 K (% )gM(u)du

ALY 2T E(B- 5)] K( )gM(u)du
h= 1fo K(45t )91\1 u)du
=g(t) + Hi + Ho.

The numerator of Hy can be expressed as
g~ Jy K (41 g(w)gn (u)du — g(6)h=" [y K (%) g3, (u)du
+O0(n~1) + O(M )
= 9(t) (9(1)gar () + T (g(t)gns ()" — g (1) — P8 (g3, (1))")
+o(h?) + O(n™") + O(M ™)
= TR OM P ea(t) + olh?) + O(n™) + O(M ™).

Then H; = €a(t) + o(h?) + O(n=1t) + O(M ).

It can be easily verified that Hy = o(n™!). Consequently,

212
_oih

Bias(gu (1)) = =M Pea(t) + o(h*) + O(n™ ') + O(M )
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as required.

The remainder can be easily proved by the typical method, e. g. see the proof of Theorem
3.1 of Hart (1997), and then the detail is omitted here.

Proof of Theorem 3.1 Write

0M - (917'”79]\4)7-7

M
Rur(t) = g(t) =Y Owp(t)

Then the first-stage estimator of nonparametric component g(¢) can be expressed as

P7y(t)0m
= P00 5 Pult)Py () n7 X Par(t) (PR (t08ar + Rar(t) + -+ 7 (5 - 3))
= gu(®)+ PR (n7 X Pu®)Piy(t0) n7t & Paslto) (s + Ras () + a7 (8 - ).
(6.1).
Using Taylor expansion, we can expend §,(t) — gas(t) at gas(t) and then get
gn(t) — gu ()
~ o 2 (Y=l B) [0 K (45 ) (uw,B)du S (Yi—alB) [T K(%5E)gu (u)du
= gu(t, B) =——=—% —gm () T
.f() K(T) ( ’6) fo K(T)gM(u)du
= B®)(9m(t.5) — gu (1)) + op(n~' M)
(6.2)
where
BU) = %+ on(D)E —20(D)%
with )
mo= S (Yi—aB) [5, K (%) ga(w)du,
mo= o K(5) (gu () ?du,
n o= S, (Y- m:g) I K(%)du,
n = OlK(“T_t>9M w)du.

10
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From the results above and (6.1) it follows that
E(m (91, 5) - 9m ()
= EB[Sr (9(t) + e+ 28— B) [, K (5 ) gar(u)du

A~

() Pi(t)) 1 3 Par(ti) (41 + Ras(t) + 27 (5= 9))

X
5
=
:\
-
“U

1

|
e
i
Q
—~
S
2
= TN
IS
L
N——
S
=
&
Y
e

M= =
£
3

() n_lé:l Par(ts) Ras (t:)

.

_|_
ﬁi
Il
Q
—~
Sk

3

||
I —

;-‘|
o~

N———
Na

S

&

Q.

I

&
Il
—
<.
Il
—

FE S 5 K () gns () duPRy (1) (n™ S5 Pas(t) PR (1)) S0 Pa(t)
FE(Y 2708 B) 3, K (5 )ans ()

x Py (t)(n~! é Pa(t) Py (t)) n1 3
= O(hM=0tYY 4 O(hM =20+ + O(hn~' M)
= O(hM=0tY) + O(hn=1M).
Similarly,
E[ﬁs (QM(ta B) - gM(t))} = O(hM =0+t 1 O(hn~'M).
Consequently,

A~

E[B®)(gu(t,3) — gu (1)) | = O(M=0%1) + O(n~"M).

Combining the results above and Lemma 6.1 leads to
Bias(gn(t)) = $h20% M 2e5(t) + o(h2M ~72) + O(M 0 ) + O(n~* M),
as required.

Using the similar method and Lemma 6.1, we can prove

o?Jk

Var(g) = 5

+0(n ) +0(n2h?),

as required.
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Figure 1. The estimation curve of the nonparametric component g in model (5.1).
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Figure 2. The estimation curve of the nonparametric component g in model (5.2).
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