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Abstract First, we reduce the calculation of K, (F,[ C, x C,]) to that of the relative K, -group
K,(F,C,[t]/(t"),(t)) of the truncated polynomial ring F,C,[t]/(t*). Then we give a minimal
generating set of K, (F,[ C, x C,]) by subtle calculations of Dennis-Stein symbols. Finally we show
that K, (F,[C, x C,]) = C, @ C..
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Let C, denote a cyclic group of order n. An abelian group G is called an elementary abelian p -group if

x” = 1for all x € G. For any finite abelian group G, we write

p - rk(G) = dimeG”l_'/G”’,

i. e., the number of cyclic summands of order at least p’ in the decomposition of the Sylow p-subgroup of G. If
G is a finite abelian group of 4-rank <1, then by Theorem 5 in Ref. [1], K, (F,G) is an elementary abelian
2-group and its rank is given there. For odd prime p and G of p*-rank <1, it is proved in Corollary 3. 4 of Ref.
[2] that K, (F,G) is an elementary abelian p-group, and its rank is computed there. Now the question arises :

» determine the explicite structure of K, (F,G) when the p’-rank of G = 2.

Perhaps the simplest example for G to be considered is C, x C,, and in this short paper we show that K,
(F,[C, xC,]) =C,”®C,’, so this K,-group is not p-elementary.

When I C rad(R) , the relative K,-group K, (R,I) has a representation by generators and relations.
Theorem A ((1.4) in Ref. [3]) Let R be a ring with unit and I € rad(R). The relative K,-group
K,(R,I) is generated by Dennis-Stein symbols (a,b) with a or b in I, satisfying the following relations:

(DS1) (a,by =-<{b,a), ifa e I
(DS2) {a,b) + {a,c) = {a,b +c - abc), ifaelorb,c e l;
(DS3) {a,bc) = {ab,c) + {ac,b), ifa e L
The following two important relations are proved in Ref. [3].
(DS4) p'la,b)y ={a"b" " ,b), if the characteristic of Risp > 0 ;
(DS5) (a,b™y =mlab™ ",b), for any positive integer m.
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Usually it is easy to find an exponent of a Dennis-Stein symbol, but difficult to determine its order, and this is
almost the key obstruction in the process to determine the structure of such relative K, -group which can be
generated by Dennis-Stein symbols. We do not know any literatures in which some elements in K, (F,G) of
order bigger then p are given. In this paper we not only give some elements in K, (F,[ C, x C,]) of order 4,
but determine its structure completely. This is the main reason to write the paper. Let K be a finite unramified
extension of p-adic field Q, and A the ring of integers in K with [A:Z, ] = f. Letq = p'. ThenA/(p) = F,, so
for any finite abelian group G we have K,(F G) == K,((A/p)G). Using tools from p -adic analysis, group
extension and group homology, Oliver R'*' has obtained the following powerful result, which enable us to
determine the structure of K, (F, G) by simply knowing the exponent of some Dennis-Stein symbols.

Theorem B  ( Proposition 6.3 in Ref. [4]) For any abelian p-group G and any unramified p-ring A with
[A:Z,] = f,ifexp(G) =p“andr, = p'—rk(G), 1 <i<e, then

ord, | K,(A/p[G]) I =fl(r, 1)1 Gl =(r;, =r,)) | G" 1 == = (r,_, =71,) (e - (r, =1)1].

1 The result

Let C, x C, = (&) x {7) be the direct product of two cyclic groups of order 4 and F = F, the finite field
of order 2. Obviously F [C, x C,] = (FC,)[C,]. Let R = FC, and x, t be indeterminants over R. Then
R[C,] «R[x]/(x* = 1). Sending x — 1 to ¢ gives an isomorphism of rings R[x]/(x* = 1) =2 R[¢]/(t). In
the sequel we also use ¢ to denote its residue class in R[#]/(t*), therefore i* = 0. The following sequence is
split exact,

0— (1) >R[t]/(t') > R—0.
Since K, is functor from the category of rings to category of abelian groups, using the long exact sequence
associated to (R[¢]/(¢"),(t)) in K-theory we get the following split exact sequence
0 — K, (R[¢]/(4") (1)) — K, (R[1]/(4")) — K,(R) —0.
So we have K,(F[C, x C,]) = K,(R) @ K,(R[t]/(¢*),(t)). By Theorem 1 in Ref. [1] K,(R) =0,
this reduces the calculation of K, (F [ C, x C,]) to that of K, (R[¢]/(t"),(1)).
Theorem 1.1 Let C, = {¢) be a cyclic group of order 4 and F the finite field of order 2. Then
K,(FC,[t]/(t*),(t)) has exponent 4 and can be generated by 12 Dennis-Stein symbols.
Proof By Theorem 3.1 in Ref. [2], KZ(FC4[t]/(t4) , (2)) has exponent 4. Since & =0in FC4[t]/(t4)
and (t) C rad(FC,[t]/(¢")), K,(FC,[t]/(t*), (1)) can be generated by Dennis-Stein symbols (a,b)
with @ or b in (¢) by Theorem A. By Proposition 1.7 in Ref. [3], K,(FC,[t]/(¢"),(t)) can be generated
by :
Cal’ 1), (at® 1), (at,t), {al’,b), {at’,b), {at,b),
where a, b € FC,. Since | FC, | =16, there are 816 such symbols which are too many to be a minimal
generating set for K, (FC,[t]/( *),(t)). We shall show that 12 of them are enough. Assume thata,, a, €
FC,. By (DS2),
(a, ity + (at’ 1) = ((a, +a,)t’ —aya,t’ ,t) = {(a, +a,)t’ 1),
i. e. symbol (at’,t) is additive in a. Although the Dennis-Stein symbol {a,b) is not additive in @ and b in
general , we can show that if we consider the six types of symbols step by step, the additive property holds in
each type in the sense that after module the group generated by the symbols of the previous types.

For example, consider the sixth type elements {at,b). Let H be the subgroup generated by the symbols of

the first 5 types. We will show that for any b,, b, € FC,,
Cat,b,)y + (at,b,) = {at,b, +b,)mod H.
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Note that for any d € FC,, by (DS2) one has
(at,di) = {adt,t) + {at’,d) € H,
Cat,dt?) = (adt,i®) + (at’,d) = 2{adt’,t) + {at’,d) € H,

and
(at,dt’) = (adt,’’) + (at*,d) = 3{adi’,t) e H.

Using (DS2) repeatedly, one has

Cat, b,y + {at,b,)

= (at,b, +b, — ab b,t)

= (at,b, + b, —ab,b,t) + (at,a’b,b,(b, +b,)1")

= (at,b, + b, —ab,b,t + a’b,b,(b, + b,)t" —a’b,b,(b, +b,)°t)

= (at,b, + b, —ab,b,t + a’b,b,(b, + b,)t’) + (at, —a’b,b,(b, + b,)"t")

= (at,b, + b, —ab,byt + a’b,b,(b, +b,)1)

= (at,b, + b,) + {at, — ab,b,t)

= (at,b, +b,) mod H.
Similarly, one can check that

Cat,b)y + (ayt,b) = {(a, +a,)t,b) mod H.
This proves that K, (FC,[¢]/(t"),(t)) is generated by (¢t ;1) and ("'t ,6?),0<j,,j, <3,1<i< 3,
since FC, is generated by 1 ,0,0° 0" over F,. By (DS5),
("t ,0") = (""" o),
hence, we only need to consider {¢’t',t) and (o’t',o),0 <j <3, 1 <i<3. The number of these symbols
is 24 and we will eliminate 12 of them.
At first, we prove that four symbols (¢,¢), (:*,t), (' ,t) and {a’t’,t) are all zero. Since o' = 1, by
(DS4),(DS1) and (DS5) it follows
(t,t)y = (o't,p) =2(a’,t) ==2{(t,0°) =-4{at,o) =0,
since the exponent of K, (FC,[t]/(t'),(1)) is4. By (DS1), (DS5) and (DS4) it follows
(P) ==Y ==2{,1) ==-{(,1) =0,

and
(o’ ,t) == {t,(at)?) - 2ot oty == (o’ ,at) =0.
Since o' = 1, by (DS4) , it follows

(B,t) = (o', 1) =4(a,t) =0,

By (DS4) it follows
(o’ ,t) =2(at,t),
(at’,0) =2(t,0),
(ot ,0) =2{ct,o).
By (DS4), and (DS1) it follows
(a’t,t) =2{g,t) =-2{(t,0).
By (DS1), and (DS4) it follows
(,0) =-{a,i) =-3{at’ 1),
(o) == {a,t’) ==-2(ot,t).
By (DS1),(DS5)and (DS3) it follows



422 [ B2 B BF 5T A B 2 4 %28 %

(o’ ,0) == {o,(c1)) ==-3{al’,c’t) =-3({c’C,1) +{at’,0°))
and
(o’ 0) =-{o,0') =-2(c’t,at) =-2({o’t,t) + (' ,0)).
However,
(o’,0°) =2{(a’t,0) =0
and
2(c’t*,0) = (ot’,0) =0,
hence
(ot ,0) =-3{a’t,1)
and
(¢t ,0) =-2{c’t,1).

Now only the following 12 Dennis-Stein symbols remain
(ot*,t), (ot 1)y, (at’ 1), (a1 1),
(ot,t), {a't,t), (ot o), (o', o),
(t,o), {ot,o), {c’t,o), (o 't,o),
and K, (FC,[t]/(t"), (1)) is generated by these symbols. ]
Theorem 1.2 Let C, denote a cyclic group of order n. Then
K,(F,[C, xC,]) =C,® C,.
Proof We have shown that K, (F,[C, x C,]) w K,(FC,[t]/(¢*),(t)) which is generated by 12 Dennis-
Stein symbols by Theorem 1.1. Now we will inspect the orders of these symbols. Obviously (o’ 1),
(o’ 1), {at’ 1), {a',1), (o’ ,o) and (o1’ ,o) all have order < 2, since for example
2ot ,t) = {a’t,t) = {0,t) =0.
The other 6 symbols are not linearly independent, and we give some relations of them below.
2eot,t) = {a’t,t) =2(c’t,t);
2(t,0) = {at’, o) =2{(c’t,0); (1)
2{ot, o) = <0'3L‘2,0'> = 2<o'3t,0'>.
So we can replace {at,1), {(t,0), {ot,a), {a't,t), {(c't,o) and {a't,0) just by {ot,t), (t,0),
(ot,o), {at,t) + {a’t,t), {t,0) + {c’t,0) and {at,0) + {c’'t,0) since they can generate each
other. By eq. (1),
2({at,ty +{(a’t,t) ) =0,
2({ t,0) +{(c’t,0) ) =0,
2({ot,o) +{c’t,c) ) =0.
So elements (at,0) + {c't,t), {t,0) + {d’t,0) and {(ot,0) + (o’t,0) have order < 2. Since all
{at,t), {t,0), {ot,o) have order < 4, which implies that K, (FC,[¢]/(t*), (1)) has order < 4° x2° =
2", By Theorem B, its order is precisely 2", so K, (FC,[t]/(t*), (1)) = C, @ C) with generators listed
below,
(ot,t), {t,o), {ot,o),
(at’,t)y, {a’t ), {at’ 1),
(1), {at’,a), (o’ ,a),
<o't,t> + <0'3t,t>, <t,0'> + <0'2t,0'> ’ <o't,0'> + <0'3L‘,0'>.
This finishes the proof. ]



i 41 CHEN Hong, et al:Calculation of K, (F,[C, xC,]) 423

References
[ 1] Magum B. Explicit K, of some finite group rings[J]. J Pure Appl Algebra, 2007, 209 801-911.
] Gao Y B, Tang G P. K, of finite abelian group algebras[ J]. J Pure Appl Algebra, 2009, 213.1201-1207.

2
[ 3] Stienstra J. On K, and K; of truncated polynomial rings[ C] // Algebraic K-theory ( Evanston,1980), Lecture notes in Math 854. Berlin:
Springer, 1971.

[ 4] Oliver R. Lower bounds for K,"" (Z ,m) and Ky (Zm) [J]. J Algebra, 1985, 94(2) : 425-487.

K, (F[C, xC,])HitE&E

hoow', HEM, EET

(1 B2 et 78 A BE £ B2 24 B, L5t 100049 5 2 B PU I ok 27 Hor 5 4R BBk 22 B, 744 710062 )

OB (PG x 6]) WIS AL R S T FLC L/ () AR K, - B K
(F,C,[11/(¢), (1)). i& Ji] Dennis-Stein 45 5 K & {112 W) B0 5 2 3 47 40 809 40 7 450, 44 th T
Ky (F,[C, x C,]) B—MUIMEBUTHEIF RA W E T K, (F,[C, x C,]) = C, @ C..

X#iF K,-Bf,Dennis-Stein £ 5 , FE I



