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EXISTENCE OF DOUBLY-WEIGHTED PSEUDO ALMOST PERIODIC
SOLUTIONS TO SOME CLASSES OF NONAUTONOMOUS
DIFFERENTIAL EQUATIONS

TOKA DIAGANA

Asstract. The main objective of this paper is twofold. We first showt tifithe doubly-
weighted Bohr spectrum of an almost periodic function exitlien it is either empty or
coincides with the Bohr spectrum of that function. Next, weestigate the problem which
consists of the existence of doubly-weighted pseudo-almpesodic solutions to some
nonautonomous abstractidrential equations.

1. INTRODUCTION

Motivated by the functional structure of the so-called vixégl Morrey space$ [16], in
Diaganal[10], a new concept called doubly-weighted pseldmst periodicity, which
generalizes in a natural fashion the notion of weighted gealmost periodicity is
introduced and studied. Among other things,[inl[10], prtipsrof these new functions
have been studied including the stability of the convolutaperator, the translation-
invariance, the existence of a doubly-weighted mean fopatmperiodic functions under
some reasonable assumptions, the uniqueness of the desiiopmvolving these new
functions as well as some results on the composition of thegefunctions have been
studied.

The main objective of this paper is twofold. We first show & thoubly-weighted Bohr
spectrum of an almost periodic function exists, then it thexi empty or coincides with
the Bohr spectrum of that function. Next, we investigate ghablem which consists of
the existence of doubly-weighted pseudo-almost periaalittions to the nonautonomous
abstract dierential equations

1.1) u'(t) = A(u(t) + g(t. u(t)), teR,
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whereA(t) for t € R is a family of closed linear operators @(A(t)) satisfying the well-
known Acquistapace and Terreni conditions, and R x X — X is doubly weighted
pseudo-almost periodic ine R uniformly in the second variable.

It is well-known that in that case, there exists an evolufiamily U = {U(t, 9}s
associated with the family of linear operatdk&). Assuming that the evolution family
U = {U(t, 9}=s is exponentially dichotomic and under some additional aggions it will
be shown that Eq[(T].1) has a unique doubly-weighted psatmdost periodic solution.

The existence of weighted pseudo-almost periodic, wetgpseudo-almost automor-
phic, and pseudo-almost periodic solutions thetential equations constitutes one of the
most attractive topics in qualitative theory ofiérential equations due to possible appli-
cations. Some contributions on weighted pseudo-almo#bgierfunctions, their exten-
sions, and their applications onfidirential equations have recently been made, among
them are for instance [1].[5].[7][8]122] 23] [14]._8l, [18], [20], [21], [28], and
[29] and the references therein. However, the problem whantsists of the existence
of doubly-weighted pseudo-almost periodic(mild) soloido evolution equations in the
form Eq. [1.1) is quite new and untreated and thus conssitoee of the main motivations
of the present paper.

The paper is organized as follows: Section 2 is devoted tingirearies results related
to the existence of an evolution family, intermediate spageoperties of weights, and
basic definitions and results on the concept of doubly-wejpseudo-almost periodic
functions. Section 3 is devoted to the existence of a douldighted Bohr spectral
theory for almost periodic functions while Section 4 is dedbto the existence of doubly-
weighted pseudo-almost periodic solutions to EqJ(1.1).

2. PRELIMINARIES

Let (X, - |I) be a Banach space. @ is a linear operator o, thenD(C), p(C), and
o (C) stand respectively for the domain, resolvent, and spectfiC. Similarly, one sets
R(1,C) := (Al — C)~ for all A € p(C) wherel is the identity operator fakK. Furthermore,
we setQ = | — P for a projectionP. We denote the Banach algebra of bounded linear
operators oiX equipped with its natural norm B(X).

If Y is another Banach space, we thenrBE&(R, X) (respectivelyBC(R x Y, X)) denote
the collection of aliX-valued bounded continuous functions and equip it with thgersorm
(respectively, the space of jointly bounded continuousfiomsF : R X Y — X).

The spaceBC(R, X) equipped with the sup norm is a Banach space. Furthermore,
C(R,Y) (respectivelyC(R x Y, X)) denotes the class of continuous functions fiRrmto
Y (respectively, the class of jointly continuous functidhsR x Y — X).

2.1. Evolution Families. The setting of this Subsection follows that of Barcetral. [3]
and Diagané& [14]. Fix once and for all a Banach spacé (|[).
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Definition 2.1. A family of closed linear operato(t) fort € R onX with domainD(A(t))
(possibly not densely defined) satisfy the so-called Adgpece and Terreni conditions, if
there exist constants € R, 8 € (5,7), L > 0 andu, v € (0, 1] with u + v > 1 such that

@1 ZU0cpA-w)3d  IRWLAD-w)l < g forallteR,
and
(2.2) I(A®) — w)R(A, At) — w) [R(w, At)) — R(w, A(9))]Il < L ! fﬁﬂ

fort,seR,1e€Xy:={1e€C\{0}:|argl < 6}.

For a given family of linear operatoré(t), the existence of an evolution family
associated with it is not always guaranteed. HoweveA(tj satisfies Acquistapace-
Terreni, then there exists a unique evolution family

U ={U(t,9:t,seR suchthatt > s}

onX associated witl(t) such thatJ (t, )X C D(A(t)) for all t, se R witht > s, and
(@) U(t,9)U(s r) = U(t,r) fort,se Rsuchthat > s> s
(b) U(t,t) = I fort € R wherel is the identity operator oX;
(c) t, 9 — U(t, s) € B(X) is continuous fot > s;

(d) U(., 9 € CY((s ), B(X)), %(t, 9 = AhU(L, 9 and

[aB U 9| < K (-9
forO<t-s<landk=0,1.

Definition 2.2. An evolution familyl = {U(t,s) : t,s € R suchthatt > s} is said to
have anexponential dichotomgor is hyperbolig if there are projectionB(t) (t € R) that
are uniformly bounded and strongly continuoug end constants > 0 andN > 1 such
that

(e) U(t, 9)P(s) = P(H)U(t, 9);

(f) the restrictionUg(t, s) : Q(9X — Q)X of U(t, s) is invertible (we then set

Ug(s t) := Ug(t,9)™); and
(9) UL, 9P(s)ll < N9 and||Uq(s Q)| < Net-9 fort > sandt, se R.

This setting requires some estimates relatetite {U(t, s)}»s. For that, we introduce
the interpolation spaces fé(t).

Let A be a sectorial operator aki (in Definition[2.1, replaceéA(t) with A) and let
a € (0,1). Define the real interpolation space

XA = {x € X : |IXIA 1= sup.o Ir* (A — w)R(r, A — w)X|| < oo},
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which, by the way, is a Banach space when endowed with the fhofn For convenience
we further write

Xg =X, |IXllg := IIXIl, X7 := D(A)
and|IX|® := [l(w — A)X|l. Moreover, le&” := D(A) of X.

Definition 2.3. Given a family of linear operatorg\(t) for t € R satisfying the
Acquistapace-Terreni conditions, we §& = X420 andX! = XA0 for0 < o < 1
andt € R, with the corresponding norms.

Proposition 2.4. [3] For x € X, 0 < @ < 1 andt > s, the following hold:
() There is a constam{«), such that

(2.3) Ut 9P(IXI, < c(a)e 2 I(t - 9)Ix].

(i) There is a constant(a), such that

(2.4) IUo(s )QMXIS < m(a)e 9|, t<s

2.2. Properties of Weights. This subsection is similar to the one given in Diagéana [10]
except that most of all the proofs will be omitted.

Let U denote the collection of functions (weighjs) R — (0, o), which are locally
integrable oveR such thap > 0 almost everywhere.

In the rest of the paper, i € U, T > 0, anda € R, we then seQy = [-T,T],
Qr+a:=[-T+aT+a],and

Q) 1= fQT p(x)dx

Here as in the particular case whe(x) = 1 for eachx € R, we are exclusively
interested in the weighgsfor which,

lim p(Qr) = co.

Consequently, we define the space of weidhtsby

U = {,u eU: infu(X) =uo >0 and limu(Qr) = 00}.
XeR T—o0

In addition to the above, we define the set of weidhigshy

Ug = {u € Uy @ supu(X) = g < oo}.

XeR

We also need the following set of weights, which makes theepaf weighted pseudo-
almost periodic functions translation-invariant,
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U .= {ﬂ eUn: lim “4D _  and jim A(Qr)
x=eo - i(X) Toe u(Qr)
LetUS denote the collection of all continuous functions (weidlpts R — (0, o) such
thatu > 0 almost everywhere.
Define

< oo forall v ER}.

. X+
U;:z{,ueU;mUoo: Ilmﬂ( ”)
x=eo - p(X)

Lemma 2.5. [10, Diagana]rhe inclusioriUs, c U'" holds.

Definition 2.6. Let u,v € U,. One says that is equivalent tor and denote it < v, if
% (S UB.

< 00 foraIIreR}.

Letu, v,y € Uy. Itis clear thaju < u (reflexivity); if u < v, thenv < u (symmetry); and
if 4 < vandy <y, thenu < y (transitivity). Thereforex is a binary equivalence relation
onU,.

We have

Proposition 2.7. Letu,v € UV If u < v, theno = u +v € UM,

Proposition 2.8. Let i, v € US. Then their product = puv € US. Moreover, ifu < v,
theno :=u+veUS.

The next theorem describes all the nonconstant polynorbisnging to the set of
weightsU,,.

Theorem 2.9. [10, Diagana]f x4 € U,, is a honconstant polynomial of degree N, then N
is necessarily even (N 2n’ for some nonnegative integef)n More preciselyu can be
written in the following form:

n
ux) =a] |0¢ +ax+bo™
k=0
where a> Ois a constant, gand k are some real numbers satisfying-adby < 0, and m
are nonnegative integers forx 0, ..., n. Furthermore, the weight given above belongs
to US..
2.3. Doubly-Weighted Pseudo-Almost Periodic Functions.
Definition 2.10. A function f € C(R, X) is called (Bohr) almost periodic if for eaeh> 0
there existd(¢) > 0 such that every interval of lengtfe) contains a number with the

property that
[|f(t+71)— f(t)]| <& foreachteR.
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The collection of all almost periodic functions will be déadAP(X).

Definition 2.11. A function F € C(R x Y, X) is called (Bohr) almost periodic ihe R
uniformly iny € Y if for eache > 0 and any compadf c Y there existd(e) such that
every interval of length(e) contains a numberwith the property that

IFt+1Yy) - F(tYy) <e foreacht e R, yeK.
The collection of those functions is denotedAR(Y, X).

If i, v € Us,, we then define

PAPRY(X, u, v) := {f € BC(R,X) : I|m @ fQT I (o)l v(o) do = O}.

Similarly, we definePAPy(Y, X, u, v) as the collection of jointly continuous functions
F:R XY~ Xsuchthat(, y) is bounded for each e Y and

tim 5 { [ IRy as -0

Definition 2.12. Lety, v € Us. A function f € C(R, X) is called doubly-weighted pseudo-
almost periodic if it can be expressedfas g+¢, whereg € AP(X) andg € PAPy(X, u, v).
The collection of such functions will be denoted BAP(X, u, v).

uniformly iny € Y.

Definition 2.13. Let u,v € Uy. A functionF € C(R x Y, X) is called doubly-weighted
pseudo-almost periodic if it can be expressedras G + ®, whereG € AP(Y, X) and
® € PAPy(Y, X, u,v). The collection of such functions will be denotedBpP(Y, X, u, v).

Proposition 2.14. [10, Diagana] Lej: € U, and letv € U such that

v(Qr)
2.
@9 sufsag| <
Let f € PAPy(R, i, v) and letg € LY(R). Suppose
(2.6) Tllinw[%} < oo forall TeR.

Thenf x g, the convolution off andg onR, belongs tdPAPy(R, 4, v).

Proof. It is clear that if f € PAPy(R,u,v) andg € LY(R), then their convolution
f « g € BC(R,R). Now setting

. 1 e _
ATop0) = s fQT f (- 911g(9 () dc
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it follows that

IA

J(T,u,v)

+oo 1
Iw |9(5)|(@LTIf(t—S)Iv(t)dt)dS

[ " 09Ir(9ds

oo

55 f I(F = OBt

where

61(9 f (- 9Dyt

u(Qr)

_ (Qrys) B
S ‘u(Qw)fQT'f“ I tjat

N(QT+ISI)
1(Qr) 1(Qrug) Jor.e O 9t

Using the fact that € U and Eq.[(2.5), one can easily see tats) — 0 asT ~ oo for
all se R. Next, sincepr is bounded, i.e.,

Y(Qr) _
uQn *

andg € L1(R), using the Lebesgue Dominated Convergence Theorematisithat

im { [ :’ |g(s)|¢T(s)ds} -

and henced = g € PAPy(R, u, v). m|

Corollary 2.15. Let u € U, and lety € U™ such that Egs. [{2/5) £(2.6) hold. If
f € PAPR, i, v) andg € L1(R), thenf = g belongs taPARR, u, v).

¢7( < lIflleo - SUP

Theorem 2.16.[10, Diaganal]f u, v € U, such that the space PAEX, u, v) is translation-
invariant and if

= M[ »(@Qn)

u(Qr)

then the decomposition of doubly-weighted pseudo-alnasgidic functions is unique.

Theorem 2.17.[10, Diagana]Let u,v € U, and let f € PAR(Y, X, u, v) satisfying the
Lipschitz condition

Ift,u) — fE, VI <L.Ju-Vy forall u,veY, teR.
If h e PAR(Y, u,v), then f(-,h(-)) € PARX, u, v).

] (50>0,
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3. ExisTeNcE oF A DouBLY-WEIGHTED MEAN FOR ALMOST PERIODIC FUNCTIONS

Letu,v € Us. If f : R —» X is a bounded continuous function, we definedtaibly-
weighted meayif the limit exists, by

M(f, %) = lim ﬁ fQT f(Ov(t)dt

Itis well-known that iff € AP(X), then its mean defined by

1
M(F) = TnanELT f(t)dt

exists [6]. Consequently, for everye R, the following limit
N 1 —idt
a(f, ) := Tlmnw >T fQT f(t)e”"dt

exists and is called the Bohr transformfof
It is well-known thata(f, 1) is nonzero at most at countably many points [6]. The set
defined by

op(f) = {/l eR:a(f,2) # 0}
is called the Bohr spectrum d¢f[19].

Theorem 3.1. (Approximation Theorem) [17, 19]et f € AP(X). Then for every > 0
there exists a trigonometric polynomial

P.(t) = ) e
k=1

where & € X and A € op(f) such that|f(t) — P.(t)|| < e forallt e R.

In Liang et al. [18], the original question which consists of the existeota weighted
mean for almost periodic functions was raised. In particuléang et al. have shown
through an example that there exist weights for which a weijmean for almost periodic
functions may not exist. In this section we investigate ttember question, which consists
of the existence of a doubly-weighted mean for almost périithctions. Namely, we
give some sfiicient conditions, which do guarantee the existence of a lgaubighted
mean for almost periodic functions. Moreover, under thamadiions, it will be shown
that the doubly-weighted mean and the classical (Bohr) naeamproportional (Theorem
[32). Further, it will be shown that if the doubly-weightedtB spectrum of an almost
periodic function exists, then it is either empty or coiregdvith the Bohr spectrum of that
function.

We have
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Theorem 3.2. Let u, v € U, and suppose thahm HQr) =6, Iff :R— Xisan

T—eo 11(Qr)

almost periodic function such that

im ;ﬁ fQT dity(t)dt =

(3.2) lim
for all 0 # A € op(f), then the doubly-weighted mean of f,

M(f,u,v) = I|m @L f(t)v(t)dt
exists. FurthermoreM(f, t, v) = 6, M(T).

n

Proof. If f is a trigonometric polynomial, say(t) = Z ae™ wherea, € X - {0} and

k_
Ak eRfork=1,2,..,n, thenoy(f) = i k=1,2,...,n}. Moreover,

1 . _ V(QT) 'Aktv
u(QT)fQTf“’ Ot = 2@ u(QT)f Zaké e

YQr)
@ ; g Jo, ¢ o0

and hence

1 St — a0 Q) C 1 jad,,
55 fQT FOv(tat aoﬂ(QT)” < el fQT (]

which by Eq. [3.1) yields

1
H@ fQT f(O)v(t)dt - aob,

and thereforeVI(f, 1, v) = agf,y = 6, M(f).
If in the finite sequence ofy there existl, = 0 fork = 1,2, ...l with a,, € X — {0} for
allm=ng (k=1,2,...,1), it can be easily shown that

—0asT - o

|
M(F.1Y) = b ) a0, = B M(f).
k=1

Now if f : R — X is an arbitrary almost periodic function, then for every 0 there
exists a trigonometric polynomial (TheorémlI3P,)defined by

P.(t) = > e
k=1



10 TOKA DIAGANA

whereay € X andAg € o,(f) such that
(3.2) () - Pl <&

forallt e R.
Proceeding as in Bohr|[6] it follows that there exi$tssuch that for alll1, T, > Ty,

”;ﬁ fQT 1 Pg(t)v(t)dt-ﬂ(%w fQT 2 PO ()] = G

In view of the above it follows that for alf1, T> > T,

1 1 1
Hﬂ(QTl) fQT 1f(t)v(t)dt—ﬂ(QT2) QTzf(t)v(t)dt” < o fQT 1 () = Pe(OIv(t)dt

+“u(c§n) fQT Pe(lyrit)dt - ﬂ(éTz) fQT 2 POV (0|

1
U(Tn) fQTz 1 (t) — Ps(D)I(t)dt < 3e.

=0<es.

M(Ps) - M(Ps)

O

Example 3.3. Fix a natural numbeN > 1. Letu(t) = €' andv(t) = (1 + [t)N for all
t € R, whichyieldsg,, = 0. If ¢ : R = X is a (nonconstant) almost periodic function, then
according to the previous theorem, its doubly-weightedmetfy, u, v) exists. Moreover,

. 1 N _ . 1 _
TI|_r)noomfQT f()(L+t)~dt=0. T“Lnoo >T fQT f(t)dt=0.
Consider the set of weight&, defined by

Ugoz{ €U, : D, := lim N(Qt”)<ooforallreR}.
: t—eo p(Qt)
Setting,C; = lim HQ+ T), one can easily see th@t < D, < o forall r e R.

ti—eo p(Qr)
v(Qr)

Corollary 3.4. Fix u,v € U% and suppose that Ilm— =0y Iff:R - Xisan
almost periodic function such that EQ. (8.1) holds, then

(33) M( fa7 Hs Va) = C—aGuVM(f) = C—aM(f’ Hs V)
uniformly ina € R, where
M(fo, g, vp) = I|m (QT) fQT fo(t)vp(t)dt = I|m @ fQT f(t + b)v(t + b)dt

for eachb € R.
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Proof. Clearly, the existence oM(f, u, v) is guaranteed by Theordm B.2. Without lost of
generality, suppose > 0. Now sincef € AP(X) it follows that f, : t — f(t + a) belongs

to AP(X). Moreover, the weight, defined byv,(t) = v(t + a) for all t € R belongs tdU?..
Now

| f &lva(t)d] = | f 1yt = | f (D) < | f ¢t
or Or-a Qr-a Qr+a

and hence

lim | ;ﬁ fQT e”tva(t)dt|

. 1 .
lim ‘@ QT_aer(t)dt'

er(t)dt|

IA

T—oo lp(Qr) Jor.a
|' ﬂ(QT-Fa) 1 ei/]tv d
im | mar Jo,, &0

1 )
= Dgli ety(t)dt
I G o, &0

0.

Now

. Va(QT)
lim =
T pu(Qr)
Using Theorer 312 it follows that for evegye AP(X),

C_agﬂv.

Migauva) = Jm o [ galtmat

exists. Furthermore M(ega, i1, va) = C_afnM(ga) for all a € R. In particular,
M(fa, 1, va) = C_ab M(fa) uniformly in a € R. Now from Bohr [6], M(fs) = M(f)
uniformly in a € R, which completes the proof.

m|

Definition 3.5. Fix u,v € U, and suppose thaTt Iirﬁ/@ =0,. If f:R - Xisan

almost periodic function such that Eq._(3.1) holds, we thefing its doubly-weighted
Bohr transform as

Au(F)(A) = #@m@ fQT f()e ty(t)dt forall A e R.
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Now sincet — g,(t) := f(t)e" e AP(X) it follows that
A (H)() = G M(f()e™) = ga(f, 2).
That is, under Eq[(Ell)
Au(f)(A) = Jim @ f f(t)e " ty(t)dt = 6, v Jim = f f(e'“tdt = g,,a(f, 2)

forall 1 € R.
In summary, there are two possibilities for the doubly-vikeégl Bohr spectrum of an
almost periodic function. Indeed,

1) If TIim @ =6,y = 0, thena,, (f)(1) = 6,a(f, 1) = 0 for all 2 € R. In that event,
the doubly-weighted Bohr spectrum bfis

ol (f) = {1 e R:F,(F)(2) # 0} = 0.

2) If I|m /% = 0, # 0, theng, (f)(1) = 6,a(f, 1) exists for all4 € R and

is nonzero at most at countably many points. In that eveetdiubly-weighted Bohr
spectrum off is

ob’(f) == {AeR:B,(f)() # 0 = {Ae R a(f, ) £ 0},
that is,o}"(f) = ou(f). In particular,oy” () = on(f).

4. ExisTENCE OF DouBLY-WEIGHTED Pseuno-ALmMosT PerIODIC SOLUTIONS TO SOME
DirreRENTIAL EQUATIONS

In this Section, we fix two weightg,v € U, such thatPAP(X, u, v) is translation-
invariant and Eq. [{2]7) holds. Under these assumptionsantlze easily shown that
PARX, u, v) is a Banach space when equipped with the sup norm.

In what follows, we denote by; andI',, the nonlinear integral operators defined by

t
(Cau)(t) = f U(t 9P(9a(s u(9)ds and

00

and
0 = [ Uolt 9Q(99(s u(e)ds
t
To study the existence of doubly-weighted pseudo-almagtgie solutions to Eq.[(1]1)
we will assume that the following assumptions hold:

(H.1) The family of closed linear operatofgt) for t € R on X with domainD(A(t))
(possibly not densely defined) satisfy Acquistapace ancefieconditions, that is,
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there exist constants € R, 6 € (3, 7), L > 0 andu, v € (0, 1] with z2 + v > 1 such

that
%4 U {0} € p(AM) - w) 3 4, IR, AW - w)ll < T forallt e R,
and
ICAQ) - w)ROL A — w) [Riw. A) - Riw. Al < L & l;ﬁ‘”

fort,seR,1€Xy:={1€C\{0}:|argl| < 6}.

(H.2) The evolution familyld = {U(t, 9)}>s generated byA(-) has an exponential
dichotomy with constanthl, § > 0 and dichotomy projectiorig(t) for t € R.

(H.3) There exists & a < 1 such that

X! =X,
for all t € R, with uniform equivalent norms.
(H.4) R(w, A(*)) € AP(B(X,)).
(H.5) The functiorg : R x X — X belongs toPAR(X, X, u, v). Moreover, the functions

g are uniformly Lipschitz with respect to the second argunierihe following
sense: there exists > 0 such that

llg(t, u) — g(t. VIl < K|lu - vj|
forallu,ve X andt € R.

If 0 < @ < 1, then the nonnegative const&nwill denote the bounds of the embedding
Xy, = X, that is,
X1l < KiIXle
forall x € X,.
To study the existence and unigueness of doubly-weightedduzsalmost periodic
solutions to Eq.[{T]1) we first introduce the notion of mildigimn.

Definition 4.1. A continuous functiom : R — X, is said to be a mild solution to Eq. (1.1)
if
t S
) = U(9u9 + [ UG IPOu(s ue)ds- [ UG IASg(s u)ds
S t
fort > sand for allt, se R.

Under previous assumptions (H.1)-(H.5), it can be easibwshEq. [1.1) has a unique
mild solution given by

t 00
u(t) = I U(t, 9P(s)g(s u(s))ds— I Uq(t, 9)Q(9)g(s u(s))ds

00

for eacht € R.
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Lemma 4.2. Under assumptionéH.1)—(H.5), the integral operatorg’y; andTI', defined
above map PAE,, u, v) into itself.

Proof. Let u € PAPRX,,u,v). Settingh(t) = g(t,u(t)) and using the theorem of
composition of doubly-weighted pseudo-almost periodinctions (Theoreni 2.17) it
follows thath € PARX,u,v). Now writeh = ¢ + £ where¢ € APX) and{ €
PAPRy(X, 1, v). The nonlinear integral operatbiu can be rewritten as

t t
(rut) = ‘[U(t,s)P(s)¢(s)ds+f U(t, 9P(9)(s)ds

00 —00

Set .
d)(t):f U(t, 9P(9)¢(s)ds

00

and .
Y(t) = f U(t, 9P(9)Z(s)ds
for eacht € R.

The next step consists of showing tidat AP(X,) and¥ € PAPy(X,, u, v). Obviously,
® € AP(X,). Indeed, since € AP(X), for everye > 0 there exist$(e) > 0 such that for
every interval of lengtl(e) contains ar with the property

llp(t+ 1) — p(t)|| < eC for eacht € R,

61—(1/
hereC = ——————— with I" being the classicdl function.
W @2 T(A—a) Wi ing SSi uncti
Now

Dt + 7) — D(t)

fm U(t+ 1, 9P(9)¢(9)ds— ft U(t, 9P(9)¢(9)ds

00 —00

t

ft Ut+1,s+1)P(s+1)p(s+ 1)ds— f U(t, s)P(9)¢(s)ds

00 —00

ft Ut+1,s+1)P(s+1)¢(s+ 1)ds

00

- f U(t+ 7,5+ 7)P(s+ 1)p(s)ds

00

t

ft Utt+1,s+1)P(s+1)p(s)ds— f U(t, s)P(s)a(s)ds

—00

+

f U(t+7. 5+ 7)P(s+7)(¢(s+ 1) — ¢(9))ds

00

+

f t (U(t+ 7 s+7)P(s+7) - U(t, 9P(3))p(9)ds

00
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Using [4,22] it follows that

! 2|l
T, T T)— N S ——€&.
Hf U+ s+7)P(s+7) - U(t s)P(s)]qb(s)d% <=
Similarly, using [Z.8), it follows that
Hft U(t+1,s+1)P(s+1)(¢(s+ T)—¢(S))d% <e.

Therefore,

ot + 1) - 2W)lla < (1+ 2||(Z|Ioo

and hence® € AP(X,).
To complete the proof fari, we have to show th&¥ € PAPy(X,, i, v). First, note that
s+ Y¥(9) is a bounded continuous function. It remains to show that

1
Iim—f ()]l v(Hdt = O
L@ Jo, MO
Again using Eq.[(2]3) it follows that

A 14 C(a) — ——s v
fim fQT HOLOd < im S0 f f s e t¢(t - 9b(Ddsdt
fim, (@) Csretoto oD f 12t~ 9iv(t)dtds

0

)s for eacht € R,

IA

Set L
i = fQT It — bt

Since PAPy(X, i, v) is assumed to be translation invariant and that Hqg.] (2. ®Jshat
follows thatt — ¢(t — s) belongs tcPAPo(X,p, v) for eachs € R, and hence

im oy ). et o=
for eachs € R.

One completes the proof by using the well-known Lebesgue iDated Convergence
Theorem and the faéty(T) — 0 asT — oo for eachs € R.

The proof forl'u(-) is similar to that ofl;u(-). However one makes use of Eq._(2.4)
rather than Eq[(2]3). m]

Theorem 4.3. Under assumptiongH.1)—(H.5), then Eq. (I.1) has a unique doubly-
weighted pseudo-almost periodic mild solution wheneves gmall enough.
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Proof. Consider the nonlinear operatfidr defined orPAR(X,, i, v) by

t 0o
Mu(t) = f U(t, 9)P(9)g(s, u(s))ds— f Uq(t, 5)Q(s)g(s u(s))ds
—o0 t
for eacht € R.

In view of Lemmd4.D, it follows thatd mapsPAP(X,, u, v) into itself. To complete
the proof one has to show thisit has a unique fixed-point.

If v,we PAR(X,, u,v), then

IT2(V)(1) = 1 (W) (O)lla

IA

t
I Ut 9P(9) [9(s U(S) - o(s W()] l.ds

IA

t
f )t - 97"e 2 9g(s (9) - o(s WS)llds

IA

Kc(e) f t (t- 97 e 29I v(s) - w(s)llds

IA

t
KKo{a) f (t- 97 IV - W9 ds
KK(@)2! T'(1 - @)5* IV — Wiy co,

IA

and

IC2(V)(1) — F2(W)(O)lla

IA

ft " IUoft 9Q(S) [9(s (9) - a(s W()] s

IA

[ " @)@ Ig(s v(9) - o(s WS)Ids

t

IA

f " @)K IS - w(s)lds

t

IA

km(a)K ft " @I — (9l ds

IA

+00
KKM(@)IIV — Wi f #-9gs
t
Kkm(@)d IV = Wilg.co

where|lull, . := SuIOIIU(t)Ila
teR

Combining previous approximations it follows that

MV — MWlleo.o < KC(@, 6) . [IV = Wllac0,
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whereC(a, 8) = kma)s™ + ka(@)21*T'(1 - a)6* > 0 is a constant, and hence if the
LipschitzK is small enough, then Eq(1.1) has a unique solution, whimhowsly is its
only doubly-weighted pseudo-almost periodic mild solatio m|
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