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TOROIDAL AUTOMORPHIC FORMS FOR FUNCTION FIELDS

OLIVER LORSCHEID

ABSTRACT. The space of toroidal automorphic forms was introduced by Zagier in 1979. LetF
be a global field. An automorphic form onGL(2) is toroidal if it has vanishing constant Fourier
coefficients along all embedded non-split tori. The interest in this space stems from the fact
(amongst others) that an Eisenstein series of weights is toroidal if s is a non-trivial zero of the
zeta function, and thus a connection with the Riemann hypothesis is established.

In this paper, we concentrate on the function field case. We show the following results. The
(n − 1)-th derivative of a non-trivial Eisenstein series of weights and Hecke characterχ is
toroidal if and only ifL(χ, s + 1/2) vanishes ins to order at leastn (for the “only if”-part
we assume that the characteristic ofF is odd). There are no non-trivial toroidal residues of
Eisenstein series. The dimension of the space of derivatives of unramified Eisenstein series
equalsh(g − 1) + 1 if the characterisitc is not2; in characteristic2, the dimension is bounded
from below by this number. Hereg is the genus andh is the class number ofF . The space of
toroidal automorphic forms is an admissible representation and every irreducible subquotient is
tempered.
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INTRODUCTION

At the Bombay Colloquium in January 1979, Don Zagier ([30]) observed that if the kernel of
certain operators on automorphic forms turns out to be a unitarizable representation, a formula
of Hecke implies the Riemann hypothesis.

We review this idea in classical language. LetΓ = PSL2 Z andΓ∞ = {±
(
1 n
0 1

)
|n ∈ Z}.

These groups both act on the Poincaré upper half planeH = {z ∈ C| Im z > 0} by Möbius
transformations. Forz ∈ H ands ∈ C, let

E(z, s) = π−sΓ(s)ζ(2s)
∑

γ∈Γ∞ \Γ
Im(γz)s

be the complete Eisenstein series whereζ(s) =
∑

n≥1 n
−s is the Riemann zeta function. We

note that all formulas only make sense forRe s > 1, but admit a meromorphic continuation to all
s ∈ C. LetE = Q[

√
D] be an imaginary quadratic number field of discrimantD < 0. To each

positive binary quadratic formQ(m,n) = am2+ bmn+ cn2 of discriminantb2 − 4ac = D, we
associate the rootzQ = −b+

√
D

2a
∈ H. Let {z1, . . . , zr} be the inequivalent points inH (modΓ)

that are of the formzQ for a positive binary quadratic formQ of discriminantD. The following
formula is due to Hecke ([12, p. 201]):

r∑

i=1

E(zi, s) =
w

2
|D|s/2 (2π)−s Γ(s) ζE(s)

wherew is the number of the roots of unity contained inE andζE(s) is the Dedekind zeta func-
tion of E. SinceζE(s) = ζ(s)L(χE, s) whereχE is the quadratic Hecke character associated
to E by class field theory, we observe that

∑r
i=1E(zi, s) vanishes ifs is a zero ofζ(s); more

generally,
∑r

i=1
d(n−1)

ds(n−1)E(zi, s) = 0 if s is a zero ofζ(s) of order at leastn.
Zagier’s observation in [30] is that an Eisenstein seriesE(z, s) lies in a unitarizable auto-

morphic representation ofPSL2R if and only if s ∈ (0, 1) or Re s = 1/2. Proper derivatives
d(i)

ds(i)
E(z, s) of Eisenstein series do not lie in a unitarizable representation. Note thatζ(s) has

no zero in(0, 1) (cf. [22, Formula (2.12.4)]). Thus if the space of allΓ-invariant automorphic
formsf onH that satisfy

∑r
i=1 f(zi) = 0 is a unitarizable automorphic representation, then the

Riemann hypothesis follows andζ(s) has no multiple zeros.
The adelic analogue of Hecke’s formula can be formulated as follows. LetG = GL(2)

andZ its center. LetA be the adeles ofQ. A choice of aQ-basis forE defines a non-split
torusT (F ) = im(E× →֒ G(Q)) of G. Note that there is a projectionG(A) → Γ \H such
thatT (A) maps precisely to the points{z1, . . . , zr}. Let E(g, s) be the spherical unramified
Eisenstein series of weights (note that the weight in the adelic language is usually shifted by
1/2 compared to classical Eisenstein series). Then the adelic version of Hecke’s formula reads
as ∫

T (F )Z(A) \ T (A)

E(tg, ϕ, s) dt = c(g, ϕ, s) Γ(s+ 1/2) ζE(s+ 1/2)

for some factorc(g, ϕ, s) which is holomorphic ins.
This formula generalises to all global fieldsF and all quadratic field extensionsE of F . We

are concerned with the case thatF is a function field in this paper. Following Zagier, we define
the spaceAtor(E) of E-toroidal automorphic formsas the space of automorphic formsf for
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which the toroidal integrals ∫

T (F )Z(A) \T (A)

f(tg)dt

vanish for allg ∈ G(A). Thespace of toroidal automorphic forms1 isAtor =
⋂Ator(E) where

E varies through all separable field extensions ofF . Zagier raises questions at the end of [30]
for the function field case: Is the spectrum ofAtor discrete? What is the dimension of the space
of unramified automorphic forms inAtor? In particular, is it finite-dimensional?

In this paper we give answers to these questions (and more). In particular, we prove the
following statements.

(i) Let the characteristicp be odd. Then the(n − 1)-st derivatives of all Eisenstein series
of weights and Hecke characterχ are toroidal if and only ifL(χ, s+ 1/2) vanishes in
s to order at leastn (Theorem 8.2). The “if”-part holds also forp = 2 (Theorem 6.2).

(ii) There are no non-trivial toroidal residues of Eisenstein series (Theroem 7.7).
(iii) The spaceAtor is an admissible automorphic representation (Theorem 10.2). In par-

ticular, the spectrum ofAtor is discrete and the space of unramifiedE-toroidal auto-
morphic forms is finite-dimensional.

(iv) Let g be the genus ofF andh the class number. Ifp is odd, then the dimension of the
space of unramified toroidal derivatives of Eisenstein series ish(g − 1) + 1. If p = 2,
thenh(g − 1) + 1 is a lower bound for the dimension (Theorem 12.5).

(v) Every irreducible subquotient ofAtor is a tempered automorphic representation (The-
orem 10.1). In particular, every irreducible subquotient of Ator is unitarizable.

We briefly review the developments after the appearance of Zagier’s paper [30]. The work
of Waldspurger on the Shimura correspondence ([24], [25], [26] and [27]) includes a formula
connecting toroidal integrals of cusp forms (nowadays alsocalled Waldspurger periods) with
the value of theL-function of the corresponding cuspidal representation at1/2. In [29] Franck
Wielonsky worked out Zagier’s ideas and obtained a generalisation to a limited class of Eisen-
stein series onGLn(A). Lachaud tied up the spaces with Connes’ view on the zeta function, cf.
[13] and [14]. Clozel and Ullmo ([3]) used both Waldspurger’s and Zagier’s works to prove a
equidistribution result for tori inGL2, and Lysenko ([20]) translated certain Waldspurger peri-
ods into geometric language. In a joint work with Cornelissen ([4]), we calculated the space of
unramified toroidal automorphic forms for global function fields with a rational point of genus
g ≤ 1 and class number1. In another joint paper with Cornelissen ([5]), we describethe space
of toroidal automorphic forms in the number field case.

The paper is divided in four parts, each of which contains different sections. In Part 1, we
give notations and definitions. In Section 1, we introduce automorphic forms forGL(2), the
Hecke algebra and cusp forms. In Section 2, we defineE-toroidal automorphic forms for every
separable quadratic algebra extensionE of F . In particular, we include a definition for the split
torus, which corresponds to the algebraE = F ⊕ F .

In Part 2, we draw conclusions about the space of toroidal Eisenstein series by various meth-
ods. In Section 3, we review the definitions of and some results aboutL-series and Eisenstein
series. In Section 4, we review the adelic version of Hecke’sformula in detail and give, in

1This definition differs slightly from the definition in the main text since we will also make sense of toroidal
integrals with respect to split tori, which will contributeto the definition ofAtor. A posteriori, however, it will
follow for odd characteristic that these two definitions coincide (cf. Remark 8.7).
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particular, non-vanishing results for the factor appearing in the equation. This yields a precise
description of the space ofE-toroidal Eisenstein series. In Section 5, we establish thecorres-
ponding formula for split tori, which is analogous to the case of the non-split torus, though,
proven differently. In Section 6, we draw conclusions abouttoroidality of derivatives of Eisen-
stein series. In Section 7, we determine which residues of Eisenstein series areE-toroidal and
show that there are no non-trivial toroidal residues of Eisenstein series. In Section 8 we employ
Double Dirichlet series to show that in odd characteristic,the quadratic twistsL(χχE , s) do
not vanish simultaneously for a given Hecke characterχ and a givens ∈ C whenχE varies
through all non-trivial quadratic Hecke characters. This yields a precise description of toroidal
derivatives of Eisenstein series.

In Part 3, we consider the properties ofAtor as a representation. In Section 9, we formulate
the implication of temperedness on the Riemann hypothesis forF . In particular, we formulate a
sufficient condition on the eigenvalue of a single Hecke operator on unramified toroidal Hecke-
eigenforms, which can be verified in examples (see [4] and [17]). In Section 10, we show that
every irreducible subquotient ofAtor is a tempered automorphic representation and thatAtor is
admissible.

In Part 4, we establish a dimension formula for the space of derivatives of unramified Eisen-
stein series. In Section 11, we establish a basis for the space of unramified automorphic forms,
which consints in generalised Hecke eigenforms. In particular, we investigate all linear de-
pendencies between derivatives of (residual) Eisenstein series. In Section 12, we use this basis
to show that the dimension of the space of derivatives of unramified Eisenstein series equals
h(g − 1) + 1 (resp. is bounded by, in characteristic2) whereg is the genus andh is the class
number ofF .

Acknowledgements: This paper as well as [18] and [19] are extracted from my thesis [17]
(except for Section 8, which follows [5]). First of all, I would like to thank my thesis advisor
Gunther Cornelissen who guided and helped me in in my studieson toroidal automorphic forms.
I would like to thank Don Zagier and Günter Harder for explaining to me their ideas on the topic.
I would like to thank Roelof Bruggeman and Frits Beukers for their comments on many lectures
and drafts that formed the blueprint of my thesis. I would like to thank Gerard Laumon, Laurent
Clozel and Jean-Loup Waldspurger for their hospitality andmathematical help during a fruitful
month in Paris.

Part 1. Notations and Definitions

This first part introduces the notation used throughout the paper and sets up the definition of the
space of toroidal automorphic forms.

1. AUTOMORPHIC FORMS FORGL(2)

1.1. Letq be a prime power andF be a global function field with constantsFq. LetX be the
set of all places ofF . We denote byFx the completion ofF at x ∈ X and byOx the integers
of Fx. We choose a uniformizerπx ∈ F for every placex. Let deg x be the degree ofx and let
qx = qdeg x be the cardinality of the residue field ofOx. We denote by| |x the absolute value on
Fx resp.F such that|πx|x = q−1

x .
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Let A be the adele ring ofF andA× the idele group. PutOA =
∏Ox where the product

is taken over all placesx of F . Let g be the genus ofF . Let c be a differental idele, i.e. a
representative of the canonical divisor in the divisor class groupA×/F×O×

A , which is of degree
2g − 2. The idele norm is the quasi-character| | : A× → C× that sends an idele(ax) ∈ A× to
the product

∏ |ax|x over all local norms. By the product formula, this defines a quasi-character
on the idele class groupA× / F×.

Let Ξ be the group of all quasi-characters on the the idele class group, i.e. the group of all
continuous group homomorphismsχ : A× / F× → C. Let Ξ0 be the subgroup of unramified
quasi-characters, i.e. the group of those quasi-characters that areOA-invariant. Note that every
quasi-characterχ is of the formχ = χ0 | |s for a complex numbers modulo2πi/ ln q and a
characterχ0 of finite order; in particularimχ0 ⊂ S1. Though there are different choices for
such a decomposition into a finite character and a principal quasi-character, the real part ofs is
independent of the decomposition and we defineReχ as the real part ofs.

LetG = GL(2) be the algebraic group of invertible2× 2-matrices and letZ be the center of
G. Following the habit of literature about automorphic forms, we will often writeGA instead of
G(A) for the group of adelic points andZF instead ofZ(F ) for the group ofF -valued points,
et cetera. LetKx = G(Ox) andK =

∏
Kx = G(OA), which is a maximal compact subgroup

of GA. The adelic topology turnsGA into a locally compact topological group with maximal
compact subgroupK.

1.2. LetH be theHecke algebra forGA, which is the vector space of all compactly supported
locally constant functionsΦ : GA → C together with the convolution product

Φ1 ∗ Φ2 : g 7→
∫

GA

Φ1(gh
−1)Φ2(h) dh ,

A Hecke operatorΦ ∈ H acts on the spaceC0(GA) of continuous functionsf : GA → C by
the formula

Φ.f : g →
∫

GA

Φ(h)f(gh) dh.

A functionf ∈ C0(GA) is calledsmoothif it is locally constant and it is calledK-finite if the
set of all rightK-translatesfk : g → f(gk) generates a finite-dimensional subspace ofC0(GA).

An automorphic form onGA (with trivial central character)is a smooth,K-finite and left
GFZA-invariant functionf : GA → C such that for every Hecke operatorΦ ∈ H, the functions
Φi.f for i ≥ 0 generate a finite-dimensional subspace ofC0(GA). We denote the space of all
automorphic forms byA. The groupGA acts onA via the right-regular representation, i.e.
g.f : h→ f(hg). The action ofH restricts to the subspaceA of C0(GA).

There is a one-to-one correspondence betweenGA-modules andH-modules. In particular, a
subspace ofA is aGA-module if and only if it is anH-module. In the following, we will often
speak of subrepresentations ofA without specifyingGA orH explicitly.

1.3. LetB be a Borel subgroup ofG andN ⊂ B its unipotent radical. Theconstant termfN
(with respect toN) of an automorphic formf ∈ A is the functionfN : GA → C defined by

fN (g) := vol(NF \NA)
−1

∫

NF \NA

f(ng) dn.
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The constant termfN is leftBFZA-invariant. IffN(g) vanishes for allg ∈ GA, the automorphic
form f is called acusp form. We denote the space of all cusp forms byA0. If e ∈ GA denotes
the identity matrix, then we have the alternative descripription

A0 = {f ∈ A | ∀Φ ∈ H,Φ(f)N(e) = 0}.
Theapproximation by constant terms([21, I.2.9]) states that for everyf ∈ A, the function

f − fN has compact support as a function onBFZA \GA.

2. TOROIDAL AUTOMORPHIC FORMS

2.1. LetT be a maximal torus ofG. Then eitherT is split, i.e.T (F ) is isomorphic to the units
of F ⊕ F , or T is non-split, i.e.T (F ) is isomorphic to the units of a separable quadratic field
extensionE of F . This establishes a bijection between the conjugacy classes of maximal tori
in G and the isomorphism classes of separable quadratic algebraextensions ofF .

If T is an split torus, thenTFZA \ TA ≃ F× \A×. If T is a non-split torus, i.e.T (F ) ≃ E×

for a separable quadratic field extensionE/F , thenTFZA \ TA ≃ E×A× \A×
E is a compact

abelian group. In this case,T splits overE.

2.2. LetT be a non-split torus, and endowZA andTA with Haar measures such thatZA ≃ A×
F

andTA ≃ A×
E as measure spaces. EndowTF with the discrete measure. This defines a Haar

measure onTFZA \ TA as quotient measure. We call

fT (g) :=

∫

TFZA \TA

f(tg) dt

thetoroidal integral ofT (evaluated atg). Since the domain is compact, the integral converges
for all f ∈ A andg ∈ GA.

If T is a split torus, then endowTA ≃ A× ⊕ A× with the product measure ofA×. Further
let ZA carry the same measure as before and letTF carry the discrete measure. This defines a
quotient measure onTFZA \ TA. LetB andB′ be the two Borel subgroups that containT , and
let N andNT , respectively, be their unipotent radicals. Note thatTFZA \ TA is not compact,
but due to approximation by constant terms (cf. paragraph 1.3) both f − fN and f − fNT

have compact support as functions onBFZA \GA andB′
FZA \GA, respectively. Thetoroidal

integral ofT (evaluated ing) is

fT (g) :=

∫

TFZA \TA

(
f − 1

2
(fN + fNT )

)
(tg) dt ,

which converges for allf ∈ A and any choice of Haar measure onTFZA \ TA.

2.3.Definition. Let T be a maximal torus ofG corresponding to a separable quadratic algebra
extensionE/F . Then define

Ator(E) = {f ∈ A | ∀g ∈ GA, fT (g) = 0} ,
the space ofE-toroidal automorphic forms, and

Ator =
⋂

separable quadratic
algebra extensionsE/F

Ator(E) ,
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the space oftoroidal automorphic forms.

2.4. The spacesAtor(E) do not depend on the choice of torus in the conjugacy class corres-
ponding toE. Indeed, for a conjugateTγ = γ−1Tγ with γ ∈ GF , we havefTγ

(g) = fT (gγ),
wheregγ = γg. Note that the definition is also independent of the choices of Haar measures.

As in the case of cusp forms, the correspondence betweenG(A)- andH-modules yields the
following alternative descriptions. For allT andE as above,

Ator(E) = {f ∈ A | ∀Φ ∈ H,Φ(f)T (e) = 0} and

Ator = {f ∈ A | ∀ maximal toriT ⊂ G, ∀Φ ∈ H, Φ(f)T (e) = 0} .

Part 2. Toroidal Eisenstein series

In this part of the paper we review Zagier’s translation of Hecke’s formula, which connects
a sum of Eisenstein series to anL-series, into adelic language. Additionally we show non-
vanishing results for the factors occuring in the formula. The case of split tori was not treated
in adelic language yet and the proof is somewhat different tothe case of the non-split torus;
the result, however, is analogue to the non-split case. We begin with overviews ofL-series and
Eisenstein series to provide the reader with the results used in the latter.

3. REVIEW OFL-SERIES ANDEISENSTEIN SERIES

3.1. We give the necessary background onL-series that is used throughout the paper. Forχ ∈ Ξ
andS = {x ∈ X | ∃ax ∈ O×

x , χ(ax) 6= 1}, let

LF (χ, s) =
∏

x∈X−S

1

1− χ(πx) |πx|s

be theL-series ofχ in s. If no confusion arises, we omit the subscriptF and writeL(χ, s). This
series converges forRe s > 1 − Reχ and it has a meromorphic continuation to alls ∈ C. It
has poles in thoses for whichχ | |s equals| |0 or | |1 (i.e.L(χ, s) has poles only ifχ has to be a
principal character), and these poles are of order1. It satisfies a functional equation

L(χ, 1/2 + s) = ǫ(χ, s)L(χ−1, 1/2− s)

for a certain non-zero factorǫ(χ, s). If χ ∈ Ξ0, thenǫ(χ, s) = χ(c) |c|s wherec is a differental
idele.

3.2. We review the result known as Tate’s thesis (cf. [28, VII, Thm. 2 and §§ 6-7]). Letψ :
A → C be a Schwartz-Bruhat function, i.e. a locally constant function with compact support.
Choose a Haar measure onA× and define theTate integral

L(ψ, χ, s) =

∫

A×

ψ(a)χ(a) |a|s da ,

which converges forRe s > 1 − Reχ. For every Schwartz-Bruhat functionψ and for every
χ ∈ Ξ, L(ψ, χ, s) is a holomorphic multiple ofL(χ, s) as function ofs ∈ C. For everyχ ∈ Ξ,
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there is a Schwartz-Bruhat functionψ such thatL(ψ, χ, s) = L(χ, s). In particular ifχ is
unramified, thenL(ψ0, χ, s) = L(χ, s) for

ψ0 = h (q − 1)−1 (volOA)
−1 charOA

.

3.3. We collect some statements from class field theory. LetE/F be a finite Galois extension
andNE/F : AE → AF the norm map. The reciprocity homomorphismrE/F : Gal(E/F ) →
F×NE/F (A

×
E) \A×

F induces an isomorphism

r∗E/F : Hom(F×NE/F (A
×
E) \A×

F , S
1 ) −→ Hom(Gal(E/F ), S1 ) .

If ω is a character ofGal(E/F ), then denote bỹω the corresponding character ofA×
F that is

trivial on F× andNE/F (A
×
E). In particular, sinceE/F is unramified if and only ifO×

A ⊂
NE/F (A

×
E), we see that̃ω is unramified ifE/F unramified is so.

LetE/F be a finite abelian Galois extension andχ ∈ Ξ. Then

LE(χ ◦ NE/F , s) =
∏

ω∈Hom(Gal(E/F ),S1)

LF (χω̃, s)

as meromorphic functions ofs.
Let χ ∈ Ξ be of finite ordern. Then there is an abelian Galois extensionE/F of ordern

such thatχ(NE/F (A
×
E)) = 1, and

∏

ω∈Hom(Gal(E/F ),S1)

LF (χ ◦ ω̃, s) = ζE(s)

as meromorphic functions ofs. If χ is an unramified character, thenE/F is an unramified field
extension.

Since zeta functions have simple poles in0 and1, theL-series occuring in this product cannot
have zeros at0 and1 if χ is ramified. This means that ifχ ∈ Ξ is of finite order and not of the
form | |s for somes ∈ C, thenL(χ, 0) 6= 0 andL(χ, 1) 6= 0.

3.4. We introduce principal series representations and Eisenstein series and review some well-
known statements. For reference, cf. [1], [9] and [16].

LetB be the standard Borel subgroup of upper triangular matricesandχ ∈ Ξ. Theprincipal
series representationP(χ) is the space of all smooth andK-finite functionsf ∈ C0(GA) that
satisfy for all

(
a b
d

)
∈ BA and allg ∈ GA the equation

f
((

a b
d

)
g
)

=
∣∣∣
a

d

∣∣∣
1/2

χ
(a
d

)
f(g).

The right-regular representation ofGA restricts fromC0(GA) toP(χ), or, in other words,P(χ)
is a subrepresentation ofC0(GA). We haveP(χ′) ≃ P(χ) as representations if and only
if either χ′ = χ or χ′ = χ−1 andχ2 6= | |±1. The principal series representationP(χ) is
irreducible unlessχ2 = | |±1.

A flat sectionis a mapfχ : C → C0(GA) that assigns to eachs ∈ C an elementfχ(s) ∈
P(χ | |s) such thatfχ(s)|K is independent ofs. For everyf ∈ P(χ), there exists an unique
flat sectionfχ such thatf = fχ(0). We sayf is embedded in the flat sectionfχ. Note that
f ∈ P(χ) is uniquely determined by its restriction toK.
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3.5. For the remainder of this section, fixχ ∈ Ξ, f ∈ P(χ), andg ∈ GA. Sinceχ is trivial on
F×, f ∈ P(χ) is leftBF -invariant, and we define

E(g, f) := L(χ2, 1) ·
∑

γ∈BF \GF

f(γg) ,

If f is embedded in the flat sectionfχ, then put

E(g, f, s) = E(g, fχ(s)),

an expression that converges for everyg ∈ GA andRe s > 1/2 − Reχ. In the domain of
cenvergence,E(g, f, s) is analytic as a function ofs and has a meromorphic continuation to all
s ∈ C. It has simple poles in thoses for whichχ2 | |2s = | |±1. The meromorphic continuation
E( · , f) = E( · , f, 0) in s = 0 is called theEisenstein series associated tof . As a function in
the first argument,E( · , f) is an automorphic form, and we have a morphism

P(χ) −→ A
f 7−→ E( · , f)

of H-modules.
If χ ∈ Ξ0 andχ2 6= | |±1, thenP(χ)K is 1-dimensional and contains thus a uniquespherical

vector, i.e. anf 0 such thatf 0(k) = 1 for all k ∈ K. We putE(g, χ, s) = E(g, f 0, s) and define
theEisenstein series associated toχ asE(g, χ) = E(g, χ, 0).

3.6. Letϕ : A2 → C be a Schwartz-Bruhat function, i.e. a locally constant function with
compact support. Choose a Haar measure onZA and define

fϕ,χ(s) : g 7−→
∫

ZA

ϕ((0, 1)zg)χ(det zg) |det zg|s+1/2 dz.

This is a Tate integral and converges forRe s > 1/2 − Reχ (cf. paragraph 3.2). The function
fϕ,χ(s) is smooth andK-finite, and because

fϕ,χ(s)(
(
a b
d

)
g) = χ(ad−1)

∣∣ad−1
∣∣s+1/2

fϕ,χ(s)(g),

we havefϕ,χ(s) ∈ P(χ | |s).
3.7.Proposition. LetReχ > 1.

(i) For all f ∈ P(χ), there exists a Schwartz-Bruhat functionϕ : A2 → C such that
f = fϕ,χ(0).

(ii) If χ ∈ Ξ0 andf 0 ∈ P(χ) is the spherical vector, thenfϕ0,χ(0) = L(χ2, 2s + 1)f 0 for
the Schwartz-Bruhat functionϕ0 = h (q − 1)−1 (volO2

A)
−1 charO2

A

.

Proof. In [28, VII.6–VII.7], Weil constructs for everyχ ∈ Ξ a Bruhat-Schwartz functionϕ
such thatfϕ,χ(0) is nontrivial. For a proof of (ii) observe that forg = e,

fϕ0,χ(0)(e) =

∫

ZA

ϕ0((0, 1)z)χ(det z) |det z|s+1/2 dz,

which is the Tate integral forL(χ2, 2s+ 1) (cf. paragraph 3.2).
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For a proof of (i) observe thatϕg = ϕ( · g) is still a Schwartz-Bruhat function for every
g ∈ GA, andg.fϕ,χ(0) = fϕg,χ(0) is still a function inP(χ). As explained in paragraph 3.4,
Reχ > 1 implies thatP(χ) is irreducible, and thusGA.fϕ,χ(0) = P(χ). �

3.8. Define

E(g, ϕ, χ, s) =
∑

γ∈BF \GF

fϕ,χ(s)(γg)

for Re s > 1/2 − Reχ. This definition extends to a meromorphic function ofs ∈ C. Put
E(g, ϕ, χ) = E(g, ϕ, χ, 0). The last proposition implies that the class of Eisenstein series of
the formE( · , ϕ, χ) is the same as the class of Eisenstein series of the formE( · , f). For
χ ∈ Ξ0, we obtain the equalityE( · , ϕ0, χ, s) = E( · , χ, s).

4. THE NON-SPLIT TORUS CASE

4.1. LetE be a separable quadratic field extension ofF . Consider a non-split torusT ⊂ G,
whoseF -rational points are the image ofE× under an injective homomorphism of algebras
ΘE : E → Mat2(F ) given by the choice of a basis ofE overF . This homomorphism extends
to ΘE : A×

E → GAF
. LetNE/F : A×

E → A×
F be the norm. We have thatdet(ΘE(t)) = NE/F (t)

([15, Prop. VI.5.6]).
Let hE denote the class number ofE and letqE be the cardinality of the constant field ofE.

Consider theAF -linear projection

pr : Mat2 AF −→ A2
F .

g 7−→ (0, 1)g

The kernel ofpr is contained in the upper triangular matrices and does not contain any nontrivial
central matrix. The intersection of the upper triangular matrices withTA isZA. ThusΘE(AE)∩
ker pr = {0} and theAF -linear mapΘ̃E = pr ◦ΘE : AE → A2

F is injective. This implies that
Θ̃E is an isomorphism ofAF -modules.

In the natural topology as freeAF -modules,Θ̃E is thus a isomorphism of locally compact
groups. DefineϕT : A2

F → C ashE(qE − 1)−1(volOAE
)−1 times the characteristic function of

Θ̃E(OAE
). SinceΘ̃E is a homeomorphism,ϕT and alsoϕT,g = ϕT ( · g) are Schwartz-Bruhat

functions for allg ∈ GA.

4.2.Lemma. For Re s > 1/2− Reχ,

E(g, ϕ, χ, s) =

∫

ZF \ZA

∑

u∈F 2−{0}
ϕ(uzg)χ(det zg) |det zg|s+1/2 dz .

Proof. LetGF act onP1(F ) by multiplication from the right. ThenBF is the stabiliser of[0 : 1],
and thus we have a bijection

BF \GF
1:1−→ P1(F ) = ZF \ (F 2 − {0}) .

g 7−→ [0 : 1]g

Since
∑

γ∈BF \GF
f(γg) is absolutely convergent for everyf ∈ P(χ | |s) andg ∈ GA, ([16,

Thm. 2.3]), the lemma follows by Fubini’s theorem. �
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The following is a refinement of Zagier’s translation of a formula of Hecke into adelic lan-
guage ([30, pp. 298-299]).

4.3.Theorem. Let T be a non-split torus corresponding to a separable field extensionE/F .
For everyϕ : A2 → C that is a Schwartz-Bruhat function,g ∈ GA andχ ∈ Ξ, there exists a
holomorphic functioneT (g, ϕ, χ, s) of s ∈ C with the following properties.

(i) For all s ∈ C such thatχ2 | |2s 6= | |±1,

ET (g, ϕ, χ, s) = eT (g, ϕ, χ, s) LE(χ ◦ NE/F , s+ 1/2) .

(ii) For everyg ∈ GA andχ ∈ Ξ, there is a Schwartz-Bruhat functionϕ : A2 → C such
that

eT (g, ϕ, χ, s) = χ(det g) |det g|s+1/2

for all s ∈ C.

Proof. For every Schwartz-Bruhat functionϕ : A2 → C, g ∈ GA andχ ∈ Ξ, bothET (g, ϕ, χ, s)
andLE(χ ◦ NE/F , s + 1/2) are meromorphic functions ofs ∈ C. DefineeT (g, ϕ, χ, s) as their
quotient. This is a meromorphic function ins that satisfies (i). We postpone the proof that
eT (g, ϕ, χ, s) is holomorphic ins to the very end and continue with showing thateT (g, ϕ, χ, s)
satisfies part (ii).

Note that our choices of Haar measures fit the applications ofFubini’s theorem in the follow-
ing calculations. LetRe s > 1/2− Reχ, then Lemma 4.2 applies, and we obtain

ET (g, ϕ, χ, s) =

∫

TFZA \TA

∫

ZF \ZA

∑

u∈F 2−{0}
ϕ(uztg)χ(det(ztg)) |det(ztg)|s+1/2 dz dt .

SinceTF \ TA ≃ (TFZA \ TA)×
(
ZF \ZA

)
, we can apply Fubini’s theorem to derive

ET (g, ϕ, χ, s) =

∫

TF \TA

∑

u∈F 2−{0}
ϕ(utg)χ(det(tg)) |det(tg)|s+1/2 dt .

The mapΘE identifiesA×
E with TAF

. TheAF -linear isomorphism̃ΘE identifiesAE with A2
F

and restricts to a bijection betweenE× andF 2 − {0}. Thus we can rewrite the integral as

χ(det g) |det g|s+1/2

∫

E× \A×

E

∑

u∈E×

ϕ(Θ̃E(ut)g)χ(NE/F (t))
∣∣NE/F (t)

∣∣s+1/2
dt .

If we defineϕ̃g = ϕ
(
Θ̃E( · )g

)
: AE → C and apply Fubini’s theorem again, we get

ET (g, ϕ, χ, s) = χ(det g) |det g|s+1/2

∫

A
×

E

ϕ̃g(t)χ ◦ NE/F (t) |t|s+1/2
AE

dt .

Note thatϕ̃g : AE → C is a Bruhat-Schwartz function asϕ is one. Thus the integral is the Tate
integralLE(ϕ̃g, χ◦NE/F , s+1/2). There is a Schwartz-Bruhat functionψ : AE → C such that

LE(ψ, χ ◦ NE/F , s+ 1/2) = LE(χ ◦ NE/F , s+ 1/2)
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(paragraph 3.2). If we defineϕ : A2
F → C to be the Schwartz-Bruhat function such thatψ = ϕ̃g,

theneT (g, ϕ, χ, s) = χ(det g) |det g|s+1/2. If χ ∈ Ξ0, thenχ ◦NE/F is an unramified character
of AE and

ψ = ϕT,g−1

(
Θ̃E( · )g

)
= ϕT ◦ Θ̃E

yields the desiredψ as it adopts the role ofψ0 in paragraph 3.2, and part (ii) is proven.
SinceLE(ψ, χ ◦ NE/F , s + 1/2) equals a holomorphic multiple ofLE(χ ◦ NE/F , s + 1/2)

in s ∈ C for any Schwartz-Bruhat functionψ = ϕ̃g (paragraph 3.2), we finally see that the
functioneT (g, ϕ, χ, s) is holomorphic ins. �

By the definition ofE-toroidality, we obtain as an immediate consequence:

4.4. Corollary. Let χ ∈ Ξ such thatχ2 6= | |±1 and letϕ : A2 → C be a Schwartz-Bruhat
function. LetE/F be a separable quadratic field extension. ThenE( · , ϕ, χ) is E-toroidal if
and only ifLE(χ ◦ NE/F , 1/2) = 0. �

5. THE SPLIT TORUS CASE

5.1. In this section, we establish the analogue of Theorem 4.3 for split tori, which is also the
adelic translation of a long-known formula ([30, eq. (30)]). To begin with, letT = {

( ∗
∗
)
} ⊂ G

be the diagonal torus. We writeA for the adeles ofF . Define the Schwartz-Bruhat function
ϕT : A2 → C ash(q − 1)−1(volOA)

−1 times the characteristic function ofO2
A, which is the

same asϕ0 as defined in Proposition 3.7. PutϕT,g = ϕT ( · g), which is a Schwartz-Bruhat
function since multiplying withg from the right is an automorphism of the locally compact
groupA2

F . Recall from paragraph 3.6 that we defined

fϕ,χ(s)(g) =

∫

ZA

ϕ((0, 1)zg)χ(det(zg)) |det(zg)|s+1/2 dz

for Re s > 1/2− Reχ. Pute =
(
1
1

)
andw0 =

(
1

1

)
.

5.2.Lemma. Let T be the diagonal torus. For everyϕ : A2 → C that is a Schwartz-Bruhat
function,g ∈ GA andχ ∈ Ξ, there exists a holomorphic functioñeT (g, ϕ, χ, s) of s ∈ C with
the following properties.

(i) For all s ∈ C such thatχ2 | |2s 6= | |±1,
∫

TFZA \TA

(
E(tg, ϕ, χ, s)− fϕ,χ(s)(tg)− fϕ,χ(s)(w0tg)

)
dt

= ẽT (g, ϕ, χ, s)
(
L(χ, s+ 1/2)

)2
.

In particular, the left hand side is well-defined and converges.
(ii) For everyg ∈ GA andχ ∈ Ξ, there is a Schwartz-Bruhat functionϕ : A2 → C such

that

ẽT (g, ϕ, χ, s) = χ(det g) |det g|s+1/2

for all s ∈ C. If χ ∈ Ξ0, thenϕ = ϕT,g−1 satisfies the equation.
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Proof. Let Re s > 1/2 − Reχ, and denote the left hand side of the equation in (i) byI. Note
that our choices of Haar measures match with the following applications of Fubini’s theorem.
We choose

{
e, w0,

(
1
c 1

)}
c∈F×

as a system of representatives ofBF\GF . By definition of
E(tg, ϕ, χ, s),

E(tg, ϕ, χ, s)− fϕ,χ(s)(tg)− fϕ,χ(s)(w0tg) =
∑

c∈F×

fϕ,χ(s)
((

1
c 1

)
tg
)
.

Hence

I =

∫

TFZA \TA

∑

c∈F×

fϕ,χ(s)
((

1
c 1

)
tg
)
dt .

Note that this is a well-defined expression since

fϕ,χ(s)
((

1
c 1

) (
zt1

zt2

))
= fϕ,χ(s)

((
zt1

zt2

) ( 1
ct1t

−1
2 1

))
= fϕ,χ(s)

(( 1
ct1t

−1
2 1

))

for
(
zt1

zt2

)
∈ TFZA, so changing the representative oft ∈ TFZA \ TA only permutes the set{(

1
c 1

)}
c∈F×

. Inserting the definition offϕ,χ(s) yields

I =

∫

TFZA \TA

∑

c∈F×

∫

ZA

ϕ
(
(c, 1)ztg

)
χ(det(ztg)) |det(ztg)|s+1/2 dz dt .

By writing ϕg for the Schwartz-Bruhat functionϕ( · g), applying Fubini’s theorem to
(
TFZA \ TA

)
× ZA ≃

(
TF \ TA

)
× ZF

and observing that we havedet z ∈ F× ⊂ ker(χ | |s+1/2) for a matrixz ∈ ZF , we find

I =

∫

TF \TA

∑

c∈F×

∫

F×

ϕg((zc, z)t) χ(det(tg)) |det(tg)|s+1/2 dz dt .

We now replacec by cz−1, replace the sum by the integral over the discrete spaceF× and use

TF \ TA ≃ (F× \A×)× (F× \A×) .
t 7→ (t1, t2)

ThenI equals

χ(det g) |det g|s+1/2

∫

F× \A×

∫

F× \A×

∫

F×

∫

F×

ϕg(ct1, at2) χ(t1t2) |t1t2|s+1/2 da dc dt1 dt2

= χ(det g) |det g|s+1/2

∫

A×

( ∫

A×

ϕg(t1, t2) χ(t1) |t1|s+1/2 dt1

)
χ(t2) |t2|s+1/2 dt2 .

LetU ⊂ A2 be the compact domain ofϕg. Then
{
t1 ∈ A

∣∣({t1} × A
)
∩ U 6= ∅

}
is compact.

For everyt2, the functiont1 → ϕg(t1, t2) is locally constant onA × {t2} ⊂ A × A endowed
with the subspace topology. Consequently,ϕg( · , t2) is a Schwartz-Bruhat function for everyt2
and the expression in brackets that we see in the last equation is a Tate integral, which equals a
multiple ofL(χ, s+1/2) (cf. paragraph 3.2). Denote the factor byϕ̃g(t2). For the same reasons
as before, but with the roles oft1 andt2 reversed, we see thatϕg(t1, · ) is a Schwartz-Bruhat
function for everyt1. Hence the value of the Tate integral is locally constant int2 and vanishes
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at allt2 outside a compact set. SinceL(χ, s+1/2) does not depend ont2, the factorϕ̃g is locally
constant and compact support. Henceϕ̃g : A → C is a Schwartz-Bruhat function. Substituting
the Tate integral in the last equation byϕ̃g(t2)L(χ, s+ 1/2) yields

I = χ(det g) |det g|s+1/2 L(χ, s+ 1/2)

∫

A×

ϕ̃g(t2)χ(det g) |t2|s+1/2 dt2 ,

where we see again a Tate integral, which equals a multiple ofL(χ, s + 1/2).
We end up with the right hand side of the equation in (i) ifẽT (g, ϕ, χ, s) is suitably defined. In

particular, the left hand side is a well-defined and converging expression, which is meromorphic
in s ∈ C, andẽT (g, ϕ, χ, s) is meromorphic as the quotient of meromorphic functions. Hence
(i) holds.

There is a Schwartz-Bruhat functionψ : A → C such that we haveL(ψ, χ, s + 1/2) =
L(χ, s+ 1/2) (cf. paragraph 3.2). If we defineϕ : A2 → C to be the Schwartz-Bruhat function
such thatϕg(t1, t2) = ψ(t1) ·ψ(t2). ThenẽT (g, ϕ, χ, s) = χ(det g) |det g|s+1/2. If χ ∈ Ξ0, then
ϕT,g−1 satisfies the equality (cf. paragraph 3.2). Hence (ii) holdsby meromorphic continuation.

The Tate integralL(ψ, χ, s+ 1/2) equals a holomorphic multiple ofL(χ, s + 1/2) in s ∈ C

for any Schwartz-Bruhat functionψ (cf. paragraph 3.2), thus̃eT (g, ϕ, χ, s) is holomorphic in
s ∈ C for an arbitrary Schwartz-Bruhat functionϕ. �

5.3. We state the functional equation for Eisenstein series. For reference, see [16]. LetB be
the standard Borel subgroup andN its unipotent radical. The constant term ofE(g, ϕ, χ, s) is
given by

EN (g, ϕ, χ, s) = fϕ,χ(s)(g) + Mχ(s) fϕ,χ(s)(g)

with

Mχ(s)fϕ,χ(g) =

∫

NA

fϕ,χ(
(

1
1 b

)
g) db .

Note that the operatorMχ(s) is a morphism ofGA-modulesP(χ | |s) → P(χ−1 | |−s), which is
defined for alls unlessχ2 | |2s = 1.

Let fϕ,χ be embedded in the flat sectionfϕ,χ(s) and letMχ(0)fϕ,χ ∈ P(χ−1) be embedded
in the flat section̂fϕ,χ−1(s). Then there is a holomorphic functionc(χ, s) in s ∈ C such that

Mχ(s) fϕ,χ = c(χ, s) f̂ϕ,χ−1(−s)
for all χ ∈ Ξ and s ∈ C unlessχ2 | |2s = 1. If χ ∈ Ξ0, thenc(χ, s) = χ2(c) |c|2s. For
χ2 | |2s 6= | |±1, this yields the functional equation

E
(
· , fϕ,χ(s)

)
= c(χ, s)E

(
· , f̂ϕ,χ−1(−s)

)
.

By paragraph 3.8, there is a Schwartz-Bruhat functionϕ̂ such that

f̂ϕ,χ−1(s) = fϕ̂,χ−1(s) and E( · , ϕ̂, χ−1, s) = E( · , f̂ϕ,χ−1(s)) .

Further recall from paragraph 3.1 the functional equation

L(χ, 1/2 + s) = ǫ(χ, s)L(χ−1, 1/2− s)

of L-series whereǫ(χ, s) = χ(c) |c|s if χ is unramified.
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5.4. LetT ⊂ G be a split torus. ThenTF is given as the image ofΘE : E× → GF , where
E = F ⊕ F . We recall the definition offT for split tori (see paragraph 2.2), which is

fT (g) =

∫

TFZA \ TA

(
f − 1

2
(fN + fNT )

)
(tg) dt

for f ∈ A, where

fNT (g) =

∫

NT
F

\NT
A

f(ng) dn =

∫

NF \NA

f(w0nw0g) dn = fN(w0g) .

As remarked in paragraph 2.1, there is aγ ∈ GF such thatT = γ−1T0γ, whereT0 is the
diagonal torus. We definedϕT0 for the diagonal torusT0 in paragraph 5.1. DefineϕT = ϕT0,γ.
Note that this definition does not depend onγ because the only matrices that leaveT0 invariant
by conjugation aree andw0. ButϕT0( · w0γ) = ϕT0( · γ) by the definition ofϕT0 .

5.5. Theorem. Let T be a split torus. For every Schwartz-Bruhat functionϕ : A2 → C,
g ∈ GA and χ ∈ Ξ, there exists a holomorphic functioneT (g, ϕ, χ, s) of s ∈ C with the
following properties.

(i) For all s ∈ C such thatχ2 | |2s 6= | |±1,

ET (g, ϕ, χ, s) = eT (g, ϕ, χ, s)
(
L(χ, s+ 1/2)

)2
.

(ii) If χ ∈ Ξ0, theneT (e, ϕT , χ, s) = 1 for all s ∈ C.

Proof. First, letT be the diagonal torus. Letχ ∈ Ξ0 ands ∈ C such thatχ2 | |2s 6= | |±1. We
calculate:

2ET (g, ϕ, χ, s)

=

∫

TFZA \TA

(
2E(tg, ϕ, χ, s) − EN (tg, ϕ, χ, s) − ENT (tg, ϕ, χ, s)

)
dt

=

∫

TFZA \TA

(
2E(tg, ϕ, χ, s) − fϕ,χ(s)(tg) − Mχ(s) fϕ,χ(s)(tg)

− fϕ,χ(s)(w0tg) − Mχ(s) fϕ,χ(s)(w0tg)
)
dt

=

∫

TFZA \TA

((
E(tg, ϕ, χ, s) − fϕ,χ(s)(tg) − fϕ,χ(s)(w0tg)

)

+ c(χ, s)
(
E(tg, ϕ̂, χ−1,−s) − fϕ̂,χ−1(−s)(tg) − fϕ̂,χ−1(−s)(w0tg)

))
dt ,

where we applied the formulas of the previous paragraph and the functional equation (paragraph
5.3). By Lemma 5.2, we can split the last integral into two andobtain:

ẽT (g, ϕ, χ, s)
(
L(χ, s+ 1/2)

)2
+ c(χ, s) ẽT (g, ϕ̂, χ

−1,−s)
(
L(χ−1,−s+ 1/2)

)2
.

We apply the functional equation toL(χ−1,−s + 1/2) and obtain (i) for the diagonal torus if
we put

eT (g, ϕ, χ, s) =
1

2
ẽT (g, ϕ, χ, s) +

1

2
ǫ(χ, s)−2 c(χ, s) ẽT (g, ϕ̂, χ

−1,−s) .
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This defineseT (g, ϕ, χ, s) as a holomorphic function ofs ∈ C sinceǫ(χ, s) is non-vanishing as
a function ats.

If T is any split torus, defineeT (g, ϕ, χ, s) = eT0(γg, ϕ, χ, s). Since all split tori inG are
conjugated, there is aγ ∈ GF such thatT = γT0γ

−1, whereT0 is the diagonal torus. Recall
from paragraph 2.4 thatfT (g) = fT0(γg). This reduces the case of the general split torus to the
case of the diagonal torus. Thus (i) holds.

Regarding (ii), letχ ∈ Ξ0 ands ∈ C be such thatχ2 | |2s 6= | |±1. Since we may replace
χ by χ | |s, we assume thats = 0 without loss of generality. Recall from paragraph 3.8 that
E( · , ϕ0, χ) = E( · , χ). Putfχ = fϕ0,χ(0) ∈ P(χ) andfχ−1 = fϕ0,χ−1(0) ∈ P(χ−1). By
paragraph 5.3, we have

EN (g, χ) = fχ(g) +Mχ(0)fχ(g) and EN(g, χ
−1) = fχ−1(g) +Mχ−1(0)fχ−1(g) ,

whereN is the unipotent radical of the standard Borel subgroup.
Observe that forT = γ−1T0γ, we haveeT (e, ϕT , χ, s) = eT0(γ, ϕT0,γ−1 , χ, s). As in the

proof of (i), we may restrict to the diagonal torusT = T0 without loss of generality. We follow
the lines of the calculation in the proof of (i), where we makeuse of the functional equation for
E( · , χ) (paragraph 5.3), the functional equation forL(χ, 1/2) (paragraph 3.1) and Lemma 5.2
(ii):

2ET (e, χ) =

∫

TFZA \TA

(
2E(t, χ) − EN(t, χ) − ENT (t, χ)

)
dt

=

∫

TFZA \TA

((
E(t, χ) − fχ(t) − fχ(w0t)

)

+ χ2(c)
(
E(t, χ−1) − fχ−1(t) − fχ−1(w0t)

))
dt ,

= ẽT (e, ϕT , χ, 0)
(
L(χ, 1/2)

)2
+ ẽT (e, ϕT , χ

−1, 0)χ2(c)
(
L(χ−1, 1/2)

)2

=
(
L(χ, 1/2)

)2
+ χ2(c)χ−2(c)

(
L(χ, 1/2)

)2

= 2
(
L(χ, 1/2)

)2
.

By holomorphic continuation, we findeT (e, ϕ0, χ, s) = 1 for all s ∈ C. �

For any Schwartz-Bruhat functionϕ : A2 → C and anyg ∈ GA we have that the automorphic
form g.E( · , ϕ, χ) is an element ofP(χ) (paragraph 3.8). By the definition ofF⊕F -toroidality,
we obtain as an immediate consequence:

5.6. Corollary. Let χ ∈ Ξ0 such thatχ2 6= | |±1 and letϕ : A2 → C be a Schwartz-Bruhat
function. ThenE( · , ϕ, χ) isF ⊕ F -toroidal if and only ifL(χ, 1/2) = 0. �

6. TOROIDAL DERIVATIVES OF EISENSTEIN SERIES

6.1. Fix ani ≥ 0, a Schwartz-Bruhat functionϕ : A2 → C and aχ ∈ Ξ such thatχ2 6= | |±1.
We defineE(i)(g, ϕ, χ, s) as thei-th derivative ofE(g, ϕ, χ, s) with respect tos. The function
E(i)(·, ϕ, χ, s) is an automorphic form. We denote byL(i)(χ, s) the i-th derivative ofL(χ, s)
with respect tos.
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Let T ⊂ G be a maximal torus defined byΘE : E× → GF . If E is a field, then the
reciprocity map (cf. paragraph 3.3) assigns to the nontrivial character ofGal(E/F ) a character
of A×

F , which we denote byχT = χE . This character is of order two and its kernel is precisely
NE/F (A

×
E). Further

LE(χ ◦ NE/F , s) = LF (χ, s) LF (χχT , s) .

If E = F ⊕ F , then we defineχT = χE as the trivial character. For every maximal torusT of
G, we put

e
(i)
T (g, ϕ, χ) :=

di

dsi
eT (g, ϕ, χ, s)

∣∣∣
s=0

.

6.2. Theorem. Let T be a maximal torus inG andn a positive integer. For allg ∈ GA and
χ ∈ Ξ0 such thatχ2 6= | |±1,

E
(n)
T (g, ϕ, χ) =

∑

i+j+k=n
i,j,k≥0

n!

i! j! k!
e
(i)
T (g, ϕ, χ) L(j)(χ, 1/2) L(k)(χχT , 1/2) .

In particular,E(n−1)( · , ϕ, χ) is toroidal ifL(χ, s+ 1/2) vanishes ins = 0 to order at leastn.

Proof. Observe that in both the case of a non-split torus and the caseof a split torus, we are tak-
ing integrals over functions with compact support, so the derivatives with respect tos commute
with the integrals. Everything follows at once from applying the Leibniz rule to the formulas in
Theorems 4.3 and 5.5. �

7. TOROIDAL RESIDUES OFEISENSTEIN SERIES

7.1. In this section, we prove that residues of Eisenstein series are not toroidal. Letχ ∈ Ξ with
χ2 = | |±1, f ∈ P(χ), andg ∈ GA. ThenE(g, f, s) as a function ofs has a pole ats = 0,
which is order of1. Thus the Eisenstein series has a nontrivial residue

R(g, f) := Ress=0 E(g, f, s) = lim
s→0

s · E(g, f, s),
which is an automorphic form ing. Define

R( · , χ) = Ress=0 E( · , χ, s)
if χ is unramified. The functional equation has a natural extension to residues of Eisenstein
series. In particular, for unramifiedχ, it becomes

R( · , χ) = χ2(c)R( · , χ−1).

Let ϕ : A2 → C be a Schwartz-Bruhat function. Then one can also define

R( · , ϕ, χ) = Ress=0 E( · , ϕ, χ).
From the result for Eisenstein series, one obtains that for everyϕ, there is af ∈ P(χ) such that
R( · , ϕ, χ) = R( · , f), and vice versa.

It turns out (see [10, Thm. 4.19]) that the residues are functions of a particular simple form.
Let χ = ω | |±1/2 be a quasi-character withω2 = 1 andf ∈ P(χ), then

R(g, f) = R(e, f) · ω
(
det(g)

)

as functions ofg ∈ GA. This means that theH-submodule{R( · , f)}f∈P(χ) ⊂ A is 1-
dimensional.
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If χ2 = | |±1, we define for everyi ≥ 0

R(i)(g, ϕ, χ) = lim
s→0

di

dsi
s · E(g, ϕ, χ, s),

which defines an automorphic form ing.

7.2.Lemma. LetT be a non-split torus corresponding to a separable quadraticfield extension
E of F andχ ∈ Ξ with χ2 = | |±1. For every Schwartz-Bruhat functionϕ : A2 → C and
g ∈ GA,

RT (g, ϕ, χ) = eT (g, ϕ, χ, 0) Ress=0 LE(χ ◦ NE/F , s+ 1/2) .

Proof. With help of Theorem 4.3, we calculate

RT (g, ϕ, χ) = lim
s→0

s ET (g, ϕ, χ, s)

= lim
s→0

s eT (g, ϕ, χ, s) LE(χ ◦ NE/F , s+ 1/2)

= eT (g, ϕ, χ, 0) Ress=0 LE(χ ◦ NE/F , s+ 1/2) . �

7.3. Lemma. Let T be a non-split torus andχ = ω | |±1/2 ∈ Ξ with ω2 = 1. There is a
Schwartz-Bruhat functionϕ such thatRT (e, ϕ, χ) 6= 0 if and only ifω = 1 or ω = χT .

Proof. Observe that the residuum of

LE(χ ◦ NE/F , s+ 1/2) = LF (ω, s+ 1/2± 1/2) LF (ωχT , s+ 1/2± 1/2)

at s = 0 is nontrivial if and only if one of the two factors is the zeta function ofF , and this
happens ifω = 1 or ω = χ−1

T = χT .
If Ress=0 LE(χ◦NE/F , s+1/2) = 0, thenRT (e, ϕ, χ) = 0 for all Schwartz-Bruhat functions

ϕ by Lemma 7.2. If not, thenR(e, ϕT , χ) = 1 · Ress=0LE(χ◦NE/F , s+1/2) (Theorem 4.3 (ii))
does not vanish. �

7.4. Lemma. Let T be a non-split torus andχ ∈ Ξ with χ2 = | |±1. If RT (e, ϕ, χ) = 0
for all Schwartz-Bruhat functionsϕ, then there exists a Schwartz-Bruhat functionϕ such that
R

(1)
T (e, ϕ, χ) 6= 0.

Proof. By Lemma 7.3, we have thatRT (g, ϕ, χ) = 0 for all ϕ and g ∈ GA if and only if
LE(ω ◦ NE/F , · ) has no pole at0 or 1. With the help of Theorem 4.3, we calculate

R
(1)
T (e, ϕT , χ) = lim

s→0

d

ds
s ET (e, ϕT , χ, s)

= lim
s→0

d

ds
s eT (e, ϕT , χ, s)LE(χ ◦ NE/F , s+ 1/2)

= lim
s→0

(
eT (e, ϕT , χ, s)LE(χ ◦ NE/F , s+ 1/2)

+ s
d

ds
eT (e, ϕT , χ, s)LE(χ ◦ NE/F , s+ 1/2)

)

= eT (e, ϕT , χ, 0)LE(ω ◦ NE/F , 1/2± 1/2) ,

which does not vanish by Theorem 4.3 (ii) and by the non-vanishing of L-functions of non-
trivial finite Hecke character in0 1nd1 (cf. paragraph 3.3). �
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7.5. LetT be a split torus andχ = ω | |±1/2 ∈ Ξ with ω2 = 1. LetN be the unipotent radical
of a Borel subgroupB ⊂ G. Then

(ω ◦ det)N(g) =

∫

NF \NA

ω ◦ det(ng) dn = ω ◦ det(g) .

Consequently
RT (e, ϕ, χ) = 0

for every Schwartz-Bruhat functionϕ by the definition of the toroidal integral for a split torus.
We summarise:

7.6.Theorem. LetE be a separable quadratic algebra extension ofF , χE the character from
paragraph 6.1 andχ = ω | |±1/2 ∈ Ξ with ω2 = 1.

(i) If ω is trivial, thenR( · , χ) ∈ Ator(E) if and only ifE ≃ F ⊕ F .
(ii) If ω is nontrivial, thenR( · , χ) ∈ Ator(E) if and only ifω 6= χE .

(iii) If E is a field andn ≥ 1, thenR(n)( · , χ) /∈ Ator(E). �

Since by class field theory every quadratic character ofA×/F× is of the formχE for some
quadratic separable field extensionE of F , we finally obtain:

7.7.Theorem. Rtor = {0}. �

8. NON-VANISHING FOR QUADRATIC TWISTS OFL-SERIES

Let q be odd throughout this section. The goal of this section is toshow that not all quadratic
twistsL(χχE , s) vanish simultaneous in a givenχ ands. For the proof of this result, we employ
Double Dirichlet series, which are certain weighted sums over all quadratic twists ofL(χ, s).
Essentially, we show that this series does not vanish for anyχ ands (as a function in another
parameterw), which implies that at least one quadratic twist of theL-series in question is not
zero inχ ands.

8.1.Theorem. Let q be odd. Then there is for everyχ ∈ Ξ ands ∈ C a separable quadratic
field extensionE ofF such thatL(χχE , s) 6= 0.

This theorem together with Theorem 5.5 implies that the only(derivatives of) Eisenstein series
that are toroidal are those that correspond to zeros of the (untwisted)L-seriesL(χ, s + 1/2).
More precisely:

8.2.Theorem. Let q be odd. Letχ ∈ Ξ, s ∈ C andn ≥ 0. ThenE(n−1)( · , ϕ, χ) is toroidal for
everyϕ if and only ifL(χ, s) vanishes ins = 1/2 to order at leastn. �

8.3. The rest of this section is devoted to prove Theorem 8.1,with the exception of some
conculding remarks in the end. Since the proof is similar to the analogous statement for num-
ber fields (see [5]), we use the language of ideal classes—in contrast to the paper [7] where
Double Dirichlet series are introduced for function fields;namely, the latter paper the language
of divisors on the smooth projective curve corresponding tothe function fieldF is used. All
background for Double Dirichlet series in the function fieldcase, however, can be found in [7].
We review the definition of Double Dirichlet series.
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One difficulty in the definition for general global fields is that they may have non-trivial class
number, which implies that the quadratic residue symbol is not defined for every ideal in a ring
of integers. This lack can be circumvented in the following way. LetS ⊂ X be a non-empty
finite set of places such thatOS = {a ∈ F | ordx(a) ≥ 0 ∀x /∈ S} has class number1. Let
C be the formal sum of all placesx ∈ S and letHC = A×/F×O×

A (C) be the ray class group
of modulusC, whereO×

A (C) is the subgroup of all(ax) ∈ O×
A such thatord(1 − ax) ≥ 1 for

all x ∈ S. Let RC = HC ⊗ Z/2Z, which is a finite group. Choose a minimal setb1, . . . br
of generators forRC and choose a setE0 of ideals inOS that represent these generators. For
everyE0 in E0, letmE0 be an element ofO×

S that generates the (principal) idealE0 in OS. Let
E denote a set of representatives ofRC of the formE =

∏
E

nE0
0 , where theE0 are elements

of E0 and thenE0 are natural numbers, and set accordinglymE =
∏
m

nE0
E0

with the convention
that the trivial element ofRC is represented byOS and thatmOS

= 1. Note thatmE generates
E.

Let I(S) denote the set of fractional ideals ofOS. For d ∈ I(S), write d = (a)EG2 with
E ∈ E , G ∈ I(S) anda ∈ F× with a ≡ 1 (modC). Defineχd = χE for the quadratic field
extensionE = F [

√
amE ] of F , which should be thought of as the quadratic residue symbol for

d. This definition does not depend on the decompositiond = (a)EG2 of d ([7, Lemma 1.1])—it
only depends on the choices ofS and themE .

8.4. LetJ(S) ⊂ I(S) be the set of (integral) ideals ofOS. Let χ ∈ Ξ be a character, i.e.
Reχ = 0, ands ∈ C. We define the weight factor to be

a(χ, s, d) =
∑

e1,e2∈J(S)
(e1e2)2 | d

µ(e1)χd(e1)χ(e1e
2
2)

|e1|s |e2|2s−1

whereµ is the Möbius function. Ford ∈ I(S), denote bySd the set of primes aboved, and let
LS∪Sd

(χχd, s) be theL-series with the factors for primes inS ∪ Sd removed. Letρ ∈ Ξ be a
character unramified outsideS andw ∈ C. TheDouble Dirichlet series ofχ andρ in s andw
is the series

Z(s, w;χ, ρ) =
∑

d∈J(S)

LS∪Sd
(χχd, s)ρ(d)

|d|w · a(χ, s, d).

This expression is absolute convergent forRe s > 1 andRew > 1 and has a meromorphic
continuation to alls andw ([7, Thm. 4.1]). It has a pole inw = 1 (independent ofs). The
residuum ofZ(s, w;χ, ρ) atw = 1 can be calculated precisely as in [8, Section 4], which treats
the case of Double Dirichlet series forn-th order twists withn ≥ 3. Namely,

Resw=1Z(s, w;χ, ρ) =

{
Resw=1 ζF (w) ·

∏
x∈S ζF,x(1)

−1 · LS(χ
2, 2s) if ρ = 1,

0 if ρ 6= 1.

8.5. We describe two more series, which we shall need in orderto proof the theorem. Since the
characteristic functionδ0 of 0 ∈ RC equals(#RC)

−1
∑

ρ∈R̂C
ρ, we have that

∑

d∈J(S)
d principal

LS∪Sd
(χχd, s)

|d|w · a(χ, s, d) =
1

#RC

∑

ρ∈R̂C

Z(s, w;χ, ρ),
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is a meromorphic function ins andw, which we denote byZ0(s, w;χ). This series converges
for everys if Rew is large enough. This is because of the Phragmén-Lindelöf estimates in the
d-aspect of the form ∣∣LS∪Sd

(χ, s)a(χ, s, d2)
∣∣ ≪ |d|

(cf. [2, 3.3]). Sinceq is odd, every squared ∈ (F×)2 has two different roots. Note thatSd2 = Sd

and thatχd2 is trivial. Thus
∑

d∈J(S)
d∈(F×)2 principal

LS∪Sd
(χχd, s)

|d|w · a(χ, s, d) =
1

2

∑

d∈J(S)
d principal

LS∪Sd
(χ, s)

|d|2w
· a(χ, s, d2),

a series, which we denote byZ0
sq(s, w;χ). It converges forRew > 1/2 for the same reasons as

for Z0(s, w;χ).

8.6. We can proceed with the proof of Theorem 8.1. SinceL(χ, s) = L(χ | |−Reχ , s + Reχ),
we may assume thatχ is a character in order to prove the theorem. By the functional equation
of L(χ, s), we may further assume thatRe s ≥ 1/2. We fix χ ∈ Ξ ands. The twistedL-series
occuring in the series

∑

d∈J(S)
d principal
not a square

LS∪Sd
(χχd, s)

|d|w · a(χ, s, d) = Z0(s, w;χ)− Z0
sq(s, w;χ)

are all of the formL(χχE , s) (up to some non-vanishing factors for the places inS ∪ Sd) for a
non-trivial quadratic characterχE which corresponds to a separable quadratic field extensionE
of F . If we can show that this series does not vanish (as a functionin w), then at least one of
the termsL(χχE , s) is not zero, and the theorem follows.

We do this by showing thatZ0(s, w;χ) − Z0
sq(s, w;χ) has a non-trivial residue inw = 1.

Since the defining series forZ0
sq(s, w;χ) converges inw = 1,

Resw=1

(
Z0(s, w;χ)−Z0

sq(s, w;χ)
)
= Resw=1 Z

0(s, w;χ) =
1

#RC

∑

ρ∈R̂C

Resw=1 Z(s, w;χ, ρ),

which is a sum over0’s except for the summand corresponding to the trivial characterρ = 1,
for which we obtain a term of the formc · LS(χ

2, 2s) for a non-zero constantc, as explained in
paragraph 8.4. As the real part ofs was assumed to be at least1/2, neitherLS(χ

2, 2s) is zero.
This accomplishes the proof of the theorem. �

8.7.Remark. Note that the statement of Theorem 8.1 can be strengthened inthe form that for
givenχ ands, the termL(χχE , s) is not zero for infinitely manyE. This is because one can
substract a similar term toZ0

sq(s, w;χ) for theχE-twists of a given quadratic field extensionE
fromZ0(s, w;χ), which does not change the residuum. In particular, for odd characteristic, we
could omit finitely many separable quadratic algebra extensionsE in the intersectionAtor =⋂Ator(E) without changingAtor.

8.8.Remark. As the formalism of Double Dirichlet series does not apply tocharacteristic2,
the above proof does not say something about this case. Note that also in Ulmer’s paper [23]
characteristic2 is excluded. Namely, Theorems 1.1 and 5.2 of [23] imply that for every global
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function fieldF of characteristic different from2, there is integern0 such that for everyn ≥ n0

the quadratic twistsL(χχE , s) do not vanish simultaneously inχ ands for the constant field
extensionFqnF .

For low genusg ≤ 1 and unramifiedχ, we can, however, look at certain explicit extensions to
exclude a common zero (unless the class numberh equalsq+1). For genusg = 0, all unramified
quasi-characters are principal, i.e. of the form| |s. It suffices thus to consider the zeta funtion
of F , which isζF (s) = 1

(1−qs)(1−q1−s)
. It has no zero, and thus there is no unramifiedF ⊕ F -

toroidal Eisenstein series (notice the non-vanishing result for the split torus in the unramified
case in Theorem 5.5). For genusg = 1, the consideration of all unramified extensions ofF
yields the desired result as long ash 6= q + 1, see [18, Cor. 7.13].

Part 3. Toroidal representations

A toroidal representationis a subrepresentation ofAtor. In this part, we investigate properties
of toroidal representation like temperedness and admissibility, the former notion being closely
related to the Riemann hypothesis for function fields as explained in the following section.

9. CONNECTION WITH THE RIEMANN HYPOTHESIS

9.1. In this section, we translate the observation of Don Zagier ([30, pp. 295–296]) that unit-
arizability of the space of toroidal automorphic forms implies the Riemann hypothesis to the
setting of global function fields.

We begin wth recalling some background in automorphic representations, by which we mean
subrepresentations ofA. Every (infinite-dimensional) irreducible automorphic representationV
decomposes into a restricted tensor product

⊗′
x∈X P(χx) of the principal series representations

P(χx) ofG(Fx) (cf. [1] for details on restricted tensor products). The principal seriesP(χx) of
the quasi-characterχx is the space of smooth functionsf onG(Fx) that satisfy

f
(
a b

d


g

)
=

∣∣∣
a

d

∣∣∣
1/2

x
χx

(a
d

)
f(g)

for all
(
a b
d

)
andg in G(Fx). If V ≃ P(χ), then the local charactersχx are the restrictions of

χ to Fx. An irreducible subrepresentationV is calledtemperedif it is isomorphic to
⊗′ P(χx)

where allχx are characters.
Let theEisenstein partE be the vector space spanned by all Eisenstein series and their deriv-

atives, theresidual partR be the vector space spanned by the residues of Eisenstein series and
their derivatives in the sense of paragraph 6.1, and thecuspidal partA0 be the space of cusp
forms (see paragraph 1.3). We shall refer toẼ := E ⊕ R as thecompleted Eisenstein part. A
theorem of Waldspurger and Moeglin in [21] says that

A = A0 ⊕ E ⊕ R
as automorphic representation.

9.2. LetK be the standard maximal compact open subgroup ofGA (see paragraph 1.1). Then
we denote byHK the subalgebra of bi-K-invariant functions ofH, i.e. the algebra of locally
constant functionsΦ : GA → C with compact support such thatΦ(kgk′) = Φ(g) for all
k, k′ ∈ K. We define for everyx ∈ X the Hecke operatorΦx ∈ HK as the characteristic
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function ofK
(
πx

1

)
K and the Hecke operatorΨx as the characteristic function ofK

(
πx

πx

)
K.

ThenHK = C[Φx,Ψ
±1
x ]x∈X , in particularHK is commutative. Note thatΨx andΨ−1

x operate
trivial on the spaceAK of K-invariant automorphic forms. We denote byAnr the smallest
subrepresentation ofA that containsAK .

LetE( · , χ) be the unramified Eisenstein series associated toχ (see paragraph 3.5) andqx =
qdeg x. Then

Φx.E( · , χ) = q1/2x

(
χ−1(πx) + χ(πx)

)
E( · , χ)

(cf. [9, §3 Lemma 3.7]), thusE( · , χ) is an eigenfunction ofΦx with eigenvalueλx(χ) =

q
1/2
x (χ−1(πx) + χ(πx)).

9.3.Lemma. Letχ ∈ Ξ0, then the following are equivalent.

(i) P(χ) is a tempered representation.
(ii) Reχ = 0.

(iii) λx(χ) ∈ [−2q
1/2
x , 2q

1/2
x ] for all x ∈ X.

(iv) λx(χ) ∈ [−2q
1/2
x , 2q

1/2
x ] for onex ∈ X.

Proof. We haveP(χ) ≃ ⊗′ P(χx) with χx = χ|Fx
(see paragraph 9.1). Allχx are characters

if and only if χ is a character. This is the case ifimχ ⊂ S1, or equivalently ifReχ = 0. Thus
the equivalence of (i) and (ii).

Assume (ii). Thenimχ ⊂ S1, andλx(χ) = q
1/2
x

(
χ−1(πx) + χ(πx)

)
for everyx ∈ X. But

χ−1(πx) is the complex conjugate ofχ(πx), thereforeχ−1(πx)+χ(πx) ∈ [−2, 2]; thus (iii). The
implication from (iii) to (iv) is trivial.

Conversely,χ−1(πx) + χ(πx) ∈ [−2, 2] only if χ−1(πx) is the complex conjugate ofχ(πx),
thusχ(πx) ∈ S1. SinceA×/

(
F×O×

A 〈πx〉
)
) is a finite group, all values ofχ are contained inS1

andReχ = 0; thus (ii). �

9.4. Theorem (Zagier). If every irreducible subrepresentation ofAnr
tor is a tempered repres-

entation, then all zeros ofζF have real part1/2. If furthermore,Anr
tor is itself a tempered

representation, thenζF has only simple zeros.

Proof. By Theorem 6.2, we know that every zero1/2 + s of ordern of ζF yields that all
the functionsE( · , | |s), . . . , E(n−1)( · , | |s) are toroidal. It is well-known that only the zeroth
derivativeE( · , | |s) generates an irreducible representation (cf. Section 11 for more detail). If
this representation is tempered, then the real part ofs is 0 by Lemma 9.3.

If furthermoreAnr
tor is the direct sum of irreducible tempered subrepresentations, then no

proper derivative of an Eisenstein series can occur and the zeros ofζF must be of order1. �

By Lemma 9.3, we obtain:

9.5.Corollary. If there is a placex such that the eigenvalue of everyΦx-eigenfunction inAK
tor

lies in the interval[−2q
1/2
x , 2q

1/2
x ], then all zeros ofζF have real part1/2. �

9.6.Remark. By means of this corollary, it is possible to verify the Riemann hypothesis for the
function fieldF in certain cases. For the proofs for rational function fieldsFq(T ) and elliptic
function fields with class number1, see [4]. For other elliptic function fields, it is possible to
tackle this problem by the theory of graphs of Hecke operators, but by direct calculations it
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could only be shown that the irreducible subrepresentations of Anr
tor are unitarizable (see [17,

section 8.4]).

10. TEMPEREDNESS AND ADMISSIBILITY OF TOROIDAL REPRESENTATIONS

The implication of Theorem 9.4 is of hypothetical nature as the Riemann hypothesis is proven
for global function fields, which is known as the Hasse-Weil theorem. Conversely, we can make
use of the Hasse-Weil theorem to prove that every irreducible suquotient ofAtor is tempered.
We further conclude thatAtor is an admissible representation.

10.1.Theorem. Every irreducible subquotient ofAtor is tempered.

Proof. The spaceAtor inherits the decomposition ofA into a cuspidal, an Eisenstein and a
residual part, thus we can investigate these parts, with name,A0,tor, Etor andRtor, separately.

The Ramanujan-Petersson conjecture claims that all irreducible cuspidal representations for
GL(2) are tempered. This conjecture was proven by Drinfel′d in the function field case ([6]),
which implies the corresponding statement forA0,tor.

Recall from paragraph 3.5 thatE( · , ϕ, χ) generates a subrepresentation ofA that is iso-
morphic toP(χ). Furthermore, ifV ⊂ A is generated byE( · , ϕ, χ), . . . , E(n)( · , ϕ, χ) as
GA-module, andV ′ ⊂ A is generated byE( · , ϕ, χ), . . . , E(n−1)( · , ϕ, χ), then also the quo-
tient representationV / V ′ is isomorphic toP(χ) (or trivial). Thus the isomorphism types of
all irreducible subquotients ofEnr

tor are determined by the irreducible subrepresentations ofEnr
tor

and it suffices to investigate the irreducible subrepresentations ofEtor(E).
By Theorem 4.3, a non-trivial Eisenstein seriesE( · , ϕ, χ) is toroidal only ifL(χ, 1/2) = 0

or L(χχ′, 1/2) = 0 for some quadratic characterχ′. By the Hasse-Weil theorem,Reχ = 1/2
(note thatReχ′ = 0 for quadraticχ′), andE( · , ϕ, χ) generates a tempered representation.

To conclude the proof, we observe thatRtor = 0 by Theorem 7.7. �

10.2.Theorem. For every separable quadratic field extensionE ofF , the representationAtor(E)
is admissible. Consequently,Ator is an admissible representation.

Proof. We have to show that for every compact open subgroupK ′ of K, the complex vector
space(Ator(E))

K ′

is finite dimensional. Due to the decompositionAtor(E) = A0,tor(E) ⊕
Etor(E)⊕Rtor(E), we can verify this condition for each of the summands separately. SinceA0

andR are admissible, the subrepresentationsA0,tor(E) andRtor(E) are so, too.
The admissibility ofEtor(E) can be seen as follows. Note thatχ is trivial onNOA (where

N ∈ OA is the ramification) if and only ifE( · , ϕ, χ) ∈ EKN for KN = {g ∈ K|g ≡
e (modN)}. Every compact open setK ′ is contained inKN for someN . So it suffices to
prove finite-dimensionality only for the spaces of the formEKN .

Every subrepresentationV that containsE(i)( · , ϕ, χ) for someϕ and someχ, contains also
E(j)( · , ϕ, χ) for all j < i. This means that if a derivative of an Eisenstein series is toroidal,
then all derivatives of lower order are also toroidal. SinceL-series have only finitely many zeros
(with finite multiplicities) and by the non-vanishing result for e(i)T (g, ϕ, χ) (Theorem 4.3 (ii)),
the producteT (g, ϕ, χ) L(χ, 1/2) L(χχT , 1/2) vanishes only for finitely manyχ that are trivial
onNOA, and it vanishes only with finite multiplicity.

Let χ be a zero of multiplicityn of this product. ThenE( · , ϕ, χ), . . . , E(n−1)( · , ϕ, χ) are
toroidal by Theorem 6.2, butE(n)( · , ϕ, χ) is not. Each of theE(i)( · , ϕ, χ) corresponds to an
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irreducible subquotient ofEtor(E) and each irreducible subquotient ofEtor(E) is of this form.
Consequently,Etor(E) is admissible. �

Part 4. The space of unramified toroidal automorphic forms

In this part of the paper, we show that the dimension ofEK
tor equals(g − 1)h + 1 for odd

characteristics whereg is the genus andh is the class number ofF . To carry out the proof of
this dimension formula, we first have to establish a basis forAK that allows us to determine the
dimension ofEK

tor. In the second section of this part, we will compare this dimensions with the
number of zeros ofL(χ, 1/2) (with multiplicity) in unramified charactersχ.

11. A BASIS FOR THE SPACE OF UNRAMIFIED AUTOMORPHIC FORMS

11.1. We fix some terminology. Forλ ∈ C, andΦ ∈ HK , define thespace ofΦ-eigenfunctions
with eigenvalueλ as

A(Φ, λ) = {f ∈ A | Φ(f) = λf} ,
and for a subrepresentationV ⊂ A, defineV (Φ, λ) = V ∩ A(Φ, λ). By anHK-eigenfunction,
we mean a simultaneous eigenfunction for allΦ ∈ HK . Notice that it suffices to consider the
action of the Hecke operatorsΦx to determine the action ofHK sinceHK is generated as an
algebra byΦx and operators that act trivial onA (see paragraph 9.2). Note thatHk acts onAK .

All spacesA(Φ, λ) inherit the decomposition ofA into a cuspidal, an Eisenstein and a re-
sidual part. The unramified Eisenstein seriesE( · , χ) areΦx-eigenfunctions with eigenvalue
λx(χ) = q

1/2
x (χ−1(πx) + χ(πx)) unlessχ2 = | |±1, in which case the residueR( · , χ) is an

Φx-eigenfunction with eigenvalueλx(χ) (cf. paragraph 9.2). Note that none of these functions
is trivial and the only linear dependencies between these functions are given by the functional
equationsE( · , χ) = χ2(c)E( · , χ−1) resp.R( · , χ) = χ2(c)R( · , χ−1) (cf. paragraphs 5.3
and 7.1). These functions areHK-eigenfunctions and generate theK-invariant partẼK of the
generalised Eisenstein partẼ = E ⊕ R.

The Jordan decomposition implies that for everyx ∈ X, the Hecke operatorΦx decom-
posesAK into a direct sum of subspaces that are the (typically infinite-dimensional) general-
ised eigenspaces, on whichΦx operates as a Jordan block in an appropriate basis. Since allthe
operatorsΦx commute, these generalised eigenspaces coincide for the variousΦx.

Denote the derivatives ofE( · , χ) in the sense of paragraph 6.1 byE(i)( · , χ). Define for all
χ ∈ Ξ0, x ∈ X andl ≥ 0 the value

λ(l)x (χ) := q1/2x

(
χ−1(πx) + (−1)lχ(πx)

)
.

Note thatλ(l)x (χ) only depends on the parity ofl. Putλx(χ) = λ
(l)
x (χ) if l is even andλ−x (χ) =

λ
(l)
x (χ) if l is odd.

11.2.Lemma. If χ ∈ Ξ0 with χ2 6= | |±1, then for everyx ∈ X,

ΦxE
(i)(g, χ) =

i∑

k=0

(
i

k

)(
ln qx

)i−k
λ(i−k)
x (χ)E(k)(g, χ) .
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Proof. Observe that
d

ds
λ(l)x (χ | |s) = (ln qx) λ

(l+1)
x (χ | |s) .

The formula is obtained by taking derivatives on both sides of the functional equation for Eis-
enstein series (cf. paragraph 5.3) and applying the Leibnizrule to the right hand side. �

11.3.Lemma. Letχ ∈ Ξ0. Thenχ2 = 1 if and only ifλ−x (χ) vanishes for all placesx.

Proof. Observe that for everyπx, we have

q−1/2
x λ−x (χ) = χ−1(πx)− χ(πx) = 0 ⇐⇒ χ(πx) = χ−1(πx) ⇐⇒ χ2(πx) = 1 .

Since theπx’s generateF× \A× /O×
A , the quasi-characterχ2 is determined by its values on the

πx’s. �

11.4.Proposition. Letχ ∈ Ξ0 with χ2 /∈ {1, | |±1}. Then
{
E( · , χ), E(1)( · , χ), E(2)( · , χ), . . .

}

is linearly independent and spans a vector space on whichHK acts. In particular none of these
functions vanishes.

Proof. By Lemma 11.2, it is clear that the span of the functions is anHK-module. We do
induction onn = #

{
E( · , χ), E(1)( · , χ), . . . , E(n−1)( · , χ)

}
.

SinceE( · , χ) is not zero, the casen = 1 follows. Forn > 1, assume that there exists a
relation

E(n)( · , χ) = cn−1E
(n−1)( · , χ) + . . .+ c0E( · , χ) .

We derive a contradiction as follows. For every placex, we have on the one hand,

ΦxE
(n)( · , χ) = cn−1ΦxE

(n−1)( · , χ) + . . .+ c0ΦxE( · , χ)
=

11.2
cn−1 λx(χ)E

(n−1)( · , χ) +
(
terms in lower derivatives ofE( · , χ)

)
,

and on the other hand,

ΦxE
(n)( · , χ) =

11.2
λx(χ)E

(n)( · , χ) + n (ln qx) λ
−
x (χ)E

(n−1)( · , χ) +
(
lower terms

)

=
(
cn−1 λx(χ) + n (ln qx) λ

−
x (χ)

)
E(n−1)( · , χ) +

(
lower terms

)
.

By the induction hypothesis,
{
E( · , χ), E(1)( · , χ), . . . , E(n−1)( · , χ)

}
is linearly independent,

and therefore
cn−1 λx(χ) = cn−1 λx(χ) + n (ln qx) λ

−
x (χ) ,

which implies thatλ−x (χ) = 0 for every placex. But this contradicts Lemma 11.3. �

11.5.Lemma. Letχ ∈ Ξ0 such thatχ2 = 1. Then

E(1)( · , χ) = (ln q) (2g − 2) E( · , χ) .
Proof. Sinceχ2 = 1, the functional equation looks like

E(g, χ, s) = |c|2s E(g, χ,−s) .
Using|c| = q−(2g−2) and taking derivatives ins of both sides yields

E(1)(g, χ, s) = − |c|2s E(1)(g, χ,−s) + 2 (ln q) (2g − 2) |c|2s E(g, χ,−s) ,
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and filling ins = 0 results in the desired equation. �

11.6.Proposition. Letχ ∈ Ξ0 with χ2 = 1. Both
{
E( · , χ), E(2)( · , χ), E(4)( · , χ), . . .

}
and

{
E(1)( · , χ), E(3)( · , χ), E(5)( · , χ), . . .

}

span a vector space on whichHK acts. Ifg 6= 1, then both are linearly independent, but they
span the same space. Ifg = 1, then the former set is linearly independent and all functions in
the latter set vanish.

Proof. That both sets spanHK-modules follows from Lemma 11.2 since by Lemma 11.3, the
valueλ−x (χ) vanishes for allx ∈ X.

The linear independence of the former set can be shown by the same calculation as in the
proof of Proposition 11.4, provided one knows thatλx(χ) 6= 0 for somex ∈ X. This holds
since otherwise

0 = λx(χ) − λ−x (χ) = 2qx χ(πx)

for all x ∈ X, which contradicts the nature ofχ.
If g 6= 1, then Lemma 11.5 implies thatE(1)( · , χ) is a non-vanishing multiple ofE( · , χ)

and spans thus the same vector space asE( · , χ). Consequently the latter set in the Proposition
is linearly independent for the same reasons as for the former set. SinceHK is commutative,
the two sets in question generate the same space.

If g = 1, the vanishing of allE(i)( · , χ) for odd i follows from thei-th derivative of the
functional equation ats = 0, which looks like

E(i)( · , χ) = (−1)iE(i)( · , χ) + (2g − 2)︸ ︷︷ ︸
= 0

(terms in lower derivatives) . �

11.7.Lemma. If χ ∈ Ξ0 with χ2 = | |±1, then

ΦxR
(i)(g, χ) =

i∑

k=0

(
i

k

)(
ln qx

)i−k
λ(i−k)
x (χ)R(k)(g, χ)

for everyx ∈ X, whereλ(l)x (χ) are defined as in Lemma 11.2.

Proof. The proof is the same as for Lemma 11.2. Note that the functions · E( · , χ) is holo-
morphic ats = 0, so the limit in the definition of the residue and the limit in the definition of
the derivative with regard tos commute. �

11.8.Proposition. Letχ ∈ Ξ0 with χ2 = | |±1. Then
{
R( · , χ), R(1)( · , χ), R(2)( · , χ), . . .

}

is linearly independent and spans a vector space on whichHK acts. In particular, none of these
functions vanishes.

Proof. The proof is completely analogous to that of Proposition 11.4. Lemma 11.3 ensures us
of the fact thatλ−x (χ) 6= 0 for somex ∈ X. �
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11.9. We summarise the discussion as follows. Forχ ∈ Ξ0, define

Ẽ(i)( · , χ) =





E(i)( · , χ) if χ2 /∈ {1, | |±1},
R(i)( · , χ) if χ2 = | |±1 ,
E(2i)( · , χ) if χ2 = 1.

andẼ( · , χ) = Ẽ(0)( · , χ). Let Ẽ(χ)K ⊂ Ẽ = E ⊕ R be the space generated by all derivatives
Ẽ(i)( · , χ) with i ≥ 0.

Note that by the functional equations for Eisenstein seriesand their residues, the linear spaces
spanned by the set

{
Ẽ(0)( · , χ), . . . , Ẽ(n)( · , χ)

}
and

{
Ẽ(0)( · , χ−1), . . . , Ẽ(n)( · , χ−1)

}

are the same for allχ ∈ Ξ0. In particular,Ẽ(χ)K = Ẽ(χ−1)K .

11.10.Theorem. The spaceAK of unramified automorphic forms decomposes as anHK-
module into

AK = AK
0 ⊕

⊕

{χ,χ−1}⊂Ξ0

Ẽ(χ)K .

The vector spaceAK
0 is finite-dimensional and admits a basis ofHK-eigenfunctions. For every

χ ∈ Ξ0 andn ≥ 0, {Ẽ( · , χ), . . . Ẽ(n−1)( · , χ)} is a basis of the uniqueHK-submodule of
dimensionn in Ẽ(χ)K .

Proof. Note that all the spacesAK
0 andẼ(χK) are indeedHK-modules, which follows for the

latter spaces from Lemmas 11.2 and 11.7. It is well-known that AK
0 is finite-dimensional and

the multiplicity one theorem implies that it has a basis ofHK-eigenfunctions (cf. [1, Section
3.3]). SinceP(χ) ≃ P(χ′) only if χ′ = χ or χ′ = χ−1, there is no other linear relation of
Eisenstein series than the one that is given by the functional equation.

Lemmas 11.2 and 11.7 imply that for everyχ ∈ Ξ0, Ẽ(χ)K is anHK-module. Propositions
11.4, 11.6 and 11.8 ensure that the described bases are indeed linearly independent.

The uniqueness of then-dimensional subspaces in the theorem follows from the Jordan de-
composition theorem. We furthermore see that{Ẽ(i)( · , χ)}{χ,χ−1}⊂Ξ0,i≥0 is linearly independ-
ent. Finally, it follows from Propositions 11.4, 11.6 and 11.8 together with the general remarks
from paragraph 11.1 that the decomposition exhaustsAK . �

12. THE DIMENSION OF THE SPACE OF UNRAMIFIED TOROIDALEISENSTEIN SERIES

12.1. Lemma. Let χ ∈ Ξ0 satisfyχ2 = 1. If L(χ, 1/2) = 0, then1/2 is a zero of even
multiplicity.

Proof. Since the canonical divisor, which is represented byc, is a square in the divisor class
group (cf. [28, XIII.12, thm. 13])χ(c) = 1. Let L(i)(χ, s) vanish ats = 1/2 for all i =
0, . . . , n − 1, for some oddn. We will show that in this case the multiplicity of1/2 as a
zero must be strictly larger thann. Taking into account the vanishing of lower derivatives and
χ(c) = 1, then-th derivatives of both sides of the functional equation (cf. paragraph 3.1) are

L(n)(χ, 1/2) = (−1)n L(n)(χ−1, 1/2).

ThusL(n)(χ, 1/2) = 0 as(−1)n = −1 for oddn. �
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12.2. TheHK-moduleEK
tor inherits a decomposition

EK
tor =

⊕

{χ,χ−1}⊂Ξ0

χ2 6=| |±1

(EK
tor ∩ Ẽ(χ)K)

from AK (see Theorem 11.10). Only finitely many termsEK
tor ∩ Ẽ(χ)K are nontrivial. Each of

these terms has a basis of the form

{
Ẽ( · , χ), Ẽ(1)( · , χ), . . . , Ẽ(n−1)( · , χ)

}
,

wheren is its complex dimension.
Thus it suffices to investigate Eisenstein series of the formE( · , χ) and their derivatives

E(i)( · , χ) for unramified quasi-charactersχ in order to determineEK
tor. We will, however, state

and prove theorems for general quasi-charactersχ ∈ Ξ where no additional effort is required.

12.3. Letχ ∈ Ξ0 such thatχ2 6= | |±1. We say thatχ is a zero ofL( · , 1/2) of ordern if
L(χ, s + 1/2) vanishes to ordern at s = 0. By Theorem 6.2, we see that ifχ is a zero of
L( · , 1/2) of ordern, then all the functionsE( · , χ), . . . , E(n−1)( · , χ) are toroidal.

The functional equation forL-series (paragraph 3.1) implies that zeros come in pairs:χ is a
zero of ordern if and only if χ−1 is a zero of ordern, and ifχ = χ−1, thenχ is a zero of even
order (Lemma 12.1). We call{χ, χ−1} apair of zeros of ordern if χ is a zero of ordern in case
χ 6= χ−1, or if χ is a zero of order2n in caseχ = χ−1.

Due to the definition of̃E(χ)K (in particular, notice the difference whenχ2 = 1; see para-
graph 11.9) and becausẽE(χ)K = Ẽ(χ−1)K , we obtain that if{χ, χ−1} is a pair of zeros of
ordern, thenẼ( · , χ), . . . , Ẽ(n−1)( · , χ) are toroidal and span ann-dimensionalHK-module
provided thatχ2 6= | |±1.

We summarise this discussion.

12.4.Lemma. Letχ ∈ Ξ0 such thatχ2 6= | |±1 andi ≥ 0.

(i) LetE/F be a separable quadratic algebra extension. ThenẼ(i)( · , χ) isE-toroidal if
and only if{χ, χ−1} is a zero ofL( · , 1/2)L( · χE , 1/2) that is at least of orderi.

(ii) If {χ, χ−1} is a pair of zeros ofL( · , 1/2) of ordern, thenẼ( · , χ), . . . , Ẽ(n−1)( · , χ)
are toroidal. �

12.5.Theorem. If q is odd, the dimension ofEK
tor equals(g− 1)h+1, whereg is the genus and

h the class number ofF . If q is even, then(g − 1)h + 1 is a lower bound for the dimension of
EK
tor.

Proof. By Theorem 8.2, we have to consider only zeros ofL-seriesL(χ, s) in order to know
whetherE(χ, s) resp. its derivatives are toroidal ifq is odd. For evenq there might be more
toroidal derivatives of Eisenstein series, and the following only gives a lower bound for the
dimension ofAK

tor.
Fix an idelea1 ∈ A× of degree1 and letω1, . . . , ωh ∈ Ξ0 be the characters that are trivial

on 〈a1〉. Assume thatω1 is the trivial character. Then for everyχ ∈ Ξ0, there is a unique
j ∈ {1, . . . , h} ands ∈ C / (2πi/ ln q)Z such thatχ = ωj | |s. By class field theory, there is a



30 OLIVER LORSCHEID

finite abelian unramified extensionF ′/F of orderh (cf. paragraph 3.3) such that
h∏

i=1

LF (ωi, s+ 1/2) = ζF ′(s+ 1/2) .

In particular the zeros of both hand sides as functions ofs are in one-to-one correspondence.
By Weil’s proof of the Riemann hypothesis for function fields, we know that this zeta function

is of the form

ζF ′(s) =
LF ′(q−s)

(1− q−s)(1− q1−s)

for some polynomialLF ′(T ) ∈ Z[T ] of degree2gF ′ that has no zero atT = 1 or T = q−1 (cf.
[28, Thms. VII.4 and VII.6]). This means that the orders of all pairs of zeros ofL( · , 1/2) sum
up to gF ′, and that we findgF ′ linearly independent toroidal automorphic forms inEK . Note
that for a quasi-characterχ = ωi | |s with χ2 = | |±1, we have thatζF ′(s + 1/2) 6= 0 because
L(T ) has no zero atT = q0 or T = q−1. Hence ifχ is a zero ofL( · , 1/2), thenẼ( · , χ) is not
a residuum.

Finally, we apply Hurwitz’ theorem ([11, Cor. 2.4]) to the unramified extensionF ′/F and
obtain:

2 gF ′ − 2 = h ( 2 g − 2 ) and thus gF ′ = ( g − 1 ) h + 1 . �

12.6.Remark. Waldspurger calculated toroidal integrals of cusp forms over number fields. So
assume for a moment thatF is a number field,π an irreducible unramified cuspidal represent-
ation andf ∈ π an unramified cusp form. LetL(π, s) be theL-function of π. Let T ⊂ G
be a torus corresponding to a separable quadratic field extensionE of F andχT the character
corresponding toT by class field theory. Then the square of the absolute value of∫

TFZA \TA

f(t) dt

equals a harmless factor timesL(π, 1/2)L(πχT , 1/2), cf. [26, Prop. 7].
These integrals are nowadays called Waldspurger periods off , and it is translated in some

cases to global function fields, cf. [20]. This leads to the conjecture:

12.7.Conjecture. A cusp formf of an irreducible unramified cuspidal subrepresentationπ of
the space of automorphic forms is toroidal if and only ifL(π, 1/2) = 0.

By the multiplicity one theorem, this conjecture implies

12.8.Conjecture. The dimension ofAK
0,tor equals the number of isomorphism classes of irre-

ducible unramified cuspidal representationsπ withL(π, 1/2) = 0.

12.9.Remark. In [18] one can find a proof of thatAK
0,tor = {0} if g = 1 by a different method.

Note that in this case,L(π, s) has no zero for any irreducible unramified cuspidal representation.
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