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Abstract. Let v,;(n) be the number of smooth words of length n over the
alphabet {a,b} with a < b. Say that a smooth word w is left fully extendable
(LFE) if both aw and bw are smooth. In this paper, we prove that for any
positive number £ and positive integer ng such that the proportion of b’s is
larger than & for each LFE word of length exceeding ng, there are two constants

c1 and ¢ such that for each positive integer n, one has

log(2b—1) log(2b—1)
1 - nloe(+atd=201-9) < 7, b(n) < ¢g - noEH(@t-2)8) |

In particular, taking a = 1 and b = 2 in the above inequalities arrives at Huang
and Weakley’s result. Moreover, for 2-letter even alphabet {a, b}, there are two

suitable constants c1, co such that

log(2b—1) log(2b—1) o )
cq - nlos((atd)/2) < 'ya,b(n) < ¢ - n1eeat®)/2) for each positive integer n.

Keywords: Derivative; height; smooth word; LFE word.


http://arxiv.org/abs/1012.3229v1

1. Introduction

The curious Kolakoski sequence K which Kolakoski introduced in [19], is the infinite
sequence over the alphabet 3 = {1, 2}, which starts with 2 and equals the sequence
defined by its run lengths:

S INIPEIRT I RPN |-
2 2 1 1 2 1 2 2 1 2 2 .
Here, a run is a maximal subsequence of consecutive identical symbols. The Kolakoski
sequence K has received a remarkable attention in [1,2,3, .- 26]. For research sit-
uations of the Kolakoski sequence K and related problems before 1996, readers can
refer to Dekking [12].

Keane [17] asked whether the density of 1’s in K is 0.5. Chvéatal [9] proved that
the upper density of 1’s as well as the upper density of 2's in K is less than 0.500838.
Steacy [24] studied the structure in the kolakoski sequence K and obtained some
conditions which are equivalent to Keane’s problem.

In order to study wether the Kolakoski sequence K is recurrent and/or is closed
under complement, Dekking [11] introduced the notion of C'*°-words over the alphabet
{1,2} for the first time and noted that the finite factors of K must be C'*°-words.
Moreover, he proved that there exists a suitable positive constant ¢ such that c¢-n?' <
v(n) < n™? and conjectured that there are suitable constants c; and ¢, such that
cin? < Pg(n) < eon?, where y(n) denote the number of C*°-words of length n, Pk (n)
denote the number of subwords (factors) of length n which occur in the Kolakoski
sequence K, ¢ = (log3)/log(3/2).

Weakley [26] showed that there are positive constants C; and Cy such that for
each n satisfying B(k — 1) +1 < n < A(k) + 1 for some k, Cin? < y(n) < Cynd,
where A(k), B(k) denote respectively the minimum and the maximal length of FE
words of height & ( [26] Corollary 9).

Huang and Weakley [15] proved that for any positive number ¢ and positive integer
ng satisfying |uls/|u| > 1 — ¢ for each LDE word u of length exceeding ng, there are

two suitable constants ¢; and ¢o such that
log 3 log 3
c1n G+ < y(n) < con™esG/2-9 for each n € N.

With the best value known for ¢, and large N, this gives

Cln2.7087 < ,}/1’2(,”) < an2'7102.



A naturally arising question is whether or not we can establish the estimates of
subword complexity function of smooth words for the other 2-letter alphabets. This
paper is a study of subword complexity function of smooth words for any 2-letter
alphabets (Theorem 10). We establish the bounds of minimal and maximal heights
of smooth words of length n (Lemma 9), the best bounds of minimal and maximal
heights of smooth words of length n for 2-letter even alphabets (Lemma 13) and the
good lower and upper bounds of the subword complexity function ~,(n) for 2-letter
even alphabet {a,b} (Theorem 14), which would give 7,,(n) A cnlos(—1)/los %5
where c is a suitable constant.

The paper is structured as follows. In Section 2, we shall first fix some notations
and introduce some notions. Second in Section 3, we give some lemmas which are
needed to establish the estimates of the complexity function for arbitrary 2-letter
alphabets. Third, in Section 4, we obtain the lower and upper bounds of the subword
complexity function of smooth words. Moreover, in Section 5, we establish the good
lower and upper bounds of the subword complexity function ~,(n) for 2-letter even

alphabets. Finally, in Section 6, we end this paper with some concluding remarks.

2. Definitions and notation

Let ¥ = {a,b} with a < b and a, b being positive integers, >* denotes the free
monoid over Y with € as the empty word. A finite word over ¥ is an element of ¥*.
If w=wwsy-- w,, w, € X fori=1,2,--- n, then n is called the length of the word
w and is denoted by |w|. Let |w|, be the number of a which occur in w for a € ¥,
then |w| = |w|q + |w]p.

Given a word w € ¥*, a factor (or subword) u of w is a word u € ¥* such that
there exist x,y € X* such that w = zuy. If x = € then u is called prefiz. A run (or
block) is a maximal factor of the form u = o, a € ¥. Finally, N is the set of positive
integers and the cardinal number of A is denoted by |A| for a set A.

The reversal (or mirror image) of u = uqus - - - u, € L*is the word & = wpty_1 - - - Usg
ui. The complement (or permutation) of u = wjug-+-u, € X is the word u =
Uy Us - - - Uy, where a = b, b = a.

Now we generalize the definition of differentiable words, which Dekking first in-
troduced in [11], to over arbitrary 2-letter alphabet {a, b} from the alphabet {1, 2}.

To do so, for w € ¥*, r(w) denotes the number of runs of w, fr(w) and Ir(w)



denote the first and last runs of w respectively, and Ifr(w) and llr(w) denote the
lengths of the first and last run of w respectively. For example, if w = a?b*a®b?, then
r(w) =4, fr(w) = da?, Ir(w) =3, Ifr(w) = 2 and lir(w) = 3.

Then we first need to introduce the concept of the closure of a word w over ¥ in

order to establish the notion of differentiable word for arbitrary 2-letter alphabets.
Definition 1. Let w € ¥* and

w = ao"a... g%, (2.1)

w, Ifr(w) < a and llr(w) < a
. ab~hw, Iifr(w) > a and llr(w) < a
v wfph Ifr(w) < a and lir(w) > a
b=t fr(w) > a and llr(w) > a

Then w s said to be the closure of a word w.

For example, let w = 3311133313133311133, v = 3313133311, then u is a factor
of w, and w = 333111333131333111333, & = 333131333111. Thus @ is a factor of w,

which also holds in general (see Lemma 3 (1)).

Definition 2. Let w € X* be of the form (2.1). If the length of every run of w
only takes a or b except for the lengths of the first and last runs, then we call that w
is differentiable, and its derivative, denoted by D(w), is the word whose jth symbol
equals the length of the jth run of w, discarding the first and/or the last run if its
length is less than b.

If w is differentiable, then we call that w is closurely differentiable. If a finite word
w is arbitrarily often closurely differentiable, then we call w a Cg3-word or a smooth
word over the alphabet {a,b}, and the set of all smooth words over the alphabet
{a, b} is denoted by g5, or C.

Let p(w) = D(w), then it is clear that w is a smooth word if and only if there is
a positive integer k such that p*(w) = e.

Note that if b = a + 1 then w = w. Thus, w is differentiable if and only if w is
closurely differentiable, which suggests that w is a smooth word if and only if there

is a positive integer k such that D*(w) = e.



By the definition 2, it is clear that if b —a > 2 and a # 2, then a®~'b%a®*~"' is
differentiable but not closurely differentiable. Moreover, D is an operator from ¥* to
¥ r(w) < |D(w)| + 2 and

bD(w), b>Ifr(w) > aand lir(w) <a
D() = D(w)b, b > llr(w) > a and Ifr(w) <a (2.2)
a bD(w)b, b> Ifr(w) > aand b> llr(w) >a '

D(w),  otherwise

From (2.2), it follows that if w is closurely differentiable, then it must be differentiable.

A word v such that D(v) = w is said to be a primitive of w. The two primitives
of w having minimal length are the shortest primitives of w. For example, b have 2b
primitives of the form a’a’a?, where o = a,b, i,7 = 0,1,---b— 1, and a’, b° are the
shortest primitives. It is easy to see that for any word w € C*°, there are at most 2b>
primitives, and the difference of lengths of two primitives of w is at most 2(b — 1).

The height of a smooth word w is the smallest integer k such that D*!(w) = e.
We write ht(w) for the height of w. For example, if w = 32333233222322333233, then
ht(w) = 3.

It immediately follows from the definition 2 that

(1) D(@) = D(u), D(a@) = D(u) for each u € *

(2) w e C® <= w,w € C™.

3. Some lemmas

The following Lemmas 3 to 5 reveal the relations among the operators mirror image,

complement, closure and derivative.

Lemma 3 ([16], Lemma 5). Let w be a differentiable word and w is a factor of w.

and w are factors of w;

W= W, = W;

D(u) is a factor of D(w);

4) If w 1s closurely differentiable, then both p(u) and D(w) are factors of p(w),
and p(i) = p(w). p() = p(w),



Proof. (1) From the definition 1 of the closure of a word, it follows the assertion
(1).

(2) It immediately follows from the definitions of the closure, complement and
mirror image of a word w and the definition of the operators p.

(3) Since w is a factor of w, by the definition 2 of the derivative of a word w, we
see that D(u) is a factor of D(w).

(4) Since w is closurely differentiable and p(w) = D(w), by the assertion (1),
and w are both factors of w. Moreover by the assertion (3), we see that D(a) and
D(w) are factors of D(w), that is, both p(u) and D(w) are factors of p(w). Finally,
by the assertion (2), we have p(w) = D(w) = D) = D(w) = p(w). Similarly,
p(@) = D(i) = D() = D(@) = p(w). O

From the definitions 1-2, it immediately follows that

Lemma 4 ([16], Lemma 6). Let w = wywsy - - -w, be a differentiable word with n >
a+1.

(1) If Ifr(w) = b then wiw is not a differentiable word and D(wiw) = D(w) for
i<b—1;

(2) If Ifr(w) < b then D(w? "™ w) = bD(w);

(3) If Ifr(w) < a and r(w) > 1 then D(wyw' "™ w) = aD(w). O

Lemma 5 ([16], Lemma 7). (1) Let w = wywsy - --w, be a smooth word. Then any
factor of w is also a smooth word;
(2) Any smooth word w = wyws - - - w, has both a left and a right smooth exten-

S1ONS.

Proof. (1) If w is a smooth word and u is a factor of w, then note that w €
C> <= pF(w) = ¢ for some positive integer k, by Lemma 3 (4), we obtain that p(u)
is a factor of p'(w) for any positive integer i < k. And hence p*(w) = & suggests
p*(u) = €, so that u is a smooth word.

(2) We verify the assertion (2) by induction on |w|. Since D(w) = l%, we only
need to verify that w has a left smooth extension. It is clear that if r(w) < 1, where
r(w) is the number of runs of w, then the assertion (2) holds. We proceed to the
induction step. Assume now that r(w) > 2 and the assertion (2) holds for smooth
words shorter than w.

If Ifr(w) < a then by Lemma 4 (2-3), we have D(ww! " w) = aD(w) and
D(w? "™y = bD(w). Thus by |D(w)| < |w|, we see that at least one of aD(w)

and bD(w) is a smooth word, which means that w has a left smooth extension.

6



If b > [fr(w) > a, then by w € C'*, we obtain that @ is a left smooth extension
of w.

If b = Ifr(w), then by Lemma 4 (1), we see that wjw is a left smooth extension of
w. U

Now we are in a position to generalize the notion of LDE words to over arbitrary
2-letter alphabets from the alphabet {1, 2}, which Weakley first introduced in [26].

If aw and bw are both smooth, then the word w is said to be left fully extendable
(LFE). Clearly, LFE words are closed under complement. For every nonnegative
integer k, let LF}, denote the set of LFE words of length k.

Let 7v45(k) denote the number of smooth words of length & over the alphabet
{a,b}. Being similar to Weakley [26], define the differences of ~,; by 7;,b(k) =
Yap(k+1) —vap(k) for each k > 0. From the definition of LFE words, it immediately
follows that fy[hb(k;) = |LFy| for each nonnegative integer k. Since v(0) = 7'(0) = 1,
SO

k—1 k—1 k—1
Yoo (k) = %ap(0) + > 7,,(0) =1+ > |LF| =2+ |LF|fork>1. (3.1)
=0

i=0 i=1
Lemma 6. Let w = wywy - - - wy be a smooth word, where k € N. Ifw is a LFE word
then D(w) is also a LFE word, and if k > b or r(w) > 1 then w = wiwgiy . .. wg,

where wy # Wqy 1.
Proof. Assume that w is a LFE word of length exceeding 0. If £ = |w| < b then
t

it follows from both wyw and wiw being smooth words that w = a®... 3% 57, where
a€X, f=aif 21t otherwise S =a, 0< j,t<b—1, j+t>1, k=t -a+j.
So D(w) = a7t if j,t > 1, or else D(w) = . So, in view of t < b we see that
aD(w) and bD(w) are both smooth words, that is, D(w) is a LFE word.

If £ > b, since wyw is a smooth word, we get [fr(w) < b, which suggests that
W = WiWqt1 - .. W and we41 # wy by wyw € C*°. Moreover, note that each smooth
word has a left smooth extension (Lemma 5 (2)), from wyw, wiw € C* it follows that
aD(w)(= D(ww)) and bD(w)(= D(w} *w)) are both smooth words, that is, D(w)
is a LFE word. [J

Let LF' denote the set Ej LF; and P(A) ={u € LF : |u| > 0 and D(u) € A} for

=0

2

A C 3*. We now give the number of the elements contained in P7(¢) for j € N.

Lemma 7. |P/(g)| = 4(b—1)(20 — 1)~ for j € N.



Proof. By Lemma 6 and the definition of P(A), we see that P7*!(e) is exactly
composed of all LFE primitives of P7(e).
Since for each LFE words of the form «...b there are exactly 2b LFE primitives:

B“Agl(oz b,

where a, €Y, j=0,1,....,b—1;y=Bif 2| |a...b|, or else v = /3.
for each LFE words of the form «...a there are exactly 2(b — 1) LFE primitives:
B“A;l(a L)y,
where o, B€ %, j=1,....,b—1;y=Bif 2| |a...a|, or else y = 3.

In addition, because of a...b = &...a, we see that the numbers of LFE words of
the form both «...b and «...a are equal in all LFE words of the same heights. It
follows that

PO = 2P 42— 1) 4 |PI)

= (2b—1)|P""*(g)| for j € N,
which suggests that
|P(e)] = (2b = 1) P(e)]. (3.2)

Since the primitives of € are of the form o‘a’, where 0 < i,7 <b—1and i+ j > 1,
so by a(a‘a’) € C*, we get that if i > 1and j > 1 theni =a, j =1,2,...,0— 1,
if i > 1 and j = 0 then o', aa’ € C*°, which suggests 1 <i < b — 1. Thus ¢ have
exactly 4(b — 1) LFE primitives. Thus (3.2) gives the desired result. [J

Lemma 8. Let & be a positive real number and ng a positive integer such that
lulp/|u| > & for every LFE word u of length exceeding ny. (3.3)

Then

(1) |D(w)| < ajw| for each LFE word w with |w| > Ny, where o = 1/(1 + (a +
b—2)), Ny is a suitable positive integer.

(2) |w| < B|D(w)| + q for each LFE word w, where =1+ (a+b—2)(1 —¢), q

1s a suitable positive constant.

Proof. (1) Since the complement of any smooth word is still a smooth word of the

same length and |u|, = |y, the hypothesis (3.3) of Lemma 8 means that
|ulo/|u| > € for every LFE word u with |u| > ny. (3.4)

8



It is easy to see
lw| = |D(w)|+ (a—1)|D(w)|s+ (b—1)|D(w)|p+¢, where 0 < ¢ <2(b—1).(3.5)

From (3.3) to (3.5), one has |w| > (1 + (a + b — 2)&)|D(w)| for |D(w)|p/|D(w)| > &,
which implies |D(w)| < a|w| for every LFE word w with |w| > Ny, where Ny is a
suitable positive integer such that |D(w)| > ng as soon as |w| > Np.

(2) As |D(w)lo/|D(w)| + | D(w)|p/|D(w)| = 1, from (3.3) and (3.4) ones get

|D(w)]./|D(w)| < 1—¢ for each LFE word w with |w| > N, (3.6)
|D(w)|p/|D(w)] < 1—=¢ for each LFE word w with |w| > Nj. (3.7)

So, from (3.5) to (3.7) it follows that |w| < B|D(w)| + 2(b — 1) for |w| > Ny, which
means that (2) also holds. [J
The next lemma establishes the bounds of the heights of C*°-words of length n,

which is of independent interest.

Lemma 9. Let ht,q.(n) and ht . (n) denote respectively the mazimal and the min-
imal heights of LFE words of length n, then for any positive number & and positive
integer ng satisfying |ulp/|u| > & for each LFE word u with |u| > ng, there are two

suitable constants t; and ty such that for every positive integer n, one has

logn
(n) log(1+(a+0b—2)(1-¢)) ! (3:8)
logn
ht oz < + to, 3.9
(n) log(1+ (a+b—2)¢) (3.9)
where t; = —%, q and 3 are determined by Lemma 8 (2).

Proof. First, one checks (3.9). Since |D(w)| < |w| for each |w| > 0, and |D(w)| <
alw| for each LFE word w satisfying |w| > Ny by Lemma 8 (1).

Let kg — 1 be the greatest height of all LFE words of length< Ny and mg is the
least positive integer such that if |w| = mg, then the height of each LFE word w is

no less than kg. Thus for every LFE word w, if |w| > my, then one can get
| DF(w)| < o *0|w| for k > k.
Hence

|IDF(w)| <1 assoonas o ™w| <1

>k =>log(|w[)/log(1/a) + ko,

9



which means that the height £—1 of w is smaller than log(|w|)/log(14(a+b—2)&)+ k.
Since there are only finite many LFE words satisfying |w| < my, so there is a suitable
constant ¢y such that (3.9) holds for each LFE word.

Second, by Lemma 8 (2), one has |w| < S|D(w)|+ ¢ for each LFE word w, where
f=1+(a+b—2)(1—=¢), qis asuitable constant, which means that

kE_
ul < B0 + a5
ﬁk
< 2(b—1)8"+ 5.1
= QO-1+ 58"
= m/Bk7

where m = 2(b— 1) + q/(5 — 1), k is the height of w. Thus the length |w| of a LFE
word w of height % is less than m/3*, and it follows that

k > (log |w| — logm)/ log 53,

which gives the desired lower bound of ht,,;,(n), where t; = —logm/log . O
Remark 1. (1) From (3.3) and (3.4) it immediately follows that the positive real
number ¢ satisfying the condition (3.3) must be smaller than 1/2.

(2) From the proof of Lemma 8 we easily see that if we substitute LFE words
in Lemma 8 with some infinite subclass of smooth words, which is closed under
complement, then the corresponding result also holds.

(3) From the proof of Lemma 9 we see that if we replace LFE words in Lemma 9
with some infinite subclass of smooth words, which is closed under both complement

and the operator D, then the corresponding result still holds.

4. The subword complexity of smooth words

Now, we can establish our main result on subword complexity function 7,4(n) of

smooth words over 2-letter alphabets.

Theorem 10. For any positive real number & and positive integer ng satisfying
lulp/|u| > & for every LFE word u with |u| > ng, there ezist two suitable constants

c; and co such that
log(2b—1) log(2b—1)
cyn e+ t=21-8) < %b(n) < ¢y loe(T+(aFo=2)8)

for every positive integer n.

10



Proof. First, from the definition of ht,,..(n), one sees that the length of LFE
words of the height larger than ht,,..(n) must be larger than n. Thus U 'LF; C
U?t:ml”(")Pj(e). So from (3.1) and Lemma 7, for any n € N, one has

n—1
’}/a,b(n) = 2+ Z |LE|

htmaz(n
< 24 Z |Pi(e
htmax(n
= 2+ Z 4(b—1)- (20— 1)
= 2-(2b—1)htw<">. (4.1)

So combining (3.9) and (4.1) yields the desired upper bound of ~,(n), where ¢y =
2(2b — 1)t

Second, from the definition of ht,,;,(n), it follows that the length of all LFE words
with the height no more than ht,,;,(n) — 1 must be less than n. Thus, again from

(3.1) and Lemma 7, for any n € N one can get

n—1
Yap(n) = 2+ Y |LF]
i=1
k
2+ Z |Pi(e)

= 2+Z4 b—1)- (20— 1)~

v

= 2~(2b—1), (4.2)

where k = ht,n(n) — 1. Thus, the desired lower bound of v,,(n) is obtained from
(3.8) and (4.2), where ¢; = 2(2b — 1)"71, ¢; is decided by Lemma 9. [J
Remark 2. Theorem 10 indicates that only if we could get lower and upper bounds
of letters frequency of LFE words, then correspondingly we could obtain an estimate
of subword complexity function 7, ;(n) of smooth words.

Taking ¥ = {1,2} in Theorem 10, we obtain

Corollary 11. For any positive number £ and positive integer ng satisfying |uls/|u| >
¢ for each LDE word u with |u| > ng, there exist two suitable constants ¢; and cy such
that

log 3 log 3
c1 - nle=8 < 7 9(n) < ¢g - nPE0FD for each n € N.

11



It is obvious that Corollary 11 suggests the main Theorem 1 in [15].

5. The subword complexity of smooth words on 2-
letter even alphabets

Lemma 12. If w is a 2-times differentiable finite word over 2-letter even alphabet

{a,b}, then

(1) [Jwla = |wls] < b;

) J g ek L
@5~ STl S22

o fwle w1
3) lim = — =

(4) plD(w)| = @2 < [w| < p|D(w)| + ¢,
where ¢ = (p— 1)b+2(b—1), g2 = (p— 1)b, p = 4.

Proof. It is obvious that (1) = (2) = (3). So we only need to check (1) and (4).

(1) Since w € C%,, we have D*(w) € ¥*. Thus D*(w) = o''a"--- ", where
aeX t;e Nfori=1,2--- k,and if 2 | k then § = &, otherwise § = «. It follows
that

t1 to iy

A — _JL ~ /_/%
AJII(D%U)) = 7?71”"72a7§7_2a'"73a"'7/f“7k6"'71§+1% (5.1)
D(w) = HAIHD*(w))yl4s (5.2)

where 0 <i, j <b—1,~ € ¥ and if 2 | ¢, then 7,411 = Y Or €lse Vi1 = Y-

Note that a and b are both even numbers, from (5.1) it immediately follows

«@ o B
ATHAZH D () =477+ AT T T T g0 (5.3)
where a75777717 Ykt € 2.
Then (5.3) gives
NV . 1
[ATHAL (D (w)))]a = [ATHAL (D )y = 5- (5-4)

12



Now from (5.2) ones get
w = A7 (D))"
= A AN AL D (w))A (Vg0 (5.5)

where 0 <4, j,¢1,¢0 <b—1, p=Eif 2 | iorelse p =& n=_Eif 2| (i+j) or else
n = &£. Note that

1€ A (TD)la — €2 AF ()] < D,

1A (V)0 e — 1A (V)™ l] < 0.
And if

A7 ()l > €2 AT (31
then

A )12 e < A (30 ae

Thus combining (5.4) and (5.5) produces the desired result (1).
(4) From (1) it immediately follows that

lwle — b < |wlsg < |w|o + b for a € X. (5.6)
Since |w| = |w|q + |w|a, from (5.6) we get

jw| b jw| b

— —=< <— 4+ f X .

5 2_|w|a_ 2+20ra€ (5.7)

So, combining (3.5) and (5.7) gives the desired result (4). O
From Remark 1 and Lemma 12 (4), we can establish the following useful bounds

of the heights of smooth words of length n for 2-letter even alphabets.

Lemma 13. Let a,b be both even numbers. Then there are two constants tq,ty such

that for each positive integer n, ones have

logn
At i > t1, 5.8
") > et (53)
logn
ht maz < to, 5.9
M) < ettt (59)
where

13



log(£=3b)

ty=2—
log p

_a+b
p_ 2 I

—2.3347 < — 10%13 <t < —1,0.7944 < 2 — 1°g20 <ty <2 — 1°g2 ~ 1.36907.

Proof. First, from the proof of (3.8) and the right half part of Lemma 12 (4) it

immediately follows the desired lower bound of ht,,;,(n), where

4(b-1)
log(3b — 2+ 5=)

b+a

1= —

log =5

Thus

log b
tl < logib_i_b - —]_,

and if a = b — 2 then
2(b—1
log(3b — 2 4 221

= — — —1(0 = 00).
! log(b—1) ( %)
If b =4 then a = 2, which means t; = —lffglgs. For b > 4, we have

In(3h — 2 + 21
tl Z - b-i-_2 b

In >
In 3b242b—4
Let
24 20—4 2
g0) =3l 22T g 22
b 2
then
362 +4 In13

g0 =M 1 by o
By Maple, we easily see that the roots of the equation 3(In3 —In13)b% + (61n 3 —
21n13)b? +4(In 3+1n 13)b+81n 3 = 0 are approximately equal to -1.003,-0.894, 2.229.
Hence, since ¢’(4) < 0 and ¢'(b) is continuous in [4, +00), we obtain ¢'(b) < 0 for all
b > 4. Therefore g(b) < g(4) = 0, which suggests

In #42=1 15013

b4+2
2

In ~ log3

14



Then (5.10) gives t; > —1fogg1§’.
Second, we use an argument similar to the proof of (3.8) to obtain the upper
bound of ht,,..(n). Note that if ht(w) > 2, then |w| > 2b. Then from the left half

part of Lemma 12 (4), we get
1
|D(w)| < ;|w| +b. (5.11)

Now assume w is a smooth word of length n with height k larger than or equal to 2.

Since ht(w) > 2, from (5.11), we arrive at

26 < |DFE(w)
1
< ;\Dk‘3(w)|+b

1 1
< =|D*Yw)|+ =b+b
p? p

1 1,1
< pk_2|w|+pk_3b+---+ﬁb+;b+b

1 1

Thus

P2 < M, where T = ——
T

which means

logn Lo logT.
log p log p
Note that the length n of a smooth word of height 1 is greater than or equal to

a—+2 >4, so

k< (5.12)

4(p—1)
] 1 log 72—
BN 5 08T 5oy U g
log p log p log p

which means (5.12) holds for every smooth word. Now from (5.12) it immediately
follows the desired upper bound (5.9) of hte.(n).

From
b—3?2—(a—1)*-8>0forb>a+4,
we get
(b—a)(a+b—4) >2(a+b),

15



which means

log(2=2b log 2
7(’)_1 ) >1> 8 for b > a + 4.
log p log 3
Thus if b > a + 4 then t5 < 2 — iggg ~ 1.36907.

Ifb=a+2then p=a+1, so

Iy (e=D(a+2)
S PRV
Let
f(a) =1n(3)In %‘f“”) —In(2) In(a + 1)
then
, - a’+2 _ In2
fla) = () (a—1)(a+2)a a+1
a’+2 1
> WO e ax
— () da + 2

(a> = 1)(a+2)a
> 0 for every a > 1.
Hence, f(a) > f(2) = 0 for each a > 2, that is,
Iy (=D(a+2)
—2 > f ha>?2
m(a+1) —Ing o Ha=%

log 2

which also gives the desired result ¢, < 2 —

Finally, machine computation shows

log 20
ty>2— 2= for b < 58,
log 12
Moreover, in view of a < b, we obtain
log b
ty>2— 257
log 5

16
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Inb
h(b) =2 — ln—b (5.15)
)
then
Llnb—1Int
h’(b):%>0forbz4.
1’1_
2
which means
- log 20

h(b) > h(60) ~ 0.7962 > 2 for b > 60.

log 12
Thus (5.13), (5.14) and (5.15) give the desired lower bound of the constant ¢,. [J

Theorem 14. Let a,b be both even numbers. Then there exist two suitable constants
c1, Co such that

log(2b—1) log(2b—1)
Clnlog(a«kb)flogZ S rya7b(n) S C2nlog(a+b)710g2’

where c; = 2(2b — 1)1 ¢y = 2(2b — 1)%2, ¢, ty are determined by Lemma 13.

Proof. From the proof of Theorem 10 we easily see that (4.1) and (4.2) always hold.
Thus combining (5.8) and (4.2) gives

log(2b—1)
fya b(n) Z Clnlog(a+b)710g2 X

Similarly, from (5.9) and (4.1) it follows

log(2b—1)
f}/a7b(n) S C2nlog(a+b)7log2. |:|

6. Concluding remarks

To establish the estimates of subword complexity function of smooth words to follow
our thoughts and methods is an interesting problem for large alphabets >3, containing
n letters, where n > 3.

For the 3-letter alphabet X3 = {2,4,6}, let

w; = 6422°69456%2046
wy = 4206°45652049
wy = 4256°45652°,
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v = 452%6%
vy = 256°266520694%62,
vy = 20452267

u = 2%6%45,
uy = 4%2%622%622%6%4°,
us = 224262,

then D(w;) = 26°, D(wy) = 6%, D(ws) = 6°, D(v;) = 62, D(vy) = 6%°4, D(v3) = 6°2,
D(uy) = 26, D(ug) = 256, D(u3) = 2, we easily see that each of wy,wy and w3 has
only one left smooth extension and D(w;) has exactly i left smooth extensions for
i =1,2,3; each of vy, vy and v3 has exactly two left smooth extensions and D(v;) has
exactly ¢ left smooth extensions for ¢ = 1, 2, 3; each of uy, us and us has exactly three
left smooth extensions and D(u;) has exactly i left smooth extensions for i = 1,2, 3.
Thus for large alphabets containing at least three letters, the estimates of factor
complexity function of smooth words become more complicated than the case for 2-
letter alphabets.
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