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UNIQUENESS OF THE FOLIATION OF

CONSTANT MEAN CURVATURE SPHERES

IN ASYMPTOTICALLY FLAT 3-MANIFOLDS

Shiguang Ma

Abstract

In this paper I study the constant mean curvature surface in asymp-

totically flat 3-manifolds with general asymptotics. Under some weak

condition, I prove that outside some compact set in the asymptotically

flat 3-manifold with positive mass, the foliation of stable spheres of con-

stant mean curvature is unique.

1 Introduction

A three-manifold M with a Riemannian metric g and a two-tensor K is called
an initial data set (M, g,K) if g and K satisfy the constraint equations

Rg − |K|2g + (trg(K))2 = 16πρ

divg(K)− d(trg(K)) = 8πJ (1.1)

where Rg is the scalar curvature of the metric g, trg(K) denotes gijKij , ρ is the
observed energy density, and J is the observed momentum density.

Definition 1.1. Let q ∈ (12 , 1]. We say (M, g,K) is asymptotically flat (AF) if

it is a initial data set, and there is a compact subset K̃ ⊂ M such that M \ K̃
is diffeomorphic to R3 \B1(0) and there exists coordinate {xi} such that

gij(x) = δij + hij(x) (1.2)

hij(x) = O5(|x|−q) Kij(x) = O1(|x|−1−q) (1.3)

Also, ρ and J satisfy

ρ(x) = O(|x|−2−2q) J(x) = O(|x|−2−2q) (1.4)
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Here, f = Ok(|x|−q) means ∂lf = O(|x|−l−q) for l = 0, · · · , k. M \ K̃ is
called an end of this asymptotically flat manifold.

We can define mass for the asymptotically flat manifolds as follows:

m = lim
r→∞

1

16π

∫

|x|=r

(hij,j − hjj,i)v
i
gdµg (1.5)

where vg and dµg are the normal vector and volume form with respect to the
metric g. From [1],we know the mass is well defined when q > 1/2.

Definition 1.2. We say (M, g,K)is asymptotically flat satisfying the Regge-
Teitelboim condition (AF-RT) if it is AF, and g,K satisfy these asymptotically
even/odd conditions

hoddij (x) = O2(|x|−1−q) Keven
ij (x) = O1(|x|−2−q) (1.6)

Also, ρ and J satisfy

ρodd(x) = O(|x|−3−2q) Jodd(x) = O(|x|−3−2q) (1.7)

where fodd(x) = f(x)− f(−x) and feven(x) = f(x) + f(−x).
For (AF-RT) manifolds, the center of mass C is defined by

Cα =
1

16πm
lim
r→∞

(

∫

|x|=r

xα(hij,i−hii,j)vjgdµg−
∫

|x|=r

(hiαv
i
g−hiivαg )dµg). (1.8)

From [3], we know it is well defined.
The constant mean curvature surface is stable means the second variation

operator has non-negative eigenvalues when restricted to the functions with 0
mean value, i.e.

∫

Σ

(|A|2 +Ric(vg, vg))f
2dµ ≤

∫

Σ

|∇f |2dµ (1.9)

for function f with
∫
Σ
fdµ = 0, where A is the second fundamental form, and

Ric(vg, vg) is the Ricci curvature in the normal direction with respect to the
metric g.

We discuss the existence and uniqueness of constant mean curvature spheres
that separate the origin from the infinity in the AF-RT manifolds. The following
two theorems are due to Lan-Hsuan Huang [2]:

Theorem 1.3. (Existence) If (M, g,K) is the AF-RT with q ∈ (12 , 1], there
exists a foliation by spheres {ΣR} with constant mean curvature H(ΣR) =
2
R +O(R−1−q) in the exterior region ofM . Each leaf ΣR is a c0R

1−q-graph over
SR(C) and is strictly stable.

Set r(x) = (Σ(xi)
2)1/2. For the constant mean curvature sphere Σ which

separates infinity from K, we define

r0(Σ) = inf{r(x)|x ∈ Σ}
r1(Σ) = sup{r(x)|x ∈ Σ} (1.10)
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Theorem 1.4. (Uniqueness) Assume that (M, g,K) is AF-RT with q ∈ (12 , 1]
and m > 0. There exists σ1 and C1 so that if Σ has the following properties:

• Σ is topologically a sphere

• Σ has constant mean curvature H = H(ΣR) for some R ≥ σ1

• Σ is stable

• r1 ≤ C1r
1
a
0 for some a satisfying 5−q

2(2+q) < a ≤ 1

then Σ = ΣR.

Our main uniqueness result is

Theorem 1.5. Suppose (M, g,K) is AF-RT 3-manifold with positive mass, and

g can be expressed on the end M \ K̃ as follows:

gij = δij + h1ij(θ)/r +Q (1.11)

where θ = (θ1, θ2) is the coordinate on S2 ⊂ R3. If g satisfies the following
properties:

• h1ij(θ) ∈ C5(S2)

• Q = O5(|x|−2)

Then for any k > 2, there exists some ε > 0 depending on k such that if

‖hij(θ)− δij(θ)‖Wk,2(S2) ≤ ε, (1.12)

there is a compact domain K̃ such that if a foliation {Σ} of stable constant

mean curvature spheres which separates infinity from K̃ have

lim
r0→∞

log(r1(Σ))

r0(Σ)1/4
= 0 (1.13)

then this foliation is the same one as in Theorem1.3.

Remark 1.6. If we replace ‖hij(θ)−δij(θ)‖Wk,2 ≤ ε by ‖hij(θ)−Cδij(θ)‖Wk,2 ≤
ε for any constant C > 0, we can also get this theorem, but ε will depend on k
and C.

Remark 1.7. RT condition is needed to apply the theorems of Huang and if
we assume the scalar curvature satisfies R = O(r−3−ε) for some ε > 0, then we
do not need the constraint equation.

Remark 1.8. Here I can only deal with the case when q = 1. When q ∈ (1/2, 1)
it seems that ‖hij(θ)− δij(θ)‖Wk,2(S2) ≤ ε is not a proper condition.

The above theorem is about the uniqueness of the foliation. For the unique-
ness of a single CMC sphere we have:
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Corollary 1.9. We assume the same condition on the metric as the above
Theorem. Then for any constants C > 0 and β > 0, there exist some compact
set K(C, β) ⊂ M , such that any stable sphere Σ that separates K(C, β) from
the infinity with

(log(r1(Σ)))
1+β

r0(Σ)1/4
≤ C (1.14)

belongs to the foliation in Theorem 1.3.
The paper is organized much like [9]: In Section 2 we do apriori estimate

on the stable constant mean curvature sphere based on the Simon’s identity. In
Section 3, we introduce blow-down analysis in three different scales. In Section
4 we recall the asymptotic analysis from [10] and prove a technical lemma. In
Section 5 we introduce the asymptotically harmonic coordinate. In Section 6
we introduce a sense of the center of mass and prove the theorem.

2 Curvature estimates

From now on let Σ be a constant mean curvature sphere in the asymptotically
flat end (M, g)which separates the origin from the infinity. First we have the
following estimate as Lemma 5.2 in [5].

Lemma 2.1. Let X = xi ∂
∂xi be the Euclidean coordinate vectorfield and r =

(Σ(xi)2)1/2 and with respect to the metric g, v is the outward normal vector
field , dµ is the volume form of Σ. Then we have the estimate:

∫

Σ

< X, v >2 r−4dµ ≤ H2|Σ| (2.1)

Moreover for each a ≥ a0 > 2 and r0 sufficiently large , we have:

∫

Σ

r−adµ ≤ C(a0)r
2−a
0 H2|Σ| (2.2)

Proof. Because the mean curvature H is constant, then for some smooth
vector field Y on Σ , we have the divergence formula:

∫

Σ

divΣY dµ = H

∫

Σ

< Y, v > dµ. (2.3)

We choose Y = Xr−a , a ≥ 2 and eα is the orthonormal basis on Σ , α = 1, 2.
Suppose eα = aiα

∂
∂xi , it is obvious that aiα is bounded because the manifold is

asymptotically flat. Then we have:

divΣY = divΣ(Xr
−a) =< ∇eα(Xr

−a), eα >

= r−adivΣX − ar−a−2aiαa
j
αx

ixj +O(r−a−q)

= r−adivΣX − αr−a−2|Xτ |2 + O(r−a−q) (2.4)
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where Xτ is the tangent projection of X .

|divΣX − 2| = O(r−q) (2.5)

Note that|Xτ |2 = r2− < X, v >2 +O(r2−q) , then combine all of these we
have:

|(2− a)

∫

Σ

r−adµ+ a

∫

Σ

< X, v >2 r−a−2dµ−H

∫

Σ

< X, v > r−adµ|

≤ C

∫

Σ

r−a−qdµ (2.6)

Choosing a = 2 , from Hölder inequality , we have:

∫

Σ

< X, v >2 r−4dµ ≤ 1

4
H2|Σ|+ C

∫

Σ

r−2−qdµ (2.7)

then choose a = 2 + q ,

∫

Σ

r−2−qdµ ≤ 4r−q
0 (

∫

Σ

< X, v >2 r−4dµ+H2|Σ|+ C

∫

Σ

r−2−qdµ) (2.8)

then combine this with (2.7),we have:

∫

Σ

< X, v >2 r−4dµ ≤ H2|Σ| (2.9)

then again from (2.6), we have for a ≥ a0 > 2, we derive:

∫

Σ

r−a ≤ C(a0 − 2)−1r2−a
0 H2|Σ| (2.10)

Then we can derive the integral estimate for |Å| from the stability of the
surface as in [5] Proposition 5.3, i.e. we have

Lemma 2.2. Suppose Σ is a stable constant mean curvature sphere in the
asymptotically flat manifold. We have for r0 sufficiently large

∫

Σ

|Å|2dµ ≤ Cr−q
0 (2.11)

H2|Σ| ≤ C (2.12)
∫

Σ

H2dµ = 16π +O(r−q
0 ) (2.13)

Proof. Since Σ is stable , we have

∫

Σ

|∇f |2dµ ≥
∫

Σ

(|A|2 +Ric(v, v))f2dµ (2.14)
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for any function f , with
∫
Σ
fdµ = 0, where A is the second fundamental form

of Σ and Ric is the Ricci curvature of M
Choose ψ to be a conformal map of degree 1 from Σ to the standard S2 in

R3. Each component ψi of ψ can be chosen such that
∫
ψidµ = 0 , see [8] . We

have for each ψi

∫

Σ

|∇ψi|2dµ =
8π

3
(2.15)

since
∑
ψ2
i ≡ 1 we conclude that

∫

Σ

|A|2 +Ric(v, v)dµ ≤ 8π (2.16)

From Gauss equation

1

2
|A|2 +Ric(v, v)− 1

2
R+K =

1

2
H2 (2.17)

we have:

|A|2 +Ric(v, v) =
1

2
|Å|2 + 3

4
H2 +

1

2
R−K (2.18)

where K is the Gauss curvature of Σ and Å is defined as Åij = Aij − H
2 gij

Then we have:

∫

Σ

1

2
|Å|2 + 3

4
H2|Σ| ≤ 12π + r−q

0 H2|Σ| (2.19)

because R = O(r−2−2q).
So we have H2|Σ| ≤ 16π.
Using the Gauss equation in a different way, we have

∫

Σ

|Å|2dµ =

∫

Σ

|A|2 − H2

2
dµ

=
1

2

∫

Σ

|A|2 +Ric(v, v)dµ+
1

2

∫

Σ

R− 3Ric(v, v)− 2Kdµ

≤
∫

Σ

r−2−qdµ

= O(r−q
0 ). (2.20)

Then from Gauss equation (2.17) again, we have:

∫

Σ

H2dµ = 4

∫

Σ

Kdµ+O(r−q
0 ) = 16π +O(r−q

0 ) (2.21)
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Lemma 2.3. Suppose that M is a constant mean curvature surface in an asymp-
totically flat end (R3 \B1(0), g). Then

∫

Σ

H2
edµe = 16π +O(r−q

0 ) (2.22)

Proof. We follow the calculation of Huisken and Ilmanen [4],

gij = δij + hij (2.23)

Suppose
gij |Σ = fij , δij |Σ = εij (2.24)

f ij and ǫij are the corresponding inverse matrices. v, ω,A,H, dµ represents the
normal vector , the dual form of v, the second fundamental form , the mean
curvature and the volume form of Σ in the metric g. And ve, ωe, Ae, He, µe rep-
resents the corresponding ones in Euclidean metric. Through easy calculation,
we have

f ij − εij = −f ikhklf
lj ± C|h|2 (2.25)

gij − δij = −gikhklglj ± C|h|2 (2.26)

ω =
ωe

|ωe|
vi = gijωj (2.27)

(ωe)i = ωi ± C|P | vie = vi + C|h| 1− |ωe| =
1

2
hijv

ivj (2.28)

Γk
ij =

1

2
gkl(∇ihjl +∇jhil −∇lhij)± C|h| ± C|∇h| (2.29)

and Γk
ij is the Christoffel symbol for ∇− ∇e ,where we denote the gradient for

the metric g and δ by ∇ and ∇e.
We have the formula:

|ωe|gAij = (Ae)ij − (ωe)kΓ
k
ij (2.30)

So we have

H −He = f ijAij − εij(Ae)ij

= (f ij − εij)Aij + εijAij(1 − |ωe|g) + εij(|ωe|gAij − (Ae)ij) (2.31)

from (2.25)(2.26)(2.28), we have

εijAij(1− |ωe|g) =
1

2
Hvivjhij ± C|h|2|A| (2.32)

and using (2.25)(2.26)(2.28)(2.29)(2.30)we have:
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εij(|ωe|Aij − (Ae)ij)

= −εij(ωe)kΓ
k
ij

= −1

2
f ijωkg

kl(∇ihjl +∇jhil −∇lhij)± C|h||∇h|

= −f ijvl∇ihjl +
1

2
f ijvl∇lhij ± C|h||∇h| (2.33)

At last , we have

H −He = −f ikhklf
ljAij +

1

2
Hvivjhij − f ijvl∇ihjl

+
1

2
f ijvl∇lhij ± C|h||∇h| ± C|h|2|A| (2.34)

∫

Σ

H2
edµe = (1 +O(r−q

0 ))

∫

Σ

H2
edµ

≤ (1 +O(r−q
0 ))(

∫

Σ

H2dµ+

∫

Σ

(He −H)2 + 2|H(He −H)|dµ)

≤ (1 +O(r−q
0 ))(16π +O(r−q

0 ) +

∫

Σ

(He −H)2

+(

∫

Σ

H2dµ)
1
2 (

∫

Σ

(He −H)2dµ)
1
2 ) (2.35)

∫
(He −H)2dµ ≤

∫
O(|x|−2q)|A|2 +H2O(|x|−2q) +O(|x|−2−2q)dµ

≤
∫
O(|x|−2q)H2 +O(|x|−2q)|Å|2 +O(|x|−2−2q)dµ

= O(r−2q
0 ) (2.36)

so we have

∫

Σ

H2
edµe ≤ 16π +O(r−q

0 ) (2.37)

On the other hand, by Euler formula,

Ke =
1

4
H2

e − 1

2
|Åe|2. (2.38)

So we have ∫
H2

edµe ≥ 16π (2.39)

which implies: ∫

Σ

H2
edµe = 16π +O(r−q

0 ) (2.40)

Based on Michael and Simon, we have the following Sobolev inequality.
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Lemma 2.4. Suppose that Σ is a constant mean curvature surface in an asymp-
totically flat end(R3\B1(0), g) with r0(Σ) sufficiently large, and that

∫
ΣH

2 ≤ C.
Then

(

∫

Σ

f2dµ)
1
2 ≤ C(

∫

Σ

|∇f |dµ+

∫

Σ

H |f |dµ). (2.41)

Proof. Note that it is valid for the surface in Euclidean Space. So by the uniform
equivalence of the metric g and δ , we have:

(

∫
|f |2dµ) 1

2 ≤ C(

∫
|f |2dµe)

1
2 ≤ C(

∫
|∇f |+H |f |+ |H −He||f |dµ) (2.42)

To bound the last term on the right , we have:

∫
|H −He||f |dµ ≤

∫
O(|x|−q)|A||f |+O(|x|−q)H |f |

+O(|x|−1−q)|f |dµ

≤ O(r−q
0 )

∫
H |f |+ (

∫
|Å|2dµ) 1

2O(r−q
0 )‖f‖L2

+O(r−q
0 )‖f‖L2 (2.43)

So we can choose r0 sufficiently large and get the desired result.

Lemma 2.5. Suppose that Σ is a constant mean curvature surfaces in an
asymptotically flat end (R3 \B1(0), g) with r0(Σ) sufficiently large, then:

C1H
−1 ≤ diam(Σ) ≤ C2H

−1 (2.44)

In particular, if the surface Σ separates the infinity from the compact part,
then:

C1H
−1 ≤ r1(Σ) ≤ C2H

−1 (2.45)

Proof. We already know that:

∫

Σ

H2
edµe = 16π +O(r−q

0 ) (2.46)

Then from [7] Lemma 1.1, we know that

√
2|Σ|e
F (Σ)

≤ diam(Σ) ≤ C
√
|Σ|eF (Σ) (2.47)

where F (Σ) = 1
2

∫
ΣH

2
e is the Willmore functional and |Σ|e is the volume of Σ

with respect to the Euclidean metric. But the Euclidean metric is uniformly
equivalent to g, so we get the result.

Now to get the pointwise estimate for Å ,we use the Simons identity and the
Moser’s iteration argument.
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Lemma 2.6. (Simons identity [11]) Suppose N is a hypersurface in a Rieman-
nian manifold (M, g) , then the second fundamental form satisfies the following
identity:

∆Aij = ∇i∇jH +HAikAjk − |A|2Aij +HR3i3j −AijR3k3k +AjkRklil

+AikRkljl − 2AlkRiljk +∇jR3kik +∇kR3ijk (2.48)

where Rijkl and ∇ are the curvature and gradient operator of (M, g), then from
this we easily deduce for constant mean curvature surface we have the next
inequality for Å :

−|Å|∆|Å| ≤ |Å|4 + CH |Å|3 + CH2|Å|2 + C|Å|2|x|−2−q

+CH |Å||x|−2−q + C|Å||x|−3−q (2.49)

We also need an inequality for ∇Å because we also want to estimate the
higher derivative:

−|∇Å|∆|∇Å| ≤ C|∇Å|2(|Å|2 +H |Å|+H2 +O(|x|−2−q)) (2.50)

+|∇Å|((|Å|2 +H |Å|+H2)O(|x|−2−q) + (|Å|+H)O(|x|−3−q) +O(|x|−4−q))

Lemma 2.7.

‖Å2‖L2 + ‖∇|Å|‖L2 + ‖∇Å‖L2 + ‖H |Å|‖L2 ≤ Cr−1−q
0 (2.51)

Proof. See [2] Lemma 4.5
Then we can get the pointwise estimates for Å and ∇Å .

Theorem 2.8. [9]Suppose that (R3 \ B1(0), g) is an asymptotically flat end.
Then there exist positive numbers σ0, δ0 such that for any constant mean cur-
vature surface in the end, which separates the infinity from the compact part,
we have:

|Å|2(x) ≤ C|x|−2

∫

Bδ0|x|(x)

|Å|2dµ+ C|x|−2−2q ≤ C|x|−2r−q
0 (2.52)

|∇Å|2(x) ≤ C|x|−2

∫

Bδ0|x|(x)

|∇Å|2dµ+ C|x|−4−2q ≤ C|x|−2r−2−2q
0 (2.53)

provided that r0 ≥ σ0.
Proof. In the Sobolev inequality (2.41) we take f = u2 , then we get:

(

∫

Σ

u4dµ)
1
2 ≤ C(2

∫

Σ

|u||∇u|dµ+

∫

Σ

Hu2dµ)

≤ C(

∫

Σ

u2)
1
2 (

∫

Σ

|∇u|2dµ) 1
2 + C(

∫

supp(u)

H2dµ)
1
2 (

∫

Σ

u4dµ)
1
2 (2.54)
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Lemma 2.9. For any ε > 0, we can find a uniform δ0 sufficiently small such
that if for any x ∈ Σ , we have that:

∫

Bδ0|x|(x)

H2 ≤ ε (2.55)

Proof. In fact we need only to prove that there exist C

|Bδ0|x|(x)| ≤ Cδ20 |x|2 (2.56)

because then,

H2|Bδ0|x|(x)| ≤ Cδ20 |x|2H2 ≤ Cδ20 (2.57)

From [7] the proof of lemma 1.1, we know that, for any x ∈ Σ, Bσ(x) denotes
the Euclidean ball of radius σ with center x in R3, Σσ = Σ∩Bσ(x), then there
exists C such that for 0 < σ ≤ ρ <∞

σ−2|Σσ| ≤ C(ρ−2|Σρ|+ F (Σρ)) (2.58)

where F (Σρ) is the Willmore functional. C doesn’t depend on Σ, σ, ρ.
Let ρ→ ∞ , ρ−2|Σρ| → 0, so we have:

σ−2|Σσ| ≤ CF (Σ) ≤ C (2.59)

so we prove the lemma.
So if supp(u) ⊂ Bδ0|x|(x), we have the following scaling invariant Sobolev

inequality:

(

∫

Σ

u4dµ)
1
2 ≤ C(

∫

Σ

u2)
1
2 (

∫

Σ

|∇u|2dµ) 1
2 (2.60)

Lemma 2.10. [9] Suppose that a nonnegative function v ∈ L2 solves

−∆v ≤ fv + h (2.61)

on B2R(x0), where

∫

B2R(x0)

f2dµ ≤ CR−2 (2.62)

and h ∈ L2(B2R(x0)). And suppose that

(

∫

Σ

u4dµ)
1
2 ≤ C(

∫

Σ

u2)
1
2 (

∫

Σ

|∇u|2dµ) 1
2 (2.63)

holds for all u with support inside B2R(x0). Then

sup
BR(x0)

v ≤ CR−1‖v‖L2(B2R(x0)) + CR‖h‖L2(B2R(x0)) (2.64)

See [9] Lemma 2.6 for the proof of this lemma.
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Then we find that:

−∆|Å| ≤ (|Å|2 +H2 +H |Å|+ C|x|−2−q)|Å|+ CH |x|−2−q + C|x|−3−q

= f1|Å|+ h1 (2.65)

−∆|∇Å| ≤ C|∇Å|(|Å|2 +H |Å|+H2 +O(|x|−3))

+((|Å|2 +H |Å|+H2)O(|x|−3) + (|Å|+H)O(|x|−4) +O(|x|−5))

= f2|∇Å|+ h2. (2.66)

We need to prove that ‖f1‖2L2(B2δ0|x|(x))
, ‖f2‖2L2(B2δ0|x|(x))

≤ C|x|−2 , see [9]

Theorem 2.5 for the proof. and it is easy to show that ‖h1‖2L2(B2δ0|x|(x))
=

O(|x|−4−2q) and ‖h2‖2L2(B2δ0|x|(x))
= O(|x|−6−2q).

Remark 2.11. We can also do the same kind of estimate for ∇2Å, where we
need the third derivative of curvature. It is needed by the C2,α convergence of
the surface in the next section. This is the reason why we require the metric g
to be smooth up to 5th order.

3 Blow down analysis

Now like [9], we blow down the surface in three different scales. First we consider

Ñ =
1

2
HN = {1

2
Hx : x ∈ N} (3.1)

Suppose that there is a sequence of constant mean curvature surfaces {Ni}
such that

lim
i→∞

r0(Ni) = ∞ (3.2)

we have known that

lim
i→∞

∫

Ni

H2
edσ = 16π (3.3)

Hence, by the curvature estimates established in the previous section com-
bining the proof of Theorem 3.1 in [7], we have

Lemma 3.1. Suppose that {Ni} is a sequence of constant mean curvature
surfaces in a given asymptotically flat end (R3 \B1(0), g) and that

lim
i→∞

r0(Ni) = ∞. (3.4)

And suppose that Ni separates the infinity from the compact part. Then, there
is a subsequence of {Ñi} which converges in Gromov-Hausdorff distance to a

12



round sphere S2
1(a) of radius 1 and centered at a ∈ R3. Moreover,the conver-

gence is in C2,α sense away from the origin.
Then, we use a smaller scale r0 to blow down the surface

N̂ = r0(N)−1N = {r−1
0 x : x ∈ N}. (3.5)

Lemma 3.2. Suppose that {Ni} is a sequence of constant mean curvature
surfaces in a given asymptotically flat end (R3 \B1(0), g) and that

lim
i→∞

r0(Ni) = ∞. (3.6)

And suppose that

lim
i→∞

r0(Ni)H(Ni) = 0. (3.7)

Then there is a subsuquence of {N̂i} converges to a 2-plane at distance 1
from the origin. Moreover the convergence is in C2,α in any compact set of R3.

We must understand the behavior of the surfaces Ni in the scales between
r0(Ni) and H

−1(Ni). We consider the scale ri such that

lim
i→∞

r0(Ni)

ri
= 0 lim

i→∞
riH(Ni) = 0 (3.8)

and blow down the surfaces

N i = r−1
i N = {r−1

i x : x ∈ N}. (3.9)

Lemma 3.3. Suppose that {Ni} is a sequence of constant mean curvature
surfaces in a given asymptotically flat end (R3 \B1(0), g) and that

lim
i→∞

r0(Ni) = ∞ (3.10)

And suppose that ri are such that

lim
i→∞

r0(Ni)

ri
= 0 lim

i→∞
riH(Ni) = 0 (3.11)

Then there is a subsequence of {N i} converges to a 2-plane at the origin in
Gromov-Hausdorff distance. Moreover the convergence is C2,α in any compact
subset away from the origin.

4 Asymptotically analysis

First we revise Proposition 2.1 in [10]. We prove a different version. Let us
denote:

‖u‖21,i =
∫

[(i−1)L,iL]×S1

|u|2 + |∇u|2dtdθ (4.1)

13



Lemma 4.1. Suppose u ∈W 1,2(Σ, Rk) satisfies

∆u+A · ∇u +B · u = h (4.2)

in Σ, where Σ = [0, 3L] × S1. And suppose that L is given and large. Then
there exists a positive number δ0 such that if

|h|L2(Σ) ≤ δ0 max
1≤i≤3

|u|1,i (4.3)

and

|A|L∞(Σ) ≤ δ0 |B|L∞(Σ) ≤ δ0 (4.4)

then,
(a)‖u‖1,3 ≤ e−

1
2L‖u‖1,2 implies ‖u‖1,2 < e−

1
2L‖u‖1,1

(b)‖u‖1,1 ≤ e−
1
2L‖u‖1,2 implies ‖u‖1,2 < e−

1
2L‖u‖1,3

(c)If both
∫
L×S1 udθ and

∫
2L×S1 udθ ≤ δ0 max1≤i≤3 ‖u‖1,i, then either ‖u‖1,2 <

e−
1
2L‖u‖1,1 or ‖u‖1,2 < e−

1
2L‖u‖1,3

Proof. Suppose that u ∈ W 1,2(Σ) and u is harmonic, we can deduce that u
satisfies (a)(b)(c’)with

(c’)If both
∫
L×S1 udθ and

∫
2L×S1 udθ = 0, then either ‖u‖1,2 < e−

1
2L‖u‖1,1

or ‖u‖1,2 < e−
1
2L‖u‖1,3

A harmonic function u can be written as:

u = a0 + b0t+

∞∑

n=1

{ent(an cosnθ + bn sinnθ) + e−nt(a−n cosnθ + b−n sinnθ)}

(4.5)
Then it follows that:

‖u‖21,i = 2π((a20 + b20)L + a0b0L
2(2i− 1) +

1

3
b20L

3(3i2 − 3i+ 1))

+
π

2

∞∑

n=1

{e
2nL−1

n
(e2(i−1)nL(a2n + b2n) + e−2niL(a2−n + b2−n)) + 4L(ana−n + bnb−n)}

+π
∞∑

n=1

{e
2nL−1

n
(e2(i−1)nL(n2a2n + n2b2n) + e−2niL(n2a2−n + n2b2−n))

+4L(n2ana−n + n2bnb−n)} (4.6)

i = 1, 2, 3
If L is fixed and sufficiently large, then we have

‖u‖21,2 <
1

2
(eL‖u‖21,3 + e−L‖u‖21,1) (4.7)
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which implies (a). We get (b) in the same way. For (c’), we have a0 = b0 = 0
then we have

‖u‖21,2 <
1

2
e−L(‖u‖21,3 + ‖u‖21,1) (4.8)

which implies (c’)
The second step is to pass limits. If the proposition were false, then one

would have a sequence of δk → 0 and a sequence of solution uk with ‖hk‖L2 ≤ δk
|Ak| ≤ δk and |Bk| ≤ δk solves:

∆uk +Ak · ∇uk +Bk · uk = hk (4.9)

We may assume max1≤i≤3 ‖uk‖1,i = 1 otherwise we can normalize them. Then
we know that there is a subsequence that converges to some u ∈ W 1,2(Σ) weakly.
And u is a harmonic function. From the interior W 2,p estimate we know the
convergence is strongly W 1,2 in I2, which implies that u is not trivially zero.
Because, with the assumption of the proof by contradiction, the middle one is
the largest.

And because ui ⇀ u weakly in W 1,2(Σ) sense. So ui ⇀ u in W 1,2(I1) and
W 1,2(I3) sense, then we have:

lim inf
i→∞

‖ui‖1,1 ≥ ‖u‖1,1, lim inf
i→∞

‖ui‖1,3 ≥ ‖u‖1,3 (4.10)

and

lim
i→∞

‖ui‖1,2 = ‖u‖1,2 (4.11)

then ui converges to some non-trivial harmonic function u which violates one
of (a)(b) or (c), which proves the lemma.

From now on we assume q = 1.
Given a surface N in R3, recall from, for example, (8.5) in [6], that

∆ev + |∇ev|2v = ∇eHe (4.12)

where v is the Gauss map from N → S2. For the constant mean curvature
surfaces in the asymptotically flat end (R3 \B1(0), g), we have

Lemma 4.2.

|∇eHe|(x) ≤ C|x|−2r−1
0 (4.13)

Proof. Because the metric g and the Euclidean metric are uniformly equiv-
alent. So we just prove that

|∇He|(x) ≤ C|x|−2r−1
0 (4.14)

From (2.34), we know that:
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|∇He| ≤ |∇hij ||A|+ |hij ||A|2 + |hij ||∇Åij |+H |A||hij |+H |∇hij |
+|A||∇hij |+ |∇2

h|
≤ |x|−2r−1

0 (4.15)

Suppose Σ is a constant mean curvature surface in the asymptotically flat
end. Set

Ar1,r2 = {x ∈ Σ : r1 ≤ |x| ≤ r2} (4.16)

and A0
r1,r2 stands for the standard annulus in R2. We are concerned with the

behavior of v on AKr0(Σ),sH−1(Σ) of Σ where K will be fixed large and s will be
fixed small. The lemma below gives us a good coordinate on the surface.

Lemma 4.3. Suppose Σ is a constant mean curvature surface in a given asymp-
totically flat end (R3 \ B1(0), g). Then, for any ε > 0 and L fixed and large,
there are M ,s and K such that, if r0 ≥ M and Kr0(Σ) < r < sH−1(Σ), then
(r−1Ar,eLr, r

−2ge) may be represented as (A0
1,eL , g) and

‖g − |dx|2‖C1(A0

1,eL
) ≤ ε. (4.17)

In other words, in the cylindrical coordinates (S1 × [log r, L+ log r, gc])

‖gc − (dt2 + dθ2)‖C1(S1×[log r,L+log r]) ≤ ε (4.18)

Proof. Suppose this is not true. Then we can assume that such K (or such
s) cannot be found. Then by Lemma 3.2. for some ε0 > 0, there is a sequence

Σn with r0(Σn) → ∞, and l̃n → ∞ , such that:

((Kr0e
l̃nL)−1AKr0el̃nL,Kr0e(l̃n+1)L , (Kr0e

l̃nL)−2ge) (4.19)

is not ε0 close to (A0
1,eL , g).

By Lemma 3.1. We know that

Kr0e
l̃nL

sH−1(Σn)
→ 0 (4.20)

must hold because we have choose s sufficiently small.

So if we assume rn = Kr0e
l̃nL, we have:

lim
n→∞

rn
Kr0

= ∞, lim
n→∞

rn
sH−1

= 0 (4.21)

We blow down the surface using rn, and have a contradiction with Lemma
3.3. This proves the lemma.

Now consider the cylindrical coordinates (t, θ) on (S1× [logKr0, log sH
−1]),

then the tension field
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|τ(v)| = r2|∇eHe| ≤ Cr−1
0 (4.22)

for t ∈ [logKr0, log sH
−1]. Thus,

∫

S1×[t,t+L]

|τ(v)|2dtdθ ≤ Cr−2
0 (4.23)

Let Ii stand for S1 × [logKr0 + (i − 1)L, logKr0 + iL], and Ni stand for
Ii−1 ∪ Ii ∪ Ii+1. On Σn we assume log(sH−1)− log(Kr0) = lnL. And like [10],
first we prove that,

Lemma 4.4. For each i ∈ [3, ln − 2], there exists a geodesic γ such that

∫

Ii

|∇̃(v − γ)|2dtdθ ≤ C(e−iL + e−(ln−i)L)s2 + Cr−1
0 (4.24)

where ∇̃ is the gradient on S1 × [log(Kr0), log(sH
−1)]

Proof. By Theorem2.8, we have

[v]Cα(Ii) ≤ ‖∇̃v‖L∞ ≤ C(r
− 1

2
0 + s) (4.25)

then if r0 sufficiently large and s sufficiently small, we have [v]Cα(Ni) is very
small.

To apply the Lemma 4.1 to prove this lemma we choose to points P and Q
on S2(the image of Gauss map) satisfying

|P − 1

2π

∫

(i−1)L×S1

vdθ| ≤ C max
(i−1)L×S1

|v − P |2

|Q− 1

2π

∫

iL×S1

vdθ| ≤ C max
iL×S1

|v −Q|2 (4.26)

Note that S2 is compact and smooth, so by (4.25) we can always find such P
and Q and P ,Q are very close. So there is a unique geodesic γi connecting P
and Q whose velocity is sufficiently small.

So if we write down the equation satisfied by v−γi on S1×[log(Kr0), log(sH
−1)]

∆̃u+A · ∇̃u+B · u = τ (4.27)

where u = v − γi, we have:

|A| ≤ C(|∇̃v|+ |∇̃γi|) ≤ δ0

|B| ≤ Cmin{|∇̃v|2, |∇̃γi|2} ≤ δ0 (4.28)

If Lemma 4.1 (C’) cannot be used, the only reason is that

‖v − γi‖1,i ≤ C‖τ‖L2(Ni) (4.29)
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which implies

∫

Ii

|∇̃(v − γi)|2dtdθ ≤ Cr−2
0 (4.30)

which implied (4.24).
If Lemma 4.1 (C’) can be used, then applying it for u = v − γi over Ni, we

have either

‖u‖1,i < e−
1
2L‖u‖1,i−1 (4.31)

or

‖u‖1,i < e−
1
2L‖u‖1,i+1. (4.32)

Suppose the first one happens (without loss of generality). Then we may push
this relation to the left because (4.28) hold regardless of t’s position. If the
theorem can be used on Nj+1 but not on Nj for some j ≥ 2, then we have

‖u‖1,i < e−
1
2 (i−j)L‖u‖1,j ≤ Ce−

1
2 (i−j)Lr−1

0 ≤ Cr−1
0 . (4.33)

If the theorem can be used until I2, then we have

e
L
2 ‖u‖1,2 ≤ ‖u‖1,1 = (

∫

I1

u2dtdθ)
1
2 + (

∫

I1

|∇̃u|2dtdθ) 1
2

≤ (

∫

I2

u2dtdθ)
1
2 + (

∫

I1

(u(t, θ)− u(t+ L, θ))2dtdθ)
1
2 + (

∫

I1

|∇̃u|2dtdθ) 1
2

(4.34)

So we have

(e
L
2 − 1)‖u‖1,2 ≤ (

∫

I1

(

∫ L

0

|∂u
∂t

(t+ s, θ)|ds)2dtdθ) 1
2 + (

∫

I1

|∇̃u|2dtdθ) 1
2

≤
∫ L

0

(

∫

I1

|∂u
∂t

(t+ s, θ)|2dtdθ) 1
2 ds+ (

∫

I1

|∇̃u|2dtdθ) 1
2

≤ C(

∫

I1∪I2

|∇̃u|2dtdθ) 1
2

≤ C(

∫

I1∪I2

|∇̃v|2dtdθ) 1
2 + C(

∫

I1∪I2

|∇̃γi|2dtdθ)
1
2

≤ C(r
− 1

2
0 + s) (4.35)

So we have the estimate

‖u‖1,i ≤ Ce−
i−2
2 L‖u‖1,2 ≤ Ce−

i
2L(r

− 1
2

0 + s) (4.36)
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If ‖u‖1,i < e−
1
2L‖u‖1,i+1 happens, we will have similarly

‖u‖1,i ≤ Ce−
ln−i

2 L(r
− 1

2
0 + s) (4.37)

Finally we get

‖u‖1,i ≤ C(e−
i
2L + e−

ln−i
2 L)s+ Cr

− 1
2

0 (4.38)

which implies (4.24).
Then to get the energy decay, we use the Hopf differential

Φ = |∂tv|2 − |∂θv|2 − 2
√
−1∂tv · ∂θv (4.39)

We know that the L1 norm of Φ is invariant under conformal change of the
coordinates. (t, θ) is the coordinate of AKr0e(i−2)L ,Kr0e(i+1)L , we find another

coordinate for it: set ri = Kr0e
iL, then (r−1

i AKr0e(i−2)L,Kr0e(i+1)L , r−2
i ge) can

be represented as (A0
e−2L,eL , g) , where ‖g−|dx|2‖C1(A0

e−2L,eL
) ≤ ε. Assume this

Euclidean coordinate is (x, y), so:

∫

S1×[logKr0+(i−1)L,logKr0+iL]

|Φ|dtdθ =
∫

A0

e−L,1

|Φ|dxdy (4.40)

To estimate the right hand side, we use the Cauchy integral formula on
Ω = A0

e−2L,eL , and set Ω′ = A0
e−L,1, for any z ∈ Ω′

Φ(v)(z) =
1

2π
√
−1

∫

∂Ω

Φ(w)

w − z
dw +

1

2π
√
−1

∫

Ω

∂Φ(w)

∂w

dw ∧ dw
w − z

(4.41)

We know

|∂xv|, |∂yv| ≤ CKr0e
iL|A| ≤ CKr0e

iL(|x|−1r
− 1

2
0 + r−1

1 ) ≤ C(r
− 1

2
0 + se−(ln−i)L)

(4.42)
so we have:

| 1

2π
√
−1

∫

∂Ω

Φ(w)

w − z
dw| ≤ C(r−1

0 + s2e−2(ln−i)L) (4.43)

For the second term, notice that by easy calculation

∂Φ(w)

∂w
= ∂v · τ (v) (4.44)

where τ(v) is the tension field under this coordinate. And

|τ (v)| ≤ (Kr0e
il)2|∇eHe| ≤ Cr−1

0 (4.45)

so we have:
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1

2π
√
−1

∫

Ω

∂Φ(w)

∂w

dw ∧ dw
w − z

≤ Cr−1
0 (4.46)

Then we get:

∫

Ω′

|Φ| ≤ C(r−1
0 + s2e−2(ln−i)L) (4.47)

By direct calculation

∫

S1×[Kr0e(i−1)L,Kr0eiL]

|∂tv|2dtdθ

≤
∫

S1×[Kr0e(i−1)L ,Kr0eiL]

|Φ|dtdθ +
∫

S1×[Kr0e(i−1)L,Kr0eiL]

|∂θv|2dtdθ

(4.48)

and we can get the estimate of
∫
S1×[Kr0e(i−1)L ,Kr0eiL] |∂θv|2dtdθ directly by

(4.24). So we get the estimate:

∫

S1×[Kr0e(i−1)L ,Kr0eiL]

|∇̃v|2dtdθ ≤ C(e−iL + e−(ln−i)L)s2 + Cr−1
0 (4.49)

Proposition 4.5. Suppose that{Σn} is a sequence of constant mean curvature
surfaces in a given asymptotically flat end (R3 \B1(0), g) and that

lim
i→∞

r0(Σn) = ∞ (4.50)

And suppose that

lim
n→∞

r0(Σn)H(Σn) = 0 (4.51)

Then there exist a large number K, a small number s and n0 such that,when
n ≥ n0,

max
Ii

|∇̃v| ≤ C(e−
i
2L + e−

(ln−i)
2 L)s+ Cr

− 1
2

0 (4.52)

where

Ii = S1 × [log(Kr0(Σn)) + (i− 1)L, log(Kr0(Σn)) + iL] (4.53)

and

i ∈ [0, ln] log(Kr0(Σn)) + lnL = log(sH−1(Σn)) (4.54)

Proof. We just use the interior estimate of the elliptic equation
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∆̃v + |∇̃v|2v = τ (4.55)

We know ‖∇̃v‖∞ ≤ C(r
− 1

2
0 + s) , and ‖τ‖∞ ≤ Cr−1

0 . Assume that :

Ii ⊂⊂ Ĩi ⊂⊂ Ni (4.56)

then for some p > 2

sup
Ii

|∇̃v| ≤ C‖∇̃v‖W 1,p(Ii) ≤ C(‖v‖Lp(Ĩi)
+ r−1

0 ) ≤ C(‖v‖L2(Ni) + r−1
0 )

≤ C(e−
i
2L + e−

(ln−i)
2 L)s+ Cr

− 1
2

0 (4.57)

This analysis improves our understanding of the blowdowns that we dis-
cussed in the previous section. Namely,

Corollary 4.6. Assume the same condition as the above proposition and in

addition limr0→∞
log(r1)

r
1/4
0

= 0. Then the limit plane in Lemma3.2 and Lemma3.3

are all orthogonal to the same vector a. In fact, we may choose s small and i
large enough so that,

|v(x) + a| ≤ ε (4.58)

for all x ∈ Σn and |x| ≤ sH−1(Σn)
Proof. We want to prove that

OscBsH−1∩Σnv (4.59)

is sufficiently small if r0(Σn) large and s small. We already know that

OscBKr0∩Σnv (4.60)

is very small from Lemma 3.2, so we need only to prove that

Osc(BsH−1\BKr0 )∩Σn
v (4.61)

is small.
From the proposition above we find that

Osc(BsH−1\BKr0 )∩Σn
v ≤

ln∑

i=1

OscIiv ≤ C

ln∑

i=1

sup
Ii

|∇̃v|

≤ C

ln∑

i=1

((e−
i
2L + e−

(ln−i)
2 L)s+ r

− 1
2

0 ) ≤ Cs+ lnr
− 1

2
0 (4.62)
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From C−1r1 ≤ H−1 ≤ Cr1 and the condition limr0→∞
log(r1)

r
1/4
0

= 0, we have

lnr
− 1

2
0 = L−1(log(sH−1)− log(Kr0))r

− 1
2

0 ≤ C
log r1

r
1
2
0

→ 0 (4.63)

as r0 → ∞, so we prove the lemma.

Corollary 4.7. Assume the same condition as Proposition 4.5. Let vn = v(pn)
for some pn ∈ I ln

2
. Then

sup
Ii

|v − vn| ≤ C(e−
1
2 iL + e−

1
4 lnL)s+ lnr

− 1
2

0 (4.64)

for i ∈ [0, 12 ln]

sup
Ii

|v − vn| ≤ C(e−
1
4 lnL + e−

1
2 (ln−i)L)s+ lnr

− 1
2

0 (4.65)

for i ∈ [ 12 ln, ln]

5 Harmonic Coordinates

We assume that the metric g can be expanded in the coordinate {xi} as

gij = δij + hij = δij + h1ij(θ)/r +Q

where θ is the coordinate on the unit sphere S2, and h1ij(θ) is a function extended
constantly along the radius direction. And Q satisfies

sup r2+k|∂kQ| ≤ C (5.1)

for k = 0, 1, · · · , 5
First, note that:

∆gxk =
1√
g

∂

∂xi
(
√
ggij

∂

∂xj
xk)

=
∂

∂xi
gik +

1

2
gikgmngmn,i

= −gmnΓk
mn = O(|x|−2) (5.2)

Now our aim is to find asymptotically harmonic coordinate, i.e. some coor-
dinate yi such that ∆gy

k = O(|x|−3)

∆gx
k = −gjlgik 1

2
(
∂

∂xj
hli +

∂

∂xl
hji −

∂

∂xi
hjl)

= −gjlgik 1
2
(r−2((h1li,j(θ)− h1li(θ)

xj
r
)

+(h1ji,l(θ)− h1ji(θ)
xl
r
)− (h1jl,i(θ) − h1jl(θ)

xi
r
))) + ∂Q

= −gjlgik 1
2
r−2f1

lij(θ) +O(|x|−3) (5.3)
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We also know that gij = δij − h1ij(θ)/r +O(r−2)
Then :

∆gx
k = −1

2
r−2f1

jkj(θ) +O(r−3) (5.4)

Suppose 0 = ξ0 > ξ1 ≥ ξ2 ≥ · · · are the eigenvalues of ∆|S2 , and An(θ) are
the corresponding orthonormal eigenvectors.

Set:

yk = xk +

∞∑

n=0

fk
n(r)An(θ) (5.5)

We have:

∆gy
k = ∆gx

k +

∞∑

n=0

∆R3(fk
n(r)An(θ)) +

∞∑

n=0

(∆g −∆R3)(fk
n(r)An(θ)) (5.6)

Solve the equation:

∆gx
k +

∞∑

n=0

∆R3(fk
n(r)An(θ)) = O(|x|−3) (5.7)

Assume
1

2
f1
jkj(θ) =

∞∑

n=0

λknAn(θ) (5.8)

so we have:

∞∑

n=0

∆R3(fk
n(r)An(θ)) = r−2

∞∑

n=0

λknAn(θ) (5.9)

1

r2
(2rfk′

n + r2fk′′
n + fk

n(r)ξn) = λkn, n = 0, · · · ,∞ (5.10)

n = 0, fk
0 = λk0 log(r) (5.11)

n > 0, fk
n =

λkn
ξn

(5.12)

and this solution satisfies that:

∞∑

n=0

(∆g −∆R3)(fk
n(r)An(θ)) = O(|x|−3) (5.13)

so if

yk = xk +
1

2
√
π
λk0 log r +

∞∑

n=1

λkn
ξn
An(θ) (5.14)

then we must have:
∆yk = O(|x|−3) (5.15)
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Note that

∆|S2

∞∑

n=1

λkn
ξn
An(θ) =

∞∑

n=1

λknAn(θ) =
1

2
f1
jkj(θ)−

1

2
f1
jkj(θ) (5.16)

where f1
jkj(θ) is its mean value on the unit sphere.

Set

g1k(θ) =

∞∑

n=1

λkn
ξn
An(θ) = ∆−1(

1

2
f1
jkj(θ)−

1

2
f1
jkj(θ)) (5.17)

∂yk

∂xi
= δik +

λk0
2
√
π

1

r

xi

r
+ g1k(θ)i

1

r
(5.18)

∂xi

∂yk
= δik +O(|x|−1) (5.19)

So we get:

g̃ij = g(
∂

∂yi
,
∂

∂yj
) = δij +O(|x|−1) (5.20)

Suppose
g̃ij = δij + h̃ij (5.21)

Now I want to discuss the ellipticity of h̃ij

h̃ij = hij −
1

2r
√
π
(λi0

xj

r
+ λj0

xi

r
)−

(g1i,j(θ) + g1j,i(θ))

r
(5.22)

Where g1i,j(θ) denotes the constant extention along the radius direction of function
∂g1

i (θ)
∂xj

|S2

Example 5.1. : For the metric gij = δij +
δij
r , we have:

∆gx
k = −1

2

xk

r3
+O(|x|−3) (5.23)

We know that on S2, we have ∆|S2xk = −2xk . So if we let:

yk = xk − 1

4

xk

r
(5.24)

We have ∆gy
k = O(|x|−3) , then:

∂yk

∂xi
= δki −

1

4
(
δki
r

− xkxi

r3
) (5.25)

h̃ij =
3δij
2r

− xixj

2r3
+O(r−2) (5.26)
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Lemma 5.2. Suppose in some coordinate {xi} , gij = δij +h1ij(θ)/r+Q , then

for any m > 2 there exists ε > 0 , if ‖h1ij(θ) − δij(θ)‖Wm,2(S2) ≤ ε then in the

asymptotically harmonic coordinate {yi}we get above , we have

g̃ij = δij + h̃ij (5.27)

where h̃ij = O(|y|−1) , and |y|h̃ij is uniformly elliptic.

Proof: We know easily from (5.18) that h̃ij = O(|x|−1) and that lim|x|→∞
|y|
|x| =

1 ,then h̃ij = O(|y|−1) . So we need only to prove that |y|h̃ij is uniformly elliptic.
First we know from ‖h1ij(θ)− δij(θ)‖Wm,2(S2) ≤ ε that

‖1
2
f1
jkj(θ)−

1

2

xk

r
‖Wm−1,2(S2) ≤ Cε (5.28)

Note that 1
2f

1
jkj(θ) =

∑∞
n=0 λ

k
nAn(θ) and xk is an eigenvector of ∆S2 , so

we can assume that A1(θ) = Ckx
k|S2 without loss of generality.

‖λk0A0(θ) + (λk1Ck −
1

2
)xk +

∞∑

n=2

λknAn(θ)‖Wm−1,2(S2) ≤ ε (5.29)

so we get

|λk0 | ≤ ε, (λk1Ck −
1

2
) ≤ ε,

∞∑

n=2

(|ξn|
m−1

2 λkn)
2 ≤ ε (5.30)

Note that from (5.14)

∂yk

∂xi
= δik +

λk0
2
√
π

1

r

xi

r
− 1

2
(
1

2
± ε)(

δik
r

− xixk
r3

) +

∞∑

n=2

λkn
ξn

∂An(θ)

∂xi
(5.31)

where the last term on the right can be estimated, for some p > 0

|
∞∑

n=2

λkn
ξn

∂An(θ)

∂xi
| ≤

∞∑

n=2

|λkn|
|ξn|

|∇S2An(θ)|
r

≤
∞∑

n=2

|λkn|
|ξn|

‖An(θ)‖W 2+p,2

r

≤
∞∑

n=2

|λkn|
|ξn|

|ξn|1+
p
2 ‖An(θ)‖L2

r

≤ 1

r

∞∑

n=2

|λkn||ξn|
m−1

2 |ξn|
p−m+1

2

≤ 1

r
(

∞∑

n=2

(|λkn||ξn|
m−1

2 )2)
1
2 (

∞∑

n=2

|ξn|p−m+1)
1
2 (5.32)
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let p = m−2
2 , then from ξn = O(n) we have

∞∑

n=2

|ξn|p−m+1 ≤ C (5.33)

so

|
∞∑

n=2

λkn
ξn

∂An(θ)

∂xi
| ≤ Cε

r
(5.34)

then we have:
∂yk

∂xi
= δik −

1

4
(
δik
r

− xixk
r3

) +
Cε

r
(5.35)

so we can deduce that:

h̃ij = hij +
δij
2r

− xixj

2r3
+
Cε

r
(5.36)

because |h1ij(θ) − δij(θ)|Wm,2(S2) ≤ ε, we have rhij is uniformly elliptic. And

the eigenvalues of xixj

r2 are between 0 and 1, so |y|h̃ij is uniformly elliptic from

limr→∞
|y|
r = 1 for ε sufficiently small.

So all the analysis in Section 2,3,4 can be done in the asymptotically har-
monic coordinate {yi}.

Lemma 5.3. In the asymptotically harmonic coordinate {yi}, we have that

− 1

2
∆g log |g̃| = R(g) +O(|y|−4) (5.37)

Proof. From direct calculation we have

R(g) = g̃jkg̃ilg̃ml(
∂Γ̃m

jk

∂yi
− ∂Γ̃m

ik

∂yj
) +O(|y|−4) (5.38)

g̃jkg̃ilg̃ml

∂Γ̃m
jk

∂yi
= g̃ilg̃ml

∂(g̃jkΓ̃m
jk)

∂yi
+O(|y|−4)

= −g̃ilg̃ml
∂∆gy

m

∂yi
+O(|y|−4) = O(|y|−4) (5.39)

−g̃jkg̃ilg̃ml
∂Γ̃m

ik

∂yj
= −1

2
g̃jkg̃ip

∂2g̃ip
∂yj∂yk

+O(|y|−4)

= −1

2
∆g log |g̃|+O(|y|−4) (5.40)

so we prove the lemma.
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Corollary 5.4. If in addition R = O(|x|−3−τ ) for some τ > 0 , then in the
asymptotically harmonic coordinate {yi} , we have

3∑

i=1

h̃ii = 8m(g)/|y|+ o(|y|−1− τ
2 ) (5.41)

Proof: First we know that

lim
|x|→∞

|y|
|x| = 1, (5.42)

then from the lemma above that in the coordinate {yi} , we have

∆g log |g̃| = O(|y|−3−τ ) (5.43)

We know that
log |g̃| = O(|y|−1) (5.44)

From the theory of harmonic functions in Rn , we have there exist some
constant C such that:

log |g̃| = C

|y| + o(|y|−1− τ
2 ) (5.45)

From Bartnik’s result , we know the mass is invariant under the change of
coordinates because R(g) ∈ L1 .

m(g) = lim
R→∞

1

16π

∫

sR

(h̃ij,j − h̃jj,i)v
i
gdµ (5.46)

Now we have

g̃ik,k − 1

2
g̃kk,i = g̃ij g̃kl(g̃jk,l −

1

2
g̃kl,j) +O(|y|−3)

= −∆gy
i +O(|y|−3) = O(|y|−3) (5.47)

So we have:

m(g) = lim
R→∞

1

16π

∫

sR

(−1

2
h̃jj,i)v

i
gdµ

= − lim
R→∞

1

32π

∫

sR

∂ log |g̃|
∂yi

vigdµ

= lim
R→∞

1

32π

∫

sR

Cyi

|y|3 v
i
gdµ

=
C

8
(5.48)

So we get the result by easy calculation .

Remark 5.5. In fact we can replace the constraint equation by the condition

R = O(|x|−3−τ ) (5.49)

for some τ > 0.
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6 Proof of the Theorem

Now let’s prove Theorem 1.5.
First recall that, for any surface Σ embedded in R

3 and any given vector
b ∈ R

3, one has ∫

Σ

He < ve · b >e dµe = 0 (6.1)

whereHe and ve denote the mean curvature and normal vector field with respect
to the Euclidean metric.

On the other hand , if Σ is a constant mean curvature surface in the asymp-
totically flat end , then

∫

Σ

H < ve · b >e dµe = 0 (6.2)

So we have
∫

Σ

(H −He) < ve · b >e dµe = 0 (6.3)

From now on , our calculation is in the coordinate {xi} ,which is assumed
to be the asymptotically harmonic coordinate. We have calculated H −He, so
we have

∫

Σ

(H −He) < ve · b >e dµe =

∫

Σ

(−f ikhklf
ljAij +

1

2
Hvivjhij − f ijvl∇ihjl

+
1

2
f ijvl∇lhij ± C|h||∇h| ± C|h|2|A|) < ve · b >e dµe (6.4)

We assume that there exists a sequence of constant mean curvature surfaces
Σn with

lim
n→∞

r0(Σn) = ∞ lim
n→∞

H(Σn)r0(Σn) = 0 (6.5)

otherwise we have get the result from the uniqueness theorem of Lan-Hsuan
Huang. So we can choose s sufficiently small and K sufficiently large with
sH−1 > Kr0 for r0 sufficiently large.

We know that

|h| = O(|x|−1), |∇h| = O(|x|−2), |A| ≤ CH + C|Å| (6.6)

from the estimate
|Å| ≤ r

− 1
2

0 O(|x|−1) (6.7)

we have

|
∫

Σ

(±C|h||∇h| ± C|h|2|A|) < ve · b >e dµe| ≤ C

∫

Σ

(H |x|−2 + |x|−3)

= O(r−1
0 ) (6.8)
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by the estimates in Section 2.
Now we calculate other terms in (6.4)

∫

Σn

−f ijvl(∇ihjl)v
mbmdµe

=
1

2

∫

Σn

(f ijhjkf
klAli −Hvjvlhjl)v

mbmdµe +
1

2

∫

Σn

f ijvlhjlAikf
kmbmdµe

−1

2

∫

Σn

f ijvl(∇ihjl)v
mbmdµe (6.9)

because dµe = (1 +O(r−1))dµ , ve = (1 +O(r−1))v and < ve · b >e=< v · b >g

+O(r−1).
So we have

∫

Σn

(H −He) < ve · b >e dµe =

∫

Σn

−1

2
f ikhklf

ljAijv
mbm + f ijvlhjlAikf

kmbm

−1

2
f ijvl∇ihjlv

mbm +
1

2
f ijvl∇lhijv

mbm +O(r−1
0 )dµ

(6.10)

Note that

Aij = Åij +
fij
2
H, sup |Å| ≤ r

− 1
2

0 O(|x|−1) (6.11)

So we have
∫

Σn

(H −He) < ve · b >e dµe =

∫

Σn

−H
4
fklhklv

mbm +
H

4
f jmhjlv

lbm

+
1

2
f ij(∇lhij)v

lvmbm − 1

2
f ij(∇ihjl)v

lvmbm

±C
∫

Σn

|x|−2r
− 1

2
0 +O(r−1

0 ) (6.12)

In this case we calculate
∫

Σn

|x|−2r
− 1

2
0 dµe (6.13)

We divide the integral into three parts:

∫

Σn

|x|−2r
− 1

2
0 =

∫

Σn∩Bc
sH−1 (0)

+

∫

Σn∩BKr0 (0)

+

∫

Σn∩(BsH−1\BKr0 )

|x|−2r
− 1

2
0 .(6.14)

Then by the blowdown results in Section 3 we have

∫

Σn∩Bc
sH−1(0)

|x|−2r
− 1

2
0 dµe =

∫

Σ̃n∩Bc
s(0)

|x̃|−2r
− 1

2
0 dµ̃ ≤ Cr

− 1
2

0 (6.15)
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∫

Σn∩BKr0 (0)

|x|−2r
− 1

2
0 dµe =

∫

Σ̂n∩Bk(0)

|x̂|−2r
− 1

2
0 dµ̂ ≤ Cr

− 1
2

0 (6.16)

∫

Σn∩(BsH−1\BKr0 )

|x|−2r
− 1

2
0 dµe =

n∑

i=0

∫

Σn∩(BKr0e4iL\B
Kr0e4(i−1)L )

|x|−2r
− 1

2
0 dµe

≤ C

n∑

i=0

∫

B
e4L

\B1

|x|−2r
− 1

2
0 dµ ≤ Cr

− 1
2

0 lnL (6.17)

where elnLKr0 = sH−1

so if

lim
r0→0

| logH |
r

1
2
0

= 0 (6.18)

in other words

lim
r0→0

| log r1|
r

1
2
0

= 0 (6.19)

we have ∫

Σ

|x|−2r
− 1

2
0 dµ→ 0 (6.20)

as r0 → ∞
From the property of the asymptotically harmonic coordinate

gijhij =
8m(g)

r
+ o(r−1− τ

2 ) (6.21)

gkl(gik,l −
1

2
gkl,i) = O(|x|−3) (6.22)

∫

Σn

−H
4
fklhklv

mbm +
H

4
f jmhjlv

lbm +
1

2
f ij(∇lhij −∇ihjl)v

lvmbm

=

∫

Σn

−H
4
gklhklv

mbm +
H

4
gjmhjlv

lbm

+
1

2
gij(∇lhij −∇ihjl)v

lvmbm +O(|r0|−1)

= −2m(g)

∫

Σn

(
H

r
< ve · be >e +

< x · ve >e< ve · b >e

r3
)

+

∫

Σn

H

4
hmlv

lbm + o(1).

(6.23)

So we have:

lim
n→∞

(−2m(g)

∫

Σn

(
H

r
< ve · b >e +

< x · ve >e< ve · b >e

r3
) +

∫

Σn

H

4
hmlv

lbm) = 0

(6.24)
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Note that:

hmlv
l = (hml −

tr(h)

2
δml)v

l +
tr(h)

2
vm (6.25)

where tr(h) = gijhij
Assume that the three eigenvalues of hml are

λ1 ≥ λ2 ≥ λ3 ≥ 0 (6.26)

For p ∈ Σ fixed , choose coordinate properly such that

hml −
tr(h)

2
δml (6.27)

can be written as




λ1 − tr(h)
2 0 0

0 λ2 − tr(h)
2 0

0 0 λ3 − tr(h)
2


 (6.28)

Assume v = (ṽ1, ṽ2, ṽ3),and (ṽ1)2 + (ṽ2)2 + (ṽ3)2 = 1 . Then we have

3∑

i=1

((λi −
tr(h)

2
)ṽi)2 =

(tr(h))2

4
−

3∑

i=1

λi(tr(h) − λi)(ṽ
i)2 (6.29)

Because of the uniformly ellipticity we have there exists C > 0 , such that

th(h)

C
≤ λ3 ≤ λ2 ≤ λ1 ≤ (1 − 1

C
)th(h) (6.30)

so

λi(th(h)− λi) ≥
1

C
(1− 1

C
)(tr(h))2 (6.31)

hence
3∑

i=1

((λi −
tr(h)

2
)ṽi)2 ≤ (

1

4
− 1

C
(1− 1

C
))(tr(h))2 (6.32)

∫

Σn

H

4
hmlv

lbm =

∫

Σn

H

4
(
tr(h)

2
< ve · b >e +(hml −

tr(h)

2
δml)v

lbm)

≤
∫

Σn

Htr(h)

4
(
1

2
< ve · b >e +

√
1

4
− 1

C
(1− 1

C
))

=

∫

Σn

Hm(g)

r
(< ve · b >e +1− 2

C
) (6.33)
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so we have
∫

Σn

(H −He) < ve · b >e≤ −m
∫

Σn

H

r
< ve · b >e

+
2

r3
< x · ve >e< ve · b >e dµe + (1− 2

C
)m(g)

∫

Σn

H

r
dµe + o(1)

(6.34)

as n→ ∞
From Lemma 3.1, we have H

2 Σn subconverges to some sphere S2
1(a) with

|a| = 1. Now we choose b = −a. Then from the calculation in [9], we have

−m(g)

∫

Σn

H

r
< ve · b >e → −8

3
πm(g) (6.35)

−m(g)

∫

Σn

2

r3
< x · ve >e< ve · b >e → −16

3
πm(g) (6.36)

(1− 2

C
)m(g)

∫

Σn

H

r
→ (1− 2

C
)8πm(g) (6.37)

as n→ ∞
Because there is a little difference from [9],we prove them again. We notice

from Lemma 3.1, we have H
2 Σn subconverges to some sphere S1(a) with |a| =

1, and the first and third integral converges to −m(g)
∫
S1(a)

2
r < ve · b >e=

− 8
3πm(g) and (1− 2

C )m(g)
∫
S1(a)

2
r = (1− 2

C )8πm(g) respectively.

To deal with the (6.36), first we notice that

∫

S2(a)

2

r3
< x · ve >e< ve · b >e dµe =

4

3
π (6.38)

then we break up the integral (6.36) into three parts.

∫

Σn

2

r3
< x · ve >e< ve · b >e dµe

=

∫

Σn∩Bc
sH−1(0)

+

∫

Σn∩BKr0(0)

+

∫

Σn∩BsH−1\BKr0

2

r3
< x · ve >e< ve · b >e dµe

(6.39)

Then

lim
n→∞

∫

Σn∩Bc

sH−1 (0)

2

r3
< x · ve >e< ve · b >e dµe

=

∫

S2(a)∩Bc
s

2

r3
< x · ve >e< ve · b >e dµe (6.40)

and
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lim
n→∞

∫

Σn∩BKr0 (0)

2

r3
< x · ve >e< ve · b >e dµe

=

∫

P∩BK(0)

2

r3
< x · ve >e< ve · b >e dµe, (6.41)

where P is the limit plane in Lemma 3.2. From Corollary4.6, we know the
normal vector of P is ve. Then due to an easy calculation we know

∫

P

2

r3
< x · ve >e< ve · b >e dµe = 4π (6.42)

From the divergence theorem we have

∫

Σn

2

r3
< x · ve >e dµe = 8π (6.43)

for any n and

∫

S2(a)

2

r3
< x · ve >e dµe = 4π (6.44)

because the origin is on the sphere S2(a). Since

lim
n→∞

∫

Σn∩Bc

sH−1(0)

2

r3
< x · ve >e dµe =

∫

S2(a)∩Bc
s(0)

2

r3
< x · ve >e dµe (6.45)

lim
n→∞

∫

Σn∩BKr0(0)

2

r3
< x · ve >e dµe =

∫

P∩BK(0)

2

r3
< x · ve >e dµe (6.46)

and

∫

P

2

r3
< x · ve >e dµe = 4π (6.47)

then we have

lim
s→0,K→∞

lim sup
n→∞

|
∫

Σn∩(BsH−1\BKr0 )

2

r3
< x · ve >e dµe| = 0 (6.48)

Now we want to prove that

lim
s→0,K→∞

lim sup
n→∞

|
∫

Σn∩(BsH−1\BKr0 )

2

r3
< x · ve >e< ve · b >e dµe| = 0 (6.49)

33



We use Lemma 4.7 to get (6.49) from (6.48), but there is a bit difference
from [9].

∫

Σn∩(BsH−1\BKr0 )

2

r3
< x · ve >e< ve · b >e dµe

=< vn · b >e

∫

Σn∩(BsH−1\BKr0)

2

r3
< ve · b >e dµe

+

∫

Σn∩(BsH−1\BKr0)

2

r3
< x · ve >e< (ve − vn) · b >e dµe (6.50)

The first term will converge to 0. For the second term, we deal with it in the
cylinder coordinate in Section 4:

|
∫

Σn∩(BsH−1\BKr0 )

2

r3
< x · ve >e< (ve − vn) · b >e dµe|

= |
ln∑

j=1

∫

A
Kr0e(j−1)L,Kr0ejL

2

r3
< x · ve >e< (ve − vn) · b >e dµe|

≤ C

ln∑

j=1

Lmax
Ij

|ve − vn|

= C

ln/2∑

j=1

Lmax
Ij

|ve − vn|+ C

ln∑

j=ln/2+1

Lmax
Ij

|ve − vn| (6.51)

From Lemma 4.7

CL

ln/2∑

i=1

sup
Ii

|v − vn|+ CL

ln∑

i= ln
2 +1

sup
Ii

|v − vn|

≤ C(lne
− 1

4 lnL + C)s+ l2nr
− 1

2
0 (6.52)

But from the condition

lim
n→∞

log(r1(Σn))

r0(Σn)1/4
= 0 (6.53)

we know

lim
n→∞

l2nr
− 1

2
0 = lim

n→∞
(
L−1(log sH−1 − logKr0)

r
1
4
0

)2 = 0 (6.54)

so (6.49) holds.
Then

0 ≤ −8

3
πm(g)− 16

3
πm(g) + (1− 2

C
)8πm(g) = −16

C
πm(g) (6.55)
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butm(g) > 0 , this is a contradiction. So for the stable constant mean curvature
foliation there exists some constant C > 0 such that for any sphere Σ in the
foliation,

r0(Σ)

r1(Σ)
≥ C. (6.56)

Then the uniqueness follows from Theorem 1.4.
Proof of the Corollary 1.9. Suppose there is not such K(C, β), then we can

find a sequence of constant mean curvature spheres Σn, with

lim
n→∞

r0(Σn) = ∞ lim
n→∞

log(r1)

r
1
4
0

= 0 (6.57)

and Σn do not belong to the foliation. But from the argument above we know
this sequence satisfies

r0(Σn)

r1(Σn)
≥ C. (6.58)

So when n is sufficiently large, Σn must belong to the foliation, which ends the
proof.
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