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Abstract

We show that a pair of almost commuting self-adjoint, symmetric ma-
trices are close to commuting self-adjoint, symmetric matrices (in a uni-
form way). Moreover we prove that the same holds with self-dual in place
of symmetric. Since a symmetric, self-adjoint matrix is real, the former
gives a real version of Huaxin Lin’s famous theorem on almost commut-
ing matrices. There are applications to physics of Lin’s original theorem
and both new cases. The self-dual case applies specifically to systems
that respect time reversal. Along the way we develop some theory for
semiprojective real C*-algebras.
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In 1997 Lin proved an important theorem about almost commuting matrices
[18]. Nowadays it is know as Lin’s theorem. Loosely speaking it states that
two almost commuting self-adjoint matrices are close to commuting self-adjoint
matrices, and in a way that is uniform over all dimensions. Formally it says:

Theorem. (Lin) For all € > 0 there exists a 6 > 0 such that for all n € N
the following holds: Whenever A, B € M, (C) are two self-adjoint matrices such
that ||AB — BA|| < § there exists self-adjoint matrices A', B’ € M, (C) such that
A'B'=B'A" and

A=Al |B - B'|| <e.

Lin proved this result on complex matrices using C*-algebra techniques, with
an eye on corollaries in classification of C*-algebras, K K-theory and the exten-
sions of C*-algebras (e.g [17]). However the theorem itself does not mention
C*-algebra, and it seems to have siblings and applications outside of C*-algebra
theory.

A famous algorithm, developed by Cardoso and Souloumiac for use in blind
source separation [5], is “Joint Approximate Diagonalization” (JADE). This
algorithm takes two (or more) matrices, either real or complex, and finds a
change of basis to make both matrices approximately diagonal. This is closely
related to the problem of finding a small perturbation of an almost commuting
pair of matrices to a commuting pair. Of course there are various interpretations
of “small perturbation” and of “approximately diagonal” and JADE is only
claiming to minimize off-diagonal parts, not promising small off-diagonal parts.
Nevertheless, we feel this is a connection to be explored.

Hastings discovered a connection between Lin’s theorem and finite systems
in condensed matter physics [I1]. The versions of Lin’s theorem that we prove
here involve an additional symmetry beyond being self-adjoint. This type of
symmetry, which we call a reflection, is needed when working with systems in
condensed matter physics that have time-reversal symmetry [13| 14} 211 24] 25].
The use of reflections (or equivalently, generalized conjugations) in physics is
certainly not restricted to condensed matter physics. For example, this sort of
symmetry arises in Connes’ derivation of the standard model, section 2 of [@].

We have two main theorems, which we state as one.

Theorem 1. For all € > 0 there exists a § > 0 such that for all n € N the
following holds: Whenever A, B are two n-by-n, self-adjoint, real (resp. self-
dual) matrices such that |AB — BA|| < § there exists n-by-n, self-adjoint, real
(resp. self-dual) matrices A', B' such that A’B’ = B'A" and

A= A"l [|B - B'|| <e.

There are essentially three known ways to prove (the complex case of) Lin’s
theorem: Lin’s original proof; the Friis-Rgrdam proof ([9]) that utilizes semipro-
jectivity results and generalizes the result to work in C*-algebras of “low topo-
logical dimension”; Hastings’ quantitative proof ([I2]) that is valid only in the
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matrix case but gives a relation ship between £ and §. We modeled our proof
on that of that of Friis and Rgrdam, and so had to develop some theory of
semiprojectivity of real C*-algebras. We made this choice since this was the
most natural proof for us, and since we felt that some of the real C*-algebra
techniques we would study would have independent interest. Our proof is limited
to the matrix case, although the semiprojectivity results are for semiprojectivity
with respect to general real C*-algebras.
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2 Real C*-algebras

2.1 Two types of real C*-algebras

In the past, there have been two ways to talk about real C*-algebras. There
have been real C*-algebras (that is, with lowercase r) and Real C*-algebras
(with uppercase R). For general background on real/Real C*-algebras, see [10]
and [16]. Real and real C*-algebras are different objects, and even though
they are closely related the similar names cause confusion (especially in verbal
communication). We are not the first to feel this way. See, for example, [22]
page 698] regarding Atiyah’s [I] use of Real and real as distinct terms. Adding
to the confusion is that fact the Real C*-algebras have C as their scalar field.
In fairness to Atiyah we should mention that the category of spaces sits nicely
inside the category of Real spaces, thus reducing potential confusion. This,
however, is not true for noncommutative C*-algebra. To minimize confusion we
suggest new names.
First we describe a class of algebras with scalar field R.

Definition 2.1. Given a real Banach %-algebra we let Ac be the set of formal
sums a1 +1 - as, a1,as € A. Letting ai,a2,b1,b0 € A and o, 8 € R we define
algebraic operations on Ac by:

(ar +i-az)+ (b1 +i-b2) (a1 4+ b1) +i- (az + ba),

(CLl —|— 7 CLQ)(bl —I— 7 - b2) = (Clel — CLQbQ) —I— 7 - (CLle + albg),
(a1 +i-a2)" = aj+i-(-a3),
(a+ Bi)(ay +i-a2) = (aay — Baz)+1i- (aaz + Paq).

With those operations Ac is a complex x-algebra. We call it the complexification

of A.

Definition 2.2. A real Banach x-algebra A is called an R*-algebra if the there
exist a norm on Ac such that Ac becomes a C*-algebra, and the norm on Ac
extends the norm on A.

Remark 2.3. An R*-algebra is known in the literature as a real C*-algebra [23].

We have the obvious morphisms, and with those we have a category.

Definition 2.4. A map ¢: A — B between two R*-algebras is called an R*-
homomorphism if it is R-linear, multiplicative and x-preserving.

Definition 2.5. Denote by R* the category with objects all R*-algebras and
morphisms all R*-homomorphisms. Denote by Rj the category of unital R*-
algebras and morphisms.

We will also define a class of algebras that is seemingly closer to C*-algebras.
The motivation for this is that the real matrices can be described as those where
A* = AT. We define something similar to the transpose in a more general
setting.
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Definition 2.6. Let A be a C*-algebra. A linear and *-preserving map 7: A —
A such that T(ab) = 7(b)7(a), and 7(7(a)) = a for all a,b € A is called a

reflection on A.

Remark 2.7. A reflection is just an isomorphism between A and its opposite,
with the range changed. Thus it is automatically norm preserving and contin-
uous. Furthermore, the 0 element in A must be mapped to 0 by 7, if A has a
unit it too must be mapped to it self by 7, and for any a € A the spectrum of
a equals that of 7(a)

Definition 2.8. A C*"-algebra is a pair (A, T) where A is a C*-algebra and T
is a reflection of A. We will often write 7(a) as a”.

Similar to how the letter d is almost always used to represent a generic
metric, we will write (A, 7) when we do not know anything special about 7.
Remark 2.9. The Real C*-algebras correspond to C*7-algebras.

We also have morphisms between C*7-algebras, and so we also get a cate-
gory.

Definition 2.10. By a C*7-homomorphism (or x-T-homomorphism) we mean
a map ¢: (A, 7) — (B, T) such that ¢ is a x-homomorphism from A to B and
d(a™) = ¢(a)” for all a € A.

Definition 2.11. Let C*7 be the category with objects all C*7 -algebras and
morphisms all *-T-homomorphisms. Let C77 be the category of unital C*7 -
algebras and morphisms.

2.2 Connections between R* and C*”

We will now consider the close relationship between R*-algebras and C*7-
algebras. We have a notion of real elements inside a C*"-algebra.

Definition 2.12. Given a € (A, 1) we let R, (a) = (a +a*7)/2.

We will say that a is a real element or is in the real part of (4, 7) if R, (a) = a.
This happens precisely when a* = a”.

Lemma 2.13. Ifa € (A, T) then
a=%R,(a) —iR,(ia).

Lemma 2.14. If a € (A, 7) and we can write a = a1 + tay with a1 and ag in
the real part of A then a1 = R-(a) and az = R (—ia).

We use this newfound knowledge to show that inside all C"*7-algebras lives
an R*-algebra.

Proposition 2.15. If (A,7) is a C*"-algebra then {a € A | a* = a"} is an
R*-algebra.
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Proof. Let Ay ={a € A|a* =a"}. The map from A to (Ap)c sending a € A
to R, (a) +i- R, (—ia) is an R*-isomorphism. O

We now define a functor from R* to C*7.

Definition 2.16. Define ®: C*™ — R* on objects by
R(A,7)={a€cA]|a*=a"},
and if ¢: (A, 7) = (B, 1) we let

R(¢) = dlr(a,n,
where we co-restrict the right hand side to R((B,T)).
We also wish to have a functor from R* to C*7.

Lemma 2.17. If A is an R*-algebra then x: Ac — Ac given by
(a1 +i-a2)* =af +i-al,
is a reflection on Ac. Furthermore R(Ac, %) = A.

Definition 2.18. Define % to be the functor from R* to C*7 that maps R*-
algebras A to (Ac,*) and R*-homomorphism ¢: A — B to %(¢): (Ac,*) —
(Bg, *) given by

*(¢)(a1 +1i-az) = ¢(a1) +i- d(az).

It is not obvious that % is a functor, but on the other hand it is not hard
to prove.

Remark 2.19. The functor % maps surjections to surjections and injections to
injections.

It can shown that our two functors are almost inverses, that is if A is an
R*-algebra and (B, 7) is a C*7-algebra, then

*(R(B, 7)) = (B,7), and R(k(A4)=A.

In fact it is know that they both yield categorical equivalences. As such a lot of
the study of R*-algebras can be done using C*7 algebras. That is the approach
we will take through out this paper. The reasoning behind this choice is that
the C*7-algebras lets us utilize a lot of our C*-algebra knowledge. Hence there
is less reproving of theorems.

2.3 Two examples

Ezample 2.20. We modeled a reflection on the transpose so of course it is a
reflection, and R(M,,(C),T) = M, (R).
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There is another reflection on M, (C). If A € My, (C) we let A;; be the
n X n blocks and define

An Ap) _ (A AL
Ao Az -A5 AL )
This is a reflection, and R(Ma,(C), ) = M,(H), where H is the quaternions.

This is an imporant operation in physics, as is dicussed in the survey [27] of
applications of random matrices in physics.

Ezample 2.21. Consider the C*-algebra of continuous complex-valued functions
on the circle, i.e. C(S'). Since C(S!) is abelian a reflection is just a an order-two
isomorphism. Hence any reflection will come from an order-two homeomorphism
of the circle. From [7] we glean that there are only three such maps (up to
conjugation), namely:

1. z2+— —z,
2. z+— Z, and,
3. 2+ z.

Each gives rise to a C*7 algebra by defining for instance f7(z) = f(—z). The
real parts will be

L {feC(s,0) | f(z)
2. {f€C(s",C) | f()

3. {f€C(s,0) | f(2)

As there are two essentially distinct reflections on Ms,(C) and three on
C(S1), we immediately find six replacements in the real case for

f(=2) for all z € S},
f(z) for all z € S'}, and,
f(2)} = C(SY,R).

Unn(A) 2 hom (C(S1), M, (A)) .

We are therefore unsurprised to find that K;(A) gets replaced by six odd K-
groups, counting degrees 1, 3, 5 and 7 in KO and degrees 1 and 3 in self-
conjugate K-theory [Tl 4].

2.4 Ideals in and operations on

We wish to study ideals in C*7 algebras. In C*-algebras the ideals are precisely
the kernels of #-homomorphisms. The kernel of C*7-homomorphism will be
self-7 (that is, if = € ker ¢ then 2™ € ker ¢), but there are C*-ideals that need
not be self-r. We wish to eliminate those ideals, and so we give the following
definition.

Definition 2.22. Let (A,7) be a C*7-algebra. We say that I C A is an ideal
in (A,7) if I is a C*-ideal in A and I is self-r. We will sometimes write I <, A
orI<(A,T).
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With ideals at hand, we can define quotients.

Lemma 2.23. If I < (A, 1) then (I,7|;) is a C*7-algebra. Let m: A — A/l
be the C* quotient map. The map w(a)™ — 7w(a™) defines a reflection on A/I.
Thus A/I is naturally a C*7-algebra and w is C*7 -homomorphism.

We note that we now have obtained what we wanted: The C*7 ideals are
precisely the kernels of the C*7-homomorphisms.

The following lemma and theorem tells us that we have direct sums and
pullbacks in the category C*7.

Lemma 2.24. Given two C*7-algebras (A, 7) and (B,o) the map T ®o: AP
B — A® B will be a reflection.

Theorem 2.25. Suppose ¢1: (A1,7) = (C,7) and p2: (A1,7) — (C,7) are
x-T-homomorphisms, and form the pull-back C*-algebra

Al Dc A2 = {(a17a2) S Al (S5) A2 } ng(al) = ng(ag) } .
This becomes a C*7 -algebra with
(a1,a2)" = (af,a3)

and it gives us the pull-back of the given C*7-algebras, where we are using the
restricted projection maps ;j: (A1, T) ®(c,r) (A2, 7) = (A4, 7).

Proof. We need to check some axioms, but all are clear. Given v,: (D, 7) —
(Aj, ) with 1 0191 = 2 012, we know from the underlying *-homomorphisms
that we have a unique *-homomorphisms

P: D — A1 ®c As
for which 7; 0 ¢ =1);. It is defined by
Y(d) = (Y1(d), ¥2(d))

and

Y(d") = (1(d7),¢2(d")) = (P1(d)7,2(d)7) = (¥1(d), ¥2(d))" = (d)".

We can also define what it means to unitize a C*7-algebra.

Lemma 2.26. Let (A, 7) be a C*7 algebra. The formula
(a+A1)7 =a" + A1, a€ANeC,

defines a reflection on A. Thus ([1, o) is a C*7-algebra. And it is the only way
to unitize (A, T) while preserving the reflection on A.
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Proof. Let a,b € A and let \,u € C. We must check that ¢ is linear, anti-
multiplicative and *-preserving. The only thing that is not immediately obvious
is that o is anti-multiplicative. To see that we compute:

((a+A1)(b+p1)? = ((ab+ pa+ Ab) + (Au)1)?
= (ab+ pa+ Xb)" + (M)l
= ba” 4+ pa” + A7 4+ Al
= (0" +pl)(a” + A1)
= (b4 pl)?(a+ N)°.

Since any reflection must preserve the unit o is defined in the only possible
way. O

Definition 2.27. If (A,7) is a C*7-algebra we will also denote by T the ex-
tension of T to A given in lemma (220 (this should cause no confusion, as the
lemma shows this extension is unique). The C*7-algebra (A, T) we denoted by

(A, 7) or (A, 7)™, and call the unitization of (A,T).

Ezample 2.28. We will compute the unitization of the C*7-algebra Cy((0,1), id).
Since Cp((0,1))~ =2 C(S1), we have that (Co((0,1),id))~ = C(S*, 1), where T
is a reflection that extends id. Since the unit is always self-7 and everything
in Cy((0,1),1d) is self-id, we have that all elements of Cy((0,1),id)™ are self-7.
Thus we have Cp((0,1),id)~ = C(S!,id).
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3 (Semi) Projective real C*-algebras

The definition of a semiprojective C*-algebra that we use today was given by
Blackadar in [2]. We will modify that definition so we can use it for C*7-
algebras. The theory of semiprojective C*-algebras is well developed, for good
resources on the subject see [3], [20], and the references therein. In what follows
we try to develop some theory of semiprojective C*7-algebras. To do so we
borrow proof ideas from across the field of semiprojective C*-algebras without
further references.

3.1 Definitions

We give the obvious definitions of projectivity and semiprojectivity in the cat-
egories C*™ and Cy”".

Definition 3.1. Let C be one of the categories C*™ or C7'". An object A in C
is said to be projective, if whenever J is an ideal in B, another object in C, and
we have a morphism ¢: A — B/J in C, we can find a morphism ¢¥: A — B in
C such that w o1y = ¢, where 7 it the quotient map from B to B/J.

Definition 3.2. Let C be one of the categories C*7 or C7'". An object A in C
1s said to be semiprojective, if whenever J; C Jo C -+ is an increasing sequence
of ideals in B, another object in C, and we have a morphism ¢: A — B/J,
J = UpJy, in C, we can find an m € N and morphism ¢: A — B/J,, in C
such that T, o 01 = ¢, where Ty o it the quotient map from B/Jy,, to B/J.

Notation. Whenever we have a C*7-algebra B containing an increasing se-
quence of 7-invariant ideals J; C Jo C --- we denote the quotient maps as
follows:

Tn: B — B/ Jy,
Tn,m: By = B/ Jm,
om0t B/ Jm — B/ J,
oot B — B/J,

where n < m are natural numbers and J = U, J,,.

Of course one could just as easily define semiprojective R*-algebras. Study-
ing how the functors R and % behave with respect to ideals and lifting problems,
the following two propositions can be proved. For reasons of brevity we have
chosen not to include proofs of these propositions.

Proposition 3.3. If A, B are R*-algebras, J is an ideal in B, and ¢: A — B/J
is an R*-homomorphism, then we can find an R*-homomorphism ¢¥: A — B
such that Tov = ¢ if and only if we can find a *-T-homomorphism x: Y (A) —
% (B) such that % (1) o = % ().

10
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Proposition 3.4. If A is an R*-algebra then A is (semi-) projective if and only
if %(A) is. If (B,7) is a C*"-algebra then (B,T) is (semi-) projective if and
only if R(B,T) is.

Just as in the C*-case we can somewhat simplify the task of proving semipro-
jectivity.

Proposition 3.5. To show that a C*7-algebra (B, T) is semiprojective it suf-
fices to solve lifting problems

(B,7)

|

(B/Jn,7)

7z
-
-
-
-

(AaT> 7 (B/JaT)

where ¢ is either injective, surjective or both.

Proof. This is well know in the C*-case [20], and is no harder in the C*7-case.
To get injective we replace ¢ with ¢ @ id: (4,7) — (B/J @ A, 7 & 7). To get
surjective we focus on the image of ¢. O

Functional calculus is indispensable when working with lifting problems.
The following lemma tells some of the story about C*7-algebras and functional
calculus.

Lemma 3.6. Suppose a is normal element in a C*7-algebra (A, 7). If f is a
continuous function from o(a) to C then f(a)™ = f(a7).

If b € (A,7) is a normal and self-r element and o(b) C X C C then the
C*-homomorphism ¢: Co(X) — A given by f — f(b) is a C*T-homomorphism
from C(X,id) to (A, 7).

Proof. We remind the reader that o(a) = o(a”™). Since 7 is linear we have
p(a)™ = p(a™), for any polynomial p. By continuity of 7 we now get f(a)™ =
f(a7) for any function f € C(o(a)).

For any function f € Cy(X) we have

fO)T = f(07) = f(b) = (f 0id)(b).
O

With that lemma at our disposal, we can give some basic examples of (semi-)
projective C*7-algebras.

11
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Ezample 3.7. We will show that the C*7-algebra Cy((0,1],id) is projective.
Suppose we are given the following lifting problem:

(B,T)

iw

Co((0,1],id) — (B/J,T)

Let h = ¢(t — t). Then h is a self-7 positive contraction. Let x be a positive
contractive lift of h, and let k = (z + 27)/2. Then k is a self-r, positive
contraction, and m(xz) = h. By Lemma the map f — f(k) is a C*7-
homomorphism. It is a lift of ¢ by standard C*-theory.

Ezample 3.8. We will show that the C*7-algebra (C, id) is semiprojective. Sup-
pose we are given the following lifting problem:

(B,7)

:

(B/Jn,7)

Wn,ooi

(AaT> 7’ (B/JaT)

Let p = ¢(1). Then p is a self-7 projection. Let y € (B, 7) be any self-adjoint
lift of p. If we let x = (y+y7)/2 then x is a self-7 and self-adjoint lift of p. Since
mn(2? — ) — 0 as n — oo we can find some m € N such that 1/2 ¢ o (7, (x)).
Now let f be the function that is 0 on (—o0;1/2) and 1 on (1/2;00). Then
q = f(mm(x)) is a projection and a lift of p. Since z is self-7 ¢ will be self-7. We
can now define a C*7 homomorphism from C to B/J,, by A — Ag (Lemma [3:0).
It is a lift of ¢.

3.2 Closure results
3.2.1 Unitizing

We aim to get the C*7 equivalent of C* result that A is semiprojective if and
only if A is. First we show that if A is unital it suffices to solve unital lifting
problems.

Lemma 3.9. A unital C*7-algebra is semiprojective in C*7 if and only if it is
semiprojective in C7".

Proof. Let (A, T) be a unital C*7-algebra.
The proof that (A, 7) semiprojective in C*7 implies that it is semiprojective
in C7'7 is precisely the same as in the C*-case.

12
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Suppose that (A, 7) is semiprojective in C7"". Let (B,T) be a C*-algebra
containing an increasing sequence of C*7 ideals I C I, C .-+, let I = U,I,, and
let ¢: (A,7) — (B/I,7) be a C*"-homomorphism. Put p = ¢(14). Then p is
a self-T projection in (B/.J, 7). Since (C,id) is semiprojective, we can find some
no € N and self-7 projection ¢ € B/J,, such that m,, «(q) = p. For eachn > ng
define g, = mp,,n(q). Since all the g, are self-7 all the corners g, (B/Jy,)q, are
self-r. Hence for all n > ng we have that ¢,(B/J,)g. = (¢Bq)/(¢J»q) and that
by restricting the 7’s we get the following commutative diagram of C*"-algebras:

(@no(B/ Jng)qng, T) = (B/Jng, T)

i i

(qn(B/Jn)gn, T) —— (B/Jn, T)

i i

(p(B/J)p, ) ——— (B/J,T)

(4,7)

In the two left most columns there are only unital maps and algebras, so since
(A, 7) is semiprojective in the unital category, we can find a lift for some n > ny.
This lifting combines with the inclusion ¢,(B/J,)g, — B/J, to show that
(A, T) is semiprojective. O
The lemma is a stepping stone towards a goal, but it also has its own appli-
cations.
Example 3.10. The C*T-algebras C(S',id), C(S, 2z — %) and C(St, 2z — —2)
are all semiprojective. We will only show the first one, but the remaining proofs
are similar. By Lemma it suffices to solve lifting problems of the form:

(B,T)

|

(B/Jn,T)

irn,oo

(C(SY),id) — (B/J,T)

where everything is unital. Let u = ¢(z — z). Then u is a self-7 unitary. Let y
be any self-7 lift of u. We can find an m such that x = m,,(x) satisfies that zz*
and 2*z are invertible. Now define v = x(z*2)~1/2. The v is a unitary lift of u
and, by Lemma and a standard functional calculus trick,

o = ((I*I)fl/Q)T:ET — ((x*x)T)fl/Qx — (xx*)fl/zx — x(x*x)fl/Q = 0.
There is C*-homomorphism from C(S') to B/J,, given by ¥ (f) = f(v). Since

v is self-7 and every element in C(S1,id) is self-, this is actually a C*7 homo-
morphism from C(S%,id) to (B/J,, 7). Because v is a lift of u, v is a lift of

é.

13



3.2 Closure results 3 (SEMI) PROJECTIVE REAL C*-ALGEBRAS

Lemma 3.11. A C*"-algebra (A, 1) is semiprojective if and only if (A, T) is
semiprojective in the unital C*7 category.

Corollary 3.12. A C*7-algebra is semiprojective if and only if its unitization
18.

Example 3.13. Since (C((0,1),id)~ = C(S1,id) and the latter is semiprojective,
C((0;1),id) is semiprojective.

3.2.2 Direct sums
In this section we aim to show the following.

Proposition 3.14. If (A, 7),(B, o) are separable semiprojective C*7 -algebras,
then (A® B, T @ o) is a semiprojective C*7 -algebra.

Before we can do that however, we need to set up some theory.
Lemma 3.15. The relations 0 < h,k <1,h=h",k =k7,hk =0 are liftable.

Proof. Suppose we are given a 7-invariant ideal J in a C*7-algebra B, and
suppose h,k € B/J satisfy the relations. Let a = h — k. Then «a is a a self-7
self-adjoint contraction. Thus we can lift it to a self-adjoint self-7 contraction
in B, @ say. Define f: R — R by f(z) = (z + |z|)/2. Then we know from
C*-algebra theory that f(a) is a positive contractive lift of h, that f(—a) is a
positive contractive lift of &k, and that f(a)f(—a) = 0. Lemma [B.8 tells us that
f(a) and f(—a) are self-7. O

Lemma 3.16. Let (B,7) be a C*7-algebra. If h € (B,T) is strictly positive in
B then so is h™. Hence R, (b) is strictly positive.

Proof. Let ¢: B — C be a linear positive functional. Then we have, writing 7
as a function,

¢(h7) = o(7(h)) = (¢ oT)(h).

Since 7 is linear and maps positive elements to positive elements ¢ o 7 is a
positive linear functional. But then if ¢ is non-zero we have

¢(h") = (¢oT)(h) > 0.
O

Corollary 3.17. If (B, T) is a separable C*7-algebra then it contains a self-t
positive element h such that hBh = B.

A discussion of hereditary subalgebras in the context of real C*-algebras is
to be found in [26].
We are now ready to prove Proposition 3.14
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3.2 Closure results 3 (SEMI) PROJECTIVE REAL C*-ALGEBRAS

Proof of Proposition [3.14 Since both (A,7) and (B,o) are separable we can
use Corollary BI7 to find h € A and k € B, positive contractions such that
h™ = h, k = k, hAh = A and kBk = B. Suppose we are given a C*"-algebra
(D, 7) containing an increasing sequence of 7-invariant ideals J; C J; C - -+ and
a C™7-homomorphism

¢: (A B,7®0)— (D/J, 1),

where J = U, J,,. Let h = ¢((h,0)) and k = ¢((k,0)). Since h and k are or-
thogonal positive contractions we can, by Lemma [3.15] find positive orthogonal
contractive lifts h, k of them in B. For each n € N U {oo} let h, = m,(h),
kp = 0 (E), Ay = hn(D/Jp)hn, and B, = k,(D/Jy,)k,. For each n € N U {oo}
the map v, = 7|a, ® 7|s, is a reflection since h,, and k, are self-7. Observe
that we have

WMD)I)h = hoo(D/J)hes = Ass  and  k(D/J)k = koo (D/J)koo) = Bao.
Define for each n € NU {oo} a map
Qn (An @ Bna'Yn) - (D/Jan)v

by a((z,y)) = z+y. It will be an C*7-homomorphism since h,k,, = 0. Noticing
that - -

w(hDh) = A and 7(kDk) = Beo,
we see there must be a C*7-homomorphism

V: (ADB,7T®0) = (A @ Boo, ),

such that ¢: as 0 9. Hence we get the following commutative diagram for all
neN

(An EB Bnu’Yn) L’ (D/JnaT)

i i

(A® B, 76 0) —> (Ao @ Boo, Yoo) —=> (D/J, 7)

\—/

®

Since 7 is a direct sum of two reflections, we can use the semiprojective of (A, T)
and (B, o), one at a time, to show that (A ® B, ® o) is semiprojective. O

Remark 3.18. We observe that we only used (A, 7) and (B, T) separable to get
strictly positive real elements h, k. So we might as well have assumed that A
and B were o-unital. Lemma tells us that whether we define (4, 7) to be
o-unital when A is or when (A, 7) contains a strictly positive real element, we
get the same class of algebras.

The knowledge we have accumulated so far lets us take a small step towards
showing that if X is a finite one-dimensional CW-complex then C(X,id) is
semiprojective.

15



3.2 Closure results 3 (SEMI) PROJECTIVE REAL C*-ALGEBRAS

Proposition 3.19. If X is a wedge of circles (a bouquet) then C(X,id) is
semiprojective.

Proof. By assumption

C(X,id) = (é Co((0,1), id)) :

for some n € N. By Proposition B4 @, Co((0,1),id) is semiprojective since
each summand is. So by Corollary B.I1 C(X,id) is semiprojective. O

The above proposition will later be the basis step of an induction proof.

Remark 3.20. If X is a wedge of two circles, then we can put a reflection on
C(X) by mapping one circle to the other. This reflection is not a direct sum of
two reflections on the circle. Hence showing that the C*7-algebra it defines is
semiprojective requires different techniques than the ones we have just used.

16



4 MULTIPLIER ALGEBRAS

4 Multiplier algebras

In this section we will study multiplier and corona algebras of C*"-algebras.
The idea is that we already have multiplier algebras at our disposal. So the
main body of work lies in showing that we can extend a reflection on A to a
reflection on M(A).

4.1 A reflection on M(A)

The following theorem is in [I5]. We present it here with a few more details.

Theorem 4.1. Suppose (A, 7) is a C*7-algebra. There is an operation T on
M(A) defined by

mTa=(a"m)", and am” = (ma")"

for a in A and m in M(A), and (M(A),7) is a C*7-algebra, and the C*-
inclusion

t: A— M(A),
1s also a C*7 -homomorphism.

Proof. Consider for a moment a fixed m in M(A). Define L: A — Aand R: A —
A by
L(a)=(a"m)" and R(a)= (ma”)".

For all @ and b in A,
L(ab) = (b"a™m)" = (a™m)" b = L(a)b,
R(ab) = (mb"a™)" = a(mb")" = aR(b),

and
R(a)b = (ma™) b= (b"ma”)" =a(b™m)" = aL(b),

so (L, M) is an element of M(A), which we denote m”. Notice m” is specified
within all multipliers by either one of the formulas

mTa=(a"m)", or am” = (ma")".

We claim that the operation defined above, on all multipliers m — m7, makes
M(A) a C*"-algebra. For any multiplier m, and any a in A,

m™Ta=(a"m") = (ma’")"" =ma,
soTor =1id. For nin M(A) and a in C,

(am+n)"a=(a"(am+n))" =am”a+n"a= (am” +n")a,

(mn)"a = (a"mn)" = ((m"a)™n)" =n"(m"a) = (n"m7)a,

17



4.1 A reflection on M(A) 4 MULTIPLIER ALGEBRAS

and
(m*)Ta — (aTm*)T _ (ma*T)*T — (a*m‘r)* — (m‘r)*a,

which means 7 commutes with *, is anti-multiplicative, and C-linear.
If a is in A, them for any other b in A,

t(a)Tb= (b"e(a))” = (b7a)” =a"b=1(a")b,
so t(a)” = t(a™). O

Lemma 4.2. Suppose A is a C*7-subalgebra of B, where (B,T) is a given
C*7-algebra. The idealizer

I(A:B)={beB|bA+AbC A},
is self-t, and so a C*7 -subalgebra of B containing A as a self-T ideal.

Proof. Suppose b is in the idealizer and a is in A. Then a” € A and so
(b7a)" =a"be A = bTa € A,
and
(ab”)" =ba" € A = ab” € A,
proving b” is also in the idealizer. O

Theorem 4.3. Suppose (B, 1) is a C*"-algebra and A<(B,T) is a self-T ideal.
The unique x-homomorphism 0: B — M(A) for which 0(a) = v(a) for all a in
A, is automatically a *-T-homomorphism.

Proof. We know 6(b)a = ba defines the only possible *-homomorphism from B
to M(A) satisfying 6(a) = ¢(a). For b in B and a in A we compute

0(b)"a = (a0(b))" = (8(a"8))” = 0((ab)") = 0(ba) = O(b")a,
which proves 6 is T-preserving. O

Lemma 4.4. If ¢ : (A, 7) — (B, 1) is a proper *-T-homomorphism between
o-unital C*7-algebras, then the unique x-homomorphism ¢ : M(A) — M(B)
that extends ¢ is actually a *-T-homomorphism.

Proof. The fact that ¢ is proper tells us B = ¢(A)B = Bp(A). The defining
formulas for ¢ are

p(m)p(a)b = p(ma)b
and
bp(a)p(m) = bp(am).

18



4.2 Corona extendible morphisms 4 MULTIPLIER ALGEBRAS

Therefore

We get “multiplier realization” for free.

Theorem 4.5. Let C(E) denote the corona of a o-unital C*7-algebra (E, 1),
and let D and N be separable C*7-subalgebras of C(E). Suppose

ACC(EYnD'nN*,
18 a o-unital C*7-subalgebra. Then the x-T-homomorphism
0: I(A: C(E)NnD' N N*) — M(A)
18 onto.

Proof. We know that 6 is onto, by Corollary 3.2 of [8]. All we are asserting here
is that this map is now a morphism in the category of C*"-algebras. o

4.2 Corona extendible morphisms

Definition 4.6. We say a morphism of C*7-algebras v: (A,7) — (B, 1) is
corona extendible if, for every x-r-homomorphism ¢: A — C(FE) with E a o-
unital C*7-algebra, there exists a *-T-homomorphism @: A — C(E) so that

Poy=¢.

Theorem 4.7. Suppose 0 - A — X — P — 0 is a short-exact sequence of
o-unital C*7-algebras If P is projective then the inclusion A — X is corona
extendible. Moreover, the unitization of this map A — X is also corona ex-
tendible.

Proof. Except for the x-7-homomorphism claim, this is Theorem 3.4 of [§] com-
bined with the usual universal property of a split extension, as in Theorem 7.3.6
of [20]. We summarize those proofs and verify that various maps can be selected
to be *-7-homomorphisms.

Since P is projective, the exact sequence has a splitting by a *-7-homomor-
phism A: P — X. We assume we are given a #-7-homomorphism ¢ : A — C(E)
with E being o-unital. As in the proof of Theorem 3.4 of [§], we have the
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4.2 Corona extendible morphisms 4 MULTIPLIER ALGEBRAS

commutative diagram, ignoring for now g,

A
0 A B=— —p 0
A M(A)
i g
o(A) M(p(A))
P(A)——=I(p(A) : C(E))

where the map A — p(A) is the co-restriction of ¢ making it onto. The essential
fact that the arrow up from the idealizer to the multiplier algebra is both sur-
jective and a *-7-homomorphism is Theorem The map from B to M(A) in
the top square is a *-7-homomorphism by Theorem L3l The map from M (A4) to
M(p(A)) in the middle square is a *-7-homomorphism by Lemma 4l We use
the projectivity, in the *-7-sense, of P to get a *-7-homomorphism 1y making
the diagram commute.

Following ¢ by the inclusion into the corona algebra give us a *-7-homomor-
phism ¢: P — C(E) such that

for all p in P and a in A. This induces a *-homomorphism
U: X - C(E)

extending ¢ by
U(a+Ap)) = ¢la) +1(p)

which is evidently a *-7-homomorphism.

To get the last claim, we must use more of the power of Theorem We
are given A — C(FE) which we regard as a *-7-homomorphism ¢ : A — C(F)
together with a projection p in C'(F) such that pp(a) = ¢(a) for all @ in A. We
can replace I(p(A) : C(E)) in the big diagram by

I(p(A): C(E)) N (1 -p)*.

We still have the needed surjectivity onto M(p(A)) and end up with ¥ : B —
C(F) with the property p¥(b) = ¥(b) for all b in B. O

Corollary 4.8. Suppose X is a compact metrizable space andY C X is a closed
subset of X homeomorphic to the closed interval [0;1]. Let X1 be the quotient
of X obtained by collapsing Y to a point. The inclusion C(X1,id) — C(X,id)
of abelian C*7-algebras is corona extendible.
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Proof. Let yo denote the point in Y associated to 0 in [0; 1]. Let y. be the point
in X; that is the image of Y in the quotient map. We have an exact sequence

00— Co(Xi \ {y+}) — C(X \ {wo}) — Co(0;1] —=0

where all C*-algebras are equipped with the trivial 7 operation. Thus we are
done by Theorem [£.7] and Example 3.7
O

4.3 Corona (semi-) projective

Just as in the C*-case, the work of showing semiprojectivity can be reduced
using corona algebras. Most of the proof of the following two theorems can be
copied from the proof of [20, Theorem 14.1.7] if one only remembers to change
category. The only change is that we have not studied the Calkin algebra in a

C*7 setting. To avoid using that, use the corona algebra of @, (A4, 7).

Theorem 4.9. Suppose A is a separable C*7 -algebra. The following are equiv-
alent:

1. A is projective;

2. we can solve the lifting problem for A whenever p is the quotient map
M(E) — C(FE) for a separable C*"-algebra E and ¢ is injective;

8. we can solve the lifting problem for A whenever p is the quotient map
M(E) — C(FE) for a separable C* " -algebra F;

4. we can solve the lifting problem for A whenever p is the quotient map
B — B/I for a separable C*™-algebra B and closed T-closed ideal I.

Theorem 4.10. Suppose A is a separable C* 7 -algebra. The following are equiv-
alent:

1. A is semiprojective;

2. we can solve the partial lifting problem for A whenever B = M(E) for
a separable C*7-algebra E and |J Ex = E for some chain of T-invariant
ideals of E and @ is injective;

3. we can solve the partial lifting problem for A whenever B = M(E) for
a separable C*7 -algebra E and \J Ey = E for some chain of T-invariant
ideals of E;

4. we can solve the partial lifting problem for A whenever B is separable.

Theorem 4.11. Suppose 0 — I - A — B — 0 is an exact sequence of
separable C*7 -algebras. If A and B are projective then I is projective.

Proof. We need only lift morphisms of the form I — C(E). These extend to
morphisms B — C(F), and those morphisms lift. O
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Theorem 4.12. Suppose 0 — I — A — B — 0 is an exact sequence of
separable C*7 -algebras. If A is semiprojective and B is projective then I is
semiprojective.
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5 Functions on graphs

In this section we show semiprojectivity of continuous functions on finite one-
dimensional CW-complexes with the trivial reflection. The proof follows the
ideas put forth in [I9]. In that paper semiprojectivity of “dimension drop
graphs” is shown. Since we have a specific goal in mind, we have chosen to
drop the matrix algebras.

Theorem 5.1. If X is a finite one-dimensional CW complez, then C(X,id) is
a semiprojective C*7 -algebra.

Proof. Since semiprojectivity is closed under direct sums, we can assume that
X is connected. We will do the proof by induction on the number of vertices in
X.

The case where X has only one vertex is Proposition

Suppose now any one-dimensional CW complex with k vertices gives rise to
a semiprojective C*7-algebra. Let X be a one-dimensional CW complex with
k + 1 vertices. Fix two vertices, v1 and vy say. Let X be a topological copy of
X. Denote the copies of v; and v and X by w; and ws respectively. Choose a
continuous function ho: X — [~1;2] such that hy*([—1;0]) consists of the union
of closed subintervals, containing wy, of each of the edges adjacent to wi, and
such that hg'([1,2]) consists of the same for the edges adjacent to ws, and also
ho'({—1}) = {w:} and hy ' ({2}) = {w2}. We will identify X with the quotient
of X obtained by collapsing hg ' ([~1;0]) to one point and hy*([1;2]) to another.
Let vx: X — X be the quotient map. Collapsing v; and vy to one point we
obtain a space, Y say. Let n: X — Y be the quotient map. Collapsing w; and
wy in X we get a space Y, call the quotient map 7. And we can collapse arcs
in Y to obtain Y, with quotient map 7y say. Thus we have a nice commuting
square of quotient maps

We will view C(X,id), C(Y,id) and C(Y,id) as sub-algebras of C'(X,id) using
the following identifications:

. N 5 . flx) = f(u if ho(z) <0
coi = {rectinl T ST ]
C(Y/vid) = {f € C()Evvid) | f(wl) = f(w2)}7
CY,id) =2 {feC(X,id)]| f(z)= f(wy) if ho(x) <0 or ho(z) > 1}.

Define hy: X — [0,1] by
0, ho(l‘) S 0
hl(.’IJ) = ho(I), 0 S ho({E) S 1
1, 1 S ho(ZC)
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Note that hy and C(Y,id) generate C(X,id).

Suppose now that we are given a C*"-algebra (E, 7) containing an increasing
sequence of T-invariant ideals F; C Fy C --- such that U,FE, = E, and an
injective C*7-homomorphism ¢: C(X,id) — (C(FE), 7). Putting some of the
quotient maps and ¢ into one diagram, we have the following.

C(Y,id)

|

C(Xid) <= O(X,id) —2 (C(E), )

where —, denotes the induced maps. Using Corollary repeatedly we get a
C*T-homomorphism ¢: C(X,id) — (C(E),id) such that ¢ = ¢ o vx,. Using
that Y is a one-dimensional CW complex with one vertex less than X we get that
C(Y,id) is semiprojective, so we can find an n € N and a C*7-homomorphism
¢: C(Y,id) = (M(E)/E,, ) such that m o 0% = ¢ o (7j).. All in all we have
the following commutative diagram

C(V,id) v (M(E)/En,7)
ml S
C(X,id) 22 o(x,id) — 2~ (C(B),7)
v
é

We will now find a positive contractive self-r lift of ¢(hy) in (M (E)/En, )
that commutes with (¢ o (yy)+)(C(Y,id)). Since ¢(hy) is positive and contrac-
tive, we can find a positive and contractive lift. Averaging this lift with 7 of
it, we get a self-7 positive contractive lift of (;g(hl). Let us call it H. Define
functions I, m, k: [—1;2] — [0;1] by

0, —1<t<0,
I(t) = t, 0<t<1,
2t 1<t<2
—t, -1<t<o,
m(t) = 0, 0<t<1,
t—1, 1<t<2
0, —1<¢<0,
k(t) = t, 0<t<l1,
1, 1<t<?2

Observe that [ + mk = k, that ko hg = hi, and that [ o hg and m o hg both are
in C(Y,id). Hence we can define

H = (Lo ho) +¢((m o ho)" ) Hip((m o ho)'/?).
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Since all the functions are real valued we get that H is self-adjoint. Since every
thing else is self-r so is H. It is a lift of ¢(hq) since

Taoe(H) = &l 0 ho) + d((m o ho) /2 (h1)d((m o ho)*/2)
= ¢((lohg)+ (mo ho)hl) = ¢((L o ho) + (m o ho)(k o ho))
= ((I+mk) o ho) = ¢(k o ho) = d(h1).
By functional calculus can replace H with H = k(fl ) to obtain a positive

contractive lift of ¢(h1). By Lemma H is self-r. To show that this lifts
commutes with (¢ o (yy)+)(C(Y,id)) it suffices to show that H does. Let f €
C(Y,id). Then f(m o hg) =0 so we must have

(v )« (£))(m © ho) = 0.

Hence 9((7y )+(f)) commutes with H.

Let D = C(Y x [0,1]). We have shown that given a C*7-homomorphism
¢: C(X,id) — (C(E),7) we can find an ny € N and a C*-homomorphism
x: D — M(E)/E,, such that the following diagram commutes

D M(E)/Ep,
T
C(X,id) C(E)

Where 8 denotes that map induced by sending C(Y,R) (inside D) to C(Y,R)
(inside C'(X,R)) and h to hy. Since H is self-r Lemma[3:6 gives that x is actually
T-preserving. Hence we can view the above diagram as being a commutative
diagram in the C*7 category.

For each n > ng define x,, = myyn © x and let D,, = D/kerx,,. Then if
no < n < m we have a surjection D,, = D,,,. Since D = C(Y x [0;1]) and each
D,,, n > ng, is a quotient of D, there must be spaces Y,, n > ng, such that
D,, =2 C(Y,). Thus we have an inductive system

D — O( no) - C( n0+1) O(Yn0+2) -

Call the bonding maps d;. This is an inductive system in the category of
C*-algebras, so we can compute the limit as

D/ ker(mng,00 © X) = (Tng,00 © X)(D) = (¢ 0 B)(D) = $(C(X)) = C(X).

Since X is an ANR we can find an m > ng and a C*-homomorphism A: C(X) —
C(Yy,) such that 6, 00 0 A = id. Clearly A and 6, 00 are C*7-homomorphisms
if we equip all the commutative algebras with the identity reflection.
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Consider the the following commutative diagram.

(D,id) ——= (M(E)/Ep,,)

on i iﬂ'no n

(C(Yn),id) = = = (M(E)/Ep,T)

5n,ooi iﬂ'n,oo

C(X,id) (C(E),T)

Since all the vertical maps are quotient maps, we can fit a C*"-homomorphism
on the dashed arrow in such a way that the diagram continues to commute.
Call this homomorphism p,,. We claim that pu,, o A is a lift of ¢. To see that,
we compute

7Tm,ooO,umOA:(bO(Sm,ooo)\:QZ/)'
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6 Variations on Lin’s theorem

From here on out we more less just follow the proof in [9], modifying their
techniques to keep track of reflections.
In this section we write M, for M, (C).

6.1 Approximating normal elements

The following lemma gives a kind of self-7 stable rank for (M, 7).

Lemma 6.1. Let 7 be a reflection on M,,. For any e > 0 and any self-t matriz
A€ (M,,T) we can find a self-r invertible matriz B such that ||A — B|| < e.

Proof. If A is invertible there is nothing to prove. So suppose A is not invertible.
Consider the path of self-r matrices By = (1 — t)A + tI. Define a function
p:[0,1] — C by

p(t) = det(By).

By definition of det and B; the function p is a polynomial. Since p(0) =
det(By) = det(A) = 0 and p(1) = det(B;) = det(I) = 1, p is not constant.
Hence it has only finitely many zeros. Thus for any € > 0 we can find a ty such
that 0 < t9 < ¢/(|]A—1I||) and p(to) # 0. Then By, is self-r and invertible, and

[A = Brol| = [|[Ato — Ito|| < tol|A = I]| <e.
O

Lemma 6.2. Let a be a self-m invertible element in a unital C*7-algebra (A, T).
Then a can be written as a = up where u is a self-r-unitary and p = (a*a)'/2.

Proof. Since a is invertible so is a*a. Hence we can define u = a(a*a)~/? and
p = (a*a)l/Q. Then u is a unitary and up = a. By using Lemma and
standard functional calculus tricks, we get

T ((a*a)_1/2)7'a‘l' — ((a*a)r)—l/Za _ (aa*)—1/2a — a(a*a)_l/g —u
o

Let (n;) be a sequence of natural numbers and let 7; be a reflections on M,,;.

Define
(MaT) :H(Mn]‘77-j)7 (AvT) :@(MnjaTj)'
J J
Let m: (M, 7) — (M/A, 1) denote the quotient map.

Lemma 6.3. For any self-r element a € (M/A, 1) there exists a self-T unitary
u € (M/A,7) such that a = up, where p = (a*a)'/?.
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Proof. Let x = (x;) be any self-7 lift of a. Using LemmalG.Ilwe can for all j € N
find an invertible self-r element y; € (M, 7;) such that |lz; —y;|| < 1/j. Then
the sequence (y;) is in (M, 7) and n(y) = n(z) = a. By Lemma we can,
for each j € N, find a self-r unitary v; € (My,,7;) such that y; = v;q;, where
q; = (y;fyj)l/2. If we let v = (v;) and ¢ = (¢;) then y = vg and v is a self-7
unitary. Now put u = w(v) and p = 7(¢q). Then a = n(y) = w(v)w(q) = up, u is
a self-7 unitary, and

p=m(q) =7((y*y)""?) = (x(y)*7(y)"/* = (a"a)"/?.
=

Lemma 6.4. If x € (M/a,7) is normal and self-t then for every € > 0 there
is a normal self-r invertible element y € (M /A, T) such that ||z — y|| < e.

Proof. By Lemma we can write x = up where u is a self-7 unitary and
p= (:v*:v)l/2. Since we assumed x to be normal v and p commute by standard
functional calculus. Define y = u(p+(¢/2)I), where I is the unit in M/A. Since
y is the product of two commuting normal and invertible elements it is normal
and invertible. By Lemma we have

. « N\ 1/2 w172 « N1/2
D z((xx))/ :(x:v)/ :(:vx)/ =p.
From that it follows that y is self-7. Finally we see that
lz =yl = llup — (up + (e/2)u)|| = [[(e/2)ull = €/2 <e.
O

Lemma 6.5. Let A € C be given. If x € (M/A, 1) is normal and self-r then for
every € > 0 there is a normal self-t element y € (M/A,T) with A ¢ o(y), and
such that ||z — y|| < e.

Proof. Let & = x— AI. Then Z is normal and self-7 so by Lemma[6.4l we can find
a normal, self-7 and invertible § € M/A such that ||§ — Z|| < e. Let y = §+ AL
Then y is normal and self-7, and

ly =zl =[lg+ M =zl =[lg - (= AD|| = |lg - Z|| <e.
We note that since 0 is not in the spectrum of § we have A ¢ o(y). O

Lemma 6.6. Let F' be an at most countable subset of C. If x € (M/A,T)
is mormal and self-t then for every € > 0 there is a normal self-t element
y € (M/A, 1) with FNo(y) =0, and such that ||z — y|| < e.

Proof. Let X be the set of normal and self-7 elements in (M /A, 7). This is a
closed subset of M/A, so it is a complete metric space. Let F' = {1, A\a,...}.
For each n € N let U,, be the set of self-7 normal elements in (M /A, 7) that do
not have )\, in their spectrum. By Lemma [6.5] all the U,, are dense in X. Since
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the set of invertible elements in a C*-algebra is open all the U,, are open in the
relative topology of X. By Baire’s theorem the set [, U, is dense in X. That
is, the set of normal self-7 elements whose spectrum does not contain F' is dense
in the set of normal self-7 elements. o

For any complex number z we denote by R(z) and $(z) the real and imagi-
nary parts of z. For all € > 0 define

I'. = {z€C|R(z) €eZ or S(z) € eZ},
1 1
Y. = {z€C|R(x) ee(z+ 5) and S(z) € e(Z + 5)}
Proposition 6.7. If x € (M/A, 1) is normal and self-r then for every e > 0

there is a normal self-r element y € (M/A,T) with o(y) = Te, and such that
lz =yl <e.

Proof. By Lemma we can find a normal and self-7 element § € (M/A, 1)
with

o@NZ. =0, and |g—2z| < <1 - ?) €.

There is a continuous retraction f: C\ X, — I'c with |f(2) — 2| < (1 — @) for
all z. Let y = f(¢). Then y is normal, has the right spectrum, and is ¢ close to
z. By Lemma we have

y =@ =f@") =f) =y

6.2 The proof of Theorem 1

Proposition 6.8. Suppose (An,T,) is a sequence of C*7-algebras. If x is a
normal self-t element in

(@ 7) =

3

(Aann) @(Aann)
n=1

n=1

with spectrum contained in some finite graph, then there is a lift of x to a normal
self-t element in T[] (An, 7).

Proof. Let T be a finite graph such that o(z) C I'. By Lemma the map
f— f(z) is a C*"-homomorphism from C(T,id) to (Q,7). Since C(T',id) is
semiprojective, we can find an m € N and a normal self-r element

Y€ H(Aann) @(Aan) )
n=1 n=1
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such that y is a lift of . Identifying

(An, 70) /@(Aan)
1

n= n=1
with -
IT A4n. 1),

we see that if we pad y with leading zeros we get a self-7 and normal lift of x
in [T07,(An, 7). O

We are now ready to prove real versions of Lin’s theorem. First we do the
case of normal matrices.

Theorem 6.9. For every € > 0 there is a § > 0 such that for any n € N, any
reflection T on M, and self-r matriz X € (My,, ) with | X| <1 and

IX*X — XX*|| <,
there exists a normal self-t matriz X' € (My,T) with
X - X'|| <e.

Proof. Suppose there was an ¢ that had no accompanying §. Then there must
exist a sequence (n;) of natural numbers, reflections 7; on M, , and self-T
contractive matrices X; € (M,,,7;) such that

| X7X; — X; X7 =0,

but every X; is at least € away from all normal self-7 matrices in (M,,;, 7;).
Let, as in Section [6.1]

(MaT) :H(Mn]‘77-j)7 (AvT) :@(MnjaTj)'
j J
Let x = (X;) and let y = m(x), where 7 is the quotient map from (M, 7) to
(M/A, 7). Then y is a normal and self-7 element. By Lemma [6.6] we can find a
normal self-7 element z € (M/A,7) with spectrum contained in a finite graph
and ||y — z|| < /4. Using Proposition [6.8 we can find a normal self-7 element

x’ € (M, 1) such that 7w(z') = 2. The definition of the norm in (M /A, 1) tells
us that there exists (4;) = a € A such that

Iz —a') —all = lly—zll +e/4 < /2.
Now pick a jo such that ||4;,]] < e/2. Then we have
150 = XGo Il < 11X = X5,) = Ajo | + 145 | < (& — 2) — all +£/2 <e.
Which contradicts our assumption about all the X; being at least ¢ away from

any normal self-7 element. o
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Theorem 6.10. For every € > 0 there is a § > 0 such that for any n € N, any
reflection T on M, and any pair A, B € (M,,,7) of self-adjoint, self-r matrices
such that [|A|],||B|| <1 and

|AB — BA|| < 6,

there exists a commuting pair A', B' € (M,,,T) of self-adjoint and self-T matrices
with

|lA—A'|+|B-B|<e.
Proof. Let ¢ > 0 be given. Use Theorem to find a § matching £/2. Let
A, B € (M, 7) be given as in the theorem. Define X = (A +iB)/2. Then

IXX* — X*X|| = |AB — BA| < 6.

Hence we can find a normal self-7 matrix X’ € M, such that | X — X'|| < /2.
Now let
A=X+X" and B =-i(X'-X").

Then A’ and B’ are self-adjoint and self-7. Since X’ is normal they commute.
As

A=A = I(X +X*) = (X" + X7)| < IX = X[+ [IX" - X7 <&,

and likewise for |B — B’||, A’ and B’ show that we can approximate A and B
by commuting self-adjoint, self-7 matrices. O

Setting 7 equal the transpose in Theorem [6.10] we obtain the extension of
Lin’s theorem to real matrices. Using the dual operation, 7 = f, we obtain the
extension of Lin’s theorem to self-dual matrices.
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