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ON INTEGRABILITY OF NONAUTONOMOUS NONLINEAR SCHRODINGER
EQUATIONS

SERGEI K. SUSLOV

ABSTRACT. We show, in general, how to transform nonautonomous nonlinear Schrédinger equation
with quadratic Hamiltonians into the standard autonomous form that is completely integrable by the
familiar inverse scattering method in nonlinear science. Derivation of the corresponding equivalent
nonisospectral Lax pair is outlined.

1. INTRODUCTION

Recently several nonautonomous (with time-dependent coefficients) and inhomogeneous (with
space-dependent coefficients) nonlinear Schrodinger equations have been discussed as (possible)

new integrable systems [6], [7], [13], [17], [35], [41], [45], [46], [51], [58], [59], [67], [71], [72], [73], [74],
[75], [77], [82], [85], [86], [87], [93] (see also [2], [3], [8], [15], [16], [18], [38], [48], [81] and references

therein for earlier works). They arise in the theory of Bose-Einstein condensation [30], [66], fiber
optics [B], [40], superconductivity and plasma physics [15], [16], [62], [63].

As pointed out in recent papers [42] and [48] (see also [2], [3], [18], [29], [38], [60]), all these sys-

tems can be reduced by a set of transformations to the standard autonomous nonlinear Schrédinger
equation, which explains their integrability properties because this equation is a well-known com-
plete integrable system with Lax pair [50], [90], [91], [92], conservation laws and N-soliton solutions,
solvable through the inverse scattering method [2], [3], [4], [47], [63], [69]. Integration techniques
of the nonlinear Schrodinger equation include also Painlevé analysis [11], [19], [20], [21], [22], [28],

[29], [42], [47], [61], [79], [83], Hirota method [43], [44], [47], Backlund transform [10], [14], [47] and
Hamiltonian approach [1, [4], [36], [37], [56], [57], [63] among others [31], [54], [64], [68].

We show here how to construct these transformations explicitly (in quadratures) for the most
general variable quadratic Hamiltonian. A simple relation with the Green function of a linear
problem, which seems has been missing in the available literature, is emphasized. The corresponding
equivalent Lax pair is also briefly discussed.

2. TRANSFORMATION INTO AUTONOMOUS FORM

The nonautonomous nonlinear Schrédinger equation:

O 2
i = HY+ by, (2.1)
ot
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where the variable Hamiltonian H is an arbitrary quadratic form of operators p = —id/dz and z,
namely,
Wy = = (t) gy + 0 () 2% —ic(t) wtp, —id ()0 — f () wt +ig () b+ h (O W0, (22)
(a, b, ¢, d, f and g are suitable real-valued functions of time only) under the following integrability
conditionﬂ [77):
a(t)\(t
b= haa ()5 (001 = hat? (02 (0) V210 (23
(ho is a real constant) can be transformed with the help of the substitution:
¥ (at) = o OO O (B2 42 (1), 7(1) (2.4)
into the autonomous form with respect to the new variables £ = 5 (¢t)x + ¢ (t) and 7 =~ (¢) :
ixs =+ ho IXIP X = Xees (2.5)

which is completely integrable by advanced methods of the soliton theory [4], [47], [63], [70], [90],
[91], [92] (see also [31] and references cited in the introduction). Equations (22)—(23) seem to
represent the maximum nonautonomous and inhomogeneous one-dimensional integrable system of
this kind. (Important special cases of the transformation (2.4)) are discussed in Refs. [2], [15], [16],
18], [38], [42], [48], [67] and [77].)

Here, the real-valued functions «, 3, 7, 0, € and k of time ¢ only are given in terms of solutions
of the following system of ordinary differential equations [23]:

Cfl—? + b+ 2ca + 4aa’ = 0, (2.6)
% + (¢ + 4aa) B =0, (2.7)
dy 2 _
E + aﬁ = (28)
and
do
7 + (¢ +4aa) 0 = f + 2y, (2.9)
de
— = (g — 2ad 2.10
o (g — 2a9) B, (2.10)
dr
— = g6 —ad’. 2.11
T =90—a (2.11)
The substitution [23]:
da(t) p(t)  2a(t)
reduces the Riccati equation (2.6) to the second order linear equation
p=r)p +40t)p=0 (2.13)
with ) ird  d
a a
t)=——2c+4d t)=ab—cd+d*+-(——=]. 2.14
7 (t) -~ 2c+4d, o(t)=ab—cd+ +2<a d) (2.14)

1f the nonlinear term has the form h [4|” 1), popular in the mathematical literature, the integrability condition
becomes h = hoa3*uP/2.



NONLINEAR SCHRODINGER EQUATIONS 3

(Relations with the corresponding Ehrenfest theorem for the linear Hamiltonian are discussed in
Ref. [25].)

The initial value problem for the system (2.6)—(2.11]), which corresponds to the linear Schréodinger
equation with a variable quadratic Hamiltonian (generalized harmonic oscillators [9], [33], [39], [84],
[89]), can be explicitly solved in terms of solutions of characteristic equation (2.I3]) as follows [23],
[25], [761, [78]:

1 (8) = 201 (0) 1y (1) (0 (0) + 7 (8). (215)
PN 10
(t) = ao (?) 0 + 10 @) (2.16)
_ B0A® _8O)0)
O @@ - a0 217
B
7 (t) =~(0) T (0) + 70 @) (2.18)
and
5(t) = bot)— " 02((:((%501;&)(;)), (2.19)
BOE0)+= ()
e(t) e (0) 2@ (0) + 70 @) (2.20)
e B0 e (1)
where
g 4w
0= i 0 2a0) (2.22)
By (1) = — :0((?) M#) = exp (- /0 (c(s) — 2d (s)) ds), (2.23)
1w, 40
R RETROIRORET0) (224
and
MO [T A6 N e, ] ds
o) =200 [ (760 = 5500 w0+ £ 0)] 75 (2.25)
o = 2w s [T @@ a2
Ya()A () (1o dE) N
o [ (16 fe) «
ity = R0 4 [ LT 1y 00 o) as (2.27)
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(00 (0) = —£0(0) = ¢ (0) / (2a(0)) and ko (0) = 0) provided that y, and p, are the standard solutions
of equation (2I3) corresponding to the following initial conditions i, (0) = 0, pg (0) = 2a (0) # 0
and 4 (0) # 0, p) (0) =0 (proofs are outlined in Refs. [23], [27] and [76]). (Formulas (2.22])-(2.27)
correspond to Green’s function of generalized harmonic oscillators; see, for example, [23], [25], [34],
[52], [76], [78] and references therein for more details.)

Proof. Differentiate 1 = =2 (t) @y (£,7) with S = a ()22 +6 () x + k() and € = B (1) x +
et), T=7(t):

e, = # —(d/* + 8+ K)x+i ((ﬁ/x + &) Xe +7'Xr — %X)] , (2.28)
e Sy, = # [i (20w + 6) x + Bx] (2.29)

and
e Sy = =S [(2ia — (2az + 5)2) X + 2i (2ax +6) Bxe + 52)(55] : (2.30)

Vi
Substitution into (Z2l), with the help of the integrability condition (Z3]) and the system (ZI3])—
(2.20)), results in (2.5]). O

This observation gives a new interpretation of the system (2.I5)—(2.21]), which has been originally
derived in Ref. [23] during integration of the corresponding linear equation.

3. INTEGRATION OF THE NONAUTONOMOUS LINEAR SYSTEM

The transformation (24]) reduces the linear Schrodinger equation of generalized harmonic oscil-
lators, namely, equation (1)) with h = 0, to the Schrodinger equation for a free particle iy, = x.
with a familiar Green function given by

! (- ] 51)

G 1, T — To) = ex —l——
SY o) —4mi (T — 79) p[ 4 (1 — 7o)
where E = (t)x+e(t),n=5(0)x+¢e(0) and 7 =~ (t), 7o = 7 (0). One can verify directly that
Green’s functions of generalized harmonic oscillators [23],

G (x,y,t) = m exp [i (o (£) 2% + By () 2y + 7o (1) y* + 0o (t) x4+ 20 () y + Ko (1)) ], (3.2)

are derived from the simplest free particle propagator (8.I]) with the help of our transformations
2I5)-(221). In is worth noting, though, that the transformation (2.4]) requires a knowledge of the
functions p, o, 8, v, 0, € and K, which allows to determine the Green’s function for the generalized
harmonic oscillators directly from (2.2)).

Then the superposition principle allows to solve the corresponding Cauchy initial value problem:

b (o,t) = / TGy, )0 (5,0) dy (3.3)

[e.e]

for suitable initial data ¢ (z,0) = ¢ (x) (see Refs. [23], [78] and [76] for details).
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As shown in [76], the following asymptotics hold

1 c(0) a’ (0)
) =207 T sa© T °W: (34)
bolh) = =5, (10)t * 422(?3) +0,
1 c(0) a' (0)
W)= o T o s 00
()= -2t = ZL 100, k=00

as t — 0 for sufficiently smooth coefficients. Then

1 (z—y)*
G(r,y,t) ~ —————=exp |1 3.5
@ 9:9) 2ria (0)t p[ 4a (0)1 3
(@' (0) 2, ¢ (o o 9(0)
o [ : (8a2 0 YV e V) T @Y
as t — 0, which corrects a typo in Ref. [23].
Another form of solution is provided by an eigenfunction expansion [78].
4. ONE SOLITON SOLUTION
As well-known, equation (2.5) has a travelling wave solution of the form
x(€.7) = TR P (6 4 ory) (4.)
provided
dF\? S T . : .
) = Co+ goF” + §hOF (Cp is a constant of integration) . (4.2)

Examples include bright and dark solitons, and Jacobi elliptic transcendental solutions for solitary
wave profiles [2], [47], [63], [70], [77]. Setting Cy = y = 0, gives the stationary breather, which is
located about £ = 0 and oscillates at a frequency equal to gy [69], [70].

By (2.4)), the nonautonomous Schrédinger equation (2.2 under the integrability condition (2.3))
has the following solution:
et _
U (x,t) = 7 exp (z (aa:2 + Bay + (y2 — go) +0x + ey + /{)) (4.3)

XF (Bx+2vy +¢),

where the elliptic function F' satisfies equation (A.2]) and ¢, y, go and hg are real parameters (see
also Ref. [77] for a direct derivation of this solution).
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5. INTEGRABILITY OF NONAUTONOMOUS NONLINEAR SCHRODINGER EQUATION

The substitution ¥ (X, T) = v/hox (vV2X, —2T) transforms equation (Z.5) into standard forms

iU+ Uxx £ 2020 =0, (5.1)
which, as well-known, can be obtained as the flatness condition:
Ur—Vx+UV -VU =0 (5.2)
for the Lax—(Zakharov—Shabat) pair:
U = —idos+ Vo, FVo_ (5.3)
NERY
FU* A
and
Vo= i (=20 £ V) o5 + (20 +iWx) oy £ (200 +iTy) o (5.4)

i (=22 £ [T)?) 20U+l
FND* £i0 i (2 F (V) )

Here, 0. = (07 £i03) /2 and 04, 09, 03 are the Pauli matrices:

(V1) e (U w10, 55

Since the Lax pair guarantees complete integrability and can alone derive all its associated proper-
ties, this consideration trivially explains the integrability features of the nonautonomous nonlinear
Schrodinger equation (2.1]), including N-soliton solutions, infinite conservative properties, etc., (see
Refs. [48], [63] and [70] for more details).

Solution of the Cauchy initial value problem through the inverse scattering method is discussed
in [3], [4], [47], [63], [7Q], [90], [91] and [92]. In the focusing case,

iUy + Uxx + 20T =0, (5.6)

the Zakharov—Shabat system contains four equations for an auxiliary two-component wave function
® = (p,0)" :

by =UP, b, =V, (5.7)
namely,
oy = —idp+ Yo, (5.8)
vy = —Ufp+idlv
and
or = i (2N + |W]?) o+ (AT + i) v, (5.9)

vp = (2007 + 0T ) o+ (207 — |T?) v,
Assuming that ¥ (X,7T) — 0 as X — foo implies
op — —2iX%p,  vp — 2iN%v (X — F00) (5.10)
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so the scattering data for the problem

L(f):A(f), (5.11)

9 o ox —U
L= 0355 ~ Vo, —iV'o_ =1 ( U oy ) (5.12)
evolve with time as
b\ T) =b(\Tp) "N T=To) - (T) =r, (Tp) N T=To), (5.13)

Then Cauchy initial value problem for the nonlinear Schrodinger equation (5.I]) can be solved as
follows [47], [70]:

U(X,T) = —2K (X, X,T), (5.14)
where K (X,Y,T) satisfies the linear integral equation
K(X,Y,T) = B*(X+Y,T) (5.15)
—/XOO/XOOK(X,Z,T)B(ZJrW,T)B* (Y + W, T) dzdw

and B (X,T) can be obtained in terms of the scattering data:

N
. 1 > .
B ()(7 T) — — Z r (TO) ez()\nX+4)\3L(T—Tg)) + 2_ / b ()\7 TO) ez()\X+4)\2(T—Tg)) d\ (516)
™

n=1 -

(see Refs. [3], [2], [4], [63], [47], [69], [70], [80], [90], [91], [92] for more details).

As a result, the transformation

o) = L (e rs@ata() S vt 1
(o) = s Vo (560t p0) G

allows to solve Cauchy initial value problem for the nonautonomous nonlinear Schrédinger equation
(2.2) with the help of the standard inverse scattering technique.

Two well-known solutions of (5.6)) are given by [69], [70]:

il
U, (X.T) = 1
1(X.T) cosh X (5.18)
and
- h3X + 3e%T cosh X
Uy (X, T) = 47— OTO2 3¢ €05 (5.19)

cosh4X + 4 cosh2X + 3cos8T

Use of the transformation (5.17)), results in one and two soliton solutions for the nonautonomous
nonlinear Schrédinger equation (2.2)), respectively. (See [69], [70] for more details.)
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6. TRANSFORMATION OF THE LAX PAIR AND ZAKHAROV—SHABAT SYSTEM

If needed, an equivalent (nonisospectral) Lax pair for the nonautonomous Schrédinger equation
(22), which is discussed in [8], [15], [16], [18], [74], [75] for important special cases, can be derived,
in general, from (5.3)—(54) by inverting our transformation (B.I7) (see [3], [48] for more details).
The required integrability condition (Z.3]) has been already incorporated into this transformation.
Computational details are left to the reader.
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