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ABSTRACT. Let p be an odd prime. In the paper, by using the properties of Legendre
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2= 2
polynomials we prove some congruences for Zkio (Qkk) m~—Fk (mod p?). In particular, we

confirm several conjectures of Z.W. Sun. We also pose 13 conjectures on supercongruences.
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1. Introduction.
Let p be an odd prime. In 2003, Rodriguez-Villegas [11] conjectured the following
congruence:

(r—1)/2 (2k)2 -
(1.1) Z 1k6k = (—=1)"2 (mod p?).

k=0

This was later confirmed by Mortenson [7] via the Gross-Koblitz formula. See also [9]
and [10, p.204]. Recently my twin brother Zhi-Wei Sun [13] obtained the congruences for

_ 2
Zgz(l) (2:) m~* (mod p) in the cases m = 8, —16, 32, and made several conjectures for

_ 2
Zgz(l) (2:) m~* (mod p?). For example, he conjectured

(1.2) <p—21%/2 (Qkk)Q_{O(modPQ) if4]p—3,
' 328 | 20— 4 (modp?) ifd|p—1andp=a®+0b*withd|a—1

Let {P,(z)} be the Legendre polynomials given by

1 oo
= P, (x)t" tl < 1).

e~ @ (<D

It is well known that (see [6, pp. 228-232], [4, (3.132)-(3.133)])
[n/2] k
1 (—D*@n—2k) . . 1 dv,

1.3 Po(z) = — n—2k _ Ry ESE I I
(13) (@) =% kz_o Kl(n— k)l(n — 2k)1" TR TG
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and (n+1)P,4+1(x) = (2n + 1)zP,(z) — nP,_1(z), where [z] is the greatest integer not
exceeding x.

In the paper, by using the expansions of Legendre polynomials we obtain some con-
gruences for Pprl () modulo p?, where p is an odd prime and z is a rational p-integer.

For example, we have

SO et -
(1.4) 16 (2" = (-1)7 (1 —2)") =0 (mod p?)
k=0
and
< (215)2 k TN —k
(1.5) 16 (a: — (;)x )EO(modp) for %0 (mod p),
k=0

x

where (5) is the Legendre symbol. Taking z = 1 in (1.4) we obtain (1.1) immediately,
and taking z = 5 in (1.4) we deduce (1.2) for p = 3 (mod 4). We also determine
— 2k
2 Gl b k1) (k—r 4 1) (mod p?) for r € {1,2,..., 251}, S8 GBL (04 )
and pose some conjectures on supercongruences concerning binary quadratic forms.

Throughout this paper we use Z, N and Z, to denote the sets of integers, positive
integers and rational p-integers for a prime p, respectively.

2. Main results.

Lemma 2.1. Forn € N we have

Proof. From [4, (3.135)] we have the following result due to Murphy:

(2.1) Pn(x):i@) (”zk)(xgl)k

k=0

As ("+k) ( k) = ("Zk) (Z), we obtain the result.

Lemma 2.2. Let p be an odd prime and k € {1,2,...,(p—1)/2}. Then

p—1 2k: k
<227€+k>5(( ( pQ; 2 — 1) ) (mod p").
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Proof. Clearly

Lk (B R4k (B k1)
( 2k ) B (2k)!
_(p+2k-1(p+2k-3)---(p—(2k=3))(p— (2k-1))
B 22k . (2k)!
_ @ =1)@* -3 (0 — (2k—1)?)
22k . (2k)!
_(DRZ3?2k 12 o s ] 4
- 22k-(2k). (1 P i 1)2> (mod p7).
To see the result, we note that
1232 (26 —1)2 (2k)12 e (Y
22k . (2)! C(2-4---(2k))2-22F . (2k)! 24k K12 16k

Let p be an odd prime, and let {A(n)} be the Apéry numbers given by
n n + k 2 n 2
=2 (") )
It is well known that (see [1],[10]) A(pT_l) = a(p) (mod p?), where a(n) is defined by

qH 1—¢?M*(1—q")* = a(n)g".

By the fact (”:k) () = (”;;k) (2:) and Lemma 2.2 we have

()-S5 () = E () it
Hence
(2.2) alp) = A(F= )—:2; %),

Let b(n) be given by ¢[[ (1 —¢*")® = > "2 b(n)q™. Then Mortenson [8] proved the
following conjecture of Rodriguez-Villegas:

(2.3)

) (mod p?).

‘M\



Theorem 2.1. Let p be an odd prime and let x be a variable. Then

p—1 (2kk)2 (xk - (_1)1); (1- x)k) _ N (Qkk)2 (:Ck B (_1)1)51 (1— :C)k) =0 (mod p?)
k=0 16% k=0 16%

Proof. For a variable ¢, by Lemmas 2.1 and 2.2 we have

(24)  Puslt Z( )(2:)(t_l) Ei

It is known that (see [6]) P, (t) = (—1)"P,(—t). Thus, by (2.4),

(1 _ t>k (mod p?).

p—1 p—1
T(2k)2 N _17(2k)2 N
k _ p-1 k 2
DY = (cE (—) d p?).
o (o) =6 1or (g ) (mod#?)
p—1 p—
Now taking ¢t = 1 — 2z in the congruence we deduce Zk20 (—1)71(1 -

6 _
2)¥) = 0 (mod p?). To complete the proof, we note that for k € {%, %3, ceo,p— 1},
(Qkk) =2k(2k—-1)---(k+1)/k!' =0 (mod p).

Theorem 2.2. Let p be an odd prime. Then

p—1
) {0 (o ») f41p-3,
P 328 | 2a— £ (mod p?) ifd|p—1andp=a®+b* with4d|a—1.

Proof. When p = 3 (mod 4), taking # =  in Theorem 2.1 we obtain the result. Now

suppose p = 1 (mod 4) and so p = a? + b* with a,b € Z and a = 1 (mod 4). It is well
known that ([6])

(2.5) Ponin(0) =0 and Py (0) = . 2212 (2:)

Thus, by (2.4) and (2.5) we have

= Poa (0) = — (:Tj) (mod p?).

k=0
According to the result due to Chowla, Dwork and Evans (see [2] or [3]), we have

p—1 -1
PN gpelg g p
2 ) = 2
(p—l) = 5 (2& 2a> (mod p*).

1
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p—1 p—1

Set g= (272 —(=1)"7 )/p. Then 2P~1 =1 + 2(—1)%qp (mod p?). Thus

o141 924914 .
TL_20200 T _ ()52 (mod ).
2-272 2((=1) "7 +qp)

Hence

p—1

N (2k)2

p—1 —1 p=1 _
—1)7= [B= —1 2r—1 11
E k) — ( )714 31 = ( >714 . + (2@ — ﬁ) =9q— L2 (mod p?).
pars 32k 2t \I - 95 2 2a 2a

The proof is now complete.
Remark 2.1 Theorem 2.2 was conjectured by Zhi-Wei Sun ([13]), and the congruence

p—1 (2k\2
for ", 2, <3’“22 (mod p) was also proved by Zhi-Wei Sun in [13].

Theorem 2.3. Let p be an odd prime and r € {1,2,...,(p—1)/2}. Then

B (2k:)2

k

k(e = 1) (k= r+1)
k=0

0 (mod p?) if4|(p+1—2r),
T D G (mod %) 4] (-1 20).

Proof. By (2.4) we have

TP (t) I (Y ar(e-1

dtr (=32t
(2.6) L
- () . :
=D Chgrkk =D (k= + (e = 1" (mod p?).
k=0
Hence 1
d” Py (t) = (zkk)z k
@ e\t —(—1) -1 (k= 1).
G|, = Y 2 g M D (k)
k=0
By (1.3) we have
(23]
e B 1 dr (=1)™(p—1-2m)! 221l _9m
P2 O = 5507 G 2 (e~ (L — o)

[p—14—21‘]

1 (=1)™(p—1—2m)!
 9(p—-1)/2 Z j(p=1 _ o \ip=l _ !
= m!(%5 m)! (%5 2m)!

1 1 1 .
x (pT - Qm)(pT —om—1)--- (p—2 —om — 4 1)ttT 2T

Thus,
dTPpT—l (t)

dtr

=" (p—1-2m)! T 2
D (B )] if r =15 2m.

0 if r # % (mod 2),
=0

Now combining all the above we obtain the result.
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Corollary 2.1. Let p be an odd prime. Then

p—1 p+3 p—1 pE3) 2 .

= (2k) (—1)™ 7 =573 (mod p?) ifp=1 (mod 4),
k) !

= 3% (—1)2 o2 2

e pyay (mod p?) if p=3 (mod 4).
Proof. By Theorem 2.3 we have
Nl { 0 (imod 17
=

1 optl
(—1)Z7T+12_p71 p__3fé' (mod p?) if p=3 (mod 4)
4 4 -

if p=1 (mod 4),

and

p—1

= k(k )(2’“) E{ (—1)5 25

T 39k
32 0 (mod p?)

3

s (mod p?) if p=1 (mod 4),
4 ‘T4 -

k=0 if p =3 (mod 4).
Observe that k2 = k(k — 1) + k. From the above we deduce the result

Lemma 2.3. Let p be a prime greater than 3 and let t be a variable. Then

000121

— K 04

Proof. Suppose r =1 or 2 according as 3 | p — 1 or 3 | p — 2. Then clearly

(PgT ) (B4R 4k 1) (B k1)
2k B (2k)!

_(p+3k—r)(p+3k—r—3) - (p
32k - (2k)!

:(_1)k(3k—r)(3k—r—3)---(3_1«).r(r+3)...(3k+7~_3)
B 32k (2k)!
 (=DFERY (=R (3R)!

= 3-6---3k- 32k . (2k)! = 3 k1. 32 - (2k)! (mod p).

Hence, by Lemma 2.1 we have

’i( +k)<2k)(_1)kz[pz/3](—1)k.(3k)!.(2k)!<t_1>k
k= 2

3k . 2

2o 3 2k B2\ 2
1 —1\k

Z k'3< 5 ) (mod p).

This proves the lemma.

— (3k+7r—3))

wm




Theorem 2.4. Let p be a prime greater than 3 and let x be a variable. Then

p/3]
> %(fﬂk — (-DE(1 — 2)*) =0 (mod p).
k=0

Proof. As P, (t) = (—1)"P,(—t), using Lemma 2.3 we deduce

[p/3]
i 27(3%)];!3 ((1 ; t>k — (-1)le/3 (%)Iv =0 (mod p).

k=0

Now putting ¢ = 1 — 22 in the congruence we obtain the result.

Corollary 2.2. Let p be a prime greater than 3. Then

/3 g,
> g1 = (5) tmod )

=0

=

Proof. Taking = 1 in Theorem 2.4 and noting that (—1)P/3 = (£) we deduce the

result.

Remark 2.2 By [8] or [10, p. 204] we have the following stronger supercongruence
-1 _(3k)! _
Shzo it = (§) (mod p?).

Lemma 2.4. Let p be an odd prime and k € {1,2,... ,%}. Then

k

((p _k:l)/2) _ (—Z)k (2;;) (1 _p; 22-1_ 1) (0 7).

Proof. It is clear that

<”T_1) PR ) (B —k+ 1) (p-1)(p-3)-(p— (2k— 1))
p

- k! ok . k|

(—1)(=3) - (—(2k — 1)) S
ok . I <1_p;2¢—1)

—1)k . (2k)! G )
- (23«1::(!)2) (1_pz2i—1> (mod p7).

1=

This yields the result.
Theorem 2.5. Let p be a prime greater than 5. Then

2A (mod p) if6|p—1andp=A2+3B2 with3 | A—1
7

P @y (0 (modp)  if6|p-—5,
kz 54k k13 T
=0



and

[”f] k- (3k)! 0 (mod p) if6|p—1,
= pHl_ptl .
54k . k13 (-1 27 (Egii%g) (mod p) if6|p—>5.

Proof. Taking ¢ = 0 in Lemma 2.3 and applying (2.5) and Lemma 2.4 we deduce that

pz: @R { 0 (mod p) if p="5 (mod 6),
= _1)®P=1/6 0 1V/3y  (p—1)/2 e
pard 54k . k13 ( 2(1))71_)/3 (g_lg%) = (g_lg%) (mod p) if p=1 (mod 6).

Now suppose p = 1 (mod 6) and so p = A2 +3B2 with A, B € Z and A =1 (mod 3). By
[2, Theorem 9.4.4] we have (Egjg%) = 2A (mod p). Thus the first part follows.
By Lemma 2.3 we have

[p/3]
a G0 -
— P = — k(1 — .
Thus, dtP[ ( }t 0= Z,f/g 54232,)3' (mod p). From (1.3) we know that
d 0 if p=1 (mod 6),
- 2 } p—2 p—>5 p+1, .
de B le=0 = g-25t (—1)7F +— ?i if p=>5 (mod 6).

Thus the second part is true.

Lemma 2.5. Let p be an odd prime and k € {1,2, ... ,%}. Then

DR ~ 1 (T 2
k =1 k

Proof. It is clear that

(_1)k((p—1;€/2+k) B (%_l_k;)(p—gl +k— 1)(3’—51 +1)

0P DR ) (B k)

 (pH+2k-1)(p+2k-3)---(p+1)

T DD =3) - (p— (k- 1)
1-3---(2k—1)(1+p>F | 51
1-3---(2k—1)(1-p>F 122‘11)

<1+pz2z_1> _1+2p2ﬁ (mod p?).

This together with Lemma 2.4 yields the result.
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Theorem 2.6. Let p be an odd prime, x € Z,, and x # —1 (mod p). Then

Py (x) = (@)P%—l (?I_—i) (mod p).

Proof. It is known that (see [4, (3.134)])

ne =5 () ()

k=0

Thus, using Lemma 2.5 and (2.1) we see that

x pTlpTd po1y? T —
Ppgl(x)=< —2%1) k:0< Ii) <x+1>k
() S () (T ()
() (42-150) - (A5 (352

This proves the theorem.

Corollary 2.3. Let p be a prime of the form 4k + 3. Then p | Pprl(S).
Proof. By Theorem 2.6 and (2.5) we have Py (3) = (%)Pprl (0) =0 (mod p).
Theorem 2.7. Let p be an odd prime, x € Z,, and x # 0 (mod p). Then

Proof. Clearly the result is true for x = 1 (mod p). Now assume z # 1 (mod p).
As P,(t) = (=1)"P,(—t) (see [6]), using Theorem 2.6 we see that for ¢ € Z, with

t #Z +1 (mod p),

(2(tp+ 1) )Pos (%) = (—1)5 (W);a,a_l (%) (mod p).

2

Thus,

s (50) = (1) (21) o)

5
Now applying (2.4) we deduce that

p—1

T (2k\% 1 _ 3=t 2 _ 2 _ 34t
> (55 = () S B () e




and so
p—1

> G (() (e ety

0 (mod p).

Set t = (14 x)/(1 —x). Then t # £+1 (mod p) and =z = (¢t — 1)/(t + 1). Hence the result
follows.

Let p be an odd prime, and = € Z, with z # 0,1 (mod p). By Theorems 2.1 and 2.7
we have

(P—1)/2  [2k\2 (p—1)/2 2k\ 2
() _(za—1) (%)
2.7) ];) ({T62)" = ( P ) kz_o {601 — F (mod )

Theorem 2.8. Let p be an odd prime, x € Z,, and x # 0 (mod p). Then

> () 0" = (D) () o

Proof. From [4, (3.138)] we have the following result due to Kelisky:

(2.8) Zn: (22 : 2]€) <2:) w2k = g2nynp (x +2a:—1 )

k=0

Taking n = (p — 1)/2 in (2.8) we have

p—1

P -1
S (P12 (26) ok g2 za'y _
<—p_1—k:)(k: o =2t P ()

k=0 2

1
/N
SR
N———
)
‘7’
/N
8
+
S
N——
=
o
o,
=

To see the result, using Lemma 2.2 we note that for 0 < k < %,

s (Pl ol o ()

k) (L —k)!
(_1)1%1_k 2k+1)2k+2)--- <pT_1 + k)
(5 — k!

(—1)5* (”2;1 + k) _ oy (2%)

2%k 1ok (mod p):

Theorem 2.9. Let p be a prime of the form 4k + 1 and p = a? + b? with a,b € Z and
a=1 (mod 4). Then

—1 1
pz (2k 2 pz
k

8k

(D _ g B 2
(—16)F — PPT—l(?’) =(-1)= (26L - %> (mod p).

(]

k=

>
Il

=
=

10



p—=1 p—=1
Proof. By Theorem 2.1 and (2.4) we have ), 2, (2,:3)28_”C =>:2 (2:)2(—16)_’“C =
PpT—l(?)) (mod p?). From Theorem 2.6, (2.5) and Gauss’ congruence (Egj%i) = 2a
(mod p) (see [2]) we have

—1)(p—1)/4 — -
Pp—gl<3) = (%)P”T‘l (0) = (%)%2_71)/2 (Eﬁ B 1;;1) =(—=1)"7 -2a (mod p).

Write Pprl(Z}) = (—1)177_1 -2a+ gp. Then Py (3)%? = 4a® + (—l)pT_1 -4aqp (mod p?). By

p—1

p—1 p
a result due to Van Hamme [15], we have (3°,%, (7 ) (T;_HC))2 = 4a? — 2p (mod p?).

This together with (2.1) yields Pprl (3)2 = 4a® — 2p (mod p?). Hence (—1)]%1 ~daq =
—2 (mod p) and so Pprl(3> = (—1)177_1 - 2a — m (mod p?). Now combining all
the above we obtain the result.
Remark 2 3 For a prime p = 4k +1 = a?+b? with a = 1 (mod 4), the congruence
(p 1)/2 ( ) 8k = (p 1)/2 ( ) (—16)~* (—1)1'__1 2a (mod p) was proved by Zhi-
Wel Sun in [13], and he also conjectured Z(p 1)/2( ) 8k = g’:_ol)/z (Qkk)z(—16)_k
=(-1)"7 (2a — £) (mod p?).

2a

Theorem 2.10. Let p be a prime of the form 4k + 1 and so p = a® + b* with a,b € Z
and a =1 (mod 4). Then

el 2
) L e ) 2 (aoa )
162k — 2 4a )
k=0
. P=1l o 2 p=l o2
Proof. Since ),2, (2:) 1677 + 3,2, (Qkk) (—16)~F = QZk 0( ) 16~2% by (1.1)

and Theorem 2.9 we deduce the result.
For a prime p > 3 and A, B,C € Z,, let #E,(y*> = 2> + Az? + Bz + C) be the number
of points on the curve E, : y? = 23 + Az? + Bx + C over the field F,, of p elements.

Lemma 2.6 ([5]). Let p > 3 be a prime and X\ € Z,, with A # 0,1 (mod p). Then

() i

p+1—#B,(y* =x(z —1)(z -

|
M

Theorem 2.11. Let p > 3 be a prime and t € Z,,. Then

P"T‘l(t)zl;(ik) (13—2t)k5_<_?6)§<x —3(t2+3?+2t( 9)> (tmod ).



Proof. For t = +1 (mod p) we have

’i <x3 — 3(t% + 3)x + 2t(¢? 9)>

x=0 p
L /2% — 120 F 16y o= /(22)% — 12(22) F 16 2\ R~ /2% — 3z F 2
) X))
2\ R~ f(z £ 1)%(z F2) 2\ (X~ jrF2 3 6
(e )8 () () (2.

Thus applying (2.4) and the fact P,(£1) = (£1)™ (see [6]) we deduce the result.

Now assume t # +1 (mod p). For A, B,C € Z,, it is easily seen that (see for example
12, pp. 221-222])

p—1 3 2
2 3 9 B x° + Ax* + Bx +C
#E, (42 =a® + A2® + Be +C) =p+1+ ) ( g )

=0

Taking A = (1 —¢)/2 in Lemma 2.6 and applying the above and (2.1) we see that

p—1

P%*”Zé( k:+k)< : )(t;1>

= (1) (p+1 - #E, (s> = x(z — 1)(z — (1 - 1)/2)))

EEY (5’3(5’3 - 1)($p— (1- t)/2)> (mod ).

=0

=0 b
« sE-DE -1 p—1 - 9z -
:x:0(22 1p2 2 )_(%)mo(( 2)(p+t 1)>
Pl NP
<%>m:0< E 2= 1))
ENS —3)(xz— 532 —2(t - 1)(z — 53)
(S : )
- (g)pz_:l(x _t+3x+ 2t> 18t> g>pz—:1<(§)3 RSN LS L
P70 p) = .
(g)jz_:l(a: —3(t2 +3) a:+2t( 9>>,

by the above and (2.4) we obtain the result. The proof is now complete.
12



Theorem 2.12. Let p > 3 be a prime. Then

Py(o3l)= § <2k)2 _ § CH _ _<g)’§ (:c?’ — 723z — 7378> fmod 1)
= __k:O k __k:O 2568 \3/ =~ p ,
Py_i (33)
L& (2 e (97 & et e 4330 .
pT_l 2k\ 2 pT_l 2k 2 +1p—1 23— 197 —
P =3 Bk = ()Y W =0 T (T (moa
k=0 p k=0 =0 p
:pT_l (Qkk)Q L prlpT_l (2:)2 L pTHp—l 23 Tr 46 -
Pz ()= 3 (5 = (07 3 e = (1 ;(7]0 ) (mod p),
_Z%l (%)2 (2 N (%)2 o P P21 3 — 21z + 20
P (5)= 2, 555 = () 2 ooy = ~(5) X (=) tmadn)

Proof. Taking t = —31 in Theorem 2.11 and applying Theorem 2.7 we see that

w0 k=0 2=0
= _<_?6> iz:;l) ((Qx)g _4'72:;- 23:—8.7378)
_ _<—?3> pi (3:3 _ 723;5 _ 7378) mod )
z=0

Taking ¢ = 33 in Theorem 2.11 and applying Theorem 2.7 we see that

Py (33)

(_(Z?;k - _<—?6> iz:o <x3 - 327(;@- + 71280)

Il
]+
—~
|
—_
N—
Ea
e
o5
N———
)
Il
/N
| L
(@)
N——
[
vl |

k=0 k=0
B _(—_ﬁ)pi <(6x)3 —36-91-633-!—216-330)
p /= p
_ _(—1)192‘:1 <x3 —91x+330> (mod p)
p /= p '

The remaining congruences can be proved similarly.
13



For a,b,n € N, if n = ax? + by? for some z,y € Z, we say that n = ax? 4 by?. In 2003,
Rodriguez-Villegas[11] posed many conjectures on supercongruences. In particular, he
conjectured that for any prime p > 3,

1 (4k)! { 42% — 2p (mod p?) if p=1,3 (mod 8) and so p = 2% + 2y?,
0 (mod p?) if p=>5,7 (mod 8)

pz_:l (3k) { 422 — 2p (mod p?) if 3| p— 1 and so p = 22 + 332,
— 108"“ ~ | 0 (mod p?) if3|p—2.

Recently the author’s twin brother Zhi-Wei Sun ([13,14]) made a lot of conjectures on
supercongruences. In particular, he conjectured that for a prime p # 2,7,

pil <2k)3 B pil (4k)! { 4z? —2p (mod p?) if (8) =1 and so p = x* + Ty?,
B ~ [ 0 (mod p?) if (£) = —1.

Inspired by their work, we pose the following conjectures.

Conjecture 2.1. Let p > 3 be a prime. Then

= (4k)! { 422 — 2p (mod p?) if p=1 (mod 4) and p = 2 + y? with 2} z,
0 (mod p?) if p=3 (mod 4).

Conjecture 2.2. Let p > 3 be a prime. Then

pt 42% — 2p (mod p?) ifp=1 (mod 3) and so p = x° + 3y?,

k 4:{ 2 o =
k::O 144 k:' 0 (mod p?) if p=2 (mod 3).

Conjecture 2.3. Let p # 2,3,7 be a prime. Then

’S { 422 —2p (mod p?) if p=1,2,4 (mod 7) and so p = 2% + Ty?,
— ( 3969 kk'4 | 0 (mod p?) if p=3,5,6 (mod 7).

Conjecture 2.4. Let p # 2,3,11 be a prime. Then

IS (6k)! _{ ()42 — 2p) (mod p*) ifd|p—1 and p=x* +y* with 21 x,
—~ 663%(3k)!k!12 | 0 (mod p?) if4|p—3.
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Conjecture 2.5. Let p > 5 be a prime. Then

pi 6k) { (=2)(42® — 2p) (mod p?) if p=1,3 (mod 8) and p = z* + 247,
— 203 (3k)!k!1® | 0 (mod p?) if p=>5,7 (mod 8).

Conjecture 2.6. Let p > 5 be a prime. Then

pil (6k)! _{ (B)(42® — 2p) (mod p?) if3|p—1 and so p = x>+ 3y?,
— 540005 (3K)!k1* ~ 1 0 (mod p?) if3|p—2.

Conjecture 2.7. Let p > 5 be a prime. Then

S (6k)

£ (= 12288000)(3k) k13
_ (%)(L2 —2p) (mod p?) ifp=1 (mod 3) and so 4p = L? + 27M?,
~ | 0 (mod p?) if p=2 (mod 3).

Conjecture 2.8. Let p > 7 be a prime. Then

pil (6k)! _ { ({5)(4a® —2p) (mod p*) if (8) =1 and so p = 2* + Ty,
(—15)3k(3k)'k13 — | 0 (mod p?) if () =—1.
Conjecture 2.9. Let p # 2,3,5,7,17 be a prime. Then

I’Z—:l R { (525)(42* — 2p) (mod p?) if () =1 and so p = 2® + Ty?,
— 2553k (3Ek)1K!13 | 0 (mod p?) if (2) =

Conjecture 2.10. Let p > 3 be a prime. Then

1458k | 0 (mod p?) if p=2 (mod 3).

k=0

k=0
Conjecture 2.11. Let p > 5 be a prime. Then
42?2 — 2p (mod p?) if p=1,4 (mod 15) and so p = 22 + 15y2,

p—l 3k
)53(k ) = ¢ 2p— 1222 (mod p?) if p=2,8 (mod 15) and so p = 322 + 5y2,
k=0 0 (mod p?) if p=17,11,13,14 (mod 15).
Conjecture 2.12. Let p > 5 be a prime. Then
422 — 2p (mod p?) if3|p—1,p=2%+3y* and 5| xy,
p_l (3k)_ p—2x% 4+ 6xy (mod p?) if3|p—1,p=2?+3y% 5tay
k:() 8640 - and x = +y, 2y (mod 5),
0 (mod p?) if3|p—2.

Conjecture 2.13. Let p > 3 be a prime. Then

pz_:l (3k)! _{( 2)(2x — £) (mod p*) if3|p—1 and so p = x* + 3y,
:054k-/€!3_ 0 (mod p?) if 3| p—2.
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