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ON THE HEIGHT OF CYCLOTOMIC POLYNOMIALS

BARTLOMIEJ BZDEGA

ABSTRACT. Let A, denote the height of cyclotomic polynomial &,
where n is a product of k£ distinct odd primes. We prove that A, <
sk@(n)k712k7171 with —logey, ~ 2%, ¢ > 0. The same statement is
true for the height C), of the inverse cyclotomic polynomial W,,.
Additionally, we improve on a bound of Kaplan for the maximal
height of divisors of =z — 1, denoted by B,. We show that B, <

nkn“k*l)/(%)*l, with —logni ~ ¢3* and the same c.

1. INTRODUCTION

The polynomial
Py () = Z an(m)z™ = H (z - Cﬁ)
0<m<p(n) k<n, (kn)=1
where ¢, = €2/ is called the n-th cyclotomic polynomial. We are inter-
ested in estimating its coefficients, so we define
e(n)
A, = max|a,(m)| and S, = Z |an (m)].
" m=0

We define also

U, (z) = —

D, ()

= Z cn(m)z™,  Cp, = max |c,(m)|.

m>0

The polynomial (1 — z™)¥,(x) is called the n-th inverse cyclotomic poly-
nomial (see [10] for details). We remark that c¢,(m) is equal to the m/—th
coefficient of the n—th inverse cyclotomic polynomial, where 0 < m/ < n
and m’ = m (mod n).

We consider the numbers n which are odd and square free only, since it is
known that Ayer(ny = An = A2, where ker(n) is the product of all distinct
prime factors of n (see [I3] for details). The same fact is true for inverse
cyclotomic polynomials.

The order of ®,, is the number w(n) of primes dividing n. For w(n) <4
the following bounds are known:

(1) Ap =1, qu =1, qur < e3p, qurs < 54])3(]-
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The first of them is obvious. The second one is due to A. Migotti [9].

The third one with e3 = 1 is due to A. S. Bang [2]. It has been improved
by some authors. Presently it is known that one can take e = 3/4 (see
[1, 4, 6]) and that one cannot replace €3 by a constant smaller than 2/3 (see
[7]). Tt is strongly believed that the estimate holds with e3 = 2/3 (J. Zhao
and X. Zhang [14], preprint). This conjecture is known as the Corrected
Beiter Conjecture (see [7]).

The fourth inequality with ¢4 = 1 was established by Bloom [5]. We use
a simple argument from [3] to show that the inequality is true with €4 = €.

For inverse cyclotomic polynomials we know the following bounds

Cr=1, Cy=1 Cpp<p-1

The first and the second of them are easy to obtain. The third was proved
by P. Moree [10] who in the same paper proved that p—1 cannot be replaced
by a smaller number.

In the general case, we know the following result by P. T. Bateman, C.
Pomerance and R. C. Vaughan [3] for standard cyclotomic polynomials.

“lok—1_
(2) Apy..p < M < k2 17
where M, = Hf:_f p?k7i71_1 (this notation we use troughout the paper).
The same authors came up with the following conjecture (cf. [3], p. 175).

Conjecture 1. In (2) one can replace n by ¢(n).

We prove this conjecture and moreover, we improve it by multiplying the
right hand side by a constant depending on k only and decreasing quickly
when k grows. We prove also a similar result for the inverse cyclotomic
polynomials and give the bound for the maximal magnitude of the coefficient
of any divisor of 2" — 1, improving on an earlier result of N. Kaplan [8]. The
idea of estimating the maximal magnitude of coefficient of any divisor of
2™ — 1 comes from C. Pomerance and N. C. Ryan [I1].

By €, we denote the smallest positive real number for which the inequality
Ap,..p. < €M, holds with any distinct primes pq,...,pr. In the same way
we define €;*¥ for the inverse cyclotomic polynomial and Fj. Let

S = [(2i+5 2 3 3/2 1/32
d — par — (232,174
®) mar pegr "’ g <2i+6> ¢ <463 p

Note that C' < 1. Our main results are the four following theorems.
Theorem 1. We have loge, < 2Flog(C + o(1))
Theorem 2. We have log ™ < 2¥log(C + o(1))

Theorem 3. If B, = nyn® /@)=L then logn, < 38log(C + o(1)) for
every n free of squares.
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Theorem 4. Conjecture 0 holds true, that is we have My < p(n)*™ 2 1
withn =p1 ... k-

In the proof of Theorem [I] we also establish the following bounds

9 7.3 18225 5 7 3

3 4 13
(4) qurs S Zp q, qurst S mp qr, pqrstu S 262144p qrs,

where we assumed €3 = 3/4. For e3 = 2/3 we establish constants Z,
respectively.
Also for the inverse cyclotomic polynomial

2 32
9 729

10935 15 7 4
arstu S T3107aP 4TS

for €3 = 3/4. If €3 = 2/3, then we obtain constants 2, 3

3 9
(5) Cqu’S S Zpg% Cpqrst S 1—6p7q37‘7 Cp

9> %, respectively

Let us remark that Theorem [, but with larger constant, can be obtained
by the original method of P. T. Bateman, C. Pomerance and R. C. Vaughan.
Our method is a bit different. It is based on a different recursive formula
given in Lemma [Il We use also some basic combinatorics.

2. PRELIMINARIES

Our primary tool is the following lemma.

Lemma 1. Let p1,...,pg be distinct primes. Then
k—2

(6) Pp,.py(2) = f(2) - H Pj(x),
j=1

where

k(1 — gp2--pr/pi
(7) f(x) = (1 — aPrpr). gzﬂ( )

1=1

(1 — gPr-Pr/pi)
and Pj = Hf:j+2 (I)p1...pj (xpj+2---pk/pi).

As deg(®,) = ¢(n) < n, we may replace f by f* = f (mod xP*P¢) in
(6l), where deg(f*) < p1...pk. Then we have congruence modulo zP*Pk in
([6)) instead of equality, which does not matter for our purposes. In addition
in the next section we prove the following lemma.

Lemma 2. We have H(f*) < bj_o = (L(kli;)2/2j)'

Lemmas [I] and 2] allow us to give the following recursive bound on ¢,.

byp_odF* -2 k—j—1
Lemma 3. We have ¢, < B}, = ~5i=5— Hf:f € I

To start the induction we need also the following estimates.

Lemma 4. We have ¢4 < €3.
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Proof. 1t is known that S; = 2 and S,; < pg/2 (see [5] for a proof of the
second equality). By Lemma 4 on pages 182-183 in [3],

Apgrs < AparSpaSpS1 < €31,
so the estimate holds. (]
Lemma 5. For d defined in (3) we have d < e3(2 — €3)/2.
Proof. Bloom [5] proved that

|apgr(m)| = lapgr(0(pgr) —m)| < 2([m/qr] +1).

Thus
©(pqr)/2
Sper < 2 Y min{esp, 2(|m/qr| + 1)}
k=0
lesp/2]-1
< esp(p(pgr) +2—2|esp/2lqr) + 21 > (20+2)
a=0
= ep(p—1)(q— 1)(r — 1) + 2e3p — 2| esp/2]espqr
+2[esp/2](2]esp/2] + 1)gr

< e3(2 — e3)pqr/2,

which completes the proof. O

3. ProoOF OoF LEMMA 1], 2] AND [3]

Proof of Lemma[1. We prove this lemma by induction on k. By (see [5]) it

holds for £ < 5. Let us define
f(x) _ (1 B xp2~~~10k) ' Hi:g(l — P3 Pr /P )

[T (1 — apeere/m)

and ﬁj($) = Hf:j+2 Dpy..p; (zPi+2Pk/Pi) . By the inductive assumption,

k—2

2

J
It is known that ®,,(z) = ®,(2”)/®,(x) for a prime p not dividing n (see
[13]). Then also

_ Ppy...py, (2P) an () = 2
(I)plmpk(x) - (I)pz...pk(x) d P]( ) ]3](:5) .

By this and (8]
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Finally,
£( P ko (1 _ gp2-pr/pi
f(~x ) —_ Pl(l‘)(l _ xpl---pk) . Hz 2( £ ) — P1($)f(l‘),
f(z) Hl (1 — apre Pr/Pi)
which completes the proof. O

Proof of Lemmal[2. Let n = py...p, and f*(z) = EZ;IO dpz™. By (@) we
have
k

(9) @) =[J—armmieg R 0 pen/prreten/ie - (mod ).

1=2 a0 >0

Let

A==, M) N €{0,1} fori=2,...,k}, s(\) = (=1)%2F M,
By @)

(10) dm = Z S(A)X(m - <)\,U/p1>),

A€A

where (-, -) is the scalar product in R¥=1 v = (n/ps,...,n/pi) and

(m) = 1 if m is of the form aqn/p1 + ... + agn/px,
X 1 0 otherwise.

We define a number 5(A) and a vector a(\) = (ag(A2),...,ar(Ag)) by the
congruence

(11) m— (A v/p1) = B(A)n/p1+ (a(A),v)  (mod n).

The numbers «;(0) and «;(1) depend only on the residue class of m modulo
pi, so (1) holds for every A € A. We have the following equivalences

x(m — (Av/p1)) =
Aad <)\,U/p1> + <Oé()\),1)> <m
— (\ou/p1)+ (@A) — a(fk—1),v) <m — {a(k_1),v),

where 0;_1 = (0,...,0). We have
k k

(N —a(0p_1),v) = > _(a 0)vi =Y (1) = (0))vidi = (A, w),
=2 =2

where w = ((a;(1) — a;(0))v;)¥_,. Therefore
x(m =X\ v/p)) =1 <= Aw <D,
where u = v/p; + w and D = m — (a(0_1),v). By (I0)
(12) dn = > s\
AEA, (Au)<D

Without loss of generality we may assume that 0 < u, < ug,...,up_1.
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There is a natural bijection between A and the family of subsets of
{2,3,...,k}, defined by

Sy={ie{2,....k}: i =1} for A € A.

We say that A = (A\a,...,A\k—1,0) is maximal if (\,u) < D and for every
X = (Xy,...,A;_1,0) such that Sy C Sy we have (X', u) > D. Note that for
A= (z,...,—1,0) and A =(XNg,..., N1, 1)

the following statements are true.
e If \? is not maximal and (A\°,u) < D then (\',u) < D.
o If (A u) < D then (\°,u) < D.
e s(\0) +s(A\h) =0.
By this observation and (I2]) we conclude that
(13) |dm| < #{A € A : X is maximal}.
Let A',...,\! € A be maximal. By the definition of maximal A\, we have
Syi CH{2,...,k—1} and Syi ¢ S); for every i # j.

Theorem 5 (E. Sperner, 1928). Let A;y,..., Ay C A, where #A < co. If

A; & Aj for every i # j, then t < (L#ﬁ%J)' O
For the proof see [12].
By Theorem B and ([I3)), |dp,| <t < (L(klz)2/2J)' O

Proof of Lemmal3. For a formal power series f(z) = >, ~qamz™ € Z[[z]]
we define H, S € [0, oo

H(f) = max|an|,  S(f) =D laml.

m>0

We call H(f) the height of f. Note that

k k
(14) H (f(fv) H@-(ax)) <HH[][5@),

=1 =1

k
(15) 5( Qi(@) <][s@)

i=1 1=1

for polynomials Q1,Q2,...,Qk € Z[z] and a formal power series f. By (IH)
we have for j < k
21—2 933

Spl...pj < (deg(q>p1...pj) + 1)Ap1...pj < € - Dj D1 P2 . 'p§—2pj—17
as deg(®,) = p(n) < n for n > 1. Then again by (I5])

i i—2 oj-3 k—j—1
(16) S < (oot W i)
where P; is defined in Lemma [Il Additionally,
(17) Spips < p1p2/2, Spipops < d- p%p2p3-
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Applying (I4), (I8), (I'l) and Lemma 2 to Lemma [Il we receive

k—2 k—2 .
Y k—j—1 9i—2 93 9 k—j—1
Ap.pp < Tok—3 €; T H (p' “P1 D2 ---pj—2pj—1)
j=1 j=1
= EpMj,
which completes the proof. O

4. Proor oF THEOREM [, 2, Bl AND []

Proof of Theorem [l Consider a sequence (e) given by the following condi-
tions:
61262:1, €3 = €4 = €3,

k—a k=2
_ bg_od k—j—1

e = o3 € for k > 5.
j=1
By Lemmas Bl and ] we have ¢, < e. We can easily compute that
(18) €5 = Zegd, € — %6§d2,
For k> 7
er/er-1 ers- br—2bk—4
er—1/ex—2 b,
then
9 bpobry
€k = €1 T2
k—3
therefore
o o (biabig\ 2
€ = 6(23 . H <7b2_3 ) .
=7 ¢
Note that '
bi_Qbi_4 o ;:—1, for odd 4
b2, N 2:—2, for even 1.
Then
. B e2k76 ‘ § 2k: 7 ' 9 2k78 ‘ z 2](?79 ' § 2k710
BT 6 5 8 7

3 2
= (Zei/ 2dpt/t + o<1>> ,
which completes the proof of the Theorem [II O
Note that (I8)) implies the bounds from ().
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Proof of Theorem[2. By the well known formula V,,,(z) = ¥,,(2P)®,(z) we
have

m/p|

|
Cnp(m) = H Cn(k)an(m - k‘p)
i=1
We note that a,(t) =0 for t € {0,...,¢(n)}, and therefore

©\P1---Pk-1
Cp1...pk < <{#J + 1> Am...pkﬂcpl...pkﬂ <pi...pp—2 - AnCyp

for k > 2. Thus

k-1
Cpr..oe < Cpips H(pl s Pj-1 Apl...pj) <é... €1 M.

j=2

Therefore
- by
el <e€r...€p1<e€3...64_1 = ﬂek
br—3

for k > 6. It completes the proof. O

We can also prove that
inv inv 2 inv 3 3
€’ <e3, €5 <€, € < Zegd
to justify (&l).
Proof of Theorem[3. We recall that every divisor of 2™ — 1 is of the form

[Licp ®a(x), where D is a subset of the set of divisors of n. By (I4) and
Theorem [

B, < Ay [[ Si<>]dAd
dln, d<n nd|n
< % 1) {Teww ) | TTMs(@ |
dln din din

where My(d) = Hf:_f p?fiiil_l for d = ps, ... ps., ps;, < ... <ps,. We have
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and by Theorem [II

log | 2 H €u(d) < log2+ Z 22 Jog(C + f&(d))
dln dln

k
k
k w
~ 1 2580,
3" log C + NE:(] <w> &

where ¢£/,,€, — 0 with w — oo. It remains to prove that the sum equals
0(3%). Indeed,

3 <k>2w§ C e “"ngj <k>2w+§ 5 <k>2w
w=0 w cT w=0 w oskl w=0 w
O(2°8F o8 Flog k) + 0(3F) = o(3"),
and the proof is done. O

In case n = py...pg and p; % p;_1 for i = 2,...,k Theorem Bl improves
the result of N. Kaplan [8] showing that

k-1
B, < Hp;;-iik*?—l < n(4-3k*2—1)(k—1)/k‘
7j=1

Proof of Theorem[f] We have M; = My = 1, so theorem holds for k =1, 2.
We prove it by induction on k. We assume that p; < ... < pg. Then for
k>3

k—2_ k=2 /(1._1)_
My < pb Thoppa..pp)? /DT

ok—2 ok—1

amt k-1 \ BT REED .
- <p1pi 1> k ’ (cp(pzlpk)> '(Sp(pl...pk))Zkkl_l
N\ 1 e k-1
< (2R (el p)
< (plpro-p)” A
which completes the proof of Theorem [l O

5. CONCLUDING REMARKS

We analyze the value of the constant C. It is proved that e3 € [2/3,3/4],
however we do not know the exact value of e3. Similarly, we can only
estimate the value of d. In the case e3 = 3/4 and if we have the equality in
Lemmas [ and [, then C' ~ 0.953. If the Corrected Beiter Conjecture holds,
then C' = (0.946.
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Let us remark, that there exist a constant ¢ > 0 such that for C' < € the
bound from Theorem [Ilis false. Indeed, if p; is the j—th odd prime number
for 5 > 1, then

1< Apy gy < (C+0(1))% My,

and therefore

C+o(1) > My =T p;% +o(1).
j=1

Using the prime number theorem we easily obtain that the product is con-
vergent to a positive constant.

Recall the following conjecture of P. T. Bateman, C. Pomerance and R.
C. Vaughan [3].

Conjecture 2. For every k there exist a constant €] such that
A, > eﬁank*l/k_l
for infinitely many cyclotomic polynomials ®,, of order k.

If the conjecture is true, one of the most interesting questions is whether
the maximal € is of the form (C’ + 0(1))?" for some constant 0 < C’ < 1.
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