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Abstract

We show that every smooth manifold admits a smooth triangulation transverse to a given
smooth map. This removes the properness assumption on the smooth map used in an essential
way in Scharlemann’s construction [5].

1 Introduction

For 1€ 729, let Al CR! denote the standard I-simplex. If [K| CRY is a geometric realization of a
simplicial complex K in the sense of [4, Section 3], for each [-simplex o of K there is an injective
linear map ¢, : Al — |K| taking A to \0\ If X is a smooth manifold, a topological embedding
p: Al — X is a smooth embedding if there exist an open neighborhood AL of Al in R! and a
smooth embedding fi: AL — X so that fi|at=p. A triangulation of a smooth manifold X is a pair
T=(K,n) consisting of a simplicial complex and a homeomorphism 7: || — X such that

note: Al — X

is a smooth embedding for every [-simplex ¢ in K and [€ZZ°. If T =(K,n) is a triangulation of X
and 1: X — X is a diffeomorphism, then ¢, T = (K,on) is also a triangulation of X.

Theorem 1 If X,Y are smooth manifolds and h : Y — X is a smooth map, there exists a
triangulation (K,n) of X such that h is transverse to n|ms o for every simplex o € K.

This theorem is stated in [7] as Lemma 2.3 and described as an obvious fact. As pointed out
to the author by Matthias Kreck, Scharlemann [5] proves Theorem [Il under the assumption that
the smooth map h is proper, and his argument makes use of this assumption in an essential way.
For the purposes of [7], a transverse C'-triangulation would suffice, and the existence of a such
triangulation is fairly evident from the point of view of Sard-Smale Theorem [6] (1.3)]. In this note
we give a detailed proof of Theorem [I as stated above, using Sard’s theorem [2, Section 2].

The author would like to thank M. Kreck for detailed comments and suggestions on [7] and earlier
versions of this note, as well as D. McDuff and J. Milnor for related discussions.
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!i.e. 1, takes the vertices of A' to the vertices of |o| and is linear between them, as in [7, Footnote 5]
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2 Outline of proof of Theorem (1]

If K is a simplicial complex, we denote by sd K the barycentric subdivision of K. For any non-
negative integer [, let K; be the [-th skeleton of K, i.e. the subcomplex of K consisting of the
simplices in K of dimension at most [. If ¢ is a simplex in a simplicial complex K with geometric
realization |K]|, let

St(o, K) = U Int o’

be the star of o in K, as in [4] Section 62], and b, € sd K the barycenter of ¢. The main step in
the proof of Lemma 2.3 is the following observation.

Proposition 2 Let h: Y — X be a smooth map between smooth manifolds. If (K,n) is a trian-
gulation of X and o is an l-simplex in K, there exists a diffeomorphism 1, : X — X restricting
to the identity outside of n(St(by,sd K)) so that ¥gon|mt » s transverse to h.

If 0 and ¢’ are two distinct simplices in K of the same dimension [,
St(by,sd K) N St(byr,sd K) = 0. (1)

Since 1), is the identity outside of 7(St(b,,sd K)) and the collection {St(b,,sd K)} is locally finite,
the composition v;: X — X of all diffeomorphisms v, : X — X taken over all [-simplices ¢ in K
is a well-defined diffeomorphism of X B since Y1on|jo| = Yo 0n||s| for every l-simplex o in K, we
obtain the following conclusion from Proposition 21

Corollary 3 Let h: Y — X be a smooth map between smooth manifolds. If (K,n) is a triangu-
lation of X, for every l=0,1,...,dim X, there exists a diffeomorphism ;: X — X restricting to
the identity on n(|K;—1|) so that Yjon|imt » is transverse to h for every l-simplex o in K.

This corollary implies Theorem [II By [3, Chapter II], X admits a triangulation (K,n_1). By
induction and Corollary B for each | = 0,1,...,dim X — 1 there exists a triangulation (K,n;) =
(K, v¢om—_1) of X which is transverse to h on every open simplex in K of dimension at most [.

3 Proof of Proposition
Lemma 4 For every | € Z*, there exists a smooth function p;: RY — Rt such that
p; H(RT) = Int Al

Proof: Let p: R — R be the smooth function given by

r) eV ifr > 0;
)=
P 0, if r <0.

2The locally finite property implies that the composition of these diffeomorphisms in any order is a diffeomorphism;
by (), these diffeomorphisms commute and so the composition is independent of the order.



The smooth function p;: Rl — R given by

i=l i=l
GRS =p<1 —Zti> -Hp(tz-)

then has the desired property.
Lemma 5 Let (K,n) be a triangulation of a smooth manifold X and o an l-simplex in K. If
fio: AL x R™ U, c X

is a diffeomorphism onto an open neighborhood U, of n(|o|) in X such that fis(t,0) = n(ts(t)) for
all te A, there exists co €R™ such that

{(t,v)€(Int AYxR™ L |yl < copi(t)} C fiy " (n(St(by,sd K))).
Proof: Tt is sufficient to show that there exists ¢, >0 such that
{(t,v)€ (It AY<R™: v <eopi(t)} C fig " (n(St(o, K))) B

We assume that 0<[< m. Suppose (t,,v,) € (Int AY) x (R™~!~0) is a sequence such that

(tprvp) & 15 (0(S8(0, K)))s [o] < %pxtp). (2)

Since n(St(o, K)) is an open neighborhood of n(Int o) in X, by shrinking v, and passing to a
subsequence we can assume that

(tpvp) € fig ' (n(I7'])) < fig* (n(I7])) (3)

for an m-simplex 7 in K and a face 7’ of 7 so that o ¢ 7/, 7' ¢ 0, and 0 C 7. Let 1;: A™ — | K|
be an injective linear map taking A™ to |7| so that

o)) =A™ NR %0 c REXR™ (7)) = A™MnOxR™ T ¢ RExR™ L, (4)

Choose a smooth embedding p,: A”" — X from an open neighborhood of A™ in R™ such that
trlam =notr. Let ¢ be the first component of the diffeomorphism

w7t ofig: fig (e (A7) — pr ' (o (AL xR™ 7)) C RYxR™
By (@), the second assumption in (@), the continuity of d¢, and the compactness of Al,
6(ts0)] = [6(t:0) = B(tps )| < Clusl  ¥p. (5)

for some C'>0. On the other hand, by the first assumption in (@), the vanishing of p; on Bd Af,
the continuity of dp;, and the compactness of Al

‘Pl(tp)‘ < C‘ﬁb(tp’o)‘ Vp, (6)

for some C>0. The second assumption in &), (5], and (@) give a contradiction for p > C2.

3If K’ is the subdivision of K obtained by adding the vertices b,» with o’ D &, then St(by,sd K) = St(c, K').



Lemma 6 Let h: Y — X be a smooth map between smooth manifolds, (K,n) a triangulation
of X, o an l-simplex in K, and

fio: AL xR U, c X

a diffeomorphism onto an open neighborhood U, of n(|o|) in X such that fis(t,0) = n(ts(t)) for all
teA,. For every >0, there exists s, € C°(Int AL R™Y) s0 that the map

fio o (id, 55): Int Al — X (7)
1s transverse to h,
|so(t)] < Ep(t) VteInt Al lim py(t) 7|V so(t)| =0 Vi,j € Z7°, (8)
t—Bd Al

where Vs, is the multi-linear functional determined by the j-th derivatives of s,.
Proof: The smooth map
oIt A xR — X, (t,v) = fip (t,e” /P Dy),

is a diffeomorphism onto an open neighborhood U/ of n(Int o) in X. The smooth map (7)) with
sy =e~ /Py is transverse to h if and only if v € R™ ! is a regular value of the smooth map

mpo¢ toh: TN (U!) — R™ 7L,

where my : Int AlXR™~t — R™~! is the projection onto the second component. By Sard’s Theorem,
the set of such regular values is dense in R™~!. Thus, the map (7)) with s, —e~ Uy is transverse
to h for some v €R™~ with |v|<e2. The second statement in (8] follows from py|gq a1 =0.

Corollary 7 Let h: Y — X be a smooth map between smooth manifolds, (K,n) a triangulation
of X, o an l-simplex in K, and

fio: AL xR U, c X

a diffeomorphism onto an open neighborhood U, of n(|o|) in X such that fis(t,0) = n(ts(t)) for all
teA,. For every e >0, there exists a diffeomorphism .. of Af, xR™ restricting to the identity
outside of

{(t,v)€(Int AYXR™ L o)< epi(t)}

so that the map figo VY. |1 alxo 18 transverse to h.

Proof: Choose € C*>(R;[0,1]) so that

1, ifr <4y
r) = Y — 2
b {0, ifr>1.
Let Cg=sup,cg |6'(r)|. With s, as provided by Lemma 6] define
Pl AL xR AL x R™TE by

o . }
T[)g(t,v) = <t,’U + ﬁ <Epl(t)) SU(t)) ) ifteIntA ;
(t,0), if ¢ Tnt AL




The restriction of this map to (Int A) x R™~! is smooth and its Jacobian is

I; 0
TVl (10 = < [v] (ol ) vl se(® p (ol se(t) ot ) -9
w0 =\ B (aity) Vaolt) = (o) e e Vo Tt + 8 () oy b
By the first property in (8)), this matrix is non-singular if e <1/Cg. If W is any linear subspace
of R™~! containing s,(t),

PLAXW) CtxW, YL (t,v) = (t,v) VoeW st. [v] > ep(t).

Thus, ¢, is a bijection on txW, a diffeomorphism on (Int A') xR™~!, and a bijection on AL xR™~,

Since B(r) =0 for r > 1, ¢! (t,v) = (t,v) unless t € Int Al and |v| < epy(t). It remains to show that
! is smooth along

{(t,v) € (Int Ay xR™—L: [v|<epy(t)} — (Int ALY xR™" = (Bd A) x0.

Since |s, (t)| — 0 as t — Bd Al by the first property in (), 1, is continuous at all (¢, 0) € (Bd A)x0.
By the first property in (8), ¢/, is also differentiable at all (¢,0) € (Bd A!)x 0, with the Jacobian
equal to I,,,. By (@) and the compactness of Al,

[Tl 40 = Im| < C(IVsa(®)| + () so(B)]) ¥ (¢,v) € (Int A')xR™

for some C'>0. So J/ is continuous at (¢,0) by the second statement in (8), as well as differen-
tiable, with the differential of Jv/ at (¢,0) equal to 0. For i>2, the i-th derivatives of the second
component of ¢! at (t,v)€ (Int AY) x R™~! are linear combinations of the terms

s <ep|f<|t>> | <e;|:<|t>>h ];:11 <sz<t[>)l> g V),

where i1, 12, j1, jo €Z29 and p1, ... ,Pjy EZT are such that

i1+ (P1+p2+ .. Dy —g1) Fi2 =, Jiti2<iy,

and vy is a jo-fold product of components of v. Such a term is nonzero only if ep;(t)/2 < |v| <ep;(t)
or i1 =0 and |v| <ep;(t). Thus, the i-th derivatives of ¢/ at (t,v)€ (Int A') x R™! are bounded by

G D Al Vs (o)
i1+i2<i
for some constant C; > 0. By the second statement in (§]), the last expression approaches 0 as

t—Bd Al and does so faster than p;. It follows that v/ is smooth at all (¢,0) € (Bd A!) x0.

Proof of Proposition[2: Let Af, be a contractible open neighborhood of Al in R! and fi, : Ai, — X
a smooth embedding so that ps|ar =n0t,. By the Tubular Neighborhood Theorem [IJ, (12.11)],
there exist an open neighborhood U, of p,(AL) in X and a diffeomorphism

fio: ALXR™ ! 5 U, st fie(t,0) = po(t) VeeAl

4Since AL is contractible, the normal bundle to the embedding u is trivial.



Let ¢, >0 be as in Lemma [l and ¢/, as in Corollary [[l with e=¢,. The diffeomorphism
Vo Zﬂaol/}fyoﬂ;li Uy — Us

is then the identity on U, — St(b,,sd K). Since 1), is also the identity outside of a compact subset
of U,, it extends by identity to a diffeomorphism on all of X.
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