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Abstract

This research announcement continues the study of the symplectic
homology of Weinstein manifolds undertaken in [2] where the sym-
plectic homology, as a vector space, was expressed in terms of the
Legendrian homology algebra of the attaching spheres of critical han-
dles. Here we express the product and BV-operator of symplectic
homology in that context.

1 Introduction

Weinstein manifolds are symplectic counterparts of affine (Stein) complex
manifolds. They are exact symplectic manifolds which admit symplectic
handle decompositions with isotropic core disks. In particular the index
of any handle is at most half of the dimension of the manifold. We refer
the reader to [2 15 [I0] for precise definitions. Middle dimensional handles
are called critical and handles below middle dimension subcritical. Given
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a Weinstein manifold X, its symplectic homology SH(X) is a symplectic
invariant which was first defined by A. Floer and H. Hofer in [11]. It vanishes
if X is subcritical, see [3]. A general Weinstein manifold X is obtained by
attaching critical handles to a subcritical manifold X, along a collection A of
Legendrian spheres in the contact manifold Y, which is the ideal boundary
of Xo. In [2], SH(X) was expressed in terms of the Legendrian homology
algebra of A C Yj.

Symplectic homology comes with TQFT-like operations which on the
homology level are all expressed in terms of a (pair-of-pants) product and
a BV-operator, see [14, [12]. In this paper we express the product and the
BV-operator in terms of the Legendrian homology algebra of A and some
additional operations on it. The BV-operator is determined by the algebra
itself, whereas the expression of the product involves a duality operation
which can be identified with the first term in the extension of Legendrian
homology algebra to Legendrian rational symplectic field theory (SFT).

The paper is organized as follows. In Section 2] we introduce algebraic
constructions which we later apply to Legendrian homology algebras. In Sec-
tion Bl we express the Legendrian homology algebra results from [2] in the
terminology of Section 2] and also include a discussion on the construction
of a version of rational SFT in the Legendrian setting (completion of this
construction is work in progress). In Section [ we present the symplectic
homology product and the BV-operator in terms of Legendrian homology
algebra and a duality operator and in Section [3] we use the result to compute
the symplectic homology, with product and BV-operator, of cotangent bun-
dles of spheres. While proofs are mostly omitted, we note that the proofs of
the algebraic results from Section Pl are fairly straightforward.

The authors thank M. Abouzaid, S. Ganatra, E. Getzler, L. Ng, and
P. Seidel for inspiring discussions.

2 Algebraic preliminaries

In this section we describe a number of constructions in a purely algebraic
setting. The constructions will be applied in geometrically relevant situations
in Sections Bl and @l



2.1 A tensor algebra and associated objects

We associate to a differential graded algebra A over a field K a pair of dual A-
modules and a corresponding tensor algebra. We also discuss cyclic versions
of these objects, which are vector spaces over K.

2.1.A The algebra A

Let R be an algebra over a field K of characteristic 0 generated by idempo-
tents 1q,...,1,,, where 131; = 915, where d;; is the Kronecker delta. We
define a graded module V over R, which is generated by a set C decom-
posed as a disjoint union C = Ulgi,jgm Cij. The degree of an element a € V'
will be denoted by |a|]. The decomposition of C induces a decomposition
V= @ V@, where V@ is generated by C;;. When applied on the left,

1<ij<m
the element 1;, j = 1,...,m, acts as the identity on V(%) and as the 0-map
on V@ [ = j. Similarly, when applied on the right, the element 1; acts as
the 1dent1ty on VU9 and as 0 on V) £

We define an extension V of the module V as follows. The module V has
a set of additional generators X = {z1,...,z,,} where |z;| =0, j=1,...,m,
and we define R

V.= K(X)a V[,

where K (X) denotes the m-dimensional module freely generated by the set
X and where V[1] denotes V' with gradlng shifted up by 1. The module 1%

inherits a decomposition V = &P V) from V, where
1<i,j<m
V) — V("j’[l] - if i # J,
Kr; @ VU] ifi=j.

Here the idempotents act as before on V' & V1] as a subset of ‘7, and as
follows on the new generators: 1;z; = 0;;x; and x;1; = 6;;x5, 1 < 4,5 < m.

We will use the following notation. If @ € V' then @ denotes the element
in V[1] C V that corresponds to a. Furthermore, if F' and G are either V/
or V and if (u,v) is an ordered pair of elements in F@) @ G*) then (u,v) is
composable if 7 = k.

Let o2

A=ReVaeVr &... (2.1)



be the tensor algebra over R generated by V with its natural grading. Then
A is generated additively by composable monomials w =c¢;...cp, ¢; €V, j =
1,..., k, where we say that w is composable provided (c;, ¢j11) is composable
for 1 < j < k—1. (Here, as often in the following, we will suppress the
tensor sign in the notation for tensor products). The decomposition of V/
induces a corresponding decomposition of A, A =@, _; ., AU where A)
is generated by composable monomials ¢; ...¢; with ¢; € V) for some
s€{l,...,m}and ¢ € V® for some t € {1,...,m}.

We will assume that the algebra A has a differential d: A — A of degree
—1 which leaves the subspaces A@) 4 j € {1,...,m} invariant (i.e., d*> = 0,
d satisfies the Leibniz rule, and d(A®)) c A#)). We will usually write H(A)
for the homology algebra H,(A,d).

2.1.B The A-module M and the K-complex M

Define R
M=MA)=AV®A. (2.2)
R R

Then M is a graded left-right module over the differential graded algebra A
which is additively generated by composable monomials w = ¢; ... cpufi ... fi,
where ¢, € C,i=1,...,k,uc CUX,and f; € C, j =1,...,l. We say that
a composable monomial w is cyclically composable if the pair (f;, ¢1) is com-
posable. Let M43 C M be the submodule generated (over K) by cyclically
composable monomials and define M<° as the quotient space of A48 in
which monomials which differ by graded cyclic permutation are identified.
If w € M4 then we write [w] for its equivalence class in M®¢, i.e. if
7. MY2& — M denotes the natural projection then [w] := 7(w) € M¢,

The differential cL A — A induces a differential dy;: M — M as follows.
If wyuws € M, u €V, and wy,ws € A, then

dM(wlu wg) = (dwl)u Wo + (—1)|w1|w1(dMu)w2 + (—1)|wlu|w1u(dw2). (23)

Here B
o — {axi — zja+ S(da) ?f u = a, ale V), (2.4)
0 ifu=uz;, je{l,...,m},
where the R-module homomorphism S : A — M is defined by
S(ay...ay) = Gragas...a, + (—1)%aydzas. .. ay
+ o+ (=Dleealgay g ag, (2.5)



and S(1;) =0,for j=1,...,m

Lemma 2.1. The map dy: M — M is a differential (i.e. d,2 = 0) which
leaves M8 invariant and descends to a differential M™¢ — MY, still
denoted dy;, in such a way that the natural projection m: (MY dy) —
(M€ dy) is a chain map.

We write H (M) and H(M®°), respectively, for the homologies H, (M, dy;)
and H,(M%°, dy). Note that H(M) is a left-right module over H(A), while
H(M®°) is just a K-vector space.

Remark 2.2. We can write

Mee — @AIJ ® A% V[l] _ /Mcyc ® //Mcyc'

J=1

Let p: M — "M%° be the projection and let "dyseye := p o (dpeve)|mpgese.
The second summand "M<° can be viewed as a non-commutative version of
the “Lie algebra of vector fields” on the space V. Indeed, we can identify the
cyclic monomial [wu] € M, w € A, u € V, with the vector field w 5. The
differential "dyseye can be naturally viewed as a vector field on V| and hence
an element of "M®°, given by »_ _.dc %. For any X € "M®¢ its differential
"dpr X is just the Lie bracket [dy, X| of vector fields, or equivalently the Lie
derivative L”dMX-

This interpretation corresponds to the “satellite philosophy” from [9].
Another interpretation was pointed out to the authors by M. Abouzaid:
H(M®%°) is isomorphic to the Hochschild homology H H,.(A, A).

2.1.C The extended tensor algebra U and the space U"

Recall that the module V' is generated over R by a set C and that the module
M is generated over A as a left-right module by C U X, where C = {c ceC }
and X = {z1,...,2m}. Let V* denote the K-vector space dual to V. Then V*
is the direct pmdgct of the 1-dimensional K-vector spaces which are generated
by elements of C* U &, where C* = {¢*: ¢ € C} and X" = {z}: v; € X}
Furthermore, we have

@ YA/*(U), where V*0) = (XA/(”))*.

1<i,j<m



In IA/*, the idempotent 1;, j = 1,...,m, acts from the left as the identity on
V*U) and as 0 on V*@_ [ # j, and acts from the right as the identity on
V*(@) and as 0 on V*@, [ # j. Fix an integer n > 2 (it will correspond to
half the dimension of the Liouville domain X, in Section [B)). We endow v
with a grading defined as follows:

& =n—3—|¢|, forceC, (2.6)
|z =n—3, forj=1,...,m. 2.
Define R
M =AxV*® A. (2.8)
R R

We define the tensor algebra
* ®k

U(0,0) = @kzo (M & M)+ . (2.9)
as a certain completion of the free associative algebra generated by CUCUC*U
X UX*. Its elements are infinite series in the (C* U X*)-variables with poly-
nomial coefficients in the (CU X )-variables (compare to the above definitions
of M as an infinite sum and M* as an infinite product). For simplicity of
notation and since all completions we consider below are of the same type as
that of (2.9), we will, as in that equation, suppress completions from notation
and use the direct sum symbol in decompositions. Consider the extension U
of U(0,0) obtained by adding multiplicative generators i, Ai~! and 0,071 of
degrees

lo|=1, |oc7Y=-1, |bBl=n-3, |h'=—-(n-3)
which satisfy the following relations:
oo t=0to=1, Wh'=h"'h=1 oh=(-1)""ho,
and

—1)llyg, u e C,;
— Dy, weCUX UCH U XH,

(-1)
(=1)

- {(—1)“|("‘3)uh, weCUXUC
(=1)



The algebra U can be decomposed according to tensor type: U = @n o U
where UP C U is the K-subspace generated by monomials with ¢ factors
from M and p from M*. We decompose further: UP = €, ., UL (s,h),
where UP(s,h) C UP is the subspace spanned by all monomials of total o-
degree s and total h-degree h. In particular, U2(0, 0) A UO(O 0) = M,
and U;(0,0) = M*. We also write U? = @ U, = @, U,
Uy = B,50 Uy, Uy(s, h) == D, Ul (s, h), and Up(s h) ®q20 ur (s h).

For X € Up(s, h), let

st(X):=p+h and jp(X):=p+qg+s.

In analogy with the definition of M2 in Section 1.3, we define U428,
Further, define U%° as the quotient of U428 obtained by dividing by the
following graded cyclic permutation rule: identify a;...a, € U4 with
£169€3 Qg . . . apa; € UV where

()

1= (_1>|a1||a2...ak|’

=3

The vector space U%° inherits the decomposition by tensor type:

Ueye — @ cyc @ @ Up S h cyc

p,g>0 p,q>0 s,h€Z

if a; € CU{h, b1},
1)iplaz-a) if gy e CUX UC*UX* U {0,071},

ifa1€CU5UXU{U,a_1},

1
(—
1
(— )st(ag ) if g, € C*UX*U {h, 1}

If the monomials X and X' differ by a graded cyclic permutation, i.e. if [X] =
[X'], then, for z € {0,607 A, h7'}, [Xz] = [X'2] and [2X] = [X"]. We
thus define z[X] := [2X] and [X]z := [Xz], and note that this definition
does not depend on choice of representative X.

A monomial X € (Ug(s, h))CyC is balanced if h = —1 and p — ¢ — s = 0.
The subspace of U% generated by balanced monomials will be denoted by
U It contains balanced versions M and (M*)* of M and (M*)?°,

respectively. More precisely,

M= (U)(-1,-1))" = U n U™,
(M) = (U (1, -1))¥ = Uy n U™



2.1.D The operator &: UY¢ — U%°¢

Consider a monomial X € (UP(s, h))™* and fix a factor ¢ € C in X. Then
X = [XleX!] for monomials X/, X” € U. Define

S(X) = Y [Xlo'eX!] € (Ula(s — 1, )™

where the sum is taken over all factors ¢ € C in X. It is straightfor-
ward to check that this gives a well defined operation and by definition
S(UP) ¢ U In particular, if X = [e;...cna*] € (UL(0,0))° then
S(X) € (UY(—1,0))7" satisfies

m
S(Cl R Cma*) = 0'_1 Z(-l)'cl"'0j71‘01 R Cj—l/c\jcj—l—l e Cma*
j=1

A~k

=0 1'S(cy...cm)at,

where S is the operator A — M defined in (2.5) above. Furthermore,

S

m

SMer. . ema®) =Klo™ Y (=1)

J1<<Jk

A~k

e1...cj—1]
1 LCma.

C1...Cj...Cj ..

2.1.E Symmetry breaking and contraction operations

We next effectively break the cyclic symmetry of U, An ezcited monomial
is a cyclic monomial X € U with one of its factors from C UC* U X U X’*
distinguished. We call the distinguished factor of an excited monomial X the
excited generator of X. The K-vector space generated by excited monomials
from U™ will be denoted by UP¥. Note that U inherits decompositions
from U™, UM = @ (UF)™, etc. We set (UG)*! = 0. Define the excitation
operator £ : UP™ — UP to be the linear map which maps a monomial X
the sum of all its excitations.

Note that UPal contain excited versions MPal = (U(l])bal and (M*)™ =
(Ué)bal of MY and (M*)*™ respectively, which are isomorphic to their non-
excited counterparts. (In the context of UP¥ we think of M and (M*)"™
as monomials in (Uf)bal and (Uol)bal without excited generator.)

We will use the following two notations to identify excited generators in
monomials. First, in concrete calculations we underline the excited generator



in a monomial in U and write e.g. z, 2* ¢, and ¢". Second, if X is a
monomial in UP¥ and if u is a generator which is a factor in X then we let

Qx(u) =

1 if u is excited,
0 otherwise.

We next define an associative product on Ijbal. Consider two excited
cyclic monomials X, Y € U, Fix a factor u € C*UX* from X and a factor
vECUX from Y. Write X = &1[X/ A 'u] and Y = 5[vY]], where &, is the
sign which arises from cyclically rotating X so that wu is its last factor and
then inserting a factor A=! in front of u and where e, is the sign which arises
from cyclically rotating Y so that v is its first factor. Define the contraction
operation x: U® U — U,

XY = Z e160u(v)[XLY]], (2.10)
(u,0)

where the sum is taken over all pairs (u,v) of factors u € C* U X* from X
and v € CUX from Y, and where

h if’l,[,:’U*,U¢Xand QX(U>§£QY(’U>7

u(v) = (=) 'h %f u =z} and v = x;, for some j =1,...,m,
h if u= 2} and v =gz, for some j=1,...,m,
0 otherwise.

Ity e (Ué)bal then we define, for j = 1,...,q, the partial contraction
X *Y as follows:
J

X;;Y = Zslegu(vj)[[X;Y;j]],

where the sum is taken over all u € C* U X* from X and where v; is the j™

factor from CUXinY counting counter-clockwise from the unique factor
from C* U X'*. Similarly, if X € (Uﬁf)bal then we define, for i = 1,...,p the

partial contraction X xY:

u; vl

XAY = ereau(v)[XL, Y]



where the sum is taken over all v € C U X from Y and where u; is the i-th

factor from C*UX*in X counting clockwise from the unique factor from
CUX.

bal

Remark 2.3. Let X,Y € U then X xY € U Further if X € (U})
then X Y € U and if Y € (U?)™ then X %Y € UPal
J

Define the bracket or commutator [,]: U® U — U as
(X,Y]=X+Y - (-1)FMy « X, (2.11)
Lemma 2.4. The bracket satisfies the graded Jacobi identity:
()P Y, Z]) + ()P Mz (X, Y]+ ()Y, 2, X = o.
Let

™M =M e M and (7M™ = (M) e (M)

We associate with X € (U‘i’)]Oal a multi-linear operation X : (TMbal)®p —
7MP2! defined by
1 1 1 1
XJ,(Al XK X Ap) = < .. ((X*A1> *AQ) * .. ) *Ap. (212)

Note that if Ay,..., A, € M then X|(4;®---®A,) € M that if exactly
one of the arguments lies in M then the image lies in M’ and that the
operation vanishes on p-tuples with more than component in M.

®q
Similarly, Y € (Utll)bal defines a multi-linear operation Y : ((7M*)ba1> —
(TM*)bal’

Y'(Bi®-®B,) = BqT<...T<Bgal< (Blva» ) , (2.13)

if By,..., By € (M*)™ then Y1(B;®---®B,) € (M*)*, if exactly one of the
arguments lies in (M*)* then the image lies in (M*)™

vanishes on g-tuples with more than one component in (M*)

In the special case ¢ = 2, we associate with Y € (UL two more opera-

tions,

, and the operation
bal

v (rMAY @ 7P s rvbe! (2.14)

10



and
Y MY @ (rMF)P @ — M (2.15)

where
YHX, Z) = (X»fY) «Z, X e @M, ZerMba

Y2, X) = (XéY) «Z, ZerM" X e (rM)P

Similarly, X € (U2)" induces an operation X©: 7MP2 — (7M*)*!,
XO(Y) =X Y. (2.16)

We observe that X (M) ¢ (M*)" and X (M) c (M*)".

2.1.F The Hamiltonian

We define special elements H, ; € U which derive from the differential on
A and which, in the spirit of SFT, see [9], are called Hamiltonians.

Definition 2.5.

(h)' =) _[S(de)h™'eT]

ceC

(h)" =Y ([ea;h e — [wich™'e])

1,j=1c€C;j

hy = (hy) + (hy)"

1 n—1_— = —1, %
hy = ES(h%)' +S(hy)" + (1) ot Z[[xj:cjh ']
j=1

1
htll = —'Sq_lhi, for g > 2,
q!

H) = E(h), H' =) H,.

q
q>1

We use the Hamiltonian H to define a differential on 7U := Ubal ¢
MP @ (M*)P3 First define the exterior differential d: 7UP™ — 7UP to be

the map which acts as the algebra differential d: A — A on generators of U
from A, which maps all other generators to 0, and which satisfies the graded

11



Leibniz rule. Then d*> = 0 and we observe that H' satisfies the following
master equation

dH' + H'x H' = 0. (2.17)
Since |H'| = —1, H'xH' = [H*, H'] and (ZI7) can be rewritten in Maurer-
Cartan form:

dH' + %[Hl, H' =0. (2.18)
Decomposing H' = 3 ., Hy, [ZI1) is equivalent to the following se-
quence of identities for the (Ué)bal-components of H' « H:
q k
dH;+ZZHq1_k+1§H;:0, ¢=1,2,3,... (2.19)
k=1 j=1

The first identity in this sequence is
dH} + H{ x H} =0, (2.20)
Definition 2.6. Define the differential di;: 7UP — 7UPal
dyX :=dX + [H{, X].
(Note that ([220) is equivalent to dZ = 0.)
The differential interacts with the bracket in the following way.

Lemma 2.7. For X,Y € 77U

dy([X,Y]) = [duX, Y]+ (=DX[X, dyY].
In particular, the operation [,] descends to the homology H (U dy).

We observe that dy leaves M3 MPa (M*) and (M*)" invariant.
For simple notation we write d, s for the restriction of dyy to any one of these
subspaces. Consider the isomorphisms B: M%° — M and g: M%¢ —
Mbal o

B(X)=Xhr'to" and B =Eof, respectively. (2.21)
Lemma 2.8. The maps §: (M€, dy) — (M, d,M) and B: (M%¢, dy) —
(MPad /) are chain isomorphisms.
The following result is a consequence of Lemma 2.7

Corollary 2.9. If X € U satisfies dy X = 0 and has the correct tensorial
type to define one of the operations [212)) — [216)), see Section[2.1.H, then

this operation is a chain map. If furthermore X = dyY for some Y € UPa
then the operation is chain homotopic to 0.

12



2.2 Products

We introduce product operations on MP* and (M*)*

2.2.A  The product on H((M*)**)

Recall the operation (H})": (rM*)*™ @ (rM*)* — (7M*)* defined by the
formula
(H) (X, Y) =Y « (XTHQ) ,

see (ZI3). Define X oY := (=) X (HHT (X, Y). Then (M*)** o (M*)**
(M)

Proposition 2.10. The operation o: (M*)** @ (M*)" — (M*)* descends
to an associative product on the homology H((M*)*™) which satisfies the
following graded commutativity relation for the grading shifted by 1:

XoY = (—1)(XHFDWIHDy o x

The homology class of the cycle E := (—1)""*S2F hlzto € (M*)* is the
unit for this product on H((M*)*™). In fact, E is a unit for o already on the
chain level, before passing to homology.

Consider the second and third identities satisfied by the Hamiltonian H*:

dHy + [H{, Hy] = 0, (2.22)
dHj; + [H{, H3) + H21a1<H21 + H§§H21 = 0. (2.23)

Here (Z22) is the chain map equation for (H1)': (M*)" @ (M) —
(M*)*™ | and ([Z23) shows that this product is associative on the homology
level. Indeed,

(XoY)oZ = (—1D)"H1Z4((v % (X * Hy)) x HY)
(—1)'Y'Z*(Y§(X¢(H1*Hf)))
= (—1)'Y'+‘X'(Z*(Y§H§))*(Xfo)

Xo(YoZ).

I
N
N

13



The unit property can be checked directly if one observes that the sum G of
all terms in H; with excited generator from C* U X* and which contain at
least one zj-factor, j =1,...,m is

G=o | (=" [ayah 2]+ > > [wieh 2] + [ex;h'2"]
j i,j CGCZ']‘
Hence, taking into account that |E| = 1 we have for any Y e (M*)™

_ _1\n—1lgy—1 %
E<>Y_Y*<Z( D" 'h w—g})

i=1

v (S e St -y

i ceC

To verify the commutativity relation, let X be a dy-cycle in MP#. Apply-
ing the S-operator to the equation dX +[H{, X| = 0 gives dy(SX) = X x H,
and thus, on the level of homology, X TH% +X a2<H21 = 0 and we calculate

XoY = (—1)|X‘Y*(XTH§) = (—1)|X‘+1Y*(X§H§)
= (—1)‘X|+1+‘X”Y‘X*(Y~)1<H21) — (—1)(‘X|+1)(|Y|+1)Y<>X.

2.2.B  The product on H(MP")

If there exists an element

H' =Y H" ¢ P U™

p=>2 p>2

such that H = H' + H' = >_,>1 HP satisfies the master equation
1
dH+H*H:dH+§[H,H]:0, (2.24)

then we say that H' is compatible with H' and we call H = H' + H' the
full (rational) Hamiltonian. As we shall see later, when A is a Legendrian

14



homology algebra then we can always find H' compatible with H' using
a relative SF'T formalism associated with parallel copies of the Legendrian
submanifold in the spirit of [5].

Assume now that H, and in particular HZ, which satisfies (Z24)) exists
and is given. Then we define the operation @: 7MP" @ 7MPal — VP2

1
X@my = (H(?THQI) (X,Y) = ((H  HE) % X) +Y.

Note that if X,Y € MP c 7MP? then X @Y € MP?,
Theorem 2.11.

1. The operation @: MP¥ @ MPal — MPal descends to an operation on
the homology H(MP™) where it can be expressed by the following three
equivalent expressions:

+ 1 o
X@Y =~ (Hi e H3) (X.Y) = (=) (1)™ (1) (X),Y)
i Y
= (- (Y (X () ().
Equivalently, the following diagram commutes on the homology level,

(M*)bal ® Mbal

Mbal @ Ml o

id@(m%/

Mbal ® (M*)ba

Mbal

where
(HHMX,Y) = (~)X(HHMX,Y),
(HDY (Y, X) = (=) VI gy, X)),

for X € (MM and Y € MPaL

2. The operation [ 1is associative and graded commutative on homology,
ie. if X, Y € HMP) then X @Y = (-1)XIVly @ X,

15



ohy e Yoy e d o
wh o o hod s

Figure 1: A graphical proof of associativity. A tree with p upwards and
q downwards 1l-valent vertices represents H?. The dot represents the x-
operator. Equations (I) and (II) are consequences of dH + H x H = 0 (terms
from dH are not shown in the figures).
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—
=
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The above result is a consequence of the master equation (2.24]) which in
particular implies the identities

dHg + [H{, H}| = dH} + H} « H{ =0, (2.25)
dH? + [HY, H}] + Hng; + H§§H21 =0. (2.26)

A straightforward calculation shows that dU(Hgaszl) = (dUHg)vlkHzl —
Hgvf(dUH%). By @Z28), dyH = 0, by 222), dyH; = 0, and therefore
H§TH21 is a cycle in (U2)™.  Similarly, —Hg;H% is a cycle and (2:20)
implies that their homology classes coincide. This shows that the product
descends to homology and implies the first equation of part 1 of the theorem.
The alternative expressions for [ in part 1 are immediate from the definitions
of the operations (H2)", (H)", and (HH)™.

To verify the commutativity we observe that given a cycle X € MPal
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using the homological identity (HZ x X) * Hy = —(HZ*X) ;Hzl, we calculate

X@Yy = ((H&»fH%)iX)*Y = (~)I((HE 5 X) 5 HY) %Y

= (1) ((HE « X) 5 Hy) %Y = (=) (HE 5« HY) +Y) « X

= ()P HY) #Y ) X = (=) XY @ X,

Finally, the proof of associativity is pictorially illustrated on Figure [l
The products & on MP and o on (M*)* are related via the chain map
(H2)" : MP — (M*)™ in the following way.

Proposition 2.12. The map induced by (Hoz)O on homology is a homomor-
phism of rings ®: (H(M"), @) — (H((M*)bal),<>>. Moreover, if there is a
unit e for @ on H(MP), i.e. e@ X = X Qe, for all X € H(MP™), then ®
18 1njective.

Indeed, if X,Y € MP? then, taking into account that |®(X)| = |X]| — 1,
we calculate

D(X) 0 DY) = (=1) ¥ (HF « V) #((HE % X) x Hy)
= HE % (Y % HE) 5 HY) % X)
= (=) I H «((HE 5 Hy) *Y) % X)
= (-)¥Vo(ymX)=o(X@Y).

To verify the injectivity of ® we use one of equivalent definitions of @ from
Theorem 2.17], part 1:

X=Xme= ()X (HHT (@(X),e),

and hence, ®(X) = 0 implies X = 0.
Using the isomorphism § : M¥¢ — M §(X) = £(Xo 'h™") defined
above we transport the product to M. Given X,Y € M, we define

XRY =471 (B(X )BB( )
( ((H3+ H3) Xa‘lh_l))*é’(Ya_lh_l)) ho
= (=

1)(n=2) ‘Y‘“((HQal(Hg)ig(X)) «EY)o h L, (2.27)

17



Note that the homomorphism [ shifts the grading by 2 — n, and hence the
commutation equation for & translates to the equation

XRY = (=1)X=0xl-my 1 x|

Let us also point out that the degree of the product X is equal to —n.

3 Legendrian algebra constructions

In this section we first reformulate the main result relating Legendrian ho-
mology algebra and symplectic homology [2, Corollary 5.7] in the terminology
of Section 2] and second give a brief sketch of the geometry that enters the
construction of the full rational Hamiltonian in the framework of Legendrian
SFT with focus on the parts of it that enter the expression of the product.

3.1 The complex LH"(A) expressed as M%°

Let (X, \) be a Liouville domain with contact boundary (Yp, ker())) and let
A=A U...A,, CY, be a union of Legendrian spheres. Let C be the set of
Reeb chords of A and consider the decomposition C = |, ;,, Cij, Where a
chord in C;; starts on A; and ends on A;. Let V' be the graded module K (C)
generated by the set C with decomposition V =@, i, V@) where V)
is generated by C;;. Then the Legendrian homology algebra LHA(A) is the
tensor algebra A associated to V' as in (Z]) and the differential dpg4 gives
a differential graded algebra (A,d) := (LHA(A),drma), see |2, Section 4.1].
Let M = M(A) be the chain complex defined in ([2:2)). The following result
is a consequence of [2, Remark 7.4].

Lemma 3.1. The chain complex M is canonically isomorphic to the chain
complex LHY°(A) defined in [2, Section 4.5].

In [2, Corollary 5.7] it was shown that if SH(X,) = 0 (e.g. if Xy is a
subcritical Weinstein manifold) and if X is obtained from X, by attaching
Lagrangian n-handles along A, then there is a quasi-isomorphism

O: SH(X) — LHU(A) = Mo £ M, (3.1)
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3.2 Legendrian rational SFT

The differential in the Legendrian algebra A = LH A(A) is defined by count-
ing elements of moduli spaces of rigid holomorphic disks in R x Yj, with
boundary on R x A, and with exactly one positive and several negative
punctures, see e.g. [2, Section 4.1]. The formalism of Legendrian ratio-
nal SE'T comes from algebraic structures associated with holomorphic disks
with an arbitrary number of positive and negative punctures. As is well
known, in order to construct such a theory one needs to handle boundary
cusp-degenerations of holomorphic disks. The problem of boundary cusp-
degeneration can be solved by incorporating string topology operations into
the SFT formalism. The corresponding theory has not yet been constructed
in sufficient generality for it to be applicable in the setting of this paper.
(See, however [13] for the case of 1-dimensional Legendrian knots in R?).

However, the algebraic formalism described in Section 2] requires a dif-
ferent version of the full rational Hamiltonian H, in the spirit of [B]. It
arises naturally when one considers moduli spaces of holomorphic disks with
boundaries on multiple parallel copies of R x A.

Let us first consider the term HZ. This is the only term besides Hj which
is needed for defining the product on M%°, see Figure[Bl We recall here that
H} for any k > 1 is determined by the differential on the Legendrian algebra
A.

For each i = 1,...,m fix a point y; € A;. Let Z = [uwiuswy] € (Ug)bal,
where w; = 0]1 . .c;»j € Aand u; € C* U X*, 7 = 1,2, be an excited cyclic
monomial. We associate to it a moduli space M(Z) = M'(Z) U M"(Z).
Here the moduli space M'(Z) consists of holomorphic disks anchored in X

f: (D, 0D\ z) — (R xYy,RxA),

where
7 = {Z'U«l ) By 2 Zug Zc;,~~~,2’cg2} C oD

is a set of cyclically ordered boundary punctures on 9D, with the following
properties:

(ch™) at the puncture Zeis f is asymptotic to the chord cé» at —oo;

(ch®) ifu; =¢* € C* then at the puncture z,, f is asymptotic to the chord
c at +00;
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(pt™) if u; = 27 € &* then, f extends continuously over z,,, and f(z,,) €
R x {y:}.

The moduli space M”(Z) consists of holomorphic disks connected by
Morse flow lines. To define it, choose auxiliary Morse functions ¢;: A; — R,
i =1,...,m, each with exactly two critical points. For (s,t) € {0,1,...,71}X
{0,1,... 7o} define the auxiliary moduli space M4 (Z) of pairs (fi, f2) of
holomorphic disks anchored in X,

fo: (D,0D\ z,) > (R xYy,RxA), 0=1,2,
where
7, = {zul, s Zely s Zed s Cl,zcgﬂ,...,zcgz} Cc oD,
Zo = {Zu27 3 Zebs ooy Bk Cszci‘“v"'vzc;Q} c oD

are sets of cyclically ordered boundary punctures on 9D, with the following
properties. At z,,, f, satisfies condition (ch™) if u, € C* or condition (pt*)
if u, € X*. At 25, fo satisfies condition (ch™). At the puncture (,, o = 1,2,
fo extends contiriuously and the following condition holds:

(mo) there exists a trajectory of —V¢; which starts at fi(¢;) and ends at
f2(C2), where ¢;: A; — R is the auxiliary Morse function of the com-
ponent in which f,((,) lies. Here the gradient is taken with respect
to the metric induced by the symplectic form and the almost complex
structure.

Finally, define

M'(Z) = U Ms)(Z).
(s,t)€{0,...,r1 }x{0,...,r2}
Given u € CUC*, let “=a if u =4 or u=a". Define z| = |75 = —1,
j=1,...,m. Then we have the dimension formula

dim(M(Z)) = [ur] + |uz| = Jwn] = |we| = (n = 3).

In particular in terms of the grading on U, for the balanced monomial 0?A~1Z
we have

dim(M(2)) = —|o*h~ 1 Z|.
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Define H2 € (U2)* as £(h2), where

hy =c’h™t > #M(2) 2, (3.2)

|o2h—1Z|=-1

where the sum is taken over all balanced monomials 0>hA~!Z which additively
generate (U2)" and for which |02h~1Z| = —1. Here #M(Z) is the algebraic
number of 1-dimensional components of the moduli space M(Z). As will be
briefly discussed below, the above definition of HZ can generalized to more
than two positive punctures and as a consequence we get the following result.

Proposition 3.2. There exists an element H” € UPA o ((Ul)bal & (Ug)bal)

such that H = HZ+H" complements H' to the full rational SE'T Hamiltonian
(ie. if H=H"+ H? + H" then dH + Hx H=0).

Here the component H} € (Ug)bal, q > 0 of the Hamiltonian is deter-
mined by H{ defined above H} := 5(%8‘1(%)), where h§ = m(Hg), where

7 (U™ = (U2)™ is the natural projection forgetting excitation. In

general, the components H} € (Ug)bal, p > 2 satisfies a similar relation

HP = %Sq(hf)’), hf = %W(Hg), and are defined through a construction which
generalizes that used in the definition of H? above. These higher order com-
ponents of the Hamiltonian are not needed for the definition of the product
(but some of them are needed for proving its properties) and will not be de-
fined in this paper. We give however a brief description: HP is defined using
moduli spaces M(Z) of so-called generalized holomorphic disks. Generalized
holomorphic disks are combined objects consisting of holomorphic disks with
boundary on one copy of A connected by gradient flow trees associated to
auxiliary Morse functions on A, an example is depicted in Figure 2l see [7]
for similar considerations. The elements of the moduli space M”(Z) defined
above are examples of generalized holomorphic disks where the gradient flow
tree consists of only one gradient trajectory. A more general configuration is
shown in Figure 2l More precisely, if Z = uywiusws ... upwy is a monomial
in UL(0,0), where u; € CUX UC*UX* and where w; € A,i=1,...,k, then
we consider the moduli space M(Z) of generalized holomorphic disks with
asymptotic data according to Z, i.e. positive punctures at u; if u; € C*uXx "
negative punctures at u; if u; € C U X, auxiliary negative punctures at the
Reeb chords in the monomials w;, and these punctures appearing along the

21



J JL

11 i

Figure 2: A generalized holomorphic disk in Yy x R with boundary on R x A.

boundary of the disk in the cyclic order given by Z. The dimension of M(Z)
is given by

dmM(2) =(n—=3)+ > (lwl—n-3)— > [l - Z|wg|

u; €CHUX* uj eCUX
In particular for o?~9h"1Z € (U{;)bal we have
dim(M(Z2)) = —|o?"1h~ ' Z|

and H 5 is defined as

HY =o"h™" Y #M(2)Z

loP=ah=1Z]=—1

where the sum ranges over all o?~9h"17 € (U{I’)ba1 with |oP~9h~1Z| = —

Remark 3.3. In this geometric context, the excitation operator £ has the
following meaning. Given a generalized holomorphic disk with boundary
in the ordered union of (symplectizations of) parallel copies of a Legendrian
manifold A we always insist that the boundary arcs of the disk between punc-
tures corresponding to generators from CUC*UXUX* be mapped to different
copies of A. We also require that when going around the boundary of the
disk in the counter-clockwise direction we jump at every such puncture ex-
cept one to a higher copy of A in terms of the natural ordering corresponding
to the direction of the Reeb vector field. The unique puncture where we jump
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down corresponds to the excited generator of the monomial corresponding
to the boundary punctures. Here the moduli spaces corresponding to differ-
ent assignment of the distinguished “jump-down” punctures are canonically
diffeomorphic, and the operator £ just associates with this universal mo-
duli space the moduli spaces corresponding to all possible assignments of the
“jump-down” vertex.

Remark 3.4. The geometric motivation for the “gluing sign” in the equa-
tions 2%(z;) = (=1)""'h, j = 1,...,m is as follows. The algebraic variables
zj and x7, j = 1,...,m has two dual geometric meanings as follows: when
x is glued to z;, z; corresponds to a positive puncture at a short Reeb chord
between copies of A at the minimum of the Morse function ¢: A — R and
x; corresponds to a negative puncture at this chord, when z7 is glued to z;,
x; corresponds to a negative puncture at the maximum of ¢ and z; to a
positive puncture at this maximum. In a coherent orientation scheme there
is a sign difference (a factor (—1)"~!) between the gluings at these two types

of punctures.

4 The product and the BV-operator via Leg-
endrian algebra

Let Xo, A C Yy, and X be as above. Let A = LHA(A) and M = M(A).
Then [B.1)) gives a quasi-isomorphism ®: SH(X) — M%¢ ~ M. In this
section we present the operations on M“° which correspond to the product
and the BV-operator on SH(X) under ®.

4.1 The product

Let H € U be the full rational Hamiltonian determined by A C Y, see
([32). Then Proposition B.2implies that HE satisfies (2.25). Hence, according
to Theorem 2.1 and ([2.27), there exists a product X: M @ MY — MY°
of degree —n which is associative and commutative on homology and which is
defined by conjugating one of the following homotopically equivalent formulas
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Figure 3: Holomorphic disks used in the expression of the product, A/, j =
0,1,2 are parallel copies of A. The leftmost disk has three punctures at
mixed (i.e. connecting different components) Reeb chords, one positive and
two negative, and auxiliary negative punctures at pure (i.e. connecting a
component to itself) chords which are not shown in the picture. The middle
disk has two mixed positive punctures and auxiliary pure negative punctures,
the latter again not shown. The rightmost picture shows how the disks are
joined at a common mixed chord between A? and A! to form the tensor, with
inputs and output as indicated, which represents the product.

out

for a product on M with 3:
X@Y = (HixHY)(X,Y) = —(H}x H)(X,Y)
~ ()N ()T o () (X) @ V)
~ (=) XIVHIXEYT (Y™ o (X ® (H2)" (Y)) . (4)

see Figure

Theorem 4.1. If SH(Xy) = 0 (e.g. if Xo is subcritical) then, under the
map on homology induced by the quasi-isomorphism ®: SH(X) — MY, see
@), the pair of pants product on SH(X) corresponds to the product X on
H(M®e).

4.2 The BV-operator

Let A = LHA(A) and consider the linear map A: M®¢ — MY of degree 1
defined as follows on monomials Juw], u € CUX, w € A:

S(w) ifueX,

A(Juw]) = .5

0 if uecC.
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Figure 4: The Legendrian unknot.

Proposition 4.2. The map A is a chain map and if SH(Xy) = 0 then,
under the map on homology induced by the quasi-isomorphism ®: SH(X) —
M, see [B)), the BV-operator on SH(X) corresponds to the operator A
on H(M®%°).

5 Example: SH(T*S")

In this section we compute the symplectic homology with product and BV-
operator for cotangent bundles of spheres presented as the result of attaching
a Lagrangian n-handle to the Legendrian unknot in the boundary of the ball.

Consider the Legendrian unknot in R**~! with coordinates (q,p,z) €
R~ x R*! xR and contact form dz—p-dq. Figure @ shows the projection of
the Legendrian unknot A for n = 2 to the gp-plane. To define the Legendrian
unknot of dimension n — 1 consider the 1-dimensional unknot A with Reeb
chord over ¢ = p = 0 and symmetric with respect to the rotation by a half
turn around the z axis. Include A into the g;p;z-subspace of R?*~! and take
the (n—1)-dimensional unknot as the orbit of A under the action by SO(n—1)
given by o(q,p,z) = (0 -q,0-p,z) for o € SO(n — 1). For simplicity, we let
A denote the Legendrian unknot in R?*~! for any n.

Consider A € R?"~! and include it into a Darboux chart in the boundary
of the 2n-ball B**. Then attaching a Lagrangian n-handle to B*" along
A gives a symplectic manifold which is symplectomorphic to the cotangent
bundle T*S™ of the n-sphere. As explained in [2], in order to determine
LHA(A) it suffices to study Reeb chords and holomorphic disks that are
contained in the Darboux chart. The unknot A has only one Reeb chord
which we denote a and |a| =n — 1.
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The moduli space of holomorphic disks with positive puncture at a and
a marked point on the boundary evaluates with degree £1 to A. To see
this, note that for n = 2, holomorphic disks that are rigid up to translation
correspond to polygons with boundary on the knot diagram and with convex
corners, where at positive punctures the boundary orientation goes from the
lower to the upper strand and vice versa at negative punctures. There are
thus two disks with evaluation maps that give a degree +1 map since we use
the null-cobordant spin structure on the circle to orient moduli spaces. For
n > 2 we note that we may take the almost complex structure to be invariant
with respect to the SO(n — 1) action and it follows that the moduli space of
holomorphic disks with positive puncture at a is diffeomorphic to S*~2 x R
and that, when equipped with a marked point on the boundary, it evaluates
with degree £1.

The above description of moduli spaces implies in particular that the
differential d on A = LHA(A) = Q(a) is trivial, i. e., d = 0. Consequently,
the differential on M satisfies

where
H{ = ([azh™'a*] — [zah™"a"]) . (5.1)

Thus H(M") and H(M®¢) (recall the chain isomorphism [: M%¢ —
MPal see (Z2T))) are generated by the cycles listed in Tables [l and Bl when
n — 1 is even and odd, respectively.

H(MPal degree H(M®®) degree
[z]h™" 0™ —(n-2) 2] 0
[za®* Aot | 2k(n — 1) + 1 || [xa®**T] | (2k+1)(n—1)
[aa**]h~to=t | 2k(n—1)+2 | [aa®*] | 2k+1)(n—1)+1

Table 1: Homology of M and M%° for n — 1 odd, k =0,1,2,....

In order to compute the product we need to determine Hy and HZ. Con-
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H(MPal) degree H(M®®) degree
[z]A~ o™t —(n—2) [z] 0
[za* At~ | (k—=1)(n—1)+1]| [za*] k(n—1)
[aa* Aot | (k—1)(n—1)+2| [aa*] | k(n—1)+1

Table 2: Homology of M and M®° for n — 1 even, k =1,2,....

sider first Hj (see Definition ZH):

1
hy = §Shi + o Hazh'2*]
=o' ([azh™'a*] + [zah™'a@*] + (—1)" ' [zzh~'2*]) (5.2)
see Remark for a discussion of the sign in this formula.

Remark 5.1. In our description of h in terms of generalized holomorphic
disks, the disks which give rise to (5.2) are degenerate. The first two terms
comes from the trivial strip of @ with an unconstrained Morse puncture lying
in one of the two boundary components. The last term comes from the R-
family of three punctured constant disks lying in {y} x R with one puncture
constrained to lie in {y} x R and remaining two punctures unconstrained.

Next, consider h2. Since the evaluation map from the moduli space of
holomorphic disks with positive puncture at a into A has degree +1 there
is algebraically 4+1 disk which satisfies a point constraint at y € A and we
conclude from the description of generalized holomorphic disks that

hy = o*[a*z*]h 1, (5.3)
see Remark for a discussion of the sign in this formula.

Remark 5.2. In order to discuss the overall signs in (5.2) and (5.3), recall
that orientations of moduli spaces are fixed by orienting capping operators
at Reeb chords, see [§] for details. Note that the overall sign in (5.2) is
independent of the choice of capping operator for a since variables associated
to a appears quadratically in Hj. Similarly, the overall signs in (5.2]) depends
Zs-linearly on the orientation data at x, and the overall sign in (5.3]) depends
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Zo-linearly on the orientations of capping operators at both z and a. It
follows that we can choose any sign combination in the two equations and in
particular the one under consideration.

To compute Hgaszl acting on MP* @ MP2! we use the components of

HJ in which the puncture at the second leg is excited. We will denote the
sum of these by Hl. The relevant parts of the Hamiltonian are thus (recall
gradings: |a| =n, [a*|=n—-3—n= -3, |[x| =0, and |z*| =n — 3)

H02 — 0.2 ([[a*h—lz*]] . [[l'*h_l/g\*]b
and .
Hy = o " ([azh™'a*] + [zah~"a*] + (—=1)" ' [zzh~'2*])
Equation(5.2]) then implies
HOQTHé = —H? * ([az n~'a*] + [zah~ '@ ] + (-1)" ' zzh '2*]) o
=o” ([z*zh~'a*] + (—-1)"[a*ah~'a*] — [a*zh 'z*]) o~
=0 (—[z*za*h "] + (-1)"'[a*aa*h '] + [a*zz*h'])

=0 (_[[ﬁa*h_ll’*]] + _1)n—1[[@a*h—1a*]] + [[g:)s*h_la*]])

—~

Using (@I)) for the tensor of the product @: H (M) @ H(MPa)
H(MP2) then gives the following expression for the product, with 6
h='oc=1: If n — 1 is odd then

_)

[z]0 @ [2]0 =0, [z]6 3 [za®* )0 =0, [za®*™]0E [2a*T]0 =0,
[@a®*]0 & [8a®]0 = [aa®+M]0,

[al0 & [z]6 = [z]6,

[aa*10 @ [2]6 = [2a**]6 = d,n[@a*]0 ~ 0 if k > 0,

[[@a%]]e o [[ga2l+1]]9 _ [[za2(k+l)+1]]0.
and if n — 1 is even then for £,1 >0

[2a*]0 & [za']0 = 0,
[aa*]0 @ [za']0 = [za*"']0,
[aa*]6 & [aa']0 = [aa™]6.
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We conclude from this calculation that the commutative product X: M“°®
M — M which corresponds to the pair of pants product on SH(7*S™)
has unit represented by the class [a] € M*° and multiplication according to
the above formulas after substituting 6 with 1 everywhere.

To finish the example we determine also the operator A: H(M%¢) —
H(M®°) which corresponds to the BV-operator on SH(7T*S™). If n — 1 is
odd then

A(lel) =0, A(ae*]) =0, k>0, Afza®*']) = [aa™], k >0,
and if n — 1 is even then

A(lz]) =0, A([aa*']) =0, k>1, A([ed"]) = [aa*'], k > 1.
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