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ABSTRACT. Let p > 3 be a prime, and let m be an mteger with p t m. In the paper we

solve some conjectures of Z.W. Sun concerning Y ¥ _ 0 mk(6k) (mod p), and show that

for integers m,n with p { m,
P a3+ ma 4\ 2 “3my 28 (6k)!  /4m3 + 2Tn2\ k
(=) =" w5 (om ) (med 2)
= P p = (3k)!k! 123 - 4m

where (%) is the Legendre symbol and [z] is the greatest integer function. Let {Py(z)} be
the Legendre polynomials. We also prove congruences for P[%](t) and P[g](t) (mod p) by

using character sums and Morton’s work.
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1. Introduction.
In 2003, Rodriguez-Villegas|RV]| conjectured that for any prime p > 3,

p—1 .
2 T35 BR)RE 1728k Bk ps = 0P Cer [Tt —a*)° (mod p*),
k=0 e
p—1 (2k\4 3k

%_ q”‘lnl—q (1—¢°")? (mod p?),
k=0

where Cyn f(q) denotes the coefficient of ¢™ in the power series expansion of f(g) and
d(p) = —1 or 1 according as p = 5 (mod 12) or not. The two conjectures were partially
solved by Mortenson[M]. For positive integers a, b and n, if n = ax?+by? for some integers
x and y, we briefly say that n = ax? + by?. In 1892, Klein and Fricke[KF] showed that

qPQH 1—g""

The author is supported by the Natural Sciences Foundation of China (grant No. 10971078).
1

{O if p =3 (mod 4),
422 —2p if p=2%+4y?> =1 (mod 4).
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In 1985, Stienstra and Beukers[SB] proved that

0 if p=2 (mod 3),
p 1-— 1_
Cy qH " ¢°")* = {4.’132_2]7 if p=2%+3y*=1 (mod 3).

Let Z be the set of integers, and let [z| be the greatest integer function. For a prime
p let Z, be the set of rational numbers whose denominator is coprime to p, and let
(%) be the Jacobi symbol. Recently the author’s brother Zhi-Wei Sun[Su] posed many

conjectures involving » 7_, % and Zk 0 mk ( ) (3kk) modulo p?, where p > 3 is

a prime and m € Z with p { m. For example, Zhi-Wei Sun conjectured ([Su, Conjectures
A8 and A9]) that for any prime p > 3,

(1.1)
pil (2:)2(3:) _ { 0 (mod p?) if p =2 (mod 3),
£ (—192)F ~ | L? = 2p (mod p?) if p=1 (mod 3) and so dp = L? + 27M?,
21 6k _ 0 (modp?) if (2) =
k—0 (—96)% (3k)!K!15 (_76)(332 —2p) (mod p?) if (&) =1 and so 4p = x2 + 19y2.

Let {P,(z)} be the Legendre polynomials given by
Py(z)=1, Pi(z) =z, (n+ 1)P1(x) = 2n+ 1)axP,(z) — nP,_1(x) (n > 1).

It is well known that (see [MOS, pp. 228-232], [G, (3.132)-(3.133)])

[n/2]

1 n 2n — 2k 1 dam
1.2 P,(z) = — —1)* n=2k — (2 = 1)
(12) (x) 2n§(k)< (2 e e

From (1.2) we see that

(13)  Pu(e2) = (—1)"Po(), Pomsa(0) =0 and Po(0) = 2" (2’”).
We also have the following formula due to Murphy ([G, (3.135)]):
04 RE=) (Z) (" N k) (21)" - > (2:) (”;k’f) (21"

We remark that (Z) (”;gk) = (2:) (”;;ck)

Let p > 3 be a prime. Based on the work of Brillhart and Morton ([BM],[Mol]), in
the paper we study Pz)(¢) and Pjz)(t) (mod p). For ¢ € Z;, we prove that

(1.5) Pp(t) = - (%) S (W) (mod p),
x=0
(1.6) P (t) = - (g)p 1<:c —l—3(4t—5)a:—|—p2(2t2—1415—1—11)) (mod p).
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By using the Legendre polynomials, Character sums and some results developed by the

author in [S5], in the paper we determine Zk 0 % (mod p) for m = —6403203,

—5280%, —960°, —96%, —323~15%,20%, 667, 255%, 54000. We also determine Y75/ — B8

3 2k 3k
and ka/o ((11)19(2;k)
ample, we confirm (1.1) when the modulus is p. We also show that for any prime p > 3

and m,n € Z, with m # 0 (mod p),

(mod p). Thus we solve some conjectures in [Su] and [S4]. For ex-

PZL a3 £ ma 4 n 2 I N A ! m3 n?
(1.7) (; <%>> = <%) kz_o (3(1(:)]2:!3 <4123—-i_4277:3 )k (mod p).

2. Congruences for Pzj(z) (mod p).

Lemma 2.1. Let p be a prime greater than 3, and let x be a variable. Then
[p/6]
6k\ [(3k\ /1 —x\F
Fay(0) = (A=2)* (mod 1)
51(@) kz_o <3k:) (k) so1 ) (mod )

Proof. Suppose that r € {1,5} is given by p = r (mod 6). Then clearly

)

(IF ) - CEERCE kb 5

2k (2k)!]
_ (p+6k—7r)p+6k—7r—06)---(p— (6k+7—6))
62 - (2k)!
_ (_1)k(6k_r>(6k_r—6)---(6_T>'T(T+6)---(6k+7~_6)
62k . (2k)!

_ (—1)* - (6k)!

T (2-4---6k)(3-9-15---(6k — 3)) - 62k - (2k)!

_ <—1)k - (6k)! _ (6k)k! (0 )

3k(3k)! - 36 B 36k (2k)1  (—432)R(3K)!(2k)! p)-
Hence

12 Pl 4k P14 K\ /2K 6k\ (3k
(2.1) <[Z]) <[6]k ) = <[6]2k )(k:) = ((3_"2352’6)2 (mod p).

This together with (1.4) yields the result.

Lemma 2.2. Let p be a prime of the form 12k +5 and p = a® + b*(a,b € Z) with
a=1 (mod 4) and b = a (mod 3). Then



Proof. From [Mol, p.246] we have (:Z) = 12(—432)p135(:§2) (mod p). Since
4 12
(P=D/2) = (_k%) = ﬁ(zkk) (mod p) (see [S4, Lemma 2.4]), by the above and Gauss’

—1
congruence (:El) = 2a (mod p) we have
4

(P—;1> _ 1 (—pg5) _ 2a _ % dp)
ES) T () \BR) T (—4)'E - 12(—432) 0 2% 3T '
—1

By [S1, Theorem 2.2] we have 25 35T = (—3)pT_1 = —b =2 (mod p). Thus (;) =

12

3/ab = 2b (mod p). This proves the lemma.

We remark that R.J. Evans informed the author Lemma 2.2 can also be proved by
using octic Eisenstein sums.

Theorem 2.1. Let p be a prime greater than 3. Then
0 (mod p) if p=7,11 (mod 12),

6 .
KUEDE) _ | 20 tuodp) 71201 p=a 4P d =T and B,
— 864~ —2a (mod p) if12|p—1,p=a*+b% 4|a—1 and3|a,

2b (mod p) if12|p—5,p=a?+b* 4]a—1and3|b—a.

Proof. From Lemma 2.1 and (1.3) we have

PZ6 0 (mod p) if p=7,11 (mod 12),
k = g](O) = { (—Dlfs! /(2] e
pars 864 5 - ([1_22]) (mod p) if p=1,5 (mod 12).
_ 1
By [S4, Lemma 2.4], ((p ;)/2) = ( k2) = (—11)’@ (Qkk) (mod p). Thus, for p =1,5 (mod 12),
[p/6] (6k) (3k) p—1
Sk/Ak. — (2 ) (mod p).
> e = (i2)

If p=1 (mod 12) and p = a® + b with a = 1 (mod 4), by [HW, Corollary 4.2.2] and

Gauss’ congruence (Eg:gﬁ) = 2a (mod p) we have

<E> (ﬁ) = 2a (mod p) if 31a,
7\ _ )
St —(Z:Z) = —2a (mod p) if3|a.

Now combining all the above with Lemma 2.2 we deduce the result.

Remark 2.1 Let p > 3 be a prime. In [Su] Zhi-Wei Sun conjectured that

0 (mod p?) if p=7,11 (mod 12),
={ (-1)8)N(2a— £) (mod p?) if12|p—1,p=a®+b*and4|a—1,
=0 (2) (26— £) (mod p?) \ if12|p—5p=a2+ b and4|a— 1.




Let W, (x) be the Deuring polynomial given by

(2.2) W (z) = i (Z)ka

It is known that ([G,(3.134)],[BM],[Mo2])

(2.3) Wo(z) = (1 —x)”PnG—i_x)

J— x :

Theorem 2.2. Let p > 3 be a prime and m,n € Z, with m # 0 (mod p). Then

pz_:l (1‘3+m—x+n> — ~(=8m)" T Ple) (Sn%:?gm) (mod p) if p=1 (mod 4),
= ! - \?}m;m_ Pz (3%=") (mod p)  if p=3 (mod 4).

Proof. We first assume 4m? + 27n? = 0 (mod p). It is easily seen that 2% +mz +n =
(z = 32)(z + 22)2 (mod p). Thus

/N

I

_|_

3

=<

_|_

3

N—
I

/N

=

|

3|y

Siks

+

gl

vw
|

Fiv

/N
= |

3|y

N—

=0
1‘3_'5——3" (mod p)
P p p 7/

Since 4m?® + 27n? = 0 (mod p) we see that 2m? = £3ny/—3m (mod p). Thus, if
p =1 (mod 4), then [£] is even and so

p=1 3ny—3m
(=3m) = Py (5, 2—)
_ 3y2zl (M :9n”T—1T:—2mn )
- ot ()= () (2) = (22) it
if p=3 (mod 4), then [£] is odd and so
(— 3m)p41 (3n\/—3m)
VvV —3m it 2m?
p=32m? 3ny/-3 3ny—3 p=3 2m?
= (~3m)" ;)Z : "szmp[g]( "szm) = (—3m)"3 %(il)P[%](i—l)
o 2(= 3m3) " 2 In _ (2mnN\ _ /—2mn
= = ()T = () = () o

Therefore the result is true in the case 4m?3 + 27n% = 0 (mod p).
5



From now on we assume 4m?3 + 27n2 # 0 (mod p). Set

—4Am?3 + 272 + 12mnv/—3m

u =

4m3 + 27n?
It is easy to check that
1+u  3ny—3m 1 —2(4m3 —27n?)
= and u+ — = .
1—u 2m?2 u 4m3 + 27n?

From [Mol, Theorem 3.3] we have

p—1

(933+mx+n>
(2.4) =0 b
(B (D) 5 2\ [2] 28 .33m
= _(—48m) T (864n) T (—16(4m? + 27n%))lBE)T, (W) (mod p),

where J,(t) is a certain Jacobi polynomial given by

_ 2z p-sE) =35t
Jp(t) = 1728181 P (1 864)

PP (g = o Z (k + O‘) <k +f) (z —1)F " (z+1)".

Let Ag(x) and Bg(z) be monic integral polynomials of degree k such that

and

1 1
W (z) = zF Ay, (a: + ;) and Woiiq(x) = (z + 1):(:’“Bk (a: + ;)
Then Morton ([Mol, Theorem 1.1]) proved that

T, (t) = (—432)[B1A121(2 - 55) (mod p) if p=1 (mod 4),
T L (-432) BB (2 - gh5) (mod p) if p =3 (mod 4).

12
Hence
928 . 33,3
Jp( 3°m )
4m3 + 27n?
D — m3—27n2 P :
B { (—432)H5 A (2L 2T = (—432) ) A (u+ 1) (mod p) if4|p—1,

D, m>—27n> P .
(—432)[ﬁ13[%](ﬁT272;2>) (—432)H21B» (u+ 1) (mod p) if4|p— 3.

12

For p =1 (mod 4), from (2.3) and the above we deduce

A[L] (u-l— l) = U_[%]WQ[L](U) = (u + % — 2>[ P[%](

12 U
2(4m3 — 27n?) [4z] 3ny/—3m
4m3 + 2Tn? 6 2m2
—16m3 (5] 3nv—3m
4m3 + 27n2 2m2

6



Therefore,

pzjl (333 + mx + n)

=0 p

= —(—48m)%%)(—16(4m3 +27n?))l2) (—432)l721 4 2 | <u + %)

— (—48m) 2 (432 - 16(4m® + 27n?)) 1) (74771_?»14?"21;2)[%]3%1 (73";/7;’—"1)
= —(—3m)%P[%] <W> (mod p).

Similarly, for p = 3 (mod 4) we have

B (u N l) o 2m? ( —16m3 )[%]P <3n\/—3m)
[#] uw/  3nyv/—3m \4m3 + 27n?2 ] '
Hence, from the above we deduce
i (:L'3 + mx + n)
=0 p

(]

_ SN 3 1 o7n2)) B %] L
= —(—48m) T 864n(—16(4m® + 27n?))F] (—432)!F B[i](uju —)

ol

1-(®

— —(—48m) 7 864n(432 - 16(4m? + 27n?))!1z!
y 2m? ( —16m? )[%]P (L «/—3m>
3nv/—3m \4m3 + 27n? (%] om?2

(—?ﬂn)pT+1 3ny/—3m
™ P[%]< 52 )(modp).

This completes the proof.

s
—

Corollary 2.1. Let p > 5 be a prime. Then

5%(%)214 (mod p) if12|p—1,p=A?+3B? and 3| A -1,
. 11V5\ _ =3 . 2 2
B\ 55 )= 57 (1—9)214\/3 (mod p) if12|p—T7,p=A*+3B* and 3| A—1,
0 (mod p) if p=2 (mod 3).

Proof. By [S2, Lemma 2.3] or [S5, Corollary 2.1 and (2.4)] we have

p—1

Z (:c?’ - 15:1:—1—22)

p

_(2)p_1($3+8>_{_2A i3] p—1,p=A2+3B2and 3| A1,
" \p D 1o if p=2 (mod 3).

Thus, taking m = —15 and n = 22 in Theorem 2.2 we obtain the result.
7



Corollary 2.2. Let p # 2,3,11 be a prime. Then

P (21@) _ (%)(—33)%12a (mod p) ifd|p—1,p=a’>+b* and4|a—1,
ATV N (mod p) if p=3 (mod 4).

Proof. By [S5, Corollary 2.1 and (2.3)] we have

pz: (:L'3 — 11z + 14)

=0 p

_ (2)3_:1(3;3_4@) ‘{ (-1)%F 20 if4|p-Lp=a®+b? and4|a—1,

p P 0 if p =3 (mod 4).

Thus, taking m = —11 and n = 14 in Theorem 2.2 we obtain the result.
Remark 2.2 Let p be a prime of the form 4k + 1, and p = a® + b*® with 2 | b and
a+b=1 (mod 4). By [S1, Theorem 2.2] we have

1 (mod p) if 3|0,
(—3)%1 =< —1 (modp) if3]a,
+% (mod p) if3|axb,

and
1 (mod p) if 11| b or a = +2b (mod 11),

(—11)"T ={ —1 (mod p) if11|a or a = +5b (mod 11),
j:% (mod p) if a = £b, +3b, £4b (mod 11).
Thus we may obtain the congruence for 33"% (mod p).

Corollary 2.3. Let p > 5 be a prime. Then

(—1)%(2)5%120 (mod p) if8|p—1,p=c*+2d*> and4|c—1,
(%)5177_32dm (mod p) if8|p—3,p=c>+2d® and 4 |d—1,
0 (mod p) if p=5,7 (mod 8).

Ay (74)

Proof. From [BE, Theorems 5.12 and 5.17] we know that

p—1

(a;?’ — 4x? + 2:1:) _ { (—D)IEH2e if p=c?42d> =1,3 (mod 8) with 4 | ¢ — 1,
b D 1o otherwise.

As 27(x3 — 422 + 2x) = (3x — 4)% — 30(3z — 4) — 56, we see that

IS <x3 — 4% + 2:1:)
x=0

p
_ <%>§<(3x—4)3—32(3x—4) —56) _ (%)g(x?’—sgx—m)
_ (%) zizo <(—x)3 —32(—513) —56) _ (—?3> iizo (:z:3 —32x+56>.

8



Thus, from the above we deduce

(2.7)

p1 -1 %7(%)26 ifp=1(mod 8), p=c?+2d? and 4 | c — 1,
z° — 30x + 56 _ B 3 o i ) B

Z( D ( 1)8(p)20 ifp=3(mod8),p=c*+2d*and 4 |c—1,

=0 0 if p=>5,7 (mod 8).

y [S3, p.1317] we have

o121 { (-1)= = (—1)p§1+% (mod p) if p=c?+2d?> =1 (mod 8),
1l =
(—1)s g:(—l)ps %(modp) if p=c?+2d*> =3 (mod 8) with 4 | c—d

Now taking m = —30 and n = 56 in Theorem 2.2 and applying the above we deduce the
result.

Corollary 2.4. Let p > 7 be a prime. Then

(2(£)15"F C (mod p)
ifp=1,9,25 (mod 28), p=C?+7D? and 4 | C — 1,
5 /105 p fp ( ), p |
P[%]( o5 ) 2(&)155 T ® Dv/105 (mod p)
if p=11,15,23 (mod 28), p=C? +7D? and 4| D — 1,
( 0 (mod p) ifp=3,5,6 (mod 7).

—

Proof. Since (—z — 7)3 — 35(—x — 7) + 98 = — (2 + 2122 + 112x), applying [R1,R2]
we see that

p—1 3 p—1
Z(w —35:::'-1—98) p 12(33 + 2122 +112x>
— p
(28) =0 . =0
_ ) (1)F2$)C ifp=1,2,4 (mod 7) and p = C* + 7D,
0 if p=3,5,6 (mod 7).

Suppose p = 1,2,4 (mod 7) and so p = C? + 7D?. By [S3, p.1317] we have

(29) 7= { (9) (mod p) it p=1,9,25 (mod 28) and C = 1 (mod 4),
‘ =92 (mod p) if p=11,15,23 (mod 28) and D =1 mod 4).
7/C

Now taking m = —35 and n = 98 in Theorem 2.2 and applying all the above we deduce
the result.

Corollary 2.5. Let p # 2,3,11 be a prime.
(i) If p=2,6,7,8,10 (mod 11), then P[%]( 22) =0 (mod p).
9



(i) If p=1,3,4,5,9 (mod 11) and hence 4p = u® + 11v? for some u,v € Z, then

—(8)(=2)"% u (mod p) ifd|p—1and4|u—1,

Dy d fadlp—1and8|u—2,
()= | Bttt
51\ 32 —(§>(_ )Tv\/_(modp) ifd|p—3and4|v—1,

(2)2 4@\/7(modp) if4|p—3 and 8| v —2.

Proof. It is known that (see [PR] and [JM])

M]
(2)(%)u if (&) =1 and dp = u® + 1102,

(2.10) ”Z (a:?’ —96~11x+112-112> _ {

=

s D 0 if ({7) = —1.
Thus applying Theorem 2.2 we deduce
_(g)QQPT_l(%)u (mod p) if (f)=1,4|p—1and 4p = u? + 1102,
P[%](ﬁ\/ﬁ) = —(%)221%3(%)u (mod p) if ($)=1, 4 |p 3 and 4p = u? + 1102,
0 (mod p) if ({7) =

1
Now assume (£) =1 and so 4p = u® + 110 If u = v = 1 (mod 4), by [S3, Theorem
4.3] we have
(—11)%] = { (15) (mod p)  if p=1 (mod 4),
(15)% (mod p) if p =3 (mod 4).
If u=v=0 (mod 2), by [S3, Corollary 4.6] we have

1102 — { —(1%) (mod p) if p=1(mod4) and 8 | u — 2

—(15)% (mod p) if p=3 (mod4)and 8 |v—2.

Now combining all the above we derive the result.

From [RPR], [JM] and [PV] we know that for any prime p > 3,
(2.11)

Zl 23 —8-19x 4+ 2- 192) { (%)(%)u if (&) =1 and 4p = u® + 190?,

"68
>—‘C>

(

>

Z(a: —440-67x + 434 - 672) {
(

19
23 — 80 - 43x + 42 - 432) {(%)(%)u if (&) =1 and 4p = u? + 4302,
— ‘o

x=0 43 ?

p—1 (%)(%)u if (¢) =1 and 4p = u® + 67v
2 0 if (&) = —1,

Rl /43— 8023291632 + 14-11-19 - 127 - 1632

x=0 p )

_f B)Ggg)u if (35) =1 and dp = u® +16307,

_{o if (1f5) = —1.

Thus, using the method in the proof of Corollary 2.5 one can similarly prove the following

results.
10



Corollary 2.6. Let p # 2,3,19 be a prime.
(i) If ({5) = —1, then Pz (3 \/114) =0 (mod p).

(i) If (&) =1 and hence 4p = u® + 19v* for some u,v € Z, then

—(8)6"T u (mod p) if4lp—1and4|u—1,

P[2]<i\/m>5 6p4p(modp) ifd|p—1and 8 | u—2
6T\32 (£)677 vv/114 (mod p) ifd|p—3and4|v—1,
(_76)6%37) 114 (mod p) if4|p—3 and 8| v —2.

Corollary 2.7. Let p # 2,3,5,43 be a prime.

(i) If ( 3) = —1, then P[ ](Gi\gg) =0 (mod p).

(ii) If (§5) = 1 and hence 4p = u® + 43v* for some u,v € Z, then

15)154u(m0dp) ifdlp—1andd|u—1,
)(—15)Tu(modp) ifd|p—1and 8| u—2,
)15%31) 645 (mod p) if4|p—3 and v =1,2,5 (mod 8).

Corollary 2.8. Let p be a prime such that p # 2,3,5,11,67.
(i) If (&) = —1, then P ](92350\/22110) =0 (mod p).

(ii) If (&) = 1 and hence 4p = u® + 67v* for some u,v € Z, then

(%)33O4u(modp) ifd|p—1and4d|u—1,

651 (— 330" u (mod p) if4d|p—1and 8| u—2,

M) <Mm> - (%)330 2 0v/22110 (mod p) ifd|p—3andd|v—1,
(ﬁ)330%v\/m (mod p) ifd|p—3 and 8 |v—2.

Corollary 2.9. Let p be a prime such that p # 2,3,5,23,29,163.
(i) If (85) = —1, then Pz (335552 V1630815) = 0 (mod p).
(ii) If (85) = 1 and hence 4p = u* +163v* for some u,v € Z, then

4
Py, (M\/1630815>

266802
— (L0005 (_10005) 5T u mod p ifd|p—1and4d|u—1,
P
= (%)(_10005)%111 (mod p) ifd|p—1and 8 |u—2

—(10995)10005 "% vv/1630815 (mod p) if4|p—3 and v =1,2,5 (mod 8).

11



Corollary 2.10. Let p be a prime such that p # 2,3,5,7,17.

(i) If p=3,5,6 (mod 7), then P[%](% LIT85) = 0 (mod p).

(ii) If p=1,2,4 (mod 7) and so p = C% +7D? for some C,D € 7Z, then

b (171\/1785) _ (252)255"% - 2C' (mod p) ifdlp—1and4d|C -1,
AN (255)255"F - 2D/1785 (mod p) if4|p—3 and 4| D —1.

Proof. From [W, p.296] we know that

p—1

Z ((5132 + 6z + 2) (322 + 16:1:))
2=0 p

—2(_72)(%)0 — (%) if p=1,2,4 (mod 7) and p = C% + 7D?,
- { —(%) if p=3,5,6 (mod 7).

As (22 + 62 + 2)(32% + 16x) = 24(3 + 34/x + 102/2? + 32/23), we see that

—1

Z ((12 + 62+ 2)(322 + 161’))

bS]

=0 p
B ”i (3 +34/2 +102/2% + 32/1'3) = (3 + 342 + 10222 + 32x3)
r=1 p r=1 p
B <g) ”i (6 + 682 + 20422 + 643:3) B (2) = (:1:3 +5La? 4 172 + 6) - <g>
p/ p [t p p
and
= (ﬁ + 22?2 4172 + 6)
=0 p
_pil((a:—%)3—1—%(33—1{)2—1—17(33—1{)—1—6) _S(ﬁ—%ﬂ%k%)
=0 p =0 p
S((%)?’—%’&jt%) _§<x3—595x+5586>
=0 p =0 p
Now combining all the above we deduce
(2.12)
’S <x3 — 595z + 5586) _ { (~1)=2C(S) ifp=C2+7D2=1,2,4 (mod 7),
ot p 0 if p=3,5,6 (mod 7).

Now taking m = —595 and n = 5586 in Theorem 2.2 and then applying (2.12) and (2.9)
we deduce the result.

12



Conjecture 2.1. Let p > 3 be a prime. Then

’72‘:1(1-3—1209;%06) _{ (3)L if3|p—1,4p=L*+2TM? and 3| L — 1,
—0 p 0 if p=2 (mod 3).

If Conjecture 2.1 is true, using Theorem 2.2 we deduce that for any prime p > 5,

(

~(19)10*7 L (mod p)

if12|p—1,4p=L?>+27TM? and 3| L — 1,
(%)10?7_3&/@ (mod p)

if 12| p—7,4p=L%>+27TM? and 3 | L — 1,
0 (mod p) if p =2 (mod 3).

(2.13) Pz

e

\

Theorem 2.3. Let p > 3 be a prime and m,n € Z, with m # 0 (mod p). Then

_(3_777,) pz_:l (x:a —3miz + n) (mod p).

P75 p

[p/6]

o (zr) = 2 (50) () G’

k=0

Proof. Replacing m by —3m? in Theorem 2.2 and then applying Lemma 2.1 we deduce
the result.

Theorem 2.4. Let p > 3 be a prime. Then

(2.14) Py (t) = —(g) S (@ = 32 +26)"5 (mod p).

Proof. Taking m = 1 and n = 2t in Theorem 2.3 we see that (2.14) is true for
t=0,1,...,p— 1. Since both sides of (2.14) are polynomials of ¢ with degree less than
(p —1)/2, applying Lagrange’s theorem we see that (2.14) holds when t is a variable.

Theorem 2.5. Let p > 3 be a prime and t € Zy,.
(i) If t2 + 3 # 0 (mod p), then

p— 2_ .
(=2 = 3)"7 Py (M) (mod p) if p=1 (mod 4),

Pp_a(t)

2 el 2_ VG ‘
- t\/t234234 P[%](t(t (t?glg)tzhrg) (mod p) if p=3 (mod 4).

(ii) If 3t +5 # 0 (mod p), then

(6t + 10)%P[%](% V56)t2+10) (mod p) if p=1 (mod 4),

p+1
(6%221; P[%]((gtgngs,G)tjlo) (mod p) if p=3 (mod 4).

Proof. Part (i) follows from [S4, Theorem 2.11] and Theorem 2.2, and part (ii) follows
from [S5, Theorem 2.3(ii)] and Theorem 2.2.
13



Corollary 2.11. Let p > 3 be a prime and m € Z,, with m # 0 (mod p). Then

o () = () (22 ) ot

Proof. Taking t = (2m? — 5)/3 in Theorem 2.5(ii) we deduce the result.

Corollary 2.12. Let p > 3 be a prime and m € Z, with m # 0 (mod p). Then

5 () (2 ()’ = (22) 5 () () (22

k=0 k=0

Proof. This is immediate from [S5, Theorem 2.3(ii)], Lemma 2.1 and Corollary 2.11.

3. Congruences for Z;f:/g] % (mod p).

For any nonnegative integer n, following [S5] we define
“n\ n4 kY (2K . = 2K\ (n+Ek\
1 () = — .
31) Snle) %(k)( D)) ,Z;(k) (")

By [S5, Theorem 3.1] we have

(3.2) Sp(z) = Po(vVI+4z)? and Py (2)? = sn(”“°24_ 1).

Theorem 3.1. Let p be an odd prime and m € Z, with m # 0 (mod p). Then

[p/6] p—1

Z % = Fz)(v1- 123 /m)? = (Z(m3—3x+2\/1 - 123/m)p7_1>2 (mod p).

k=0 =0

Proof. By (2.1) and (3.1) we have

(5] 2 [p/6]
432 2N (L) + k), 432\k (6k)!
o = 222 = CEEV ST O d p).
S[ﬂ( m ) k_o(k;) ( 2%k < m ) ; (3 (med p)
On the other hand, by (3.2) and Theorem 2.4 we have

p—1 9
Sie) ( - @) = Pipy(y/1 - 123/m)? = (Z(a:?’ ~3r4+2y/1— 123/m>”7’1) (mod p).

m
=0

Thus the result follows.
14



Theorem 3.2. Let p > 3 be a prime and m,n € Z, with m # 0 (mod p). Then

-1 [p/6]
(S5 = (5 & s (i ) oo

=0

Proof. From Theorem 2.2 we have

(pzjl(x?’-l—mx-l—n»? p1 (?mm)?

» = (—3m)TP[%] o2

() (25 o

By (3.1), (3.2) and (2.1).

_ n2 . [E] »
oy ) =) =3 () (B ) (- ™)

[pz/é] (6k)! <4m3+27n2>k( d p)
2o (3B \ 432 16m3 ) 0P

Thus the result follows.
Lemma 3.1. Let p be an odd prime, n be a positive integer and t € Z, with t #
0,—7 (mod p).

(i) If P,(v/1+4t) =0 (mod p), then

k=0

and )
"L 2k n+k\, .
Z(k) ( ok )kt =0 (mod p)
k=0

(ii) If

"26N\Y (n+ kN
Z(k:) ( o )t =0 (mod p),
k=0

then )
2K\ (m+ kN,
kz_o(k) ( ok )kt =0 (mod p)

Proof. By (3.2) we have S,(z) = P,(v/1+4x)? and so S/, (z) = 2P,(\/1+ 4x) -
% P,(v/1+4z). Thus, (i) is true. Also, S,(t) = 0 (mod p) implies P,(v/1+4t) =
0 (mod p) and so S/ (t) = 0 (mod p). This together with (3.1) proves the lemma.
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Theorem 3.3. Let p be an odd prime, and m € Z, with m # 0,1728 (mod p). Then
[p/6]

(6k) . k- (6k)
,;) EBR)AT — 0 (mod p) implies kz_o TEGRYRE 0 (mod p).
Proof. By (2.1) we have (Qkk)2([%2]:k)(—%)k = % (mod p). Thus taking
= [£] and ¢t = —£22 in Lemma 3.1(ii) we deduce the result.

Theorem 3.4 ([Su, Conjecture A26]). Let p # 2,11 be a prime.
(i) We have

[p/6] Py _
6k ! 0 (mod p) if (&) =-1,
Z e _ { 11

(_72)332 (mod p) Zf(l—pl) =1 and so 4p = x> + 11y2.

k

(i) If () = =1, then S5 —ggyitapym = 0 (mod p).

Proof. Taking m = —96-11 and n = 112-112 in Theorem 3.2 and then applying (2.10)
and Theorem 3.3 we deduce the result.

Theorem 3.5 ([Su, Conjecture A9]). Let p # 2,3,19 be a prime.
(i) We have

o

4 @k [0 (modp) if (&) =1,
kz_o (—96)3%(3k)!k!13 - (_76)332 (mod p) if ({5) =1 and so 4p = x2 4 19y2.

.. 6 k-(6k)!
(ii) If (f5) = —1, then ZL’)/O] W =0 (mod p).
Proof. Taking m = —8-19 and n = 2 - 192 in Theorem 3.2 and then applying (2.11)

and Theorem 3.3 we deduce the result.

Theorem 3.6 ([Su, Conjecture A10]). Let p # 2,3,5,43 be a prime.
(i) We have

[g] (6k)! _ { 0 (mod p) if () = —1,
= (=960)°*(3k)IK!® | (&)2? (mod p) if (f) =1 and so 4p = x* + 43y,

.. 6 k-(6k)! _
(i) If () = =1, then 3206 5055 s = 0 (mod p).
Proof. Taking m = —80-43 and n = 42- 432 in Theorem 3.2 and then applying (2.11)

and Theorem 3.3 we deduce the result.

Theorem 3.7 ([Su, Conjecture A11]). Let p be a prime such that p # 2,3,5,11,67.
(i) We have

[”f] (6k)! _ 0 (mod p) if (&) =-1,

£ (—5280)%*(3k)IK!13 (%)x2 (mod p) if (&) =1 and so 4p = x* + 67y>.
. 6

(ii) If (&) = —1, then ng/o] = 528160)(36,@%]6)%,3 =0 (mod p).

Proof. Taking m = —440 - 67 and n = 434 - 67 in Theorem 3.2 and then applying
(2.11) and Theorem 3.3 we deduce the result.
16



Theorem 3.8 ([Su, Conjecture A12]). Let p be a prime with p # 2,3,5,23,29, 163.
(i) We have

[p/6]

Z (6k)!

£ (—640320)%% (3k)!k!

_ 0 (mod p) if (163) = —1L,

— | ()2 (mod p) if (th5) =1 and so 4p = 2® + 163y°.

. 6 k-(6k)!
(ii) If (55) = —1, then ng/o] = 64032(5)63’“)(3k)'k'3 =0 (mod p).

Proof. Taking m = —80-23-29-163 and n = 14-11-19 - 127 - 1632 in Theorem 3.2
and then applying (2.11) and Theorem 3.3 we deduce the result.

Theorem 3.9 ([S4, Conjecture 2.8]). Letp > 7 be a prime. Then
[p/6]

Z (6k)! _ { 0 (mod p) if p=3,5,6 (mod 7),
— (—15)%%(3k)!1K13 | (£&)4C? (mod p) if p=C?*+7D?*=1,2,4 (mod 7)
and /6
p/6
k- (6k)! B
kzzo (—15)3%(3k)1E!3 =0 (mod p) for p=3,56 (mod 7).

Proof. Taking m = —35 and n = 98 in Theorem 3.2 and then applying (2.8) and
Theorem 3.3 we deduce the result.

Theorem 3.10 ([S4, Conjecture 2.9]). Let p > 7 be a prime. Then

[”z/é] (6k)! B { (mod p) if p=3,5,6 (mod 7),
= 2553F(3k)IK | (585)4C? (mod p) if p=C? +7D*=1,2,4 (mod 7)
and (/6]
p/6
k-(6k) _
> G5 =0 (mod p) for p=3,5.6 (mod 1)

Proof. Taking m = —595 and n = 5586 in Theorem 3.2 and then applying (2.12) and
Theorem 3.3 we deduce the result.

Theorem 3.11 ([S4, Conjecture 2.4]). Let p be a prime such that p # 2,3,11. Then

[p/6] (6k)! B { 0 (mod p) if p=3 (mod 4),
(

kZ:O 66%+(3k)IK1> | (&)4a® (mod p) ifp=a®+b? =1 (mod 4) and 2fa

and

[p/6]
k- (6k)! B
> grcgin =0 mod ) for =3 (mod 4

Proof. Taking m = —11 and n = 14 in Theorem 3.2 and then applying (2.6) and
Theorem 3.3 we deduce the result.
17



Theorem 3.12 ([S4, Conjecture 2.5]). Let p > 5 be a prime. Then

L 6k 0 (modp) if p=>5,7 (mod 8),
;;) 209 (BR)1KE { (3°)4¢® (mod p) if p=c®+2d> = 1,3 (mod 8)
and -
p/6
k- (6k)!
. m =0 (mod p) for p=5,7 (mod 8).
k=0 o

Proof. Taking m = —30 and n = 56 in Theorem 3.2 and then applying (2.7) and
Theorem 3.3 we deduce the result.

Theorem 3.13 ([S4, Conjecture 2.6]). Let p > 5 be a prime. Then

[pz/ﬁi] (6k)! B { 0 (mod p) if p=2 (mod 3),
k=0 54000%(3k)!k!3 | (£)4A% (mod p) if p= A% +3B? =1 (mod 3)
and e
p/6
k- (6k)!
kZ_O 54000% (3k)!k!3 0 (mod p) for p (mod 3)

Proof. Taking m = —15 and n = 22 in Theorem 3.2 and then applying (2.5) and
Theorem 3.3 we deduce the result.

Remark 3.1 Let p > 5 be a prime. If Conjecture 2.1 is true, by Theorem 3.2 we get

[pz/(s] (6k)! B { (%)L2 (mod p) if3|p—1andsodp= L2+ 2TM?,
— (—12288000)%(3k)!k!® — | 0 (mod p) if3|p—2.

This is a special case of [S4, Conjecture 2.7].

Lemma 3.2 ([S5, Lemma 3.2]). For any positive integer n we have the following
identities:

"2\ (kK —e () 2,

2 (1) (3)em = Loy o

"o\ kK ~mG ) (o) if 24,
k:1<’f) ( 2K )<—4>’“ | ) if2|n,

"N R\ K — Sl S DR (3 if 24,
k:1<k) ( 2k )(_4)k | e ()2 if2 | n.

2
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Theorem 3.14. Let p =1 (mod 4) be a prime and p = a® + b* with a,b € Z and 2 { a.

Then
[p/6]
::) 12@1&52;)7;!3 = 42856 (g)f (mod p),
[p/6] .
S (2) i

Proof. For p = 5 clearly the result is true. Now suppose p > 5. Since p =1 (mod 4) we

see that [§] is even. Taking n = [£] in Lemma 3.2 and applying (2.1) and the congruence

1

(?1) =(2) = ﬁ(zkk) (mod p) (see [S4, Lemma 2.4]) we see that

[p/6] k - (6k)! _[2]([£]+1) 2] 2_ 5 p_;l 2

;12%(3]4)!]4!3: 6 2g[g] ({%]) :_%Q%]) (mod p),

R g2 om [P (B 25 (2]
];)123’6(3]{7)']{:‘3: 63‘22%]—1 ({%]) :@<[%]) (HlOdp),

9 s (o) [EPE+DPREF D (BN 5 (2]
;123’“(3]4)!]4!3: — 15.22[%]6 <[%]) Z%Q%]) (mod p)

From Lemma 2.2 and the proof of Theorem 2.1 we know that

(p—;l)z B { 4a? (mod p) if p=1 (mod 12),

[Z]) ~ | 46% = —4a? (mod p) if p=>5 (mod 12).
Thus the result follows.
We remark that the first congruence in Theorem 3.14 was conjectured by Zhi-Wei Sun
in [Su, Conjecture A29].
4. Congruences for P, /3(t) (mod p).
Theorem 4.1. Let p > 3 be a prime and t € Z,. Then
i\ 1B 4 3(4 — 5)x + 2(262 — 14¢ + 11)
Pt =—(5) X ( ;
z=0

3 ) (mod p).

Proof. By (1.4) we have P,(1) = 1. Since Pz)(1) =1 and

;}(ac —2&:—2):;}<(a:+1)p(a:—2)):9;)(:1:;2)_(—1—2):_(%),
19




we see that the result is true for £ =1 (mod p). Since Piz)(—1) = (—1)[§]P[§](1) = (%)
and

—1

() (P o (et

=0 p =0 p

we see that the result is also true for ¢t = —1 (mod p).

Now we assume ¢ # £1 (mod p). Set Wy, (z) = 1_, (Z)Zxk From [BM, Theorem 6]
we know that

xT

Wisi(1 - 52) = we)a — 208l (=2

z— 27 ) (mod p),

where Jp(z) is a certain Jacobi polynomial given in the proof of Theorem 2.2 and

1 if p=1 (mod 12),

() —3(z — 24) if p=5 (mod 12),
up(z) =

P z? — 36z + 216 if p=7 (mod 12),

—3(x — 24)(2? — 362 + 216) if p =11 (mod 12).

Set © = 54/(t + 1). We then have

(4.1)
Wig)((t=1)/(t+1))
r (271(i;t))[%]Jp(és_zg@ft);) (mod p) if p=1 (mod 12),
) 18%1—5) (27&?))[%]Jp((ﬁ?fg)aitt);) (mod p) if p=5 (mod 12),
= 108(25;11)4;“1)<27&;t))[%up(%) (mod p) if p=17 (mod 12),
| LU0 @E ML) (270 ) [] 7 (4326407 ) (110q ) if p= 11 (mod 12).

t+1)3 141 AI—t)(1+t)3

By (2.3) we have

w5 (- ) () - () e

If p=2 (mod 3) and ¢ = 2 (mod p), from the above we get

P[§]<§> — (%;—1)[%]“/[%](%;1) =0 (mod p).

On the other hand,

§ (933 + 3(4t — 5)x +p2(2t2 — 14t + 11)) _ :z:% (%) = :2:;1) (%?7/4) =0

20



Thus the result is true when p = 2 (mod 3) and ¢t = 2 (mod p). Now assume p = 1 (mod 3)
ort # 2 (mod p). If p=3 (mod 4) and 2t*> — 14¢ + 11 = 0 (mod p), from the above we

deduce
Pey(t) = (ﬂ)[%]W[ ]61—1) =0 (mod p).

w3

On the other hand,

pz‘:l (x3 4 3(4t — B)x + 2(242 — 14t + 11))
x=0 p

sz_: (a:3+3(4t—5)x) :”Z‘: ((—33)3+3(4t—5)(—93)> _ _’i (333 +3(4t—5)x> o

x=0 p =0 p =0 p

Thus the result is true when p = 3 (mod 4) and 2t — 14t 4+ 11 = 0 (mod p). From now

on we assume p = 1 (mod 4) or 2t — 14t + 11 # 0 (mod p). Set m = 3(4t — 5) and
n = 2(2t> — 14t + 11). Then

28.33m®  432(5 — 4t)3

4m?® 4+ 27n* = —432(1 — t)(1 +t)* and = :
m° + 27n 32(1 —t)(1+1¢t)° and so T2 - AT 1)

By (2.4) we have

J ( 432(5 — 4t)3 )—J( 28 . 33m3 )
b (1—t)(1-|—t)3 - TP\d4m3 + 27n?2

&)1 (Fh)-1 o BN B
= —(—48m) "7 (864n) T (—16(4m® + 27n%)) 1 Y (W) (mod p).
=0

If p=1 (mod 12), from all the above we deduce

Py (#)
SCPRE)

— —2__(3(t + 1)) (1 — t) (16 . 432(1 _ t)(l + t)?))—pl—*zl pz <x3—|—m—x—|—n)

(557 () T2 )

=0 p
p—1 2
4t — 2(2t° — 14t + 11
_ Z( 4+ 3( 5)x + 2( + ))(modp)'
p
=0
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If p=5 (mod 12), from all the above we deduce

P (t)

(5 () = () 7 B () a2

=275 3" (4t —5)(1+1) T (1 —t) " (144(4t — 5)) "

415 S (T3 +mz+n
% (16 -432(1 — t)(1 + 1)%) = Z<#)
=0

pi <x3 +3(4 — 5)z + 2(242 — 14¢ + 11)

2 " ) (mod p).

B3 108(2t% — 14t 4 11) 127(1 — t)\ 5= 432(5 — 4t)3
) (t+1)2 < 1+t ) p<(1—t)(1+t)3)

= 275 3 (22 — 14t + 11)(1+ )7 (1 — )" (1728(2¢% — 14¢ + 11)) !

p—1
X (16 -432(1 — t)(1+1)%)~ "= ; (M:%M)
p— 23 — 5z 2 _

_ —Z( +3(4t — 5) 22(215 14t+11)) (mod p).

=0

If p=11 (mod 12), from all the above we deduce

[g]W[%](;—i)

>; 1944(4t — 5)(2t2 — 14t + 11) <27(1 — )\ B, 432(5 — 4t)3
3

(t+ 1) ) T naT 07

T (4t — B) (242 — 14t + 11)(1+ )T (1 — )" (48m) " (864n) "

x (16 - 432(1 — t)(1 + t)3)—p1211 Z (W)
p
z=0

_ p—1 (333 + 3(4t — 5)z + 2(2t% — 14t + 11)) (mod p)
= 5 :
=0

This proves the theorem.
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Corollary 4.1. Let p > 3 be a prime and let t be a variable. Then

[”f] (3k)! /1 —t\k
v (1)
— k! 54
p—1 .
= Pipy(t) = —(g) 3 (@® + 3(4t — 5)a + 2(26> — 14t + 11))"7 (mod p).
z=0
Proof. From [S4, Lemma 2.3] we have Pz;(t) = Efz/g] (2?3)! (1) (mod p) By Theo-
rem 4.1 and Euler’s criterion, the result is true for t = 0,1,... ,p — 1. Since both sides

are polynomials of ¢ with degree at most p — 1. Using Lagrange’s theorem we obtain the
result.

Corollary 4.2. Let p > 17 be a prime and t € Z,. Then

= (a:3 + 3(4t — B)x + 2(262 — 14t + 11)>

z=0 p

D\ "= B — 3(4t 4 5)x + 2(242 + 14t + 11)

= (5) 2 ( )
z=0 p

Proof. Since Pzj(—t) = (—1)[§]P[%](t) = (%)P[g](t), by Theorem 4.1 we have

p—1

Z <x3 +3(4t — 5)x + 2(2t% — 14t + 11)>
=0 p
p—l 3 2
(D x® — 3(4t + 5)x + 2(2t° + 14t 4+ 11)
= <3>Z< " ) (mod p).
=0
By Weil’s estimate ([BEW, p.183]) we have
p—l 3 2
x® + 3(4t — 5)x + 2(2t° — 14t + 11)
<
bl : B
p—1 3 2
x® — 3(4t + 5)x + 2(2t° + 14t + 11) }
< 2./p.
S : BY

Since 4,/p < p for p > 17, from the above we deduce the result.
Theorem 4.2. Let p > 3 be a prime and let t be a variable. Then

(5 — 4t) "7 Pp) (X452 V6 — 4f) (mod p) if p=1 (mod 4),

+1
_ (5—ap) T

P[E](t) =
3 2_ .
Nty (2’5(5_111351213\/5 —4t) (mod p) ifp=3 (mod 4).




Proof. Since both sides are polynomials of ¢ with degree at most p — 2. It suffices to
show that the congruence is true for all t € Z, with ¢ # 2 (mod p). Set m = 3(4t — 5)
and n = 2(2t? — 14t + 11). Then

3ny/—=3m (2t — 14t + 11)/5 — 4t

2m2 (5 — 4t)2

Thus, by Theorems 4.1 and 2.2 we have

P 3
- p o+ mx+n
=~ (2) 8 (2
x=0
(B)(9(5t — 4)"T Pg) (2151 /5 — ) (mod p) if 4 |p—1,
= ptl
() AL gy (M 5= (mod p) 4| p— 3
For p =1 (mod 4) we have 9r T (%) = (%)(%) =1 (mod p), For p = 3 (mod 4) we have
9M L(2) = (3)(B) = -1 (mod p). Thus the result follows.
313 p/\3

Corollary 4.3. Let p > 3 be a prime and m € Z, with m # 0 (mod p). Then

[p/3] 2 —m [p/6] - o
kzzo i@'( 216 1>k = (7> > (2:) (3:) <( ;Qég)mg : )k (mod p).

k=0

Proof. Taking t = 5=m’ in Theorem 4.2 and then applying Corollary 4.1 and Lemma
1

2.1 we deduce the result.

Theorem 4.3. Let p > 3 be a prime. Then
(i) If p=2 (mod 3), then

(/3] [p/3]
(BE)! (3k)! 5y _
,;) (—216)% - kI3 kZ:o Y E Pre <4> =0 (mod p).

(i) If p=1 (mod 3) and so 4p = L* +27M? with L, M € Z and L = 1 (mod 3), then

[p/3] [p/3] 2(p—1)
(3k)! (3k)! 5 —2 (—)
— = =Pp(-)=-L=(— 3 mod p).
kz_o (—216)F - k!3 ;0 24k . k13 [3](4) ( D ) 2] ( )
Proof. Putting t = :I:% in Corollary 4.1 we get
[p/3] [p/3]
5\ (3k)! 5\ (3k)!
Pai(3) = 2 Corg g (modp) and F 0(-7) = 2 g g (med )
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This together with (1.3) yields
(p/3] [p/3] (3]{7)'

(3k)! (D !
kz_o (—216)F - kI3 — <§) ;; 24k (mod p)-

From the above and the proof of Theorem 4.1 we obtain (i).

Now assume p = 1 (mod 3), p = A%2 +3B2 4p=L? +27M? and A= L =1 (mod 3).
It is known that 2"5 = 1 (mod p) if and only if 3 | B. When 3 1 B we choose the sign of
B so that B =1 (mod 3). By [S2, (2.12)] we have 2?°~1/3 = 1(—1 — £) (mod p). From
Theorem 4.1 and [S2, (2.9)-(2.11)] we deduce that

() =3 () -1 5 ()

) 24 =L (mod p) if 25 =1 (mod p),
A+ 3B =L (mod p) if 255 # 1 (mod p) and B =1 (mod 3).
On the other hand, by the proof of Theorem 4.1,

0(5) = () o (5)

()= (27&5 )= J,(0) = (—1)%3—”7‘1Jp(0) (mod p) if p=1 (mod 12),
= L 108(2(2 )2—14 5411) 27(1 2T
(3) " e (0 2 )
= —8(-1)7= 3 i Jp(0) (mod p) if p=7 (mod 12).

By the definition of J,(x), we have

= (] - 5)
J,(0) = 1728[%z] . 93] ( 12 33 ) (

r=0 " [%] -r
AR b (E(2)—1
= 1728033 <[12 313 ) = (—1728)l4z] (3 3 )
(5] [$5]
Hence
. 2(p—1)
Jp(0) = ( 1728)[ﬁ]< [f’,] ) (mod p)
12
and therefore
(p—1) 2(p—1)

(—1)%= 3= (—1728) "= % ) (mod p) if12p—1,

5 _ 12 127
P@(Z) = _per 2(p—1) 2(p—1) )
—8(—1)"= '3 ( 1728) "z ( % )=-(2)(",%; ) (modp) if12|p—7.

12

—~
IS
‘I
-
~
|
—~
SIS
~
—
IS
| w
-

BN

Now putting all the above together we deduce the result.

Remark 4.1 For any prime p > 3, Zhi-Wei Sun conjectured ([Su, Conjecture A46))

pz_:l (3k)! _ (£> pz_:l (3k)! _ (2(%0__11))/33) (mod p?) if p=1 (mod 3),
0 245 - k13 3/ = (—216)% - k! 0 (mod p) if p=2 (mod 3).
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Theorem 4.4. Let p > 3 be a prime such that p =3 (mod 4). Then

7+3v3y Y@ 313
P[§]< —Z k'3< v ) =0 (mod p).

Proof. Set t = (7 £ 3v/3)/2. Then 2t> — 14t + 11 = 0. By Corollary 4.1 we have

p—1

Pis)(t) = —(§> 3 (@* +3(4t — 5)2)"7 (mod p).

r=

By Corollary 4.1 and (1.3) we also have

[p/3] 34

S BN B2V bty = (2) Rrgtt) (mod 1)

k=0
Since p = 3 (mod 4) we see that
Zi(x3+3(4t—5)x)p7_l = pi(( )3 +3(4t—5)(— = —Z 234+3(4t—5)z) "= (mod p).
z=0 z=0

Therefore Z’;;é(af)’ + 3(4t — 5)93)pT_1 = 0 (mod p) and so Pg)(t) = 0 (mod p). This
completes the proof.

3k

5. Congruences for Ef/g] GO () (mod p).

mk
Let p > 3 be a prime and m € Z with p t m. In [Su], Zhi-Wei Sun posed some con-
Co)° ()

jectures on Y h_, : (mod p?). For example, he conjectured (see [Su, Conjecture

mk

A13])

p—1 (zk) (3k) 0 (mod p?) if p=7,11,13,14 (mod 15),
(5.1) Z W =< 422 — 2p (mod p?) if p=2% + 15y% = 1,4 (mod 15),

k=0 2022 — 2p (mod p?) if p = 52% + 3y* = 2,8 (mod 15).
Theorem 5.1. Let p > 3 be a prime, m € Z,, m # 0 (mod p) and t = /1 —108/m.
Then

[p/3] (2k)2(3k) p—1

Y S = Pyt = (Z(x?’ - 3(4F — 5)x + 2(26% — 14t + 11))”Tl>2 (mod p).

k=0 =0

Proof. By the proof of [S4, Lemma 2.3] we have

o (555 = L (%) o .

Thus, using (3.1) and the above we have

5] 2 ,ip [p/3] r2k\2 (3
o= (52) 2 - 8D s,

k=0
On the other hand, by (3.2) we have S[g](—%) = P(y/1- 108)2 Thus the result

follows from the above and Corollary 4.1.
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Theorem 5.2. Let p be an odd prime, and m € Z, with m # 0,108 (mod p). Then

[p/3] /3] ; (2
Z (k) (3:) =0 (mod p) implies Z m =0 (mod p).

mk mk
k=0 k=0
Proof. By (5.2) we have ([%Q]:k)(—%)k = #(3:) (mod p). Thus taking n = [£] and
t = —2T in Lemma 3.1(ii) we deduce the result.

Theorem 5.3. Let p > 3 be a prime. Then
3 2 .
[pz/:] (zkk) (3:) _ { L? (mod p) ifp=1 (mod 3) and so 4p = L? + 2TM?,

— (—192)k 0 (mod p)  if p=2 (mod 3)
and
[p/3] 2k:)2 (Bkz)
Z =0 (mod p) for p=2 (mod 3).
P —192)%

3k
Proof. Taking m = —192 in Theorem 5.1 we obtain Z[p/g] G )19(2)k) =Pp 21(2)? (mod p).
Now applying Theorems 4.3 and 5.2 we obtain the result.
Remark 5.1 Theorem 5.3 was conjectured by Zhi-Wei Sun. See [Su, AS§].

Theorem 5.4. Let p =1 (mod 3) be a prime and hence p = A? + 3B? with A,B € Z.

Then
(p—1)/3 . 12k\2 (3K
BG) (k) _ 8
kI AR =~ A2
)T g A" (mod p).
k=0
(p—1)/3 2k\ 2 (3k
k2(kz) (kz) — 32 A2 (modp)
108% 243 ’
k=0
(p—1)/3 2k\2 3k
Z kg(k) (k): 16 A2 (HlOdp)
108 ~ 10935 '
k=0
Proof. Taking n = 7’3—1 in Lemma 3.2 and then applying (5.2) and the congruence
(%1) = (_kl) 4)k (2 ) (mod p) we derive
1)/3 12 12
SRED () _ e () =-2(%) tmoan
- 2(p—1 —1 - —1 Y
= 108 2 ( L\ I\
(p—1)/3 2 _ _ 12 1.2
' FE) G _ (P A BT 8
Z k = 2(p—1) p—1 )] = 54\ p-1 (mod p),
= 108 3.2 1\ 2B\
~1)/3 2 _ _ g2
SRG () _ e >(<2<p 2l 412 (—)
k - 2(p—1) _
= 1% 15275 e

2

s
=155 (;;—1) (mod p).
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p=1 2
From [BEW, Theorem 9.4.4] we know that (,2,) = 4A4? (mod p). Thus the result follows.

6

We mention that the first congruence in Theorem 5.4 was conjectured by Zhi-Wei Sun
in [Su, Conjecture A55]. By Theorem 5.1, for any prime p > 3,

[p/3] (2k:)2 (Bk:)

Z k k

24 (—27)F

P[g](\/g)z (mod p).

This together with (5.1) entices us to make the following conjecture.
Conjecture 5.1. let p > 5 be a prime. Then
0 (mod p) if p=7,11,13,14 (mod 15),
P[%](\/g) =< 2z(%) (mod p) if p= 122+ 15y% = 1,4 (mod 15),
22(£)v5 (mod p) if p=5z* + 3y* = 2,8 (mod 15).

2k\2 (3k
From Zhi-Wei Sun’s Conjecture A14 on Zz;é % and Theorem 5.1 we form the
following conjecture.

Conjecture 5.2. Let p > 3 be a prime. Then
0 (mod p) if p=13,17,19,23 (mod 24),

) =< 2x(3) (mod p) if p=a?+6y>=1,7 (mod 24),
—22(%)v2 (mod p) if p=22%+ 3y? = 5,11 (mod 24).

Pray (%

()" (%)

From Zhi-Wei Sun’s Conjecture A4 on Zi;é oI

following conjecture.

and Theorem 5.1 we form the

Conjecture 5.3. Let p # 2,3,11 be a prime. Then

0 (mod p) if (f7) = =1,
=< 2xz(3) (mod p) if3|p—1, (&) =1 and so 4p = * + 1192,
—y(4)v/—11 (mod p) if3|p—2, (&) =1 and so 4p = 2* + 11y°.

Using Theorem 5.1 one may produce many similar conjectures from Zhi-Wei Sun’s
conjectures in [Su].
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