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Lie Supergroups: An operator viewpoint

M. Kalus*

Abstract

Representation-theoretical Lie supergroups are introduced as supermanifolds with un-
derlying base manifold being the Lie group associated to the even part of a given Lie
superalgebra. The Lie superalgebra is required to be represented by invariant derivations
on the space of superfunctions. This approach does not involve the morphisms for multi-
plication, inverse and identity as in the category-theoretical approach to Lie supergroups.
The constructed category is not isomorphic to the category of Harish-Chandra superpairs.
Variation of structure occurs. First examples where positive-dimensional parameter spaces
arise are computed.
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Lie supergroups are defined as group objects in the category of supermanifolds. From this
point of view there is a unique Lie supergroup G associated to a Harish-Chandra superpair
(G,g) (see e.g. [Kost77] for the real and [Vis09] for the complex case). In contrast to this
equivalence of categories there is a representation-theoretical approach to Lie supergroups
which does not lead to uniqueness of the Lie supergroup structure but still inherits the
identification of morphisms of supergroup-objects and morphisms of Lie superalgebras. In
numerous applications it is only important to have the operators stemming from the Lie
superalgebra, e.g., the radial operators, and the group-theoretic morphisms are extraneous.
Therefore we have initiated this investigation.

Associated to a Harish-Chandra superpair we will discuss supermanifolds with underlying Lie
group and two representations of the Lie superalgebra by superderivations on superfunctions
replacing the notion of left- and right-invariant vector fields. Furthermore a splitting of
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the supermanifold will be fixed and morphisms are assumed to preserve this splitting. This
restriction is perhaps unsuitable for superanalysis, nevertheless it is the first step in the
solution a larger problem, because omitting the condition of a fixed splitting the morphisms
between the obtained objects are no longer identified with morphisms of Lie superalgebras.
A second step after our analysis, one that is well beyond the final goal of this article, is to
parameterize the possible splittings and to decompose a morphism which does not preserve
the splitting into one which does followed by a change of the splitting. This describes a
category closer to supersymmetry.

Let us now outline the contents of the article. In the first section we give the definition of a
representation-theoretical Lie supergroup. The isomorphy classes of these objects for a fixed
Harish-Chandra superpair turn out to be special classes of homogeneous spaces with respect
to the category-theoretical Lie supergroup G. Furthermore we observe that the constructions
of Lie supergroups by Kostant (see [Kost77]) and Berezin (see [Ber87]) apply naturally to the
construction of representation-theoretical Lie supergroups.

In the remaining sections we analyze in detail the structures of special representation- the-
oretical Lie supergroups for the Lie superalgebra gl (1/1) with underlying Lie group (K*)?
for K = R or C determining the parameter space of such structures. In this space we find the
points defining Kostant’s and Berezin’s constructions and prove that they are not isomorphic
as representation-theoretical Lie supergroups. Since larger matrix Lie superalgebras contain
gl (1/1) as a Lie subsuperalgebra, non-isomorphy holds in a more general context. It should
be noted that in [Kall0] we prove that Kostant’s construction of real Lie supergroups is also
valid in the complex case. So referring to Kostant’s construction in this article we already
allow K = R or C. That article as well as this one is a part of the author’s dissertation [Kalll].

Let us conclude this introduction by fixing some notation: We denote a supermanifold by
the symbol M = (M, Apq) where M designates the underlying manifold and Axg the sheaf
of superfunctions. In order to simplify notation we denote the sheaf of smooth, respectively
holomorphic, functions on M by Fg g := C&, respectively Fc g := Og. A morphism of
supermanifolds is denoted by symbols of the form ¥ = (¢, 4#) with underlying morphism of
manifolds 1 and pull-back of superfunctions 1. A supermanifold with fixed splitting (M, E)
is a manifold M together with a vector bundle £ — M, inducing via the full exterior product
AFE a sheaf Ap of superalgebras on M. This sheaf defines the structure of a globally split
supermanifold (M, Ag). Due to the theorem of Batchelor (see [Bat80]) all real supermanifolds
can be (non-canonically) generated in this way. A morphism of supermanifolds with fixed
splittings is a morphism of supermanifolds such that the pull-back of superfunctions comes
from a morphism of vector bundles.

Acknowledgements. The author wishes to thank A. Huckleberry for his advice and support
during the development of this article.

1 Definition of a Lie Supergroup by invariant Operators

After defining representation-theoretical Lie supergroups and their morphisms we point out
the equivalence to special actions of a Lie supergroup on its own underlying supermanifold.
Finally we analyze the relation to the constructions by Kostant and Berezin and restrict our
view to planed representation-theoretical Lie supergroups.



1.1 Representation-theoretical Lie Supergroups

Starting from Lie groups we motivate a definition of Lie supergroups. Let G be a Lie group
of dimension n over the field K = R or C with the sheaf of smooth, respectively holomor-
phic, functions Fg g, respectively Fc,g. The group structure defines left-, respectively right-
invariant derivations yielding a frame for the tangent bundle. This frame can be identified
with a basis of the tangent space T.G, respectively T&éo)G at the neutral element e € G,
the Lie algebra gg of G. A vector X € g¢ is represented on a function by the left-invariant
derivation

d

(Xo-f)(g) = E

g ew(txy) )

for ¢ € G. Note that the right-invariant derivations are automatically associated to left-
invariant derivations via S o xp o S for a left-invariant derivation xy and

S:Fra — Fra, [ (9= S()9) = flgh) .
Left- and right-invariant derivations commute.

Generalizing this notion we fix a suitable definition of a Lie supergroup associated to a Harish-
Chandra superpair (G, g). Recall that this is a Lie superalgebra g = go @ g1 and a Lie group
G with Lie(G) = go such that the adjoint action Ad : G — GL(g) integrating the adjoint
representation exists. The foundation of a Lie supergroup is a supermanifold (G,.4) with
underlying manifold G and sheaf of superfunctions .A. Since g should again take the place of
the tangent space at the neutral element e € G the odd dimension of (G, .A) is fixed to be
dim(g1).

We also demand parallel to the classical case that for a basis {X;} C g the X; should uniquely
define nowhere vanishing global superderivations in independent directions on the sheaf of
superfunctions replacing the notion of left-, respectively right-invariant vector fields. This
yields two global frames for the tangent bundle, which motivates the definition of a Lie
supergroup by the supermanifold (G,.A) with fixed splitting where A is the sheaf of sections
in the trivial bundle prg : G x Ag] — G. Weaving the classical image into the definition of
a graded object we additionally postulate that even derivations act on numerical functions
classically. More exactly:

Definition 1. Associate to a Harish-Chandra superpair the supermanifold with fixed splitting
(G, Fr,c ® Ag}) and projection onto numerical functions

Prrve  Fko @ Ag = Fra, > fi0"— fo  for a basis {0;} of g}
together with a representation p of g by superderivations on the sheaf Fx g © Ag] such that

e (nativeness) even elements Xo € go are represented on functions f € Fxa ® 1 by
equation () and

o (definiteness) the sheaf U — {f € Fra(U)® Agj| X.f =0 V X € g} is isomorphic to
the sheaf of K-valued constant functions on G.



Such an object (G, g,p) is called a left-representation-theoretical Lie supergroup, abbreviated
LRT Lie supergroup. Via the classical representation by right-invariant vector fields, an
RRT Lie supergroup can be defined analogously. A representation-theoretical Lie supergroup
or RT Lie supergroup is an LRT Lie supergroup (G,g,pr) which carries at the same time
the structure of an RRT Lie supergroup (G,g,pr) according to the same splitting with the
additional condition

o (bilaterality) pr(X) o pr(Y) = (=1)XI¥Vlp (Y) 0 pr(X) for all homogeneous X,Y € g.

In the classical setting a morphism of Lie groups 1 induces a unique morphism of invariant
vector fields 1,. Analogously a morphism of RT Lie supergroups shall be determined by a
morphism of Lie superalgebras. To ensure this correspondence the preservation of the splitting
is necessary. This motivates:

Definition 2. A morphism of LRT Lie supergroups ¥ : (Ga,8a;pa) — (Gp,8p,pp) 1S a
morphism of supermanifolds with fized splitting

(W, %) : (Ga, Fr,co ® Mgy 1) = (Go Fr,c, @ Agi )
together with an (even) morphism of Lie superalgebras 1¥° : gq — gp such that

o (compatibility) 1 : G, — Gy is a morphism of Lie groups and
YFO 00 =D T (f)we(07)  for a basis {6;} of g, and

o (equivariance) pq,(X) o ¢# = ¢# opp(V°(X)) : Fr,q, @ Ag;;1 — Py (]:K,Ga & Ag;l) .

Analogously, morphisms of RRT and RT Lie supergroups are defined, the equivariance condi-
tion appears twice in the later case. A morphism of LRT, RRT, respectively RT, Lie super-
groups is called an isomorphism if (¥, %) is an isomorphism of supermanifolds. Then ¢° is
an isomorphism of Lie superalgebras.

1.2 RT Lie Supergroups and Actions of Lie Supergroups

Before constructing LRT Lie supergroups we briefly describe the objects defined above by ac-
tions of Lie supergroups. For this we first recall the definition of an action of a Lie supergroup
from Kostant’s point of view. Secondly we give the connection between RT Lie supergroups
and such actions.

Let G be a Lie supergroup with Lie superalgebra g and morphisms
mg = (mg,m}),  sg=(sg,sy) and ug= (ug,uf)

for multiplication, inverse and identity and let M be a supermanifold. A Lie supergroup
(right-)action of G on M is a morphism of supermanifolds of the form ¥ : M x G - M
with the properties

\I’O(IdM@)mg):\I’O(\I’@Idg) and ‘I’O(IdM(X)ug):IdM,



where we make the identification M x pt = M. The action ¥ is called transitive if the
underlying action is transitive and the sheaf of invariant superfunctions on the supermanifold
is isomorphic to the sheaf of constant numerical functions on it. It is called free if the
underlying action is free and the induced local representation of g on A is injective.

We briefly recall Kostant’s formalism (see [Kost77, §2.11, 3.5] or [Kall0]) for supermanifolds
and Lie Supergroupsﬂ For a supermanifold M = (M, A ) define the sheaf

A (U) = {p € Homp_yect(Am(U),R)|F ideal I C Ap(U) with codim(I) < oo,
I C ker(p)}

for open U C M. Taking the direct sum over the stalks of this sheaf,

* *
AM - @pEMAM,p’

we obtain the super co-commutative supercoalgebra of local differential operators. The su-
percoalgebra structure is induced by the superalgebra structure of superfunctions. For a Lie
supergroup G the group morphisms additionally induce the structure of a superalgebra on Ag .
Using the notion of the smash product (see e.g. [Swe69, chap.VII]) we have Ag = K(G)#E(g).

Following the presentation of Kostant (see [Kost77, §3.9]) a Lie supergroup action of the form
¥ M x G — M is uniquely described by the structure of a right-Ag-supermodule on the
super co-commutative supercoalgebra A% (U) such that the multiplication map

AV@A; - Ay, wRu—w-u

is a morphism of super co-commutative supercoalgebras. These right-Ag-supermodule struc-
tures on A’ are uniquely determined by the representation mg : A5 — End(Ap) obtained
from ¥. Regarding the action on the supermanifold M = G, we obtain the following result.

Proposition 1. The structures of LRT Lie supergroups (G, g, p) for a Harish-Chandra super-
pair (G,g) correspond bijectively up to isomorphisms to the transitive and free right-actions
W = (,7) : Gx G — G with ¢ = mg of the associated Lie supergroup G onto the superman-
ifold G with splitting fixed via the construction by KoszulE An analogous statement holds for
RRT Lie supergroups and left-actions. For RT Lie supergroups left- and right-actions ¥,
respectively W, are obtained with

‘I’RO(\I/L@Idg):\I/LO(Idg(X)‘I/R) . (2)

Proof. We fix the splitting Ag := Fg ¢ ® Ag] on G by Koszul’s construction (see [Kosz82]).
The representation p given by the LRT Lie supergroup structure can be continued to a
representation p : E(g) — End(Ag) inducing

To : A — End(Ag), g#X — (©— (p(X) o ®)(e - g#1)) .

'We allow K = R or C. The complex case is handled in [Kall0].
2Note that we do not request any compatibility of action and splitting. The splitting is only fixed to
guarantee uniqueness up to isomorphisms.



Here we used the identification Ag = K(G)#FE(g) and

Ag(U) = {® € Homig_yea(K(U)#E(9).K) | (3)

(U - K, g— @(g#Z)) eCrU)VZ e E(g)}

in [Kost77, §3.7]. The underlying map of the associated supermodule structure is the map
mg. Freedom and transitivity follow from the definition of LRT Lie supergroups. For the
opposite direction, starting with a supermodule structure 7 with underlying multiplication
we obtain by restriction the representation p for an LRT Lie supergroup. Since the splitting
is fixed, the correspondence is unique up to isomorphism. This yields the result for LRT and
RRT Lie supergroups while (2)) for RT Lie supergroups follows from bilaterality. ]

Hence LRT, respectively RRT, Lie supergroup structures for a Harish-Chandra superpair
with associated Lie supergroup G correspond to the G-homogeneous spaces with fixed split-
ting and transitive and free action. RT Lie supergroups define G-homogeneous spaces with
fixed splitting and both actions supercommuting in the sense of (2). As mentioned in the
introduction, omitting the fixed splitting in the definition of RT Lie supergroups would lead
to a characterization of the isomorphy classes of G-homogeneous spaces with transitive and
free action. This can not be approached within the bounds of this article.

From now on we will restrict to LRT Lie supergroup structures. RRT Lie supergroup struc-
tures can be dealt with in an analogous way. RT Lie supergroup structures will also be
discussed in the context of the constructions by Kostant and Koszul, respectively Berezin. In
particular it should be noted that the final result in Theorem Bl holds for RT Lie supergroup
structures.

1.3 Relation to the Construction by Kostant and Koszul

The construction of Lie supergroups by Kostant and Koszul in [Kost77, §3.7] and [Kosz82],
respectively the construction by Berezin in [Ber87), chap.I1.2.2], presented also in [Kall0],
respectively [HK10], can be used to define LRT Lie supergroup structures associated to Harish-
Chandra superpairs. The representation of the Lie superalgebra on superfunctions will be in
both cases the representation by left-invariant operators. Let us now analyze this in detail.

Let (G, g) be a Harish-Chandra superpair over K = R or C. Using the construction by Koszul
we associate the structure of an LRT Lie supergroup to (G, g) via the isomorphism of sheaves
Ag — Fr,c ® Agj in [Kosz82l, §1]. Fixing a basis {X;} of go and {Y;} of g1, the preimage in
Kostant’s formalism of a function o € 1 ® g7 is described as follows:

FANEET S =
B K(Q)#E(g) - K,  ®.(g#Xv(Y7)) ={ S‘(Y ) ft}—:e;vvoi,sLﬂ -

where I € N#m(@0) and J e Zgim(gi) denote multi-indexes. Applying a left-invariant su-
perderivation X € gy to &, we obtain

(X o) (g# X y(Y7)) = Do ((g#X 7 (Y)) - (e#X)) = Ta(g#(X 1(Y7) X))



and use

YYjy A AYj)X = X(V, A AYG) + (Y XA Y AL AY,)
by (Y A AY A YL X])

k=1 Jk>
This yields (X.®4)(g# X v(Y?)) =0 for |I| # 0 or |J| # 1. Therefore, (X.®,) = o, x7)-

Definition 3. A planed LRT Lie supergroup is an LRT Lie supergroup (G,g,p) satisfying
Xo.(a) = a([-, Xo]) for all Xo € go and o € 1®g] C Fr o ®Ag;. A planed RT Lie supergroup
is an RT Lie supergroup with planed LRT Lie supergroup structure.

Note that, due to compatibility and equivariance, the property “planed” is preserved by mor-
phisms of LRT Lie supergroups. The LRT Lie supergroups analyzed here carry the natural
structure of an RT Lie supergroup by the representation by right-invariant superderivations
given in Kostant’s construction. Regarding isomorphisms of LRT, respectively RT Lie super-
groups, we have the desired functoriality.

Proposition 2. Isomorphic Harish-Chandra superpairs induce by the construction by Kostant
and Koszul isomorphic planed LRT, respectively planed RT Lie supergroups.

Proof. An isomorphism of Harish-Chandra superpairs is fixed by an isomorphism L of the
underlying Lie groups and a compatible isomorphism ¢ of the Lie superalgebras yielding an
isomorphism L#/ of Lie-Hopf superalgebras such that the induced morphism of superman-
ifolds by Koszul’s construction satisfies the equivariance condition in Definition 21 Denote
the associated isomorphism of Lie supergroups by (1, 1% ). Since ¢# (®) = ® o (L#¢) in the
notion of ([B]), compatibility follows from Koszul’s construction. This defines an isomorphism
of planed LRT, respectively RT Lie supergroups. O

1.4 Relation to the Construction by Berezin

In Berezin’s construction of a Lie supergroup G = (G, Ag) with Lie superalgebra g the sheaf
of holomorphic, respectively real-analytic, superfunctions Ag is embedded into F ~ ® Ag]

by Grassmann analytical continuation (see [Ber87] or [HK10]). Here G denotes the Lie group
associated to the Lie algebra g := go® (Ag])o®g1®(Ag])1 which contains G as a Lie subgroup.
By this procedure a superfunction p : G — Ag}] with constant value in gj is continued to

i(exp(> &) exp(d>_ 0iE)) = > oju(E;)
for a basis {&;} of go and {Z;} of g1 and coefficients a; € (Ag})o and o; € (Ag})1.

Deriving i by the left-invariant superderivation defined by Y € gg we obtain

(Y-ﬁ)(exp(z a;é;) GXP(Z 0;55)) = %‘to ﬂ(eXp(Z a;&;) eXp(Z 0,2;) exp(tY))

= | (S ag) ety (v ep( a2 ex(ey)

DL exp(-tv)exp(E =) expltr) 2 L3 auexp(~tY)Z, exply)
t=0 t=0

=S o2, Y)) = e [ Y](exp(Y ait) exp(S o3E5)



where we have used in (*1) that exp(—tY)exp(3_ 0;5;) exp(tY') is of the form exp(}_ 0’=E;)
and exp(} ;&) exp(tY') is again of the form exp()_ a&;). In (*2) we have used the equality
for matrix representations V! exp(W)V = exp(V1WV).

Hence, the construction by Berezin associates to a Harish-Chandra superpair (G, g) a planed
LRT Lie supergroup (G, g, p), where p : g — Der(Og ® Ag}) is given by the representation
of g on Grassmann analytically continued functions. An analogous version of Proposition
holds for Berezin’s construction by arguments which are similar to those used in that
proposition. Recall that the construction by Berezin also yields a representation by right-
invariant superderivations inducing structures of RT Lie supergroups.

Proposition 3. Isomorphic Harish-Chandra superpairs induce by the construction of Berezin
isomorphic planed LRT, respectively planed RT, Lie supergroups.

Proof. Note that equivariance follows immediately from the definition of a morphism of
Harish-Chandra superpairs. The isomorphism ¢ : g, — g in the proof of Proposition [2
can be continued Grassmann-linearly to an isomorphism l: ga — 0p inducing a continuation
of L:Gy — Gy to Ly : Ga 0— Gb 0. Altogether this yields an isomorphism of Lie groups

L: C~¥a — C~¥b, Ga,0 - €xp(Z) — Zo(ga,o) . exp(z(E))
for ga0 € éa,O and = € ﬁml. Now the pull-back of a superfunction f ® o € Fk g, ® Agz 1 by

the induced isomorphism of Lie supergroups (¥, %) : G, — Gy is given by the restriction of
(foLp)®(cwol) to G,. Hence compatibility is satisfied. O

An interesting question is whether the constructions by Kostant and Koszul, respectively
Berezin, yield isomorphic LRT, respectively RT Lie supergroups. We will discuss this in the
case of the example glg(1/1) in the following section and prove that they are indeed not
isomorphic.

2 Planed LRT Lie Supergroup Structures for gli(1/1)

We classify all planed LRT Lie supergroup structures for the Lie superalgebra g = glx(1/1)
with underlying Lie group G = (K*)? for K = R or C and compare the constructions by
Kostant and Berezin in this example. We conclude with a remark concerning the uniqueness
of RT Lie supergroup structures for Harish-Chandra superpairs of higher dimension.

2.1 Obstructions for planed LRT Lie Supergroup Structures

Here the Lie superalgebra gli(1/1) is introduced and a suitable set of generating functions
for the superalgebra of superfunctions is determined.

2.1.1 The Lie Superalgebra glg(1/1)

The Lie superalgebra glg(1/1) can be represented by 2 x 2-matrices with entries in K. As a
basis of the even part gy we choose

10 0 0
A_<0 O) and B_<0 1)



and for the odd part g1

0 1 0 0
C—<O 0> and D—<1 0>.
Here g is the Cartan subalgebra of gli(1/1) and the basis of g; determines the root spaces.
The superbracket is given by [X,Y] = XY — (=1)XIFlY X for homogeneous elements. Of
course [go, o] = 0 and otherwise
[A,C] =—[B,C]=C and —[A,D|=[B,D]=D, (4)
[C,D]=A+B and [C,C]|=[D,D]=0.

A Lie group associated to gg is G = (K*)? where we choose the standard coordinates (z,w)
on K2. The following identities are required by the definition a planed LRT Lie supergroup.

_AC*=B.C*=C*,  AD'=—B.D* = D", (5)
d t P

(AD)w) = G 1 (420 8—£(z,w) .
d P

(B.f)(z,w) = T t:()f (S e,}?w) = (9_1{)(2’w) Cw

for f € Fx ¢ = Fr,c ® 1. From (B)) it follows that
A(C*AND*)=B.(C*AND*)=0.

For further calculations it is very convenient to chose an appropriate set of generators for the
algebra Fi . For this We fix

fnm € Fr,G, fam(z,w) = 2"w™ for n,m € Z
and obtain

A-fn,m =n- fn,m and Bfn,m =m:- fn,m- (6)

2.1.2 The 16 structural Constants

Using () and (6) we compute

C.fam=1[4,Cl.fam = (AC — CA).frnm = A(C.fnm) —nC.frnm
= AC.fom)=(Mn+1)-C.fnm,m and
C.fom=—[B,Cl.fam = —(BC — CB).fpnm=—B.(C.fnm) + mC. fr.m
= B.(C.fpm)=m—=1)-C.fom .
Thus C.f,m lies in the eigenspace of A of the eigenvalue n + 1 and of B for the eigenvalue

m — 1. Since C. f;, ,, is of the form g C* + g2 D* for g1, g2 € Fk q, it follows that g, is a scalar
multiple of f,,12m—2 and go of f, .



A similar calculation yields that D.f, ,, is a linear combination of f, ,,C* and fp,—2 m42D".
For eight scalar constants cf., cfu, ch«, ch«,dg., déw, d5. and dp. we note

C'fLO = Cé*fg,,gc* + CZD*fL(]D* and C-fO,l = cg*f27,1C* + C%*f(],lD* R
D.f1p = dgs f10C" 4+ dp« f-12D" and D.fo1 = d¢és fo.C* + dp« f-23D"

All other odd derivatives of functions in Fk ¢ can be obtained using the properties of a
superderivation and the fact f,, = fi'o - fg'1- More explicitly

C.frm = n(C.f10) fn—1,m +m(C.fo1) frnm-1
= (ncgs + meds) fnr2,m—2C" + (nchs +mcpe) famD™
D-fn,m = n(D-fl,O)fnfl,m + m(D-fO,l)fn,mfl
= (ndé« + mdgs) fnmC* + (ndp« + mdpe) fn—2.m+2D*
Now using () and (&) we obtain
C.C*=[ACJ|l.C*=(AC - CA).C*" = A.(C.C")+C.C",
c.C*=-[B,C|.C*=—(BC —-CB).C* = -B.(C.C") 4+ C.C",
C.D*=[A,C|.D* = (AC — CA).D* = A.(C.D*) — C.D* and
C.D*=—-[B,C].D* = —-(BC — CB).D* = -B.(C.D*) - C.D*
leading to
A.(C.C*)=0, B.(C.C*)=0, A(C.D*)=2C.D* and B.(C.D*)=-2C.D*.
An analogous calculation yields

A.(D.C*)=—-2D.C*, B.(D.C*)=2D.C*, A.(D.D*)=0 and B.(D.D*)=0.

This way we obtain again eight constants ¢{" ,cP", ¢{",c?",d{" ,dP",d{" and d?" with
ccr =& +& ¢ D and  C.D* = fo_o(cP" +c2°C* AD¥),

D.C* = f 95(d$" +dS"C*AD*)  and  D.D*=dP" 4+ dR"C* AD* .
Note that in addition
C.(C*AD*)=c{"D* = fo_oc?"C* and  D.(C*AD*) = f92d{ D* —dP" C* .

A given representation of g on Fx ¢ ® Ag] by superderivations is uniquely determined by
these 16 constants, because all superfunctions can be approximated by linear combinations
of products of the fi,f0,1,C* and D*. Now we discuss which sets of constants are allowed.

2.1.3 The 25 structural Conditions

In terms of the above parameters we now determine the conditions which guarantee that a
g-representation is defined. From [C, C] = 0 we obtain
C*

z z z D* _
0=[C,C).fro = 20.C.f1g & | 2C:C = 2CCh T cGucn +prcn =0
’ ’ co=ci + 5P =0

O*

2%, W, — 2¢%, %, + .S + WP =0
_ . —920.C. R C+CD =D C+CA D*CA
0=1[C.Clfox C.C-Jon {cg*clc +cB.cP" =0

10



Furthermore,

c* .C*
cxcf =0 (v)
— . * — 2 U * /\* 1 * .
0=[C,C]|.C cCceCcr & {C(Aj D= (v3)
B . . 2¢z. P —2e8.cP" —cRePT =0 (vi7)

In addition, from [D, D] = 0 we obtain

2% d¥. — 2d%.dZ. + dZ.dS + d5.dR" =0

_ _ 2d%. d%. — 2d%.dz. + d%.dS +dB.dR" =0 (xi)
0= [D,D].foJ = 2D.D.f071 = { g*dlc* +dw*d{)* —0 .%'ZZ)
and
. . 2d%.d§" — 2d%.dS" —dS"dP" =0 (ziid)
_ - " dydi” =0 (zv)
0=[D,D].D* =2D.D.D* < { D" ab” — (zvi)
Finally from [C, D] = A+ B applied to f1 and fp it follows that
" R+ 28 —4ck. 0 2% 0 0 c& che
0 —2c¢. " R —2. +4cs 0 0 B Y.
§ cP 0 0 e CHe 0 0
0 0 §” P b B 0 0
0 (zvid)
. * * T 0 TV
(dzn & dB. B dYT dPT 4 dRT) = . Ewix) )
1 (zx)

Applied to C* and D* we obtain

QCg* - QCé* . —cg* _cf:* 0 ) (dc* dD* dc* dD*)T _ 0 (l‘l‘l)
268, — 2¢%, +c§ 0 0 L ! N 0 (zii)
O* 2dé* - ng* - d?* 0 _di)* ) (CC* CD* CC* CD*)T _ 0 (,I,IZZZ)
d? 2d5. — 2dp. 0 df LA A 0 (zziv)

These 24 equations are satisfied if and only if we obtain a representation of g by superderiva-
tions on superfunctions.

Now we have to find a condition on the constants yielding the definiteness in the definition
of LRT Lie supergroups. Therefore we must describe the sheaf Fy, of superfunctions which

are in the kernel of all even derivations. We observe from (&) and (@) that

Foo ={a- f1,-1C* +b- f.11D* | a,b e K} .
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The definiteness can be reformulated as

(b b)) ()

<8> = a=b=0

cph« — Ch- + K" Clw — Con + c?” ¢ P
det <d%*—dZD*+df* db. — 5.+ dV° #0 or det & b #0 (zzv)

which is by direct calculation equivalent to:

2.2 Classification of planed LRT Lie Supergroup Structures
Here we classify all planed LRT Lie supergroup structures for glg(1/1) up to isomorphy.

2.2.1 The possible Structures

First we determine the sets of allowed parameters. In some cases we will point out that there
are several structures satisfying all equations but inequalities (zzv). We call these objects,
which are not of further interest here, non-definite planed LRT Lie supergroups.

Denote

Coe o A%, d%. ¢ P
Me = ( C D > , Mp = < ¢ D and M;:= | . Lo .
G+ Cpe ¢ dp- di d

From det(Mc),det(Mp) # 0 we obtain with (i7),(iv),(z) and (zii) M; = 0 contrary to the
equations (xiz) and (zz) which also excludes M = Mp = 0.

Lemma 1. det(M¢) = det(Mp) = 0.

Proof. We will find a contradiction to det(M¢) # 0 and det(Mp) = 0 follows analogously.
For this note that (i7) and (iv) yield ¢¢" = ¢P" = 0 satisfying (v) to (viii). Furthermore,
d{" = dP" = 0 which contradicts (ziz) and (zz).

Case 1: Assume det(Mg) # 0 and d§,dP" # 0 and set o € K* with d{” = adP".

(zv) and (2vi) yield d¥” = 0 and (ziz) and (zx) yield ack. + ¢h. = ack. + . = (dP7)7L
From (x) and (zii) we have adf. = —dj. and ad@. = —dp.. The conditions (rxi) and
(zzii) imply ¢ = 2(c%. — %.) and (wxiii) and (zziv) lead to R = 0 satisfying (i) and
(7i1). Now (iz) and (i) lead to

- (2(dp- —dp.) —di ) =0  and B (2(dp- — dp.) —d ) =0.

Case 1a: Assume additionally to case 1 d7. = dp. = 0.

This includes d%. = d%. = 0. Here (zvii) and (2viii) lead to d = 0 and (zdii) and (ziv)
are satisfied. Thus all equations are fullfilled, but not the inequalities (xzv). Thus we obtain
equivalence classes of non-definite planed LRT Lie supergroup.

Case 1b: Assume additionally to case 1 that it is not the case d7). = df. = 0.

This includes d§~ = 2(d%. — d%.). The equations (ziii) and (ziv) are satisfied as well as
(zvii) and (xviii). In (zzv) both determinants vanish so we obtain only non-definite planed
LRT Lie supergroups

12



Case 2: Assume det(M¢) # 0 and d§” # 0, dP" = 0.

We obtain from (z) and (xii) dg. = d@. =0 and*from (zv) and (CCCC’LUZ dR" =" =0. (zir)
and (zz) yield the restriction cZ. = c%. = (d{")71, (ziv) yields d§" = 2(d%. — d%.) and
(zzii) yields ¢ = 2(c%. — c%.). Such constants satisfy all other equations but inequalities
(xav). So we only obtain non-definite planed LRT Lie supergroup structures.

Case 3: Assume det(Mc) # 0 and d§” = 0, dP” # 0.
With arguments parallel to case 2 we obtain d7,. = dp. = =l =d" =dP" =0 and
¢ =¥, = (dP")~!. Again (zzv) is the only condition which is not satisfied. O

Lemma 2. cg* = d?* =0.

Proof. Assuming c{" # 0 we find a contradiction. That d?” = 0 follows analogously. From
c§" # 0 it follows from equations (v) and (vi) that ¢{" = ¢P” = 0. Further, (ziz) and (2z)
imply that (d¢”,dP") # (0,0). Then from (zziii) and (zziv) we see that ¢?” = 0 and (zv)
and (zvi) imply d¥” = 0.

Case 1: Assume c§" # 2(c%. — c%.).
Then (i) and (iii) yield cZ. = % = 0 and (z2i) and (zzii) imply df” = dP" = 0, contra-
dicting (ziz) and (zx).

Case 2: Assume that ¢ = 2(c%. — ¢%.) and df" = 0.
We conclude from (z) and (xii) that d%. = d%. = 0 and from (ziii) that d§" = 0. Then
(zvii) and (xviii) are equivalent to (7). — C%*)dé* = (ch« — P+ )d@. = 0. In contrast (zzv)
requires dg. # d¢., but c. = cj. contradicts K" #0.

Case 3: Assume c§ = 2(c%. — c%.) and d§” # 0.
Then (ziv) yields d§~ = 2(d%. — d%.). Plugging this into (zvii) and (zviii) and substracting
both equations we obtain the first determinant in (zav) which thus has to be zero. O

Lemma 3. c?" =2(cZ. — c&.) and d§" = 2(d%. — d%.).

Proof. We assume that ¢ # 2(cZ. — ¢%.) and derive a contradition. The parallel equation
d$" = 2(d%. — d¥%.) follows ana*logously. ];rom (zizz) *it follows that cf " =0 and from (i),
(iv) and (viii) we derive cz.c{™ = ct.c{" = 2 c{" = 0. Thus ¢{" # 0 contradicts the
assumption. Hence ¢{" = 0. By (zir) and (z2) we have (df",dP") # (0,0). Hence, by
(zwiii) and (zxiv) we see that c?” = 0. Furthermore, (zxi) yields d{" = 0, since otherwise
Ctw = cgu, contradicting the assumption. Now (xiz) and (zx) yie*ld dP” £ 0 and 5. = c%.
while (x) and (zii) yield d%. = d%. = 0. Finally (zzv) includes d~ # 0 which yields together
with (zvii) and (zviii) the fact that c¢f. = cf. = 0, contrary to the assumption. O

As a consequence of Lemmas 2] and Bl there remain the 12 parameters in Mo, Mp and M, to
determine a planed LRT Lie supergroup structure. From equations (i) to (zvi) remain

w0 e o
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and from equations (zvii) to (zziv) remain

C* C*

[ ‘ dy (1
o (i) + e (G-) = (1)
G — BT 4 (doe —dB) P =0
Z

e — BT — (d5e —dB ) =0 (8)

while (zzv) becomes
Chs — Cphx  Clwx — Con &P
det <d}‘§* _ & dE. — #0 or det i gD #0.

Since det(M¢) = det(Mp) = 0, by Lemma [Il we may introduce new parameters pc,up, Ve,
vp, ¢, c¥, d*, d¥, c1 and dy with

ve= (ot Jes) o= (i ) n= (e i) o
satisfying the equations ([7]) while the equations (8) are transfered to
det (V5 45) - (dPc1 — Pdy) =1 det (5 05) - (dVer —c¥dy) =1 (10)
Since this implies det (5 1,5 ) # 0, the inequalities (zzv) become
(=) (d*—=d”)#0 or ¢ -di #0. (11)

Note that we gain with the new parameters in (9) one accessory artificial degree of freedom
in both My and Mp.

This yields a first result for the classification of planed LRT Lie supergroups for glk(1/1).

Theorem 1. The possible structures of planed LRT Lie supergroups for glg(1/1) and (K*)?
are parameterized by a 6-dimensional algebraic subvariety of KO intersected with the comple-
ments of two 9-dimensional algebraic subvarieties. Fxplicitly this set is parameterized by Mc,
Mp and My in (@) satisfying {I0) and {I1) and it is generically 6-dimensional.

2.2.2 The Isomorphisms

In order to determine isomorphy classes of planed LRT Lie supergroups we first have to
determine the Lie superalgebra automorphism 9° : glg(1/1) — glg(1/1). These are given by

(A — uA+(u—1)B
B —» vA+(w+1)B
UUASHAER: B O s 2O (v+1)
D — yD
(A — uA+ (u+1)B
_ B — vA+(v—-1)B
’lpwvg%uvvv* :g _> g, C H xD ( )
D — yC
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for z,y € K* and u,v € K with z -y = u + v. Note that we have the additional restriction
u,v € Z in the case K = C in order for 1/)°|g[K0(1/1) to induce a Lie group morphism.

Hence the automorphisms of a planed LRT Lie supergroup structure for glg(1/1) and (K*)?
depend on 3 free real parameters in the case K = R and 1 free complex and two free integer
parameters in the case K = C.

Let us now analyze the isomorphisms of planed LRT Lie supergroups

\I’ Ty, u,v (eryuv? :v,y#u v)

induced by wmﬂw* in the case K = R. Here we will denote the lmages w$7yuv*( ) by
X and the dual basis to {C,D} C g1 by {C*,D*}. Note that C* = zC* and D* = yD*.
Furthermore, a superfunction f with pull-back %»t y#uv( f) = fum will be denoted by f, .

Since )
w u—1\ 1 (1+v 1-u
v v+1) ay \ —v u
we conclude that f10 = f1+v =2 f01 = fi-u « and
Ty 'zy

f fl ,0 fO 1= f H” +m— noot+mos - f(ner)l:Tv*m (ntm) o 4+m (12)

which implies that

C.fio= g((l + )i — 0e8) f32C" 4 (1 + v) e — ve®) froD*
C. Ao,l = g((l —U)CE + ucg*)fg,,lé* + (1 —u)chH- + uc%*)fOJJj* ,
D.f10 = ((1 4 v)dz. —vd¥.) f100* + ((1 +0)d5e — vdb.)fo12D*
D.fo1 = ((1 = uw)dg. + ud®.)fo 0% + = ((1 —u)d%e + udB)f_o3D*
and
C.C* =& 4+ ay"C* A D" C.D* = f27_2(50{) + 2" C* A DY)

D.C* = f_g,g(ydlc* +2d"C*AD*)  and D.D* =dP" 4+ ayd? C* A D* .
T

Together with an analogous calculation for ¥ we have the following summary.

T,Y,U,v’

Proposition 4. For K = R the isomorphisms of planed LRT Lie supergroups W, 2 yup and
' induce the following transformations of parameters:

T,Y,U,v
( [cEe CcHe\ ) (1 +v)cgw — vegn
Cqé},* c%* ((1 — ’LL)CC* + UClCUv*
< 129;* djlg*> ‘I’M,v ( + v )dC* — ’Udc* ((1 + ’U)dZD* — ’Udzlu)*)
d. dv, (1= u)dzn +ud®.  L((1—u)ds. +uds.)

(o4 z D*
( yCIC* Y CDl* )
Sdy

(14 v)ch. — v
(1 —u)ch + uch.

o
— RIsw |y
Ry [ — —
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and

) )
(1 +u)dp. —udp.) (1+u)di. —udds
—0)che + ek L((1 - v)c. + o)
+u)ch. —uch.  E((1+u)eg. — uct.)

O'* D* * *
i daPr o 2d¢
d¢* 4" ! « Y 1*

1 /) ) \ geb™
T

Using this description we obtain from (7)) and (8)) the following results.

/N
1B |8

— =~~~

(1 —v)d3. +vd%.) (1 —v)de. + vdg*>

N
SER
QL
oe o
¥ %
N———
e
I
<
<
<
S
—_~

Theorem 2. The subset of R0 of generic dimension siz which parameterizes planed LRT-
Lie supergroups associated to the Lie superalgebra glg(1/1) in Theorem [ decomposes into
isomorphy classes of generic dimension three.

Therefore, without being precise about the quotient by isomorphisms, we have shown that
there is a three-dimensional parameter space of mutually non-isomorphic planed LRT Lie
supergroups. Note that this description of isomorphy fails in the complex case since fmm
in (I2)) is only well-defined if z - y divides v and 1 4+ v and hence equals +1. Since in any
case x -y € Z, it is nevertheless of certain interest to analyze this set C'r of isomorphisms
of the form \Il;x,lvu’ﬂ_u and \I';,xfl,mil—u with 2 € C* and u € Z. Using considerations
analogous to those in the real case, we obtain the following result.

Proposition 5. The subset of C'0 of generic dimension siz which parameterizes planed LRT-
Lie supergroups associated to glc(1/1) in Theorem[dl decomposes into isomorphy classes which
are generically 1-dimensional.

Therefore, in the rough sense indicated above, the space of mutually non-isomorphic planed
structures is complex 5-dimensional.

2.3 Comparison of the Constructions by Berezin and by Kostant

Berezin’s analytic construction of a Lie supergroup induces naturally a planed LRT Lie su-
pergroup as does the construction by Kostant and Koszul. Here we determine the 12 essential
structural constants for both constructions for the example of glg(1/1) and (K*)? and show
that the results are not isomorphic in the category of planed LRT, respectively planed RT,
Lie supergroups.

2.3.1 The 12 essential Constants for Kostant and Koszul

We start with Kostant and Koszul where f;, 1, fnmC™, fnmD* and f;, ,, C* AD* are identified
with the functions

q)fn,m’ (Dfn,mC*’ q)fn,mD*’ q)fn,mC*/\D* : K(G)#E(g) — K

defined by
;. . (9#Xov(a1 + ac<C + ap=D + anC A D)) = a1(Xo-fnm)(9)
s, .o (9# Xov(ar + ac<C + ap«D + apnC A D)) = ac+(Xo-fnm)(9)
;. .0 (9#Xov(a1 + ac<C + ap~D 4 apnC A D)) = ap+(Xo-fn,m)(g)
@y, .C*AD* (g#Xov(a1 + ac<C +ap-D +arC A D)) = an(Xo-fa,m)(9)
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for g € G, Xy € E(go) and a1, ac+,ap~,an € K. Using

V(CAD):%(CD—DC), CD+DC=A+B =

CD = 3(A+ B)+~(C AD)
DC =5

it follows that

C.®y, . (9#Xov(a1 + ac+C + ap+D + apC A D))
:—Qmﬂ@#%@meC+amD+meADDﬁ#C»

=-®; 9#Xo(a1C +ap=D - C + ap= (A + B)C)>

Z—Qmm@#MXMKD+9#%?XMA+lD—g#wm%%CAD)
+9# 5 Xo(A+ BN(0))
~ 55 (Xo(A+ B)).(fum) = =5 (n + m)(Xo-fum)
—%(n +m)®y, (g% Xoy(ar + ac-C + ap-D + arC A D)).

Analogous calculations lead to the list
1 1
C8f,m = —5(n+m)®y, . Dx D%y, =—5n+m)®y, .
1
5(7’1/ + m)(bfn’mC*/\D* C(bfn,mD* =0
D%y c-=0 D.®y,  pr=-®  —

(jq)fn,mcuk = _(bfn,m -

generating the set of parameters:
Cow  Cpx G dps clci c{)i
. . ds. dy. d¢" dp

2.3.2 The 12 essential Constants for Berezin

Il
—N
RN
o O
[
D[N0
N———
/l_l\
SIS
o O
N———
7 N\
o |

—_
=
—
N————
—

In the case of Berezin’s construction, associated to the superfunctions fy, m,fnmC™,fnmD*
and fy »,C* A D* we obtain the maps

~ *
Fn,m,la Fn,m,C*,Fn,m,D* > Fn,m,C*/\D* G — Agl
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given by

a1+apnC*AD* 0 . 0 coxC*+cpx D*
Frma <eXp < 0 b1+b/\C*/\D*) €xp (dc*cwde* 0

_ ena1+mb1 . (1 + (na/\ + mb/\)C* N D*) 5

a1+aAC*/\D* 0 . 0 Cc*c*-i-CD*D*
Frm,c <eXp < 0 b1+bAC*/\D*> exp <dC*C*+dD*D* 0

— gnartmbr, (cc+C* + ¢ep=D¥)
a1+anC*AD* 0 . 0 cox C*+cpx D*
Frm, D (eXP ( 0 b1+bAC*/\D*> exp <dC*C*+dD*D* 0
— ena1+mb1 . (dC* C* + dD*D*) and

+ C'*/\DA< 0 C, *C*+C *D*
Fn7m7c*/\D* (eXp (al G/\O C D

b1+bAC*/\D*> " CXp <dC*C*J?dD*D* 0
= emnutmb (condp. — epedes)CF A D
for a1,b; € C* and anp, bp, cox, cpx,dox,dp= € C. Note that we used
exp(x +yC* A D*) = e*(1 +yC* A D*)
for z,y € C.
Before calculating the derivatives of these functions we must identify a matrix in G with

a pair of matrices as they appear in the argument of the functions above. For this we set
R := ¢cxdp+ — ¢p+xdo+ and obtain

d14+anC*AD* 0 0 Eex C*+Ep= D*
exp ( 0 b1+b/\C*/\D*> exp <dC*C*+dD*D* 0
_ (e&1(1+€mC*AD*) 0 > ) < 1+RC*AD* 5C*C*+5D*D*)
0 €41 (14-bp C* AD*) dexC*+dp« D*  1—RC*AD*

. (e@1(1+(aA+R)C*/\D*) €41 (Ex C*+Epx D*) >
ebl(czc*C*JcmD*D*) 6b1(1+(5/\7R)C*/\D*)

Hence, in order to determine a decomposition of an element

_ cAll‘f’d/\cw/\l)* éc*c*‘i’éD*D* =
A= <CZC*C*+CZD*D* bi+bpC*AD* €G (13)

into A = exp(Xp) - exp(X1) for X; € g; we have to solve the equations

dl = 6&1 &/\ = 6&1 (6//\ + R) 61 = ebl i)/\ = ebl (5/\ - R) (14)
éC* = Bal 60* éD* = ealél)* Cic* = €b1d~C* (jD* = BbIJD* R = 5C*JD* - ED*JC* .
For odd superderivations it is necessary to understand the argument

a1+aAC*/\D* 0 . 0 Co* C*-‘,-CD*D* . 0 to
P ( 0 b1+bAC*AD*> exp <dC*C*+dD*D* 0 exp (5 '6')

with a = ac«C* + ap~D*. In the notation of (I3]) the product is determined by

A~

ap = ™ apn = e (ap + R) by =™ br =" (bp — R
+ t(de=ap~ — dD*OéC*))

Cox = €™ (cor +tacs) Epx = e (cps + tap+) dox = des dps = ePdps .
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Solving the nine equations in (I4]) we obtain

C~l1 = a1 d/\ = an + t(OéD*dc* — Oéc*dD*) 51 = bl B/\ = b/\
Cox = (Cc* + tac*) Cp* = (CD* + tOcD*) cic* =dg~ CZD* = dp=
yielding
C-Fn,m,l = 7WLFWn,m,D* C-Fn,m,C’* = Fn,m,l
C-Fn,m,D* =0 C’-F1n,m,C"‘/\D* = —L'nm,D* -

A parallel calculation for D leads to

D-Fn7m71 = an,m,(;* D-Fn,m,c* =0
D-Fn,m,D* = Fn,m,l D-Fn,m,C*/\D* = Fn,m,C’*

and finally to the parameters

Cin Copn 2 dA. &7 [ /(01 0 0 10
{ (&5* c%*> ( woaw ) \ae a2 ) y=1 0 o) (1 o) o 1) (Bev)
Hence, we are finally in a position where we can compare the structures.

Theorem 3. In the case glgx(1/1) the constructions by Kostant-Koszul and Berezin define
non-isomorphic RT Lie supergroup structures.

Proof. For the example of gl (1/1) we obtain as conditions for the existence of an isomorphism
of type ‘Ilgt%um between the parameter sets [[Ber)| and [KK)

D= ,Ber = (1 +0)Cp i —vCp~ g = (1+v) —v=-2

dzC*,BeT‘ = (1 + U)dé‘*,KK - Udg‘*,KK = (1 + 'U) —v=0.
The type ¥, , ., , yields an analogous contradiction. Here we have discussed planed LRT Lie
supergroups, but since isomorphisms of LRT Lie supergroups preserve the property “planed”,
non-isomorphy also holds in the category of general LRT Lie supergroup structures in the

case of glg(1/1). The constructions of Kostant and Berezin yield RT Lie supergroups, so
non-isomorphy also holds in this case. O

It should be remarked that, since gl (1/1) can be found as a subsuperalgebra in many higher
dimensional Lie superalgebras, it is therefore a generally occurring phenomenon that the
Kostant-Koszul and Berezin constructions produce non-isomorphic RT-structures.
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