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VECTOR GROUPOIDS

VASILE POPUTA and GEORGHE IVAN

ABSTRACT. The main purpose of this paper is to study the vector groupoids.
This is an algebraic structure which combines the concepts of Brandt groupoid and
vector space such that these are compatible. The new concept of vector groupoid
has applications in geometry and other areas.

1 INTRODUCTION

A groupoid, also known as a virtual group [16], is an algebraic structure
introduced by H. Brandt [I]. A groupoid (in the sense of Brandt) can be
thought as a set with a partially defined multiplication, for which the usual
properties of a group hold whenever they make sense.

A generalization of Brandt groupoid has appeared in [9]. C. Ehresmann
added further structures ( topological and differentiable as well as algebraic)
to groupoids.

Groupoids and its generalizations (topological groupoids, Lie groupoids,
measure groupoids, sympectic groupoids etc.) are mathematical structures
that have proved to be useful in many areas of science [algebraic topology
(3], [8]), harmonic analysis and operators algebras ([§], [I8], [22]), differen-
tial geometry and its applications ([4], [6], [14], [17], [21]), noncommutative
geometry ([5]), algebraic and geometric combinatorics ([13], [20]), dynamics
of networks ([7], [I1], [19] and more].

It is remarkable to note that according to A. Connes [5], Heisenberg
was discovered quantum mechanics by considering the groupoid of quantum
transitions rather than the group of symmetry.

The paper is organized as follows. In Section 2 we define groupoids
and useful properties of them are presented. In Section 3 we introduce the
concept of vector groupoid and its properties are established. In Section 3
we give some algebraic constructions of vector groupoids.

2 BRANDT GROUPOIDS

We recall the minimal necessary backgrounds on groupoids for our de-
velopments (for further details see e.g. [2], [10], [12], [I5] and references
therein for more details).

Definition 2.1. ([6/) A groupoid G over Gy ( in the sense of Brandt
) is a pair (G,Go) of nonempty sets such that Gy C G endowed with two
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surjective maps o, B : G — Gy ( called source, respectively target, a par-
tially binary operation (called multiplication) m : G(9) — G, (7,y) —
m (z,y) = 2y, where Gy :=Gxp )G ={(r,y) €GxG|B(x)=a(y)}
is the set of composable pairs and a map 1: G — G, v+ o(x) =27}
( called inversion), which verify the following conditions:

(G) (associativity): (z-y)-z=x-(y-z) in the sense that if one of
two products (x-y) -z and x- (y- z) is defined, then the other product is also
defined and they are equals;

(G2) (units): for each x € G = (a(z),7), (z,8(z)) € Gy and we
have a(z) -z =x-pB(x) = x;

(G3) (inverses): for each xz € G = (z,27'), (z7',2) € Go) and we
have ' 2= B(z), z- 27! =a(z).

A groupoid G over Gg with the structure functions «, 8, m,t is denoted
by (G, «a,3,m,t,Gqy) or (G,a,3,Gp) or (G,Gp). The element a(x) respec-
tively B(x) is called the left unit respectively right unit of z; Gy is called
the wnit set of G. The map (o, 3) defined by:

(o, B) : G — Gy x Go, (o, B)(z) := (a(), B(x)), x € G,

is called the anchor map of G. For each u € Gy, the set Gy, = a~*(u) (
resp. Gy := 87 1(u) ) is called a— fibre (resp. [— fibre ) of G at u € Gy.
If u,v€ Gy we will write G% = a~(u) N B~(v).
A groupoid (G, Gy) is said to be transitive, if its anchor map is surjective.
Convention. (1) We write sometimes zy for m(z,y) , if (z,y) € G(o).
(2) Whenever we write a product in a given groupoid, we are assuming
that it is defined. O
In the following proposition we summarize some basic rules of algebraic
calculation in a Brandt groupoid obtained directly from definitions.

Proposition 2.1. ([12]) In a groupoid (G,c,B,m,t,Go) the following
assertions hold :

(i) aw)=pFu) =u, uwu-u=u and (u)=u, Yu € Gp;

(1) a(z-y) =a(x) and B(z-y)=PF(y), V(z,y) € Gy

(i) a (z7) =B(z) and B(z7') =a(z), Vo€ G;

(iv) (cancellation law) If for z,y1,y2,2 € G we have (x,y1), (z,y2),
(Y1, 2); (Y2, 2) € Gay, then:

(@) z-ypi=z-y2 = yi=yxn O) yp-2=y2-2 = y1 =y
(v) For each x € G we have (z71)71 = 2.
(vi) If (x,y) € G(2), then (y Lz e G () and the equality holds:

1 1 -1

(z-y)" =y -z
(vii) For all (z,y) € G (z), the following equalities hold:

xil-(x-y):y and (w-y)-yil:x.



In a groupoid (G, Gy) for any u € Gy, the set G(u) := o~ (u)NB~(u) =
{zr € G| a(r) = p(x) = u } is a group under the restriction of the partial
multiplication m to G(u), called the isotropy group at u of G.

Proposition 2.2. ([12]) Let (G,«a, B, m,t,Gy) be a groupoid. Then:

(1) aor=0, Bor=a and tor=Idg.

(ii) ¢ : Gla(z)) — G(B(x)), w(2) := 7 'zx is an isomorphism of
groups.

(1i1) If (G,Gy) is transitive, then all isotropy groups are isomorphes.

A group bundle is a groupoid (G,Gp) with the property that «a(x) =
B(x) for all x € G. Moreover,a group bundle is the union of its isotropy
groups G(u) = a~!(u),u € Gy (here, two elements may be composed iff
they lie in the same fiber a~*(u) ).

If (G,a,B,Gy) is a groupoid then Is(G):={zx € G | a(z)=p(x)} is
a group bundle, called the isotropy group bundle of G.

Example 2.1. (i) Any group G having e as unity, is a groupoid over
Go = {e} with the structure functions «, 8, m, ¢ given by:
a(r) = B(x) =e, t(z) =z forall x € G and m(z,y) = zy for all z,y € G.

(ii) Any set X can be endowed with a nul groupoid structure over
itself. For this we take: o = =1 = Idx; =,y € X are composable iff
r =1y and we define =z -z =z.

(iii) The Cartesian product G := X x X has a structure of groupoid over
Ax ={(z,z) € X x X | z € X} by taking the structure functions as follows:
a(z,y) = (z,2), Blz,y) := (y,y); the elements (z,y) and (y,z) are
composable in G := X x X iff ¥y =y and we define (z,y)-(y,2) = (z,2)
and the inverse of (z,y) is defined by (z,y)~! := (y,z). This is usually
called the pair or coarse groupoid. Its unit set is Gy := Ax. The isotropy
group G(u) at uw= (x,z) is the nul group {(u,u)}.

Example 2.2. (i) The symmetry groupoid 8G(X). Let X be a nonempty
set and consider

G:=85(A,X)={f: A= A|0#ACX, fis bijective } and
Go:={Ida | 0 # A C X}, where Id, is the identity map on A.

Let G(g) := {(f,9) € G x G|D(f) = D(g)}, where D(f) denotes the
domain of f. The structure functions o, : G — Gg, ¢ : G — G and the
multiplication m : G — G are given by:

(X(f) = IdD(f)a 5(.]0) = IdD(f)a L(f) = fil and m(f, g) = f og.
Then (G,Gy) is a groupoid, called the groupoid of bijective functions
from the subsets A of X onto A or the symmetry groupoid of the set X.
The isotropy group at u = Idy4 is the symmetry group of the set A, i.e.
G(u)={f:A— A| f is bijective }.



In particular, the symmetry groupoid of a finite set X = {x1,z9,...,2,},
is called the symmetry groupoid of degree n and is denoted by 89G,,. Its unit
set is 8G,0 = {Ida | 0 # A C {z1,292,...,2,}}. The cardinals of these
finite sets are given by:

=1

(i) The Galois groupoid Gal(E/K). Let F//K be an extension field of a
field K, i.e. K is a subfield of F.. We consider an indexed family &€ := (E;);er
of intermediate fields F;, that is K C E; C F for each 7 € I. Let

I''=S8al(§/K) ={¢: E; — E; | ¢ is a K -automorphism } and
Iy := 9al(8/K)0 = {IdEI | 1€ I}

Let I'(9) := {(¢,9) € T x I'|D(p) = D(3)}. The structure functions
@,f:T =Ty, 7:I' =T and m:Ty — T are given by:

a(p) == Idp,, Blp):=Idpy), t(e):=¢ ' and m(p,¢):=po.

Then Sal(€/K) is a groupoid over Gal(€/ K)o, called the Galois groupoid
associated to €. The isotropy group at u = Idg, is the Galois group

Definition 2.2. ([6]) By morpfism of groupoids or groupoid mor-
phism between the groupoids (G,a, B,m,t,Gy) and (G',o/,6',m/,/, GY),
we mean a map f: G — G' which verifies the following conditions:

(i)  V(zy) €Ge = (f(2),f(y) € Gy

(i) f(m(z,y)) =m/(f(2), f(Y), ¥ (z,y) € G(z).

Proposition 2.3. If f : G — G’ is a morpfism of groupoids, then:
(a) f(u)€ G, Y uéeGp; (b) f(x_l):(f(x))_l,VxeG.

From Proposition 2.3(a) follows that a groupoid morphism f : G — G’
induces a map fo : Go — Gy, taking fo(u) := f(u), (V)u € Go, i.e. the map
fo is the restriction of f to Go. We say that (f, fo) : (G,Go) — (G',G}) is a
morphism of groupoids.

If Go=Gj and fy=Idg,, wesay that f: G — G’ is a Gy - morphism
of groupoids over Gjy.

A groupoid morphism (f, fo) is said to be isomorphism of groupoids or
groupoid isomorphism, if f and fy are bijective maps.

Proposition 2.4. ([12]) Let (G, o, 8,m,1,Go) and (G', o/, 5',m/,/, Gf) be
two groupoids. The pair (f, fo) : (G,Go) — (G, Gy) where f: G — G
and fo : Go — GY, is a groupoid morphism if and only if the following
conditions are verified:

(1) oof=fooa and B'of= fyop;

(i) f(m(z,y)=m'(f(x),f ), V(z,y) €Go).



Remark 2.1. Applying Propositions 2.3 and 3.4 we can conclude that a
groupoid morphism (f, fo) : (G,Go) — (G',Gf)) is linked with the struc-
ture functions by the relations :

d'of=fooa, Blof=fooB, m'o(fxf)=fom, Jof=for (21)

where (f x f)(z,y) = (f(2), f(y)), V 2,y € G x G.

Definition 2.3. ([§]) A groupoid morphism (f, fo) : (G,Go) — (G', G})
satisfying the following condition:

Va,y € G such that (f(z), f(y)) € G'(Q) =  (2,9) € Gy (2.2)
will be called strong morphism or homomorphism of groupoids.

Example 2.3. Let the symmetry groupoid 8G,, of the finite set
X = {z1,29,...,2,} and the multiplicative group {+1,—1} ( regarded as
groupoid over {+1} ). We define the map

sgnf : 8G, — {+1,—1}, f € 89, — sgnl(f) := sgn(f),

where sgn(f) is the signature of the permutation f of degree k = |D(f)].

We have that sgnf :8G,, — {+1,—1} is a groupoid morphism.

Indeed, let f,g € G(9), where G = 8G(A, X) such that D(f) = D(g) :=
Ap =A{xj,...,z;,} € X, 1 <k <n. Then f and g are permutations of
Ay and fog is also a permutation of Ag. It is clearly that the condition (i)
from Definition 2.2 is verified. Also, it is well known that
sgn(f o g) = sgn([f) - sgn(g). Hence sgni(m(f,q)) = sgni(f) - sgnt(g)
Therefore the condition (ii) from Definition 2.2 holds.

The map sgn' : 8G,, — {+1, -1} is not a groupoid homomorphism.

Indeed, for X = {x1,x2, x3, 4} we consider the permutations f,g € 894,
vvherefz(x1 T2 T3 andg:<$1 3 x4>.Then

o I3 I1 T4 T3 I1

sgn*(f) = +1, sgn*(g) = —1and (sgn*(f), sgn*(9)) € {+1, =1} x{+1,-1}.
But f and g are not composable in 894, since D(f) # D(g).

3 VECTOR GROUPOIDS

Definition 3.1. A vector groupoid over a field K, is a groupoid (V,«,3,©,¢,Vp)
such that:

(3.1.1) 'V is a vector space over K, and the units set V is a subspace of V.
(8.1.2) The source and the target maps o and [ are linear maps.

(8.1.8) The inversion 1:V — V, .+ 1(z) := 2}
the following condition is verified:

(1) r+z7 ! =a(x) + B(x), forallz €V.
(8.1.4) The map m : Vigy = {(z,y) € VxV | aly) = B(x)} =V,
(z,y) — m(z,y) :=x Oy, satisfy the following conditions :

s a linear map and



1.z @y+z—p)=20y+zx0z—ur, foralz,y,z €V, such that
a(y) = B(z) = afz).

220 (ky+ (1 —-k)p(x) =kzoy) + 1 -k, for all z,y € V, such
that a(y) = B(x).

3 ytz—a@)0r=y0zr+z0x—uz, for al x,y,z € V, such that
a(z) = Bly) = B(z).

4. (ky+ (1 —=k)a(z))ox =k(yoz)+ (1 —k)x for all z,y € V, such that
a(z) = B(y)-

When there can be no confusion we put zy or x - y instead of x © y.
From Definition 3.1 follows the following corollary.

Corollary 3.1. Let (V,a,3,®,t, V) be a vector groupoid. Then:
(1)  The source and target o, 3 : V — Vi are linear epimorphisms.
(ii)  The inversion v : V — V is a linear automorphism.
(7i1) The fibres oz_l( ) and B~1(0) and the isotropy group

V(0) := a=1(0) N B7L(0) are vector subspaces of the vector space V.

Example 3.1. Let V be a vector space over a field K. If we define the maps
ag, Bo,to: V —V, ag(z) = Bo(z) =0, tp(x) = —z, and the multiplication
law mo(z,y) = = + y, then (V, ag, By, mo, Lo, Vo = {0}) is a vector groupoid
called vector groupoid with a single unit. We will denote this vector groupoid
by (V,+). Therefore, each vector space V over K can be regarded as vector
groupoid over Vy = {0}. O

Example 3.2. Let V be a vector space over a field K. Then V has a
structure of null groupoid over V' ( see Example 2.1(ii) ). In this case the
structure functions are a = =1=Idy and x @ x =z for all z € V. We
have that Vp = V and the maps «a, 8, are linear. Since x + t(z) =z + =
and a(x) + B(z) =  + = imply that the condition 3.1.3(1) holds. It is easy
to verify the conditions 3.1.4(1)- 3.1.4(4) from Definition 3.1. Then V is a
vector groupoid, called the null vector groupoid associated to V. O

Example 3.3. Let V be a vector space over a field K. We consider the pair
groupoid (V x V, &, 8,m, 7, Ay) associated to V' ( see Example 2.1(iii)). We
have that V' x V is a vector space over K and the source o and target § are
linear maps. Also, the inversion 7: V x V — V x V is a linear isomorphism.
Therefore it follows that the conditions (3.1.1) — (3.1.3) are satisfied. By
a direct computation we verify that the relations 3.1.4(1) - 3.1.4(4) from
Definition 3.1 hold. Hence V x V is a vector groupoid called the coarse
vector groupoid or pair vector groupoid associated to V. U

Example 3.4. The vector groupoid V?2(p,q). Let V be a vector space
over a field K and let p,q € K such that pg = 1. The maps «, 3,¢: V? —

V2 a(x,y) = (x,pz), B(z,y) := (qy,y), t(z,y) = (qy, pz) together with the



multiplication law given on V(22) ={((z,y),(qy,2)) | z,y,2 € V} C VZx V2,
by (z,y) - (qy,z) := (, z) determine on V? a structure of vector groupoid.
This is called the pair or the coarse vector groupoid of type (p,q) and it is
denoted by V2(p, q).

If p = ¢ = 1, then the vector groupoid V?(1,1) coincide with the pair
vector groupoid associated to V (see Example 3.3 ).

If n is a prime number and p, q € Z,, such that pg = 1, then Z2(p, q) is
called the modular or cryptographic vector groupoid. O

Example 3.5. Let V' be vector space over a field K. One consider the maps
aaBaL : V3 I ng Oé(,fl?l,fEQ,,Ig) = (,Il,iEl,O), B(ﬂ?l,CEQ,fE:}) = (iEQ,,IQ,O),
t(x1, e, x3) := (x2,21, —x3) together with the multiplication law given on
Viyy = {((z1,22,23), (¥2,92,93)) | 21, 22,23,52,943 € V} C V? x V3 by
(z1,22,23) © (22, y2,Y3) = (1, Y2, T3 + ¥3).

Then (V3,q, B,t,®,Vy), where Vi@ = {(x,2,0) | * € V}, is a vector
groupoid. O

In the following proposition, we give, in addition to those in Proposition
2.1, other rules of algebraic calculation in a vector groupoid.

Proposition 3.1. In a vector groupoid (V,a, 3,®,t,Vy) the following as-
sertions hold :

(i) 0-x =z, Vaoecat0);

(ii) z- 0=z, V€ B7L0);
(iii) For all x, y € 371(0), we have x — a(x) =y — a(y) = = = y;
() for all x,y € a~(0), we have = — B(z) =y — B(y) = = = y.

Proof. (i) If 2 € o 1(0), then a(z) = 0 = 5(0). So (0,z) € V{5) and, using
the condition (G2) from Definition 2.1, one obtains that 0-z = a(z) -z = =.
(iv) Let 2,y € a~1(0) such that x — 3(x) = y — B(y). Then a(z) = a(y) =0
and x —y = B(z) — B(y). Since « is linear map and applying Proposition
2.1 (i), one obtains that 0 = a(z) — a(y) = a(z —y) = a(B(x) — B(y)) =
Blx) = Bly) =z —y, and so z = y.

Similarly, we prove that the assertions (ii) and (iii) hold. O

Proposition 3.2. Let (V,«,8,©,t,Vp) be a vector groupoid. Then:
(i) tg:a 1(0) — B7H(0), tg(z) == B(z) —x is a linear isomorphism.
(ii) to: B7H0) — a 1(0), to(z) := a(z) —z is a linear isomorphism.

Proof. (i) Let be x1,29 € V and ki, ko € K. Then tg(kiz1 + koxo) =
= [(k1x1 + kaxo) — (k1z1 + kowo) = k1(B(z1) — 1) + ka2 (B(z2) — 22) =
= kitg(x1) + katg(z2). Hence tg is a linear map.
Let now z,y € o~ (0) such that tz(x) = tg(y). Applying Proposition
3.1(iv), one obtains = = y, and so the map t3 is injective.



For any y € 371(0) we take = a(y) — y. Clearly x € a~1(0). We have
ts(z) = Blaly) —y) —(aly) —y) = a(y) — B(y) —a(y) +y = y, since S(y) = 0.
Hence the map tg is surjective. Therefore tg is a linear isomorphism.

(74) Similarly we prove that t,, is a linear isomorphism. O

Proposition 3.3. Let (V,+,-,,8,0,t,Vy) be a vector groupoid over K
and u € Vg any unit of V. The following assertions hold.

(1)  The isotropy group V(u) :={z € V | a(z) = B(x) = u} endowed
with the laws H:V XV -V and X: K xV =V given by:

ctBy=z+y—u, VazyeV(u (3.1)

ERzx=kr+(1—ku, VkekK, zeV(u), (3.2)

has a structure of vector space over K.

(1)  The vector space (V(u),H,X) together with the restrictions of
structure functions «, 3,0 to V(u) and the multiplication
H:V(u)e =V(w) x V(u) = V(u) given by:

rly=(x—-uw)O(y—u)+u, VazyeV(u (3.3)
has a structure of vector groupoid with a single unit over K.

Proof. (i) Using the linearity of the functions o and 8 we verify that the
laws B and X given by (3.1) and (3.2) are well-defined. For instance, for
z,y € V(u) we have a(z By) = a(r +y —u) = a(z) + a(y) — a(u) = u,
since a(x) = a(y) = a(u) = u. Similarly, f(zBy) = u. Hence By € V(u).
It is easy to verify that (V(u),H) is a commutative group. Its null vector is
the element u € V(u). The opposite Bz of z € V(u) is Bz =2u—ux.

For any z,y € V(u) and k, k1, ke € K, the law X verify the following
relations:

(@) kXN (zBy)=(kNz)B(FkBy),

(b) (k1 + ko) R = (k) Rz) B (ky K ),

() k1 (kyRa) = (kiky) R,

(d) 1Xa = (here 1 is the unit of the field K ).

Indeed, we have kX (zBy) = k(zBy)+ (1 —k)u = k(x+y)+ (1 —2k)u
and (kXz)B (kBy) = (EXz)+ (kBy) —u =k(z+y)+ (1 —2k)u . Hence
the equality (a) holds.

In the same manner we prove that the equalities (b) - (d) hold. Therefore
(V,H,X) is a vector space.

(i) From the above assertion follows that the condition (3.1.1) from
Definition 3.1 is satisfied.



The restrictions of the linear maps « and § to V' (u) are linear maps, and
so the condition (3.1.2) from Definition 3.1 holds.

Also, the restriction of the linear maps ¢ to V'(u) is linear map. Applying
the equality 3.1.3(1) from Definition 3.1, for any x € V' (u) we have
zBu(zx) =2+ (z) —u=az) + 5(x) —u=ar) BS(x). Therefore the
condition (3.1.3) from Definition 3.1 holds.

Let z,y € V(u). Applying the properties of maps a and 3 we have
a(zBly) =a((z—u)©(y—u)+u) =a((z—u)© (y —u) + a(u) =
=a(r—u)+a(u) =a(x) =vand f(zHy) = v and so x Dy € V(u). Hence
the law [J given by the relation (3.3) is well-defined.

If ,y,2z € V(u) then the following equality holds:

() ¢B(yB2B(B8@) = (¢ Dy) B (¢ B2) B (Bx)).

Indeed, we have

(e.l) 20 (yHzBBBL(z)) =28 (yBHzB (Bu) =8 (yBzBu) =

=zHyBz)=@—-—uv)o(yBz—u)+u=(z—u) O (y—u)+ (2 —u)) +u.
Replacing in the equality 3.4.1(1) the elements z,y,z € V(u) respec-

tively with & —u,y — u,z — u € V(u), we obtain the following equality

(f) @=w)o((y—u)+(z-v) = (t-w)O(y—u)+(@-u)O (2 —u) - (z—u),
since f(xz —u) = 0.

Using the relation (f), the equality (e.1) becomes
(e2) zB(yHzBBL(x))) =(z—u) 0 (y—u)+(x—u)®(z —u) +2u — x.

On the other hand we have
(e3) (zBy)B@ED2)BE2)=(z0y)BxHz)B 2u—=2)=
=@ly+280z—u)BQRu—2)=2c0y+2Hz—2=
=z—uwoy—u+(r—u)O(z—u)+2u—mu=

Using (e.2) and (e.3) we obtain the equality (e). Hence, the relation
3.4.1(1) from Definition 3.1 holds.

In the same manner we can prove that the relations 3.1.4(2) - 3.1.4(4)
from Definition 3.1 are verified. O

We call (V(u),B,X, «a, 8,0, ¢, Vp(u) = {u}) the isotropy vector groupoid
at u € Vp of V', when one refers to the above structure given on it.

Definition 3.2. Let (Vi, a1, 51, Vi) and (Va, ag, B2, Va ) be two vector groupoids.
A groupoid morphism ( resp. groupoid homomorphism ) f : Vi — Vs

with property that f is a linear map, is called vector groupoid morphism

( resp. vector groupoid homomorphism ).



Example 3.6. Let (V,a, 8,0,t,Vp) be a vector groupoid. We consider the
pair vector groupoid (Vj x Vg, @, E,ﬁz,f, Ay,). Then
the anchor map («, B) : V- — Vo x Vi is a homomorphism of vector groupoids
between the vector groupoids V and Vi x V.

Indeed, if we denote («, ) := f and consider the elements z,y € G

such that (f(x), f(y)) € (Vo X Vo)(2), then 5(]”(36)) = a(f(y)) and we have
Blale), B(x)) = daly), B»)) = (B@), B(x)) = (0, o) = A) =
a(y), i.e. (z,y) € V(o). Therefore the condition (i) from Definition 2.2 holds.

For (z,y) € V(2) we have

fm(z,y)) = f(zy) = (a(zy), B(zy)) = (a(x), B(y)) and

(), () = ((alz), B(x)), (a(y), B3)) = (alz), B(3)).

Hence the equality (ii) from Definition 2.2 is verified.

Let now two elements x,y € V such that (f(x), f(y)) € (Vo x Vo)2)-
Then 3(f(x)) = a(f(y)). Since f(z) = (a(z), B(x)) and f(y) = (a(y), B(y))
we deduce that (8(x),5(z)) = (ay),a(y)). Therefore f(x) = a(y) and
(z,y) € G(vy. Therefore the condition (2.2) from Definition 2.3 is satisfied.

Hence f: V — Vy x Vj is a groupoid homomorphism.

Let z,y € V and a,b € K. Since «, 8 are linear maps, we have
flaz +by) = (aaz + by), Blax + by)) = (ac(z) + ba(y), aB(z) + bB(y)) =
= a(a(x),B(x)) + bla(y), Bly)) = af(z) + bf(y), i.e. fis a linear map.

Therefore, the conditions from Definition 3.2 are verified. Hence f is a
vector groupoid homomorphism. O

4 ALGEBRAIC CONSTRUCTIONS OF VECTOR
GROUPOIDS

In this section we shall give some important ways of building up new vector
groupoids.

1. Direct product of two vector groupoids. Let given the vector
groupoids (V, ay, By, Ov,ty, Vo) and (W, aw, fw, Ow, tw, Wp). We have
that Vy x Wy is a vector subspace of the direct product V' x W of vector
spaces V and W.

We can easy prove that V' x W endowed with the structure functions

ayvxw, Bvxw, Ovxw and tyxw given by
avxw(v,w) = (av(v),aw(w)), Byxw(v,w) = (Bv(v), Bw (w)),
(v1, w1)Ovsw (v2, wa) = (V1OV V2, WIOWW2), tyxw (v, w) = (v (v), tw (w))
for all v,v1,v9 € V and w, wy,ws € W, is a vector groupoid over Vy x Wy.
This vector groupoid is called the direct product of vector groupoids
(V, ‘/0) and (W/’ WO)
By a direct computation we can verify that the projections
pry : VW — Vand pryy : VW — W are morphisms of vector groupoids,
called the canonical projections of the vector groupoid V' x W onto vector
groupoid V and W, respectively. The following assertion holds
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The direct product of two transitive vector groupoids is also a transitive
vector groupoid.

2. Trivial vector groupoid TVG(V,W). Let W be a vector subspace
of a vector space V over K. Theset V:= W xV xW has a natural structure
of vector space. The set Vg := {(w,0,w) € V | w € W} is a vector subspace
of V (here 0 is the null vector of V). We introduce on V:= W x V x W the
structure functions ay, By, ®y and 1y as follows.

For all (wy,v,ws) € V, the source and target ary, By : V — Vj are defined
by

ay(wy,v,we) = (wy,0,w1);  By(wy,v,we) = (ws,0,ws).

The partially multiplication ©y : V() — V, where

Vioy = {((w1,v1,w2), (wh, va,w3)) € Vx V[ wg = wy} and the inversion
map ty : V — 'V are given by

(w1, v1, w2)Oy(we, va, w3) = (w1, v1+v2, w3); ty(wi,v,ws) = (wa, —v,w1).

It is easy to verify that the conditions of Definition 2.1 are satisfied.
Then (V,ay, By, Oy, ty, Vo) is a groupoid. Also, the condition (3.1.1) from
Definition 3.1 is verified.

Let now two elements x,y € V and a,b € K where x = (wq, v, w2) and
y = (w3, v2,wq). We have

ay(az + by) = ay(awy + bws, avy + bug, aws + bwy) =
= (aw; 4 bws, 0, awy + bws) = a(wy, 0, wy) + b(ws, 0, w3) = aay(w,v1,ws)+
+bay(ws, ve, ws) = acy(z) + bay(y).

It follows that ary is a linear map. Similarly we prove that Sy is a linear
map. Therefore the conditions (3.1.2) from Definition 3.1 hold.

For x = (wy,v1,wy) € V and y = (w3, v9,wy) € V and a,b € K, we have

wy(ax + by) = wy(awy 4+ bws, avy + bug, awg + bwy) =
= (awy + bwy, —avy — bug, aw + bws) = a(ws, —v1, w1 ) + b(wg, —va, w3) =
= awy(wi,v1,w2) + bry(ws, va, wa) = ary(x) + by (y).

It follows that vy is a linear map. Also

x+ 1y (x) = (w1, v1,w2) + (wa, —v1,w1) = (W1 + we, 0, w1 + we) =
= (w1, 0,w1) + (w2,0,w2) = ay(z) + fv(x).

Hence the condition (3.1.3) from Definition 3.1 holds.

For to verify the relation 3.1.4(1) from Definition 3.1 we consider the
arbitrary elements z,y,z € V where x = (wq,v1,ws2),y = (w3, v, wy) and
z = (ws, v3,wg) such that ay(y) = Py(x) = ay(z). Then we = w3 = ws and
follows = = (w1, v1,w3),y = (we,ve,wy) and z = (we, v3, we).

For all k£ € K we have

(1) z0Ov(y+z—PBv(x)) = (w1,v1,w2) Ov (w2, v, wa)+
—i—(wg,vg,w@) — (wg, 0,?1)2)) = (wl,vl,wg) (OLY) (wg,UQ + V3, W4 + Wg — wg) =
= (w1, v1 + v2 + v3, w4 + we — wz) and

(1) zOyy+z0oyz—x=(w,v1,ws) Oy (we,ve, wys)+
+(w1,v1, w2) Oy (w2, v3,ws) — (w1, v1, w2) = (Wi, v1 + Vo, wy )+
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+(w1, v1 + v, we) — (w1, v1, wa) = (W1, v1 + V2 + V3, Wy + We — Wa).

Using (i) and (ii) we obtain z @y (y + 2z — fy(z)) =2z Oyy +x Oy z — .
Hence the condition 3.1.4 (1) from Definition 3.1 holds.

Let now x = (w1, v1,ws),y = (w2, v2,wy) and k € K. We have

(i1i) x Oy (ky+ (1 —k)By(z)) = (wy,v1,ws) Oy (k(wa, ve, wy)+
+(1 — k)(UJQ, 0,?1}2)) = (wl,vl,wg) (OLY) (UJQ, kv, kwy + (1 — k)UJQ) =
= (w1, v1 + kve, kwy + (1 — k)ws) and

(iv) k(zxOyy)+ (1 —k)x = k((w,v1,ws) Oy ((we, v, wy))+
+(1 — k:)(wl,vl,wQ) = k:(wl,vl + 1)2,’(04) + (1 — k:)(wl,vl,wg) =
= (w1, vy + kvy, kwg + (1 — k)ws)

Using the equalities (iii) and (iv) we obtain that the condition 3.1.4 (2)
from Definition 3.1 holds.

In the same manner we prove that the conditions 3.1.4 (3) and 3.1.4 (4)
hold. Hence V := W x V x W is a vector groupoid over Vq. Its set of units
can be identified with the vector subspace W of V.

The vector groupoid (V := W x V x W, ay, By, Oy, y,Vo) is called
the trivial vector groupoid associated to pair of vector spaces (V, W) with
W C V. This vector groupoid is denoted by TVG(V, W). The isotropy group
at u = (w,0,w) € Vyis V(u) = {(w,v,w) | v € V} which identify with
the group (V,+).

3. Whitney sum of two vector groupoids over the same base.
Let (V,ay, By, Ov, v, Vo) and (V' ayr, Byr, Oy, by, Vi) be two vector groupoids
over the same base ( i.e. V and V' have the same units). The set
VeV ={ () eV xV | av®) = ay(v)), By (v) = A (') } has a
natural structure of vector space. It is clearly that
Ay, = {(u,u) e Vo x Vo |u eV} CV @V’ is a vector subspace.

We introduce on W := V @ V' the structure functions ayy, By, ©®w and
tw as follows.

The source and target ay, Sy : W — Ay, are defined by

aW(v’v/) = (Ozv(’U),Oév(’U)); 5W(’U,U/) = (ﬁV(v)’ﬁV(v))’ (’U,U/) eWw.

The partially multiplication ®w : W(gy — W, where
Wiy = {((v1,v1), ((v2,v3)) € Wx W | By (v2) = ay(v1)} and the inversion
map tw : V — W are given by

(v1,v]) Ow (v2,v) = (V1 Oy v2,v] Oy vh);  tw(v,v') := (Ly (v), Ly (V"))

By a direct computation we prove that the conditions of Definition 2.1
are satisfied. Then (W :=V @ V' aw, fw, Ow, tw,Ay,) is a groupoid.
Also, the condition (3.1.1) from Definition 3.1 is verified.

Let now two elements z,y € W and a,b € K where x = (v1,v]) and
y = (v2,v5). We have
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aw(az+by) = aw(avi+bug, av+bvh) = (ay (avi+bva), ay (avi+bvg)) =
(aay (v1) + bay (v2), aay (v1) + bay (vg)) and

aaw(z) + baw(y) = aaw(vi,v)) + baw(ve,vh) = alay(v1),ay(v1)) +
b(ay (ve), ay (v2)) = (aay (v1) + bay (v2), acy (v1) + bay (v2)) since ay is a
linear map. It follows that ayy is a linear map.

Similarly we obtain that Sy is a linear map. Therefore the conditions
(3.1.2) from Definition 3.1 hold.

For z = (vy,v}]) € W and y = (v2,v5) € W and a,b € K, we have
successively

tw(az +by) = tw(avy +bvg, av) +bvh) = (vy (avy +bva), Ly (av] +bvh)) =
(avv (01)-+buy (e2), s (0])+biyr (65)) = a(oy (1), v (0]) +b(ar (v2), 11 (05)) =
atw (v1,v]) by (va, vh) = avw (x)+buw (y), since vy and 1y are linear map.

Using the equalities 3.1.3(1) for the inversion maps ¢y and ¢ we have
r+uw(z) = (0,0) + (v (v), 0 (V) = (v + 1y (V), 0 + 0 (V) =
= (av(v) + Bv (v),av: (V) + By (V') = (av (v) + By (v), av (v) + By (v)) =
= aw (v,v") + Bw (v,v") = aw (z) + Bw () for any = = (v,v") € W.

Hence the conditions (3.1.3) from Definition 3.1 hold.

For to verify the relation 3.1.4(1) from Definition 3.1 we consider the
arbitrary elements z,y,z € W where x = (v1,v]),y = (v2,v}) and z =
(v3,v5). We assume that aw(y) = Bw(z) = aw(z).

Applying the properties of the structure functions of the vector groupoids
V and V', we have

y+z— Pw(x) = (v2,03) + (v3,v3) — Bw(ve,vy) =
= (v2+v3,v5+05) — (By (v1), Bv (v1)) = (v2+v3— By (v1), vy +v5— Py (v1)) =
= (v2 +v3 — By (v1),v5 +v§ — By (v])) and

(@) sOw(y+2—Prole)) = (01, 0}) O (va-+vs—By (1), vh-+0h— By (1)) =
= (1)1 Oy (vg +v3 — Bv(?)l),vi Oy (Ué + Ué — BV/(Ull)).

On the other hand we have

(0) = OwWY+xOwz—x = (v1,0]) Ow (v2,v3) + (v1,v]) Ow (vs,v5)—
—(v1,01) = (v1 Ov v2,v] Oy vh) + (v1 Ov v3, v} Oy ) — (v1,v]) =
= (v1 Ov va +v1 Oy V3 — v1,v] Oy vy + V] Oyr Vg — v7).

Using now the relations (a), (b) and the relations 3.1.4(1) for V and V”,
we obtain the equality = Ow (y + z — fw(z)) = x Owy + = O©w z — =. Hence
the condition 3.1.4 (1) holds.

We verify now the relation 3.1.4(4). For this, let z = (vi,v]) € W, y =
(vg,v5) € W such that aw(y) = fw(z) and k € K. We have

(©) (ky+ (1 — K)ang(x)) O & =
= (kv + (1 — k)ay (v1), kvy + (1 — K)oy (v])) Ow (v1,0]) =
= ((kua + (1 — K)o (01)) O o1, (kv + (1 — k)ays (1)) @y v}) and

(d) Ky ©w ) + (1 — k) = k((va, 0§) O (01, 0))) + (1 — k) (vn, 0]) =
= (k(v2 Ov v1) + (1 = k)vr, k(vy ©vr vp) + (1= k)of).

Using the equalities (c) and (d) and the relations 3.1.4(4) for V and V’,
we obtain that the condition 3.1.4 (4) holds.
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In the same manner we prove that the conditions 3.1.4 (2) and 3.1.4 (3)
hold. Hence V & V' is a vector groupoid.

The vector groupoid (W :=V @ V', aw, Bw, Ow, tw, Ay,) is called the
Whitney sum of the vector groupoids (V, V) and (V’, ;). The base of this
vector groupoid can be identified with V4.

Proposition 4.1. If (V,Vy) and (V',Vp) are transitive vector groupoids,
then the Whitney sum (V @& V', Ay,) is a transitive vector groupoid.

Proof. Tt must prove that the anchor (ay, Sw) : W — Ay, X Ay, is surjec-
tive. O

If (Ve V' Ay) is the Whitney sum of vector groupoids (V,Vj) and
(V',Vy), then the projections maps p: Ve V' - Vandp : VeV -V’
defined by p(v,v") = v and p/(v,v’) = v’ are morphisms of vector groupoids.

Theorem 4.1. Let (V,Vy) and (V', V) be two vector groupoids. The triple
(Ve V' pp) verifies the universal property of the Whitney sum:
for all triple (U, q,q") composed by vector groupoid (U, ay, fu, v, tu, Vo)

and two morphisms of vector groupoids V' LU LV, there exists
a unique morphism of vector groupoids ¢ : U — V @&V’ such that the
following diagram.:

v vey 2y

I e g
U

18 commutative.

Proof. We consider the map ¢ : U — V @&V’ by taking ¢(u) := (¢(u), ¢ (u))
for all u € U. By hypothesis the maps ¢ : U — V and ¢’ : U — V' are vector
groupoid morphisms. Then (ay o ¢)(u) = ay(u) and (ay o ¢')(u) = ay(u),
for all u € U. It follows that ay(q(u)) = ay/(¢'(w)). Similarly By (q(u)) =
Byvi(¢'(u)). Therefore p(u) € W :=V @& V'. Hence ¢ is well-defined.

Let now z,y € U such that (z,y) € Uy, i.e. Bu(y) = ay(z). Also we
have (q(z),q(y)) € Vi2), i.e. Bv(q(y)) = av(q(z)), since ¢ is a groupoid mor-
phism. Then (¢(z),0(y)) € Wiz). Indeed, Bw(v(y)) = Bw(a(y).d'(y)) =
(Bv(a)), Bv(a(y))) = (av(q(@)), av(q(z)) = aw(q(z),d (z)) = aw(e(2)).

For z,y € U such that (z,y) € Uiy we have o(z Oy y) =
= (¢(z Ov y),qd (z ©u y)) = (a(z) Ov ¢(y), ¢ (z) Ov: ¢ (y)) = ¢(x) Ow (y).

Using the linearity of ¢ and ¢’ it is easy to verify that ¢ is a linear map.
Therefore, ¢ is a vector groupoid morphism. We have po ¢ = g and
pPop=¢.

In a standard manner we prove that ¢ is a unique morphism of vector
groupoids such that the above diagram is commutative. O
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