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SUBRESULTANTS IN MULTIPLE ROOTS

CARLOS D’ ANDREA, TERESA KRICK, AND AGNES SZANTO

ABSTRACT. We extend our previous work on Poisson-like formulas for
subresultants in roots to the case of polynomials with multiple roots
in both the univariate and multivariate case, and also explore some
closed formulas in roots for univariate polynomials in this multiple roots
setting.

1. INTRODUCTION

In [DKS2006] we presented Poisson-like formulas for multivariate subre-
sultants in terms of the roots of the system given by all but one of the input
polynomials, provided that all the roots were simple, i.e. that the ideal gen-
erated by these polynomials is zero-dimensional and radical. Multivariate
resultants were mainly introduced by Macaulay in [Macl902], after ear-
lier work by Euler, Sylvester and Cayley, while multivariate subresultants
were first defined by Gonzalez-Vega in [GLV1990, [(GLV1991], generalizing
Habicht’s method [Hab1948]. The notion of subresultants that we use in
this text was introduced by Chardin in [Chal995].

Later on, in [DHKS2007, DHKS2009], we focused on the classical uni-

variate case and reworked the relation between subresultants and double
Sylvester sums, always in the simple roots case (where double sums are ac-
tually well-defined). As one of the referees of the MEGA’2007 conference
pointed out, working out these results for the case of polynomials with mul-
tiple roots would also be interesting.

This paper is a first attempt in that direction. We succeed in describing
Poisson like formulas for univariate and multivariate subresultants in the
presence of multiple roots, as well as to obtain formulas in roots in the
univariate setting for some extremal cases. However, it is still not clear which
is the correct way of generalizing Sylvester double sums in the multiple roots
case.

The paper is organized as follows: In Section 2l we recall the definitions of
the classical univariate subresultants and Sylvester double sums. We then
introduce the generalized Wronskian and Vandermonde matrices, and show
how the Poisson formulas obtained in [Hon1999] for the case of simple roots
extend to the multiple roots setting by means of these generalized matrices.
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We also obtain formulas in roots for subresultants in two extremal non-
trivial cases. In Section [B] we present Poisson-like formulas for multivariate
subresultants in the case of multiple roots, generalizing our previous results
described in [DKS2006].

Acknowledgements: A preliminary version of these results was presented
at the MEGA 2009 Conference in Barcelona. Part of this work was done at
the Fields Institute in Toronto while the authors were participating in the
Fall 2009 Thematic Program on Foundations of Computational Mathemat-
ics.

2. UNIVARIATE CASE: SUBRESULTANTS IN MULTIPLE ROOTS

2.1. Notation. We first establish a notation that will make the presentation
of the problem and the state of the art simpler.

Set d,e € N and let

A= (al,...,ad) and B := (ﬁl,...,ﬁe)

be two (ordered) sets of d and e different indeterminates respectively.

For m,n € N, set (dy,...,dy) € N and (ey,...,e,) € N” such that
di+-+dp,=d and e+ ---+e,=c¢€
and let
A= ((o1,d1);. . i (o, dp))  and B := ((B1,€1);. .3 (Bn,en))

(these will be regarded as “limit sets” of A and B when roots are packed
following the corresponding multiplicity patterns).

We associate to A and B the monic polynomials of degrees d and e re-
spectively

d e
f(z):= H(m —«;) and g(z):= H(x - Bj)
i1 j=1
and the set
R(A,B) = (i — Bj) = H 9(ai)
1<i<d,1<j<e 1<i<d

with natural limits when the roots are packed

n

F@)=]Je—a)® and ) =[] 8)",
=1

=1

RAB) = ] (u-8p%i= T] gla)*.

1<i<m,1<j<n 1<i<m
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2.2. Subresultants and Sylvester double sums. We recall that for 0 <
t<d<eor0<t<d= e, the t-th subresultant of the polynomials
f=agz®+ - +apand g = box® + - - - + by, introduced by J.J. Sylvester in
[Sylv1853], is defined as

d+e—2t
ag - T O (e—t—1) e f(2)
: . : e—t
St (1. = dotf 4t
. : : d—t
be cee bt+1 xog(x)

with ap = by = 0 for £ < 0. When ¢ = 0 we have Sres;(f,g) = Res(f, g).

In the same article [Sylv1853] Sylvester also introduced for 0 < p < d,0 <
q < e the following double-sum expression in A and B,

R(A', B') R(A\A', B\B')
R(A, A\A)R(B',B\B')’

SylvP4(A, B;x) :== Z R(z, A" R(z, B')
A'CA,B'CB
|A"|=p, |B'|=q

where by convention R(A’,B’) =1if A’ =0 or B’ = (). For instance

(1) Syv%A, Biw) = R(A,B) =[] (i —B;) = Res(f.9).
1<i<d,1<j<e

We note that SylvPY(A, B; x) only makes sense when o; # «; and 3; # f3; for
i # j, since otherwise some denominators in Sylv”?(A, B; z) would vanish.

The following relation between these double sums and the subresultants
(for monic polynomials with simple roots f and g) was described by Sylvester:
for any choice of 0 < p < d and 0 < ¢ < e such that t := p + ¢ satisfies
t<d<eort=d< e, one has

-1
(2) Sresy(f, g) = (=1)Pld=D) (;) SylvP4(A, B; x).

This gives an expression for the subresultant in terms of the differences of
the roots —generalizing the well-known formula (I)— in case f and g have
only simple roots. However, when the roots are packed, i.e. when we deal
with A and B, the expression for the resultant is stable, i.e.

Res(f.g) = [ (i)™,

1<i<m, 1<j<n

while not only there is no simple expression of what Sres;(f,g) is in terms
of differences of roots but moreover there is no simple definition of what
Sylv?4(A, B; x) should be in order to preserve Identity ([2]). Of course, since
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Sres¢(f,g) is defined anyway, Sylv”4(A, B;x) could be defined as the result

Sylv?4(A, B;z) := (—1)"" (;) Sresi(f,9)

but this is not quite satisfactory because on one hand this does not clarify
how Sres; behaves in terms of the roots when these are packed, and on the
other hand, Sylv?”4(A, B;x) is defined for every 0 < p < dand 0 < g < e
while Sres; is only defined for ¢ := p + ¢ < min{d, e}.

The goal of this section it to describe in terms of roots some particular
cases of the subresultant of two univariate polynomials, when these polyno-
mials have multiple roots. These are very partial answers to the questions
raised above, since we were not able to give a right expression for what the
Sylvester double sums should be, even in the particular cases we could con-
sider. Nevertheless the results we obtained give a hint of how complex it can
be to give complete general answers, at least in terms of double or multiple
sums, see Theorem 2.8 below.

2.3. Generalized Vandermonde and Wronskian matrices. We need
to recall some facts on generalized Vandermonde and Wronskian matrices.

Notation 2.1. Setu € N. The generalized Vandermonde or confluent (non-

necessarily square) uxd matriz V,(A) associated to A = ((a1,d1);. .. ; (Qm, dm)),
[Kall084], is
d
Vu(A) = Vu((al,dl); o (am,dm)) = Vulaa,dy) | ..o | Valom,dp) |,
where
d;
1 0 0 0
2
u u— u— . u— u— u—d;
of " (u-Da™? ("o (difll)ai

with the convention that when k < j, (i) a?_j =0.
When d; = 1 for all i, this gives the usual Vandermonde matriz V,(A).

When u = d, we omit the sub-index uw and write V(A) and V(A).
For example

1 0 011 o0
a 1 0|8 1
2 200 1 |p% 28
3 302 3a | B 352
4 40[3 60[2 /84 4,83

V((e,3);(8,2)) =
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and
1 O 0 1 0
Va((,3);(8,2))=| a 1 0 B 1
a? 2a 1 B? 28

The determinant of a square confluent matrix is non-zero, and satisfies,
[Ait1939],

det (V(A) = [ (a5 —ai)®®.

1<i<j<m

In the same way that the usual Vandermonde matrix V(A) is related to the
Lagrange Interpolation Problem on A, the generalized Vandermonde matrix
V(A) is associated with the Hermite Interpolation Problem on A (see for
instance [KTO1997]):

Given {y;;,,1 <i <m,0 < j; < d;}, there exists a unique polynomial p
of degree deg(p) < d which satisfies the following conditions:

plar) =0lyro,  plar) =Uyr1, ..., P4 Y(ag) = (di — )yra-1,

plam) =0 Ymo, P(am)=Uym1, -y P9 V() = (dm— 1) Ymdy,—1-

d—

This polynomial p = ag + a1z + - - - +ag_12%~! is given by the only solution

of
(ao at ... ad,l) . V(Z) = (yl,O Y11 .- ym,dmfl)

(here the right vector is indexed by the pairs (7, 7;) for 1 <i <m,0 < j; < d;)
and satisfies

d 1
(3)  det (V(A)) p(z) = — det V(4) oy
CCd_l
Yo Y11 -+ Ymdu-1] 0 |1

We can also view p in a more suitable basis, where the corresponding
“Vandermonde” matrix has more structure. We introduce the d polynomials
in this basis.

Notation 2.2. For1 <11 <m we set
7i = H(x - aj)dj
J#i
and, for 0 < k; < d;,

fig, = W = (z—a)"f;

It it useful to compute the derivatives of f; ;. specialized into ay.
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Lemma 2.3. Fiz1<i:<mand 0 <k <d;. Then
0 for j#i and 0<q <dj,
fqu)(aj) - 0 for j=1 and 0<q <k,
| (qg!k)! Tz(q_k)(ozi) for j=1 and k<q<d;.

Proof. 1t is obvious for j # i and 0 < ¢ < d; since o is a root of multiplicity
d; of_fi,k. Also for j =i and 0 < ¢ < k since «; is a root of multiplicity
k of f; . Finally, for k < q < d;, by Leibniz rule for the derivative of the
product,

q ,
75,2 = ((ac — al Z Z ( > (v — ) )(J) ?Z(q—J)’
j=

and therefore

¢ gk
T = L T e,

This implies that p = ZZ ki a@kji?ki is given by the only solution of

(10 @11 - amd,—1) - V'(A) = (Y10 Y11 -+ Ymdp—1)

where
d1 dm
V/(ala dl) 0 0 d1
V/(Z) = 0 t. X 0 ,
0 0 | V(am,dm) | dm
with
d;
— _, F@G=D
Tilew) Tilaw) ... L
7 7 ”( )
Vi, d;) = .
0 0 d;
0 0 72‘(0‘@)
and satisfies
d 1
J10
. Tii
p(z) = — det (V'(A)) det V'(A) : q -
fm dpm—1
Y1,0 Y11 oo YUmdm—1 0 1
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We note that
det(V'(4)) = Filow)®

= ()™ (0 — a)4)” = (~1) "5 det(v (@),

In particular p = Zz}ji Yi.5,0i,5; where for 1 <14 <m, 0 < j; < d;, the basic
Hermite polynomials p; j, is the unique polynomial of degree deg(p; j,) < d
determined by the conditions for 1 < ¢ <m, 0 < ¢y < dy,

) { pg?ﬁ)(ag) =j4;! for £ =14 and q; = j;,

pg?ﬁ)(ag) =0 otherwise.

When A = A = (041, ...,q), then, denoting f; := f,, we have

— 1
Pz‘,OZHx & fi for 1<i<d,
gai O fi(aw)

while for A = («,d),
pj=(r—a) = f1] for 0<j<d.
The following proposition generalizes these two extremal formulas.
Proposition 2.4. Fix 1 <i<m and 0 < j <d;. Then

d;—1—j d 1+k;
1 J 0 z)

—1)F e
filei) = 1) 2 H (o _OM e | ik

e e al

Pij =

where k1 + -+ + EZ + -+ + ky, denotes the sum without k;. (When m =1,
the right expression under brackets is understood to equal 1 for k =0 and O
otherwise.)

Proof. We first prove that

di—1—j 1 1 (k) _
(5) Dij = Z i <?—> (i) fijin
k=0 i

verifying that the right-hand side expression satisfies Conditions ().
Lemma 23] for £ #Ziand 0 < g<dporf{=iand 0 <q < j, p(q)( ¢) = 0.

It remains to show that p(j)(al) = j! and p( )(al) =0 for j < ¢ < d;.
But

7D ) = ( i k) GHR T (p) when j+k < g, Le. when k < g—j,
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while fZ]Jrk(ozl) = 0 when k > ¢ — j. This implies

di—1—j (k) _
W= Y 5 (5) @7
im0 N\
A ¢ <i>“) (a—i—k)
S (7)) @07 e
! q—J . 1\ ® k)
() (F) @n e

0
¢ <&>(q—]) () = { it g=j
= - = ) = . .
(="' \[; 0 if ¢g>j
To conclude the proof, we apply again Leibnitz rule for the derivative of a
product:

d[ 1+kz)

1\ ® .
(7) —eve X Tgoam

kit kit ké#l

The statement follows from plugging this expression, specialized into «;, in

Identity (&]). O

The basic Hermite polynomials enable us to compute the inverse of the
confluent matrix V(A): for 1 < i < r define the following (d; x d)-matrix
V.* as

d
coefficients of p; 1

coefficients of p; 4,

where the coefficients of p; j,(x) are written in the monomial basis 1, z, ...z
Then a simple verification shows that

d

Vi | &
VAT =

vy dm

Now we set the notation for a slight modification of a case of generalized
Wronskian matrices.

Notation 2.5. Set u € N. Given a polynomial h(z), we define the gener-
alized Wronskian (non-necessarily square) u x d matriz Wh, ,,(A) associated
to A= ((ar,dv);...; (atm,dm)) as
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d
Wh,u(z) = Wh,u((alv dl)a cees (am; dm)) = Wh,u(ala dl) cee Wh,u(ama dm) U
where
d;
@ (s
h(a) flad) .. ng,)
zh) (o zh) (o (W) V(i)
Wy | M) @) =
U— . U— ’ Zuflh (;lifl) a;
(=" th) () (7 'h)(ay) ... )
When u = d, we omit the sub-index v and write Wj(A).
For example for h(z) =z — z and A = (o, 3),
3
T— -1 0
We—2(a,3) = We_. 3(a,3) =| az —a? T — 2 -1 |3
o’ —a’ 2ar —3a® 1 -—3a

The determinant of a square Wronskian matrix is easily obtainable perform-
ing row operations in the case of one block, and by induction in the size of
the matrix in general:

det (Wy(A4)) = ( H (aj — ai)didj>h(a1)dl b))t

1<i<j<m

2.4. Subresultants in multiple roots. In this section, we describe some
explicit formulas we can get for subresultants in terms of both sets of roots
of f = (x—a)® - (z—ap)? and § = (x — B1)% - (z — B,)° with
d=3Y " ,diand e = 2?21 ej. The main drawback of following the approach
used in [DHKS2007, DHKS2009] is the fact that submatrices of generalized
Vandermonde matrices are not always generalized Vandermonde matrices,
so in general their determinants cannot be expressed as products of differ-
ences. This is why the search for nice formulas in double sums in the case of
multiple roots is more challenging. The following claim is a generalization
of [Hon1999, Th. 3.1] and [DHKS2007, Lem. 2] which includes the multiple
roots case. It is also strongly related to a multiple roots case version of
[DHKS2009, Th. 1].

Theorem 2.6. Set0<t<d<eor0<t<d=e. Then
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1

Sres;(f,g) = (—1)d_t det (V(Z))f1 det Vit1(A) ft t+1
x

Wga—t(A)| 0 | d—t

Vis1(A) 0 eS|
— (=1)° det (V(A)) " det (V(B)) ™" det

Vd+eft (Z) Vd+e,t (E) 0 | dte—t

where ¢ := max{e (mod 2),d — ¢ (mod 2)}.

Proof. We use repeatedly that when computing determinants, exchanging
two consecutive blocks of d and e rows (or columns) in a matrix changes the
sign by (—1)%.

Let f = Z‘ijzo a;x’, where ag = 1, and § = z;:o bjx;, where b, = 1. As in
[DHKS2007], we define the following matrices

d+e—t d+e—t
an e aqd b() e be
M7 = e—t M§ = . d—t
ag ... ad bo “ee be
and
dte—t dte—ti
M,_. . z —1 0 0
St = M e—t where M,_,:= P o I
Mg | d-t x -1 0 0

We have ([DHKS2007), Lem. 1]):
Sresy (,7) = (—1) 90D det(S,).
Also, as in the proof of [DHKS2007, Lem. 2],

d+e—t d e—t d e—t
t Mz—z 0 d Ww—z,t(A) * t
e—t MT VdJreft(A) = 0 M/7 e—t ,
d—t Mz Ide—y | e—t Wg.a-t(A) | = | d—t

because My, - Vitet = Wy 4, Mf Vigget = Wie—t = 0 since f(a;) =
- = f(diil)(ai) =0, and My - Vgyey = Wgq—s. Finally M% is a lower

triangular matrix with diagonal entries ag = 1.
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This implies first the generalization of [DHKS2007, Lem. 2] to the multiple

Toots case:
d
d
T T = erz,t(A) t o \d—t V. (Z)
det (V(A)) Sres¢(f,g) = det Wy 0o (A) | at = (=1)"""det t+1 N
Wg.a—+(A) | O

where the second equality is a consequence of obvious row and column

operations coming from the row and column equivalences:

d d 1
0 111
det | We=ztld) | 0 Ydet | W,_,:(A) [0] ¢
W*d t(A) d—t ’
9.4— Wg,d,t(A) 0| d-t
and
d; 1
. _ 1 0---0 |11 _ 0 111
Vit (o, d;) T T [ Weaa(ai, d) [O ] ¢ T [ Weaa(ai,di) [0 ] ¢
T
Next, we get as in the proof of [DHKS2007), Lem. 3],
d e 1
_ 1
_ _ Vit1(4) 0 it 41
=) — (_1)d—t+e+(d—t)e T
det (V(A) det (V(B)) Sres,(f,9) = (—1) det V.04 VB0 -
W@d_t(A) 0 0 | d—e
t+1 e d—t ¢ c i
— (=1)° det He—l Id6+1 Ic(l) g Vig1(A) 0 gt |t
o . eMg Vd+e—t(A) Vd+e—t(B) 0 | dde—t
d e 1
_ 1
( )c det ‘/;5+1(A) 0 m’t t+1 ,
Vd+e—t(A) Vd+e—t(B) 0 | dde—t

since the first matrix of the second row is lower triangular with 1 in the

diagonal.

We note that starting from

det (V(A)) Sresy(f,7) =

det
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and using the same arguments as above, we also get very simply

(6)

d e
W,_.(A) 0
Vd-i—e—t(A) Vd-i—e—t(B)

det (V(A) det (V(B)) Sresy(f,g) = (—1)@D¢ det

O

As mentioned above, when ¢ = 0 the formula in roots for Sresy(f,g)
specializes well when considering Sreso(f,g). When t = d < e, the for-
mula Sresq(f,9) = [[1<;<q(r — ai) also specializes well as Sres;(f,7) =
[Ti<i<n(z — @i)%. Our purpose now is to understand formulas in roots for
the following extremal subresultants, i.e for Sres; and Sres;_1, in case of
multiple roots.

e The case t = d —1 < e: When f has simple roots, it is known (or can
easily be derived for instance from Sylvester’s Identity (2)) for p = d — 1 and
g = 0) that

d ‘ d
Sresq—1(f,9) = Y glev) (H 5__0(;]]) = g(ai)ps,
i=1 iAi i=1

J#

where p; is the basic Lagrange interpolation polynomial of degree strictly
bounded by d such that p;(e;) = 1 and p;(«;) = 0 for j # 4. In other words,
Sresy_1(f,g) is the Lagrange interpolation polynomial of degree strictly
bounded by d which coincides with g in the d values a4, ..., aq. This for-
mula does not apply when f has multiple roots, but we can show that we
get the natural generalization of this fact, that is, that Sresy_i(f,7) is the
Hermite interpolation polynomial of degree strictly bounded by d which co-
incides with g and its derivatives up to the corresponding orders in the m
values aq, ..., qm:

Proposition 2.7.

_ m_ di—l U ()
Sresq—1(f,9) = Z Z - Pign
=1 ji=0 JE

where p; j, is the basic Hermite interpolation polynomial defined by Condi-
tion (7)) or Proposition [2.3] for A.
Proof. In this case, applying the first statement of Theorem we get

d 1
Sresq_1(f,g) = — det (V(Z))_1 det | Va(4) dil d
x
Wg,l(A) 0 1

where when following the subindex notation of Formula (3], we note that

50 (s
— g7 ()
(Wﬁ,l(A))i,ji - G

d+e—t
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Therefore by Formula (@), Sresq_;(f,g) is the stated Hermite interpolation
polynomial. O

For example, when A = («a,d), we get

Sresq_1((z — a)4, 7

j=0
the Taylor expansion of g up to order d — 1.

e The case t =1 < d: We keep Notation When f has simple roots, it
is known (or can easily be derived for instance from Sylvester’s Identity (2)
for p=1 and ¢ = 0) that

(7) Sresi(f,9) )41 Z (H agl (_Xjaj> — ;)

=1 j#i

d 1 J#z
= T — ).
Z fz Oéz Z)

The general situation is a bit less obvious, but in any case we can get an
expression of Sres; (f, ) by using the coefficients of the Hermite interpolation
polynomial, in this case of the whole data

AUB = ((al,dl); v (o, dm); (Brser); . 5 (B, en)).
We note that
det (V(AUB)) = det (V(A)) det (V(B))R(B, A)
which holds even when «; = 8 for some 1, j.

Theorem 2.8.
— \d;
Sresy (£,9) = Y_ (-1~ (FE——)7(a

(dj—l-i-kj) n (e[ 1+km+[)

H H m+1
_ mte
Kideo+ Rt J’séi( (=1 (@i = Bo)
+ km+n =d; -1
(d 1+k) n eg 1+km+g)
1 P m+e
+ min{1,d; — 1} , H P H mH).
kit kit #Z R
+ km4n =d; —2
Proof. Setting t = 1 in Expression (@) we get
d e
Wx—z,l(A) 0

det (V(A)) det (V(B)) Sresy (F,7) = (=1)D° det Vite-1(4) | Vite-1(B)

where

Wi z1=(x—0q,-1,0,...,0,...,2 — app,—1,0...,0).

)

d+e—1
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We expand the determinant w.r.t. the first row, and observe that when we
delete the first row and column j, the matrix that survives coincides with
V(AU B)(4te,;), the submatrix of V(AU B) obtained by deleting the last
row and column j. Therefore,

Wi—»1(A) 0
det :
N Vare—1(A) | Virer(B)
Z *01 (det (VAUB)|(@re90) (@ = a5) +det (VAUB) [@sepr)) ):
where ¢(i) equals the number of the column corresponding to (1, cy;, . . ., o/i“'e_l)
in V(AU B), and ¢'(i) = ¢(i) + 1 if d; > 1 and 0 otherwise.
Now, from
det (V(AUB)(@resy) = (=) det (V(AUB)) V(AUB) )y 41
det (V(AUB)|(asew(y) = ()0 det (V(AUB)) V(AU B) 11, g

(by the cofactor expression for the inverse) and
det (V(AUB)) = (—1)% det (V(A)) det (V(B))R(4, B)
we first get, since R(A, B) = [Tici<m G(a;)%, that

Z Z E d+e( ai) B Z V(Z §)¢'(z) d—l—e) :

=1

Sresl(f,g) H g al

1<i<m

/\

We set h:= fg, and for i = 1,...,m, h; := h/(x — a;)%. In [Cs1975] 1d. 9],
it is shown that

L 1 (di—1)
V(A,B) 0 a1e = (& —1) (E_) (o),

and when d; > 1,

1 1 (di—2)
VA B) i) are = (4 —2)! <E_Z> (a)-

Therefore, we obtain the statement by applying Leibnitz rule

1\ ® 5 (“7) (“Teat™)
— — (=1)F k! J m4e
(E’) (=1)" &t R ]._.[ (z — oj) itk ]._.[ (x — Bg)eethmie
kit Akt tkmin=k 1<j<m l<tsn

J#
O
Note that in the case that f has simple roots we immediately recover

Identity (7) while when f = (z — a)? for d > 2, we recover Proposition 3.2
of [DKS2009]:

Sies(z—a)g) = 7@ Y (]] (’“—M)) (z—a) +
’ (o = Bo)e

ki+-+hkp=d—1 (=1
n eg 1+kg)

DR

k14 +ksd2£1
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3. MULTIVARIATE CASE: POISSON-LIKE FORMULAS FOR SUBRESULTANTS

We turn to the multivariate case, considering the definition of subre-
sultants introduced in [Chal995]. Our goal is to generalize Theorem 3.2 in
[DKS2006] to the non-generic case when the polynomials have multiple roots.
We briefly recall here this statement, and refer the reader to [DKS2006] for
more background on the topic.

3.1. Notation. Fixn € Nandset D, € Nfor 1 <i<n+1. Let

fi= Z aiax® € Klz1,...,70],
loe|<D;
where & = (av1,...,a) € (Z>0)", * = 2" 28", |a| = a1 + - + an,
and K is a field of characteristic zero, that we can assume without loss of
generality to be algebraically closed.
Fix t € N. Let k := Hp,..p,.,(t) be the Hilbert function at t of a regular

sequence of n + 1 homogeneous polynomials in n + 1 variables of degrees
Dl, e 7Dn+17 ie.

kE=#{zx%:|a|<t,a;<D;;1<i<n, and t — || < Dp41}.

We set
S:={x",..., 2"} C K[z

a set of £ monomials of degree bounded by ¢, and

As(fiy- oy fot1) = Agi(f{%---,fffﬂ),

the order t subresultant of f7,... ,fffﬂ with respect to
t— t—
Sh .= {ar:'hxnji;“', e ,$7kanr|¥k|}.

defined in [Chal995], see also [DKS2006]. Here, f/* denotes the homogeniza-
tion of f; by the variable ;1.

We recall that the subresultant Ag is a polynomial in the coefficients of the
fih of degree Hp, .0, 1 Dis1..0nsr (t—D;) for 1 < i < n+1, having the follow-
ing universal property: Ags vanishes at a particular coefficient specialization
of f, ..., T}LL+1 € Clz1,...,xny41] if and only if I; US? does not generate the
space of all forms of degree t. Here, I; is the degree ¢t part of the ideal
generated by the specialized flh’s.

We set p:= (D1 —1)+---+ (Dy — 1) and for j > 0, 75 := Hp,..p, (j), the
Hilbert function at j of a regular sequence of n homogeneous polynomials
in n variables of degrees D1,...,D,. Also

® 7 ={

Set D := D --- D, for the Bézout number, the number of common solutions
of fi,...,fnin K.

We denote 7 := Uj»oT; and T* := U_, ., 7T}, and we note that |T| = D.
Let 7 := {&>,...,xz*P} and assume that for s := |T*| we have T* =
{x, ..., x*} . Also set

9)

R:={xP, ...  aP}={z*: |a|<t,a; < Dj,1<i<n, t—|a|> Dy}

any set of 7; monomials of degree j if j > max{0,t — D, 1 + 1},
{z%*: |a|=j,0; < D;for 1 <i<n} if0<j<t—Dypys+1.
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Finally, for 1 < i < n, let fZ be the homogeneous component of degree D;
of f;, and AT = A(J (fl, ,fn) be the order j subresultant of fl, ..,fn
with respect to 7;.

3.2. Poisson-like formula for subresultants: the generic case.
Let Z := {&;,...,&p} be the set of all common roots of fy,..., f, in K"
which we assume for now are all simple. We denote by

al ... al
1 D
(10) Vr(Z) =] . | e KPXP
aD ... aD
1 D

the Vandermonde matrix associated to 7. In [DKS2006] we defined

D
5?1 5})1
: : k
g’lﬁe g’g)k
al .« .
1 D
(11) Os(Z) = : : s € KPxD,

1 D

E fui1(&) - €D fara(€p)

&) fanr(§) - € furi(€n)

and we proved the following result:

Theorem 3.1. [DKS2006, Th. 3.2] For any t € Z>o and for any S =
{z",...,x"} C K[z]; of cardinality k = Hp,..p,,,(t), the order t subre-
sultant As(f1,..., fn+1) satisfies:
t
~ det Z
H A et Os(Z)

(12) AS(fla’fnJrl):j: T; W

j:t*Dn+1+1

3.3. Poisson-like formula for subresultants: the non-generic case.
For multivariate systems with multiple roots the coordinates of the roots
and their multiplicities do not uniquely determine the defining ideal. Thus,
in order to obtain an expression for the subresultant in terms of the roots of

the first n polynomials fi,..., f, as in Theorem B.Il we need to introduce
notions of the multiplicity structure of the roots that are sufficient to define
(fl" .- ’fn)

To be more precise, let I = (f1,...,f,) be the zero-dimensional ideal

generated by fi,..., f, in K[z], and denote A := K|[x]/I. If all the roots
Z ={&,,...,€Ep} of I are simple, then the entries of the matrix V3 (Z) de-
fined in () are the evaluation maps eve, : A — K applied to the monomials
in 7 for 1 <4 < D. It is a well-known fact that the set {eve, }1<i<p is a
basis of A*, the dual of the quotient ring A as a K-vector space, and 7 is a
basis of A if and only if det(V7(Z)) # 0. In the case of multiple roots, the
family of evaluation maps is still linearly independent but does not generate
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the whole dual space, and hence other forms must be considered in order to
describe A* and to get a non-singular matrix generalizing Vr(Z2).

All along this section we will use the language of dual algebras to gener-
alize Theorem [B.] for the multiple roots case (see for instance in [KK1987,
BCRS1996] and the references therein). In Theorem B4 below we show that
any basis of the dual A* gives rise to generalizations of Theorem [B.1] as long
as we assume that T is a basis of A. This is the most general setting where
a generalization of Theorem [B.1] will hold; however, this version of the The-
orem, using general elements of the dual, does not give a formula for the
subresultant in terms of the roots.

In order to obtain these expressions, we need to consider a specific basis
of A* which contains the evaluation maps described above. It turns out that
one can define a basis for A* in terms of linear combinations of higher order
derivative operators evaluated at roots of I. This is the content of the so
called theory of “inverse systems” introduced by Macaulay in [Mac1916], and
developed in a context closer to our situation under the name of “Grobner
duality ” in [Gr1970, MMM1995, [EM2007] among others.

First, we give a generalization of Theorem [B.I]to the multiple roots setting,
or of Theorem to the multivariate case, by replacing the set {eve. }1<i<p
by an arbitrary basis of A*.

We assume that A has dimension D over K, i.e. there are no roots at
infinity and that the monomials in 7 are a basis of A.

The following is a multivariate analogue of Definition
Definition 3.2. Let A := {Ay, ..., Ap} be a basis of A* as a K-vector
space. Given any set E = {x® ..., x*} of u monomials and given any
polynomial h(x) the generalized Vandermonde matrix Vg(A) and the gen-

eralized Wronskian matrix W), g(A) corresponding to E, A and h are the
following u x D matrices:

D D

A(x>) - Ap(x®) A (xz®h) -+ Ap(x™h)
VeA) = L W@ =) :

A(@®) - Ap(@e) MA@ h) - Ap(@®h)

We modify the definition of the matrix Og(Z) in (1) as follows:

Definition 3.3. Let S = {«™,..., 2"} C Klz]; be of cardinality k =
HDy..Dpya (1), TH = Ui, Tj as in (8) and R as in (@). Then

D
Vs(A) k
Os(A) = Vi« (A) s € KPxP,
Wi . r(A) r

Note that by our assumption on 7 being a basis of A and A being a
basis of A*, we have det(V(A)) # 0. The following is the extension of
Theorem [B.1] to the multiple roots case.

Theorem 3.4. Let (fi,...,fn) C K[x]| be a zero-dimensional ideal of di-
mension D, T be a basis of K[x]/(f1,..., fn) and A be a basis of its dual as
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a K-vector space. For anyt € Z>q and for any S = {x"1,..., &} C K[x];
of cardinality k = Hp,..p,,,(t), the order t subresultant As(f1,..., fat1)
satisfies

t

B ~ det Os(A)
(13) As(fiyeoos fag1) = £ ‘ H AT, det Vr(A)”
Jj=t—Dni1+1

Proof of Theorem[3.4. The proof is similar to the proof of Theorem 3.2 in
[DKS2006], to which we refer for notations and details. Extra care must be
taken however, as we are not considering the f;’s to be generic anymore in
this case.

Let N* := dim(K[x];) + dim(7 ") and B be a monomial basis for the vector
space generated by K[x|; + T*. Assume that the columns of the square
matrix

Mg = ; e KN »*N”

defined in [DKS2006] are written in the basis B. Here Isy7+ is the transpose
of the matrix of the immersion of the vector space generated by S U T*

into the vector space generated by Klx]; + 7* in the basis B. We saw in
[DKS2006] that

det(Ms) = £E) As(f1,---, frut1),

where £(t) denotes the extraneous factor (see [DKS2006] for its definition).
We define the square matrix

D N*—D

Ve i=| VB(A) | Ipvy | N € KN

where Ig\7 is the matrix of the immersion of the vector space generated
by B\ T into the one generated by B, and thus det(Vy+) = +det(V7(A)).
Also, for the matrix product Mg Vi« we get

Vs(A) *
Lsut- Vr-(A) X
Mf1 M,
(14) : ) VB(A) IB\T _ f1
) 0 :
) v;
L1 an+1,73 (A) *
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The block of zeroes comes from applying the operators A; to elements of the
ideal I (monomial multiples of the f;’s, 1 <1i < n). Setting

M
1
(15) M, = 5
!
My

we conclude that
+E) As(fi,- -, far1) det(Vr(A)) = det(Mg Vy+) = £det(M’) det(Os(A)).
In [DKS2006] we showed that

det(M’):ig(t)< f[ %),

j:t*Dn+1+1

so if £(t) # 0, the claim is proved. If the latter does not happen, we
consider a perturbation “a la Canny” as in [Canl1992], i.e. we replace f; by
fixi=fi+ )\xzpi for 1 < ¢ < n. Here, A is a new parameter, and we regard
our initial system as having coefficients in K (). It is easy to see that the
dimension of the quotient ring K'(A)[x1,...,2n]/(fix,-- -, fn,x) is also equal
to D, and hence we can regard the family {f; x}1<i<n as a flat deformation
of the input sequence fi,..., f.

It can also be shown (see [Canl992]) that &£)(t¢), the extraneous factor in
Macaulay’s formulation applied to the polynomials f; y, 7 = 1,...,n, does
not vanish. Indeed, if E; is the matrix whose determinant gives £(t) with
rows and columns ordered properly, it is easy to see that the perturbed
matrix is equal to Ey + A I, I being the identity matrix. So its determinant
is not zero in K ().

Hence, we are actually in the non-singular setting and (I3]) reads in the
perturbed situation as follows:

t

H ~ det OS(A)\)

A oo i) = £ ] CetCstAn)
s(fin- o fans fatt) T2 | Qet Vi (Ay)

j:t_Dn+1+1

for any basis Ay of the dual of Ay := K(\)[z1,...,2n]/(fir,---, fan) &S
a K ()\)-vector space. Here, &73.9\ = A7, (ﬁ,A, .. .,]?n)\). As subresultants
are stable by evaluating A — 0, the claim will be proven if we can show
that there exists a basis Ay of A} which becomes A when setting A — 0.
This can be done as follows: recall that 7 = {x®!,...,z*P} is a monomial
basis of A. By flatness, we have that 7 is also a monomial basis of Aj.
Then there exist bases {Yq,,---sYapt a0d {Yg, 2>+ Yapr) for A* and
A3, respectively, such that for 1 <14,5 < D,
Lif = and lim ¥y, \ = Yq.-
A—=077" ¢

yai)\(maj) - {

0 otherwise

For each A; € A we write A; = Z?Zl CijYa; where ¢;; € K, and set Ay ; :=

2?21 CijYa A 1 <i < D. As the matrix (¢;;)1<i j<p is invertible, we then
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have that Ay := {A;x,...,Ap .} is a basis of A} and the fact that Ay — A
when A — 0 holds straightforwardly.
U

As we mentioned before, for an arbitrary basis A of A* the expression in
Theorem [B.4] may not provide a formula in terms of the roots of f1,..., fn.
In order to obtain one, we recall here the notion of Grébner duality from
[MMM1995].

For ao = (g, ..., ;) € N define the differential operator
1 oled

apl---ap! Oxft - Oz

and consider the ring K[[0]] := {)_qenm tala : 0a € K}.

For 1 <4 < n define the K-linear map

Oa :=

0 i— . 7 Oa
i K[ = K0]) o (0a) = { (ebmesten) 1 0=
0 otherwise,
and for B = (B1,...,B,) € N* define 05 = 07" 0 --- 0 0"
A K-vector space V' C K[[0]] is closed if dimg (V') is finite and for all 3 € N"
and D € V we have og(D) € V. Note that K[[0]] and its closed sub-

spaces have a natural K [z]-module structure given by PD(f) := D(zPf) =
a5(D)(f)-

Let £ € K™. For a closed subspace V' C K[[J]] define
Ve(V)i= {f € Klz] : D()(€) =0, YDV}  Kla].

Let m¢ C K[z] be the maximal ideal defining . For an ideal J C m¢ define
Ag(J) = {D e K[[d]] : D(f)(§) =0, VfeJ} C K[[I]].

Then the following theorem gives the so called Grébner duality:

Theorem 3.5 ([Gr1970, MMM1995]). Fixz & € K™. The correspondences
between closed subspaces V' C K[[0]] and m¢-primary ideals Q, V — V¢(V)
and Q — Ag(Q) are 1-1 and satisfy V = Aeg(Ve(V)) and Q = (Ve(Ae(Q)).
Moreover,

dimg (Ag(Q)) = mult(Q) and mult(Ve(V)) = dimg (V).

We set Z :={&,,...,&p} for the set of all common roots of fi,..., f, in K™
and mg, C K[x| for the maximal ideal corresponding to §; for 1 <i < m.

Example 3.6. ([EM2007, Exemple 7.37])
Let f1 = 2z123 + bz, fo = 223wy + 523 € Clz,y].
Then Z = {0,&,,&,,€3,&4,&5} where 0 = (0,0) has multiplicity eleven and
& = (%, %) where £ is a primitive 5-th root of unity, are all simple,
1<e<5.
Denote by Qo, Q¢,, 1 <1 <5, the primary ideals corresponding to the roots,
then Ag, (Qg,) = (1) for 1 <i <5 and if {e1, ez} is the canonical basis of
z?,
AO(QO) :<178¢317 6627 82617 3614-627 62827 83617 83627

(48461 - 5881-1—282)7 (46482 - 53281-1-82)7 (382614-362 - 8561 - 8562)>'
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Using Grobner duality, we are now able to give an expression for the
subresultant in terms of the roots of fi,..., f,. For D € K[[0]]and & € K™,
we denote by D|¢ the element of A* defined as Dle(f) = D(f)(§). In

particular, under this notation, 1|¢ = eve.

Corollary 3.7. Using our previous assumptions, let I = (f1,..., fn) and

I=Qin---NQm

be the primary decomposition of I, where Q; is a mg -primary ideal with
di := mult(Q;). For 1 < i < mlet V; := A¢ (Q;) C K[[O]] be the corre-
sponding closed subspace, and fix a basis {D;1,...,D;q} for Vi such that
Di,l =1. Then

A = {D1,1’€17 . 7D1,d1‘€17 . ,Dm71‘€m, e 7Dm7dm’£m}
is a basis of A* over K.

Note that the above choice for the dual basis A contains the evaluation
maps for the roots of I, and using this A in Theorem B4l gives an expression
for the subresultant in terms of the roots of I.

Example 3.8. This is a very simple example containing an expression for
a subresultant in terms of the roots.

Let f1 := x120, fo = 1‘% + (.%'2 — 1)2 — 1, f3 := co + c1x1 + coxo, with
cp, ¢1, ¢a € C. Then Z = {(0,0),(0,2)} where (0,0) has multiplicity 3 and
(0,2) is simple. By computing explicitly, we check that 7 := {1,271, 72,23}
is a basis of A = C[z1, z2]/(f1, f2) and that

A = {10.0), esl(0.0): (Pez +20e1) (0.0): H02) }
is a basis of A*. We will use these bases to express the degree t = p = 2
subresultant A2 (f1, f2, f3) with § = {22} in terms of the roots of f1, fo.
First, Ax%( f1, f2, f3) is equal to the following 6 x 6 determinant (since here
the extraneous factor is 1):

0O 0 0 1 0 O
0O 0 -2 1 0 1
_ - 00 0 0 1 0| 3, .29
Al‘%(fi? f27 f3) - det MS - det C(] Cl CQ 0 0 0 — CO + 20002.
0 co 0 ¢ ¢ O
0 0 Co 0 Cl1 C9

On the other hand, Theorem [3.4] gives the following expression:

0 O 2 0
co €1 Cc2  Cp+2¢
det) 5 oy 26, 0
H & det OS(A) 0 0 ¢ 2c9+4cy 4(68 + 26%02)

det
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using that 73 = {x3} is the degree 2 part of T, and
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