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ABSTRACT. We show that if p is an odd prime then

p—1
Z EyE,_1_p =1 (mod p)
k=0
and
p—3
> EpEp_3_p=(-1)?P"V/?2E, 3 (mod p),
k=0
where Eg, F1, Fa, ... are Euler numbers. Moreover, we prove that for any

positive integer n and prime number p > 2n 4+ 1 we have
p—1+2n
Z EkEp—1+2n—k = S(?’L) (mOd p)
k=0

where s(n) is an integer only depending on n.

1. INTRODUCTION

The Euler numbers E,, (n € N={0,1,2,...}) are integers defined by
Ey=1and »_ (Z)En_k =0 forneZ"=1{1,2,3,...}.
k=0
20k

It is well known that Es,+; =0 for all n € N and

> . an T
secx = Z(—l) Es, )l (|x| < 5) .
n=0
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The exponential generating function for Euler numbers is given by
2e” = " T
27 ST (<),
e?r +1 1;) " nl =1 2

Thus

2e” 2 > k& xt > x"
= FEr— E— = —

where
n

n) = ")E Ep_p.
f(n) kz_o ( o | ErEn—k
In this paper we are interested in the usual convolution of Euler numbers
given by Y1, ExE,—. The reader may consult [PS], [SP] and [S11] for
related background.

Now we present our main results.

Theorem 1.1. Let p be an odd prime. Then

p—3
-1
> EvE,_5 =2 (—) E,_5 (mod p), (1.1)
k=0 p
where (—) denotes the Jacobi symbol. Moreover, for anyn =0,1,2,... we
have
p—1+2n
Z ErEp—142n-k = s(n) +6(p,n) (mod p), (1.2)
k=0
where .
s(n) =) EgxFan ok (1.3)
k=0
and

1 ifn>0&p—1]|2n,
o(p,n) = .
0 otherwise.
Ezample 1.1. Here are the values of s(n) with n € {0,1,2,3,4,5}:
s(0) =1, s(1) = —2, s(2) = 11, s(3) = —132, s(4) = 2917, s(5) = —104422.

Thus, for any odd prime p we have

p—1
ZEkEp—l—k =1 (mod p), (1.4)
k=0
p+1
> EpEpi1_)=—2 (mod p) if p>3, (1.5)
k=0
p+3
> EpE,ys- =11 (mod p) ifp > 5. (1.6)

k=0
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Applying (1.2) again and again we immediately obtain the following
consequence.

Corollary 1.1. Letn = pT_lq—f—r with g € {1,2,3,...} andr € {0,...(p—
3)/2}. Then we have

s(n) = s(r)+ (¢ —1)0ro  (mod p). (1.7)

By a further refinement of our method to prove Theorem 1.1 and some
complicated discussions, we can deduce the following theorem though we
will not give the details of the proof since it is similar to that of Theorem
1.1.

Theorem 1.2. For any odd prime p, we have

Y EiE;E,=-2E, 3 (mod p). (1.8)
i+j+k=p—3

Also, for each n € N there is a unique integer t(n) such that if p > 2n+1
1S a prime then

> E;E;Ey =t(n) (mod p). (1.9)
i+j+k=p—1+2n

In particular,

£(0) =3, t(1) = =9, t(2) = 68, t(3) = —1068.

Theorems 1.1 and 1.2 should have their g-analogues. We leave this to
those who are interested in such things.

2. PrROOF OF THEOREM 1.1

Lemma 2.1. Let p be an odd prime and let k € N be even. Then

E) = 21§ <_71) 3% 4 6o (%) (mod p). (2.1)
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Observe that

pi(—l)i(zi F1)F = (—1) P12k
=0
(p—3)/2 | |
= Y ((1)'@i+D)F+ ()P -1 -9 + 1))
i=0
(p—3)/2
=92 Z 27,+1 _QZ< ) (mod p).

2’(]

So (2.1) follows. O
Proof of Theorem 1.1. (i) In view of Lemma 2.1,

25
(p—3)/2p—1 1 p—1 1
9 T j2ke p—3—2k
vy S (F) e (5
k=0 =1 j=1
2fi 2tj
o p—1 2
=2 () BparaX ()
=1\
2tj
> (f—?)jp—s<i2/i§><%;””—1
1<i<j<p > I /5% =1
24ij

(p—1)/2

2<p> - 3+4Z——4 Z

- (%) E,_5 (mod p).

In the last step we noted that

(p—1)/2 1 (p—1)/2 1 p—1 1
2 Z e = Z (k:2 ) e =0 (mod p)
k=1 k=1 k=1

by the Wolstenhomle congruence. Thus (1.1) holds.
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(ii) Observe that

p—1+2n (p—3)/2
> EiEpiponk= Y EnEp_1ion- 2k+ZEp 142k E2n—2k-
k=0 k=0 k=0
(2.2)
By Lemma 2.1,

E,_1 E2p§ (_—1) :2(1—1+---+( 1)P=3)/2(p — 2))

—1— (_?1) = Ey — (%1) (mod p)

E,_1tor = Eo, (mod p) fork=1,2,3,....

and also

Therefore

n n _1
ZEp—l—i—ZkEZn—Zk = ZEQkEQn—Qk - <?) Ey, (mod p). (2.3)
k=0 k=0

In view of Lemma 2.1, we also have

(p—3)/2
Z EorEy_140n—2k
k=0
p—1
= 22( ) -p—1+2n
(5)25
215
(p—3)/2 1
+ Z Z < )221432 Z <_) jp—1—|—2n—2k
0<i<p 0<j<p J
211 215
(p—3)/2 .o
~1 -1 “1\ ., i
=(5) (i (3)) 51 2 () % =
p p 0<,j<p L k=0 J
2tij
_ 2np 1
=(5) m-toa 3 (55) 5
0<j<p
21j
2n (2207072 1
8 2 ( ) /5% —1
0<i<j<p

2tij



6 ZHI-WEI SUN

Note that if 0 < 4,7 < p and 2 1 ij then ¢ Z —j (mod p) since i + j is
even while p is odd. Applying Fermat’s little theorem we obtain from the
above

(r=3)/2 1
Z EorEp_14on—2k = (?) Eoyp — 0n0 —2 Z 32" (mod p).

k=0 0<j<p
2tj

If p — 1 divides 2n, then

> r=l0<i<p: 207} = 200 (modyp).

0<j<p
2tj
When p — 11 2n, we have
(p—1)/2 (r—1)/2 p—1
2 Z =) @+ - =) =0 (modp)

J=1 J=1

(cf. [IR, p.235]) and hence

(p—1)/2
3 g Zf”— S (2" =0 (mod p).
0<j<p =1

2{5
Thus

(p—3)/2 1
> EnEpiion-ok = <?) Ean—0n0+[p—1]2n] (mod p), (2.4)
k=0

where [p — 1| 2n] takes 1 or 0 according as p — 1 | 2n or not.
Combining (2.2)-(2.4) we get

p—14+2n
Z EvEp 14on-k = ZEQkEZn ok —Ono+[p—1]2n] (mod p).
k=0 k=0

This proves (1.2).
So far we have completed the proof of Theorem 1.1. [
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