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PATH SUBCOALGEBRAS, FINITENESS PROPERTIES AND QUANTUM
GROUPS

S.DASCALESCU', M.C. IOVANOV"2, C. NASTASESCU!

ABSTRACT. We study subcoalgebras of path coalgebras that are spanned by paths (called path
subcoalgebras) and subcoalgebras of incidence coalgebras, and propose a unifying approach
for these classes. We discuss the left quasi-co-Frobenius and the left co-Frobenius properties
for these coalgebras. We classify the left co-Frobenius path subcoalgebras, showing that they
are direct sums of certain path subcoalgebras arising from the infinite line quiver or from cyclic
quivers. We also discuss the coreflexive property for the considered classes of coalgebras. Finally,
we investigate which of the co-Frobenius path subcoalgebras can be endowed with Hopf algebra
structures, in order to produce some quantum groups with non-zero integrals, and classify all
these structures over a field with primitive roots of unity of any order. These turn out to be

liftings of quantum lines over certain not necessarily abelian groups.

1. INTRODUCTION AND PRELIMINARIES

Let K be an arbitrary field. A quadratic algebra is a quotient of a free noncommutative algebra
K < x1,...,z, > in n variables by an ideal I generated by elements of degree 2. For example, the
usual commutative polynomial ring is such an example, with I generated by z;z; — x;x;. These
are important in many places in mathematics, and one very important class of such algebras
consists of Koszul algebras and Koszul duals of quadratic algebras. More generally, one can
consider quotients K < x1,...,x, > /I for ideals I generated by homogeneous elements. Many
examples of algebras important in topology, noncommutative geometry, representation theory,
or theoretical physics occur in this way (see for example the examples and references in [7]). For
example, such are the cubic Artin-Schreier regular algebras C < =,y > /(ay’x + byzy + azxy® +
cx3, ax’y + bryr + ayr? + ry3) in noncommutative projective algebraic geometry (see [3]), the

skew-symmetrizer killing algebras C < x1,...,z, > /( 3 sgn(o)zi, ) - - - Ti, ) (the ideal we
o€Y)

factor by has (Z) generators, each one corresponding to some fixed 1 <i; < ... < i, <n) for a
fixed 2 < p < n, in representation theory (see [0]), or the Yang-Mills algebras C < Vg, ..., V, >
AOW gAMYLV, Vo)) (with (g™#), , an invertible symmetric real matrix, and the ideal
we factor by has n + 1 generators, as 0 < v < n) in theoretical physics (see [13]), to name a
few. More generally, one could start with a quiver I', and define path algebras with relations

by taking quotients of the path algebra K[I'] by an ideal (usually) generated by homogeneous
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elements, which are obtained as linear combinations of paths of the same length. Note that the
examples above are if this type: the free algebra with n elements can be thought as the path
algebra of the quiver I with one vertex 1 (which becomes the unit in the algebra) and n arrows
x1,...,T, starting and ending at 1; the relations are then given by linear combinations of paths
of the same length. This approach, for example, allows the generalization of N-Koszulity to

quiver algebras with relations, see [17].

We aim to study a general situation which is dual to the ones above, but is also directly connected
to it. If T' is a quiver, the path algebra K[| of I' plays an important role in the representation
theory of I'. The underlying vector space of the path algebra also has a coalgebra structure,
which we denote by KT and call the path coalgebra of I'. One motivation for replacing path
algebras by path coalgebras is the following: given an algebra A, and its category of finite
dimensional representations, one is often lead to considering the category Ind(A) generated by
all these finite dimensional representations (direct limits of finite dimensional representations).
Ind(A) is well understood as the category of comodules over the finite dual coalgebra A° of A
(also called the algebra of representative functions on A), and it cannot be regarded as a full
category of modules over a ring unless A is finite dimensional. Such situations extend beyond
the realm of pure algebra, encompassing representations of compact groups, affine algebraic
groups or group schemes, differential affine groups, Lie algebras and Lie groups, infinite tensor
categories etc. In general, one has an embedding of the path coalgebra KT into the finite dual
KI'° and this embedding is an isomorphism if, for example, there are only finitely many paths
between any two vertices; quiver representations that are also comodules over KT' provide a

particularly interesting class of representations.

Another reason for which the study of path coalgebras is interesting is that any pointed coalgebra
embeds in the path coalgebra of the associated Gabriel quiver, see [24], [1I]. Thus, finite
dimensional modules over a path algebra K [I'], which are the finite dimensional comodules over
the finite dual K[I']°, are in fact captured by the study of subcoalgebras of path coalgebras
when K is algebraically closed, since K[I']" is pointed in that case. On the other hand, if X is a
locally finite partially ordered set, the incidence coalgebra KX provides a good framework for
interpreting several combinatorial problems in terms of coalgebras, as explained by Joni and Rota
[22]. There are several features common to path coalgebras and incidence coalgebras. They are
both pointed, the group-like elements recover the vertices of the quiver, respectively the points
of the ordered set, the injective envelopes of the simple comodules have similar descriptions, etc.
Moreover, as we show later in Section [6] Proposition [6.1], any incidence coalgebra embeds in a
path coalgebra, and in fact, it has a basis where each element is a sum of paths of the same

length. Another example of such a coalgebra can be obtained by considering a subcoalgebra
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C of a path coalgebra I" which has a basis of paths. We note that this is precisely the dual
situation to that considered above: for algebras, one considers a path algebra with homogeneous
relations, that is K[I'] quotient out by an ideal generated by homogeneous elements, i.e. sums
of paths of the same length, with coefficients. For a coalgebra, one considers subcoalgebras of
the path coalgebra of I" such that the coalgebra has a basis consisting of linear combinations of
paths of the same length (“homogeneous” elements; more generally, a coalgebra generated by

such elements).

The main interest of this paper is in studying Frobenius type properties for path coalgebras,
incidence coalgebras and certain subcoalgebras of them. Recall that a coalgebra C is called left
co-Frobenius if C' embeds in C* as a left C*-module. Also, C' is called left quasi-co-Frobenius if C
embeds in a free module as a left C*-module. The (quasi)-co-Frobenius properties are interesting
for at least three reasons. Firstly, coalgebras with such properties have rich representation
theories. Secondly, for a Hopf algebra H, it is true that H is left quasi-co-Frobenius if and only
if H is left co-Frobenius, and this is also equivalent to H having non-zero left (or right) integrals.
This is one of the most important classes of infinite dimensional Hopf algebras, for the following
reason: it generalizes the algebra of representative functions R(G) on a compact group. If G
is a compact group, then the left Haar integral of G provides an integral of the Hopf algebra
R(G). Moreover, more recent generalizations of these have been made to compact and locally
compact quantum groups (whose representation categories are not necessarily semisimple). Thus
co-Frobenius coalgebras may be the underlying coalgebras for interesting quantum groups with
non-zero integrals. Thirdly, by keeping in mind the duality with Frobenius algebras in the finite

dimensional case, co-Frobenius coalgebras have connections to topological quantum field theory.

We propose an approach leading to similar results for path coalgebras and incidence coalgebras,
and which also points out the similarities between these as mentioned above. In Section [2] we
discuss when a path coalgebra (or an incidence coalgebra) is left (quasi)-co-Frobenius. It turns
out that this happens only very rarely, i.e. when the quiver consists only of isolated points, i.e.
the quiver does not have arrows (respectively the order relation is the equality). Thus the left
co-Frobenius coalgebras arising from path coalgebras or incidence coalgebras are just grouplike
coalgebras. The result for incidence coalgebras was previously proved in [14], with different
methods. Our approach uses in a similar way representation theory for incidence coalgebras
and path coalgebras. Although this section can be obtained as a consequence of our much more
general results later on, we include it for a short and unifying approach to these results. In order
to discover more interesting classes of left co-Frobenius coalgebras, we focus our attention to
larger classes of coalgebras. On one hand we consider subcoalgebras of path coalgebras which

have a linear basis consisting of paths. We call these path subcoalgebras. On the other hand,
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we look at subcoalgebras of incidence coalgebras; any such coalgebra has a basis consisting of
segments. In Section B we apply a classical approach to the (quasi)-co-Frobenius property. It is
known that a coalgebra C' is left co-Frobenius if and only if there exists a left non-degenerate
C*-balanced bilinear form on C. Also, C is left quasi-co-Frobenius if and only if there exists
a family (53;);er of C*-balanced bilinear forms on C such that for any non-zero z € C there is
i € I with B;(z,C) # 0. We describe the balanced bilinear forms on path subcoalgebras and
subcoalgebras of incidence coalgebras. Such a description was given in [14] for the full incidence
coalgebra, and in [5] for certain matrix-like coalgebras. In Section [ we use this description and
an approach using the injective envelopes of the simple comodules to show that for any coalgebra
C in one of the two classes, we have that C' is left quasi-co-Frobenius if and only if C' is left
co-Frobenius, and to give several equivalent conditions including combinatorial ones (just in
terms of paths of the quiver, or segments of the ordered set). In Section [5] we classify all possible
left co-Frobenius path subcoalgebras. We construct some classes of left co-Frobenius coalgebras
K[Aw,r] and K[A¢ ,r| starting from the infinite line path A, and a class of left co-Frobenius
coalgebras K[C,,, s] starting from cyclic paths C,,. Our result says that any left co-Frobenius path
subcoalgebra is isomorphic to a direct sum of coalgebras of types K[A, r], K[A o0, 7], K[Cp, s]
or K, with special quivers A, A ~,C,, and 7, s being certain general types of functions on these
quivers. For subcoalgebras of incidence coalgebras we do not have a complete classification in
the left co-Frobenius case. We show in Section [6] that more complicated examples than the ones
in the path subcoalgebra case can occur for subcoalgebras of incidence coalgebras, and a much
larger class of such coalgebras is to be expected. Also, we give several examples of co-Frobenius
subcoalgebras of path coalgebras, which are not path subcoalgebras, and moreover, examples of
pointed co-Frobenius coalgebras which are not isomorphic to any one of the above mentioned
classes. In Section [7] we discuss the property of being coreflexive for path subcoalgebras and
subcoalgebras of incidence coalgebras. We prove that such a coalgebra is coreflexive if and only
if its coradical is coreflexive. Although this subject is not immediately connected to the main
subject of the article, we stress its importance for at least two reasons. One would be the
obvious duality between path algebras and path coalgebras, and the coreflexivity of coalgebras
is a duality flavored notion: it tests the possibility of recovering a coalgebra C' from the dual
algebra C*. On the other hand, this study will again show how a similar unified approach for
these classes of coalgebras can be made. In particular, we approach an old question of E. Taft
in coalgebra theory: given coreflexive coalgebras C' and D, is their tensor product coreflexive?
We answer this for a fairly large class of pointed coalgebras (in fact, the general question can be
reduced to the pointed case at least for algebraically closed fields). We derive that the tensor
product of two coreflexive incidence coalgebras is coreflexive, and that the tensor product of
two coreflexive subcoalgebras of path coalgebras associated to quivers with only finitely many

paths between any two vertices is again coreflexive. In Section [§ we discuss the possibility of
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defining Hopf algebra structures on the path subcoalgebras that are left and right co-Frobenius,
classified in Section Bl The main reason for asking this question is the interest in constructing
quantum groups with non-zero integrals, whose underlying coalgebras are path subcoalgebras.
We answer completely this question in the case where K contains primitive roots of unity of any
positive order. Thus we determine all possible co-Frobenius path subcoalgebras admitting a Hopf
algebra structure. Moreover, we describe up to an isomorphism all such Hopf algebra structures.
It turns out that they are liftings of quantum lines over certain not necessarily abelian groups.
In particular, this also answers the question of finding the Hopf algebra structures on finite
dimensional path subcoalgebras and on quotients of finite dimensional path algebras by ideals
spanned by paths. We note that Hopf algebra structures on incidence coalgebras have been of
great interest for combinatorics, see for example [27], [1]. We also note that the classification
of path coalgebras that admit a graded Hopf algebra structure was done in [12], see also [16]
for a different point of view on Hopf algebra structures on path algebras. In particular, some of
the examples in the classification have deep connections with homological algebra: the monoidal
category of chain s-complexes of vector spaces over K is monoidal equivalent to the category of

comodules of K[A|s], a subclass of the Hopf algebras classified here ([21] [§]).

We also note that the unifying approach we propose here seems to suggest that in general for
pointed coalgebras interesting methods and results could be obtained provided one can find
some suitable bases with properties resembling those of paths in quiver algebras or segments in

incidence coalgebras.

Throughout the paper I' = (I'g, I'1) will be a quiver. T'g is the set of vertices, and I’y is the set of
arrows of I'. If a is an arrow from the vertex u to the vertex v, we denote s(a) = u and t(a) = v.
A path in I is a finite sequence of arrows p = aqas ... ay,, where n > 1, such that ¢t(a;) = s(a;+1)
for any 1 <1i <n—1. We will write s(p) = s(a1) and t(p) = t(a,). Also the length of such a
p is length(p) = n. Vertices v in T'y are also considered as paths of length zero, and we write
s(v) = t(v) = v. If g and p are two paths such that t(q) = s(p), we consider the path gp by
taking the arrows of ¢ followed by the arrows of p. We denote by KT the path coalgebra, which
is the vector space with a basis consisting of all paths in I', and comultiplication A defined by
A(p) = quzpq ® r for any path p, and counit e defined by e(v) = 1 for any vertex v, and
€(p) = 0 for any path of positive length. In particular, the arrows x between two vertices v and
w, i.e. s(x) =wv,t(x) = w, are the nontrivial elements of P, ,, the space of (w,v)-skew-primitive
elements: A(z) =v®x+ 2z ®w. When we use Sweedler’s sigma notation A(p) = > p; ® pa for
a path p, we always take representations of the sum such that all p;’s and ps’s are paths.

We also consider partially ordered sets (X, <) which are locally finite, i.e. the interval [z,y] =
{z] x < z <y} is finite for any x < y. The incidence K-coalgebra of X, denoted by KX, is the
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K-vector space with basis {e; |2,y € X,z < y}, and comultiplication A and counit e defined
by
Alegy) = Z ex: D€y

r<z<y
€(ez,y) = Oayy
for any z,y € X with <y, where by d,, we denote Kronecker’s delta. The elements e, , are
called segments. Again, when we use Sweedler’s sigma notation A(p) = > p1 ® p2 for a segment
p, we always take representations of the sum such that all p;’s and py’s are segments. Recall
that the length of a segment e, , is the maximum length nof achainz =20 < 21 <--- < 2z, =y

For basic terminology and notation about coalgebras and Hopf algebras we refer to [15] and [23].

2. WHEN IS A PATH COALGEBRA OR AN INCIDENCE COALGEBRA LEFT QUASI-CO-FROBENIUS?

In this section we present a common approach to the study of certain finiteness properties for
path coalgebras and incidence coalgebras. If C is a coalgebra, we denote by Cyp C C; C ... C
C, C ... its coradical filtration. Cj is the coradical of C, and C' is called a pointed coalgebra if

Cy is a grouplike coalgebra, i.e. it is spanned by grouplike elements of C'.

Definition 2.1. (i) Let C be a coalgebra. We say that B is a coradical basis of C if B is a
K-basis of C and BN C, is a basis of C,, for all n.
(ii) A right (or left) coideal M of C will be called B-supported if BN M is a K-basis of M.

We say that a non-zero (co)module is local if it has a unique maximal sub-(co)module. The

following result is obvious.

Proposition 2.2. Let C be a coalgebra with a coradical basis B and let M be a finite dimensional
local right coideal of C' which is B-supported. Then M is generated as a right C'-comodule by
any element in the nonempty set (BN M)\ Jac(M) (here, Jac(M) denotes the Jacobson radical
of M ).

The path coalgebra KT and the incidence coalgebra K X are both pointed. The simple left (or
right) comodules are the one-dimensional spaces spanned by the vertices of ' in the first case,
respectively by the trivial segments e, ;, * € X, in the second one. The injective envelopes of
the simple left (right) comodules were described in [28, Lemma 5.1] for incidence coalgebras and

in [10, Corollary 6.3] for path coalgebras as follows.

Proposition 2.3. (i) If C = KT, then for each vertex v of T', the injective envelope of the
left (right) C-comodule Kv is (the K-span) Ej(Kv) =< p | p path and t(p) = v > (and
E,(Kv) =< p| p path and s(p) = v >, respectively).

(it) If C = KX, then the injective envelope of the left (right) C-comodule Ke, 4 is (the K-span)
Ei|(Kega) =< ezglr € X,z <a> (and E,(Keqq) =< egzlr € X,a < x>, respectively).
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Now we can prove the following.

Proposition 2.4. If C = KT, a path coalgebra, or C = KX, an incidence coalgebra, the
following are equivalent

(1) C is co-semisimple (i.e. T' has no arrows for C = KT, and the order relation on X is the
equality for C = KX).

(ii) C is left QcF.

(iii) C' is left co-Frobenius.

(iv) C is right QcF.

(v) C is right co-Frobenius.

Proof. (i)=-(iii)=-(ii) holds for any coalgebra C. We show that (ii)=-(i). By [20, Proposition
1.4] and [21] Proposition 1.2], any injective indecomposable right C-comodule is the dual of an
injective indecomposable left C-comodule, so it is local by [19, Lemma 1.4]. By Proposition
23lin either case the injective indecomposable comodules are B-supported, where B is the basis
consisting of all paths in I' if C' = KT, and of all segments e, , if C = KX, and by Proposition
2.2] they must be generated as C-comodules by an element of the basis B.

(I) If C = KT, for a vertex v, let E.(Kv) = C*p =< q | ¢ path and p = gh for some path h >
for a path p € B. This means that any path starting at v is a subpath of p. We have that s(p) = v
and let t(p) = u. Then it is easy to see that the linear map ¢ : C*p — Ku taking p to u, and any
other ¢ to 0, is a surjective morphism of left C*-modules. Hence if E,.(Kv) = Ej(Kw)* as left C*-
modules for some vertex w, we have a surjective morphism of left C*-modules E;(Kw)* — Ku,
inducing an injective morphism of right C*-modules (Ku)* — Ej(Kw). Since (Ku)* = Ku as
right C*-modules, and the socle of the comodule E;(Kw) is Kw, we must have w = u, showing
that E.(Kv) & Ej(Ku)*.

On the other hand there is no arrow starting at u (otherwise we would have a path starting at
v, which is not a subpath of p), so E,(Ku) = Ku. By the above considerations for u instead of
v, E,(Ku) can only be isomorphic to the dual of Ej(Kwu). Therefore E.(Kv) = E,(Ku), and
then u = v and p = v. Thus E,(Kwv) is simple and hence C' is cosemisimple.

(IT) If C = KX, the same argument repeats word by word, but with the elements of the
basis B consisting of all the segments e, ,. Here a segment e, , will be a subsegment of e, if

a<z<hb. O

As an immediate consequence we describe the situations where a finite dimensional path algebra
is Frobenius. We note that the path algebra of a quiver " (as well as the path coalgebra KT)
has finite dimension if and only if I' has finitely many vertices and arrows, and there are no

cycles.
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Corollary 2.5. A finite dimensional path algebra is Frobenius if and only if the quiver has no

arrows.

Proof. 1t follows from the fact that the dual of a finite dimensional path algebra is a path
coalgebra, and by Proposition 2.4 O

3. BALANCED BILINEAR FORMS FOR PATH SUBCOALGEBRAS AND FOR SUBCOALGEBRAS OF

INCIDENCE COALGEBRAS

In the rest of the paper we will be interested in two classes of coalgebras more general than path

coalgebras and incidence coalgebras. Thus we will study

e Subcoalgebras of the path coalgebra KI' having a basis B consisting of paths in I". Such a
coalgebra will be called a path subcoalgebra. Note that if p € B, then any subpath of p, in
particular any vertex involved in p, lies in B.

e Subcoalgebras of the incidence coalgebra K X. By [14, Proposition 1.1], any such subcoalgebra
has a basis B consisting of segments e, ,, and moreover, if e, , € B and x < a < b < y, then

€ab € B.

It is clear that for a coalgebra C' of one of these two types, the distinguished basis B consists of
all paths (or segments) which are elements of C'. Let C be a coalgebra of one of these two types,
with basis B as above. When we use Sweedler’s sigma notation A(p) = > p1 ® ps for p € B, we
always consider representations of the sum such that all p;’s and ps’s are in B.

A bilinear form S : C' x C — K is C*-balanced if

(1) > Bp2a)pr =Y Bp,q)ga  foranyp,qe B

It is clear that () is equivalent to the fact that for any p,q € B, the following three conditions
hold.

(2) B(p2,q) = PB(p,q1) forthoseof the py’sand the ¢1’s such that p; = o
(3) B(p2,q) = 0 forthose py's for which p; is not equal to any go
(4) B(p,q1) = 0 forthoseq s for which go is not equal to any p;

In the following two subsections we discuss separately path subcoalgebras and subcoalgebras of

incidence coalgebras.

3.1. Path subcoalgebras. In this subsection we consider the case where C is a path subcoal-
gebra. We note that if I' is acyclic, then for any paths p and ¢ there is at most a pair (p1, g2)
(in () such that p; = go.
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Denote by F the set of all paths d satisfying the following three properties

e d = qp for some ¢q,p € B.

e For any representation d = gp with ¢,p € B, and any arrow a € I'y, if ap € B then ¢ must end
with a.

e For any representation d = gp with ¢,p € B, and any arrow b € I'y, if ¢b € B then p starts
with b.

Now we are able to describe all balanced bilinear forms on C.

Theorem 3.1. A bilinear form g : C x C — K is C*-balanced if and only if there is a family
of scalars (ag)ger such that for any p,q € B

Blp,q) = { aq, ifs(p) =t(¢)andgp=d e F

0, otherwise
In particular the set of all C*-balanced bilinear forms on C is in bijective correspondence to K7 .

Proof. Assume that § is C*-balanced. If p,q € B and t(q) # s(p), then 5(p,q)s(p) appears in
the left-hand side of (dI), but s(p) does not show up in the right-hand side, so 5(p,q) = 0. Let
P be the set of all paths in I' for which there are p,q € B such that d = gp. Let d € P and let
d=qp =49, p,qp,q € B be two different decompositions of d, and say that, for example,
length(p’) < length(p). Then there is a path r such that p = rp’ and ¢’ = ¢r, and clearly r € B
since it is a subpath of ¢’ € B. Use () for p and ¢/, for which there is an equality py = ¢4 =r
(and the corresponding ps = p’ and ¢} = ¢), and find that B(p', ¢') = B(p, q). Therefore, for any
d € P (not necessarily in B) and any p,q € B such that d = gp, we have that §(p,q) depends
only on d. This shows that there is a family of scalars (ag)qep such that B(p,q) = ay for any
p,q € B with gp = d.

Let d € P such that d = gp for some p,q € B, and there is an arrow a € I'y with ap € B, but ¢
does not end with a. That is, ¢ is not of the form ¢ = ra for some path r € B. We use (3] for
the paths ap € B and ¢ € B, more precisely, for the term (ap); = a, which cannot be equal to
any of the ¢o’s (otherwise ¢ would end with a), and we see that 3(p,q) =0, i.e. ag = 0.
Similarly, if d € P, d = qp with p,q € B and there is b € I'y with ¢b € B and p not of the form
br for some path r (i.e. p does not start with b), then we use [l for p and gb, and (gb)2 = b,
and we find that 8(p,q) =0, i.e. ag = 0. In conclusion, ay may be non-zero only for d € F.
Conversely, assume that § is of the form indicated in the statement. We show that (2)), (3]
and (@) are satisfied. Let p,q € B be such that py = g2 = r for some p; and ¢ (from the
comultiplication > p; ® pa of p and, respectively, the comultiplication > ¢; ® g2 of ¢). Then
p=rp and q = ¢'r for some p’,¢' € B. Let d = ¢'rp/. If d € F, then B(p’,q) = B(p,q') = aq,
while if d ¢ F we have that 3(p',q) = B(p,q') = 0 by definition. Thus (2] holds. Now let
p,q € B and fix some py (from the comultiplication > p; ® po of p) such that the corresponding
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p1 is not equal to any go. If s(p2) # t(q), then clearly S(p2,q1) = 0 by the definition of 5. If
s(p2) = t(q), then d = gpy ¢ F. Indeed, let r be a maximal path such that p; = er for some
path e and g ends with 7, say ¢ = ¢'r. Note that e has length at least 1, since p; is not equal to
any of the ¢o’s. Then the terminal arrow of e cannot be the terminal arrow of ¢/, and this shows

that d = pog = (par)q’ ¢ F. Then B(p2,q) = 0 and (@) is satisfied. Similarly, () is satisfied. O

3.2. Subcoalgebras of incidence coalgebras. In this subsection we assume that C is a
subcoalgebra of the incidence coalgebra K X. Let D be the set of all pairs (x,y) of elements in
X such that « < y and there exists 2’ with 2 < 2’ <y and e, /,e,, € B. Fix (2,y) € D. Let

Ur,y = {u | r <u<yand €xu; Cuy € B}

and define the relation ~ on U, , by u ~ v if and only if there exist a positive integer n, and
Uy = U, UL, ..., U, = v and z1,...,2, in Uy, such that z; <wu;—q and 2z; < w; for any 1 <7 < n.
It is easy to see that ~ is an equivalence relation on U, ,. Let U,/ ~ be the associated set of
equivalence classes, and denote by (U,,/ ~)o the set of all equivalence classes C satisfying the
following two conditions.

o If u € C, and v € X satisfies v < u and e,y € B, then < v.

o If u e C, and v € X satisfies u < v and e, , € B, then v < y.

Now we can describe the balanced bilinear forms on C.

Theorem 3.2. A bilinear form g : C x C — K is C*-balanced if and only if there is a family
of scalars (ac)ce || (Usy/~)o Such that for any eiy, e, . € B

(z,y)€D

ac, if (z,y) € D,z =t € Uy yandtheclassCof zinU, ,/ ~ is in (Uy,y/ ~)o

/B(et,yae:c,z) - {

0, otherwise

In particular the set of all C*-balanced bilinear forms on C 1is in bijective correspondence to
|_| (Uz,y/’\‘)o

K (z9)€D

Proof. Assume that § is C*-balanced. Fix some z < y such that U, # 0. We first note
that if v < 2 <t <y and 2,t € U,,, then by applying ) for p = e, ,,q¢ = ey and p; =
q2 = e, we find that B(esy,e2t) = Blesy,€r,2). Now let u,v € Uy, such that u ~ v. Let
Uy = U, UL, ..., Uy, = v and z1,...,2, in Uz, such that z; <wu;—q and 2z; < w; for any 1 <7 < n.
By the above we have that 5(ew; ,.y;€zui1) = B(€usys €xu;) = B(€z ;s €x,2), for any i, and this
implies that f(ey,y, €zu) = B(€vy, €xw). This shows that 5(ey y,€r.) takes the same value for
any u in the same equivalence class in Uy ,/ ~.

Now assume that for some u € Uy, there is v € X, such that v < u, 2 £ v and e, , € B. Use ()
for p=eyy, ¢ = ez and p; = e,,,. Note that p; # ¢o for any g2. We get that B(ey y,eqzn) = 0.
Similarly, if u € Uy, and there is v € X such that u < v, v £ y and e, ,, € B, then using () for
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P = €yuy,q = €zy and ga = €y, we find that S(e,y, ezu) = 0. We have thus showed that § has
the desired form.

Conversely, assume that § has the indicated form. We show that it satisfies (), [B]) and @).
Let p,q € B such that p; = ¢o for some p; and g2. Then p =e,,,q¢ =€, and p1 = g2 = e,
for some < z <t <y. Clearly t ~ 2, and let C be the equivalence class of ¢t in U, ,/ ~. Then
B(p2,q) = Bety, ext) and S(p,q1) = B(esy, €z,2), and they are both equal to a¢ if C € (Ug,y/ ~
)o, and to 0 if C ¢ (Usy/ ~)o. Thus () is satisfied.

Let now p = €, 4,p1 = €,4,D2 = €y and ¢ = e, such that p; # ¢ for any go. We have that
B(p2,q) = Blety, exn). If ut, this is clearly 0. Let u = ¢. Then x £ z, otherwise p; = go for
some ¢a2. We have that ¢ € U, ,, but the equivalence class of ¢ in U,/ ~ is not in (Uy,/ ~)o,
since e, € B, z < t, but © £ z. It follows that B(p2,q) = 0, and (3] holds. Similarly we can
show that () holds. O

4. LEFT QUASI-CO-FROBENIUS PATH SUBCOALGEBRAS AND SUBCOALGEBRAS OF INCIDENCE

COALGEBRAS

In this section we investigate when a path subcoalgebra of a path coalgebra or a subcoalgebra of
an incidence coalgebra is left co-Frobenius. We keep the notation of Section Bl Thus C will be
either a path subcoalgebra of a path coalgebra KT, or a subcoalgebra of an incidence coalgebra
K X. The distinguished basis of C' consisting of paths or segments will be denoted by B. We
note that in each of the two cases B is a coradical basis of C' in the sense of Definition 2.1 It is

easy to see that Proposition 23] extends to the following.

Proposition 4.1. (i) If C is a path subcoalgebra, then for each vertex v of I' such thatv € C, the
injective envelope of the left (right) C'-comodule Kv is (the K -span) Ej(Kv) =< p € Blt(p) =v >
(and E.(Kv) =< p € B|s(p) = v > respectively).

(11) If C is a subcoalgebra of the incidence coalgebra KX, then for any a € X such that e, € C,
the injective envelope of the left (right) C-comodule Keq q is (the K-span) Ej(Keq o) =< egq|T €
X,ezq€C> (and E (Kegq) =< eqg|lr € X,eq, € C >).

The following shows that we have a good left-right duality for comodules generated by elements
of the basis B.

Lemma 4.2. (i) Let C be a subcoalgebra of the incidence coalgebra KX, and let eqp, € C. Then
(C*eqp)” = eqpC* as right C*-modules (or left C-comodules).

(ii) Let C' be a path subcoalgebra of KT', and let p be a path in C. Then (C*p)* = pC* as right
C*-modules (or left C-comodules).

Proof. (i) Clearly the set of all segments e, , with a < 2 < b is a basis of C*eqp. Denote by e} ,

the corresponding elements of the dual basis of (C*eqy)*. Since for ¢* € C* and a < z,y < b we
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have
(€22 )(€ay) = Z c*(ezy)eqz(€a,z)
a<z<y
B 0, ifx gLy
c*ery), fx <y
we get that
(5) e:,mc* = Z C*(ex,y)ez,y

r<y<b

On the other hand e, ;C* has a basis consisting of all segments e, with a <z <b, and

(6) ex,bc* = Z c*(ex,y)e%b

z<y<b

Equations (B]) and (@) show that the linear map ¢ : (C*eqp)* — €,,,C* defined by é(e}; ) = ez p,
is an isomorphism of right C*-modules.

(ii) Let p = a1...a, and v = s(p). Denote p; = ay...a; for any 1 < i < n, and pg = v.
Then {po,p1,...,pn} is a basis of C*p, and let (p})o<i<n be the dual basis of (C*p)*. For any
0 <t < j < n denote by p;; the path such that p; = p;p; ;. Then a simple computation shows
that pjc* = > ., ¢"(Pi;)p; for any i and any ¢* € C*.

On the other hand, {p;, | 0 < i < n} is a basis of pC*, and it is easy to see that p;,c* =
> i<r<n € (Pir)Prp for any i and any ¢* € C*. Then the linear map ¢ : (C*p)* — pC* defined
by ¢(p}) = Pin for any 0 < i < n, is an isomorphism of right C*-modules. O

For a path subcoalgebra C let us denote by R(C) the set of vertices v in C' such that the
set {p € C' | p path and s(p) = v} is finite (i.e. E,(Kwv) is finite dimensional) and contains
a unique maximal path. Note that this is equivalent to FE,(Kv) being finite dimensional and
local. Indeed, if F,(KWv) is finite dimensional and contains a unique maximal path p = ay ... a,,
then keeping the notation from the proof of Lemma (42l we have that F,(Kv) = C*p and
C*pp—1 =< Dpo,--.,Pn—1 > is the unique maximal C*-submodule of C*p. Conversely, if E,.(Kv)
is finite dimensional and local, then by Proposition 2.2, E,(Kv) = C*p for some path p, and
then clearly p is the unique maximal path in {q € C' | ¢ path and s(q) = v}.

Similarly, denote by L(C) the set of vertices v of C such that Ej(Kv) is a finite dimensional local
left C-comodule. Also, for each vertex v € R(C) let r(v) denote the endpoint of the maximal
path starting at v, and for v € L(C) let I(v) be the starting point of the maximal path ending
at v.

Similarly, for a subcoalgebra C' of the incidence coalgebra K X, let R(C) be the set of all a € X
for which e, , € C and the set {x € X | a <z, e,, € C} is finite and has a unique maximal

element, and L(C') be the set of all @ € X for which e, , € C and the set {x € X|z < a, e, € C}
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is finite and has a unique minimal element. As before, R(C) (respectively L(C)) consists of those
a € X for which E,(Keq,) (respectively, Ej(Keqq)) are local, hence generated by a segment.
Here r(a) = r(eq,q) for a € R(C) denotes the maximum element in the set {z |z > a, e, , € C'}

and [(a) for a € L(C') means the minimum of {z | z < a,e;, € C}.

Proposition 4.3. (1) Let C be a path subcoalgebra of the path coalgebra KT'. Then the following
are equivalent.

(a) C is left co-Frobenius.

(b) C is left quasi-co-Frobenius.

(¢) R(C) consists of all vertices belonging to C, r(R(C)) C L(C) and lr(v) = v, for any vertex
vin C.

(d) For any path q € B there exists a path p € B such that qp € F (for F defined in the previous
section).

(II) Let C be a subcoalgebra of the incidence coalgebra KX . Then the following are equivalent.
(a) C is left co-Frobenius.

(b) C is left quasi-co-Frobenius.

(¢) R(C) consists of all a € X such that eqq € C, 7(R(C)) C L(C) and lr(a) = a, Va € X with
€q,a € C.

(d) For any segment e, ., € C there exists y > z such that e,y € C and the class of z in Uy y/ ~
lies in (Ugy/ ~)o-

Proof. (I) (a)=-(b) is clear.

(b)=(c) We apply the QcF characterization of [20] and [2I]. If C' is left QcF then for any vertex
v € C, there is a vertex u € C such that E,.(Kv) = E;(Ku)*. Hence E,(Kwv) is local (by [19]
Lemma 1.4]), and by Proposition it is generated by a path p. As in the proof of Proposition
2.4 this means that v € R(C), and u = r(v). By Lemma 2] Fj(Ku) = E.(Kv)* = (C*p)* =
pC*, so Ej(Ku) is generated by p, and this shows that p is the unique maximal path ending at
u. Hence, u =r(v) € L(X), and I(u) = v. Thus I(r(v)) = v.

(¢)= (d) Let ¢ € B, and let v = s(q). Since v € R(C), there exists a unique maximal path d
starting at v, and d = gp for some path p. We show that d € F. Denote t(d) = v', and let
d = ¢'p’ for some paths ¢/,p" in B. Let u = t(¢') = s(p'). If there is an arrow b (in I'7) starting
at u, such that ¢’b € B, then ¢'b is a subpath of d, since d is the unique maximal path starting
at v. It follows that p’ starts with b. On the other hand, v' = r(v) € L(C) and I(v") = Ir(v) = v,
so d is the unique maximal path in B ending at v'. This shows that if an arrow a (in I';) ends at
u, and ap’ € B, then ap’ is a subpath of d, so the last arrow of ¢’ is a. We conclude that d € F.
(d)=(a) Choose a family (c)qer of scalars, such that ag # 0 for any d. Associate a C*-balanced
bilinear form B on C to this family of scalars as in Theorem[B.Il Then B is right non-degenerate,

so C is left co-Frobenius.
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(II) (a)=-(b) is clear; (b)=-(c) is proved as the similar implication in (I), with paths replaced
by segments.

(c)=(d) Let e, . € C. If r(xz) =y, then clearly z < y and e, € B, so Uy, = [z,y]. Then
any two elements in U, , are equivalent with respect to ~ (since they are both > x), so there
is precisely one equivalence class in Uy ,/ ~, the whole of U, ,. We show that this class lies in
(Uzy/ ~)o. Indeed, if u € U, y, v € X, v < u and e,, € B, then v € {ale,, € B}, and since
l(y) = l(r(z)) = =, we must have x < v. Also, if u € Uy, v € X, u < v and e,, € B, then
v € {aleg,q € B}. Then since r(x) =y, we must have v < y.

(d)=-(a) follows as the similar implication in (I) if we take into account Theorem O

5. CLASSIFICATION OF LEFT CO-FROBENIUS PATH SUBCOALGEBRAS

Proposition 3] gives information about the structure of left co-Frobenius path subcoalgebras.
The aim of this section is to classify these coalgebras. We first use Proposition 4.3 to give some
examples of left co-Frobenius path subcoalgebras. These examples will be the building blocks

for the classification.

Example 5.1. Let I' = Ay, be the quiver such that I'o = Z and there is precisely one arrow

from i toi+1 for any i € Z.

Aw: ...—o ol ol 52— .

For any k <1, let py; be the (unique) path from the vertex k to the vertex I. Also denote by py i
the vertex k. Let r: Z — Z be a strictly increasing function such that r(n) > n for any n € Z.
We consider the path subcoalgebra K[Aoo,r] of KA with the basis

B = |(J{p|pis apath in A, s(p) = n and length(p) < r(n) — n}
nez
= {pry|k,l€Zandk <l<r(k)}

Note that K[A,r| is indeed a subcoalgebra, since

l

Alpry) =D pri®pig, k<1
i=k

The counit is given by

€(Pr1) = Ok
Note that this can also be seen as a subcoalgebra of the incidence coalgebra of (N, <), consisting
of the segments ey for k <1 <r(k).
The construction immediately shows that the mazimal path starting from n is p, r(n). Note that
for each n € Z, py v(n) s the unique mazimal path into r(n). If there would be another longer

path py (ny into 7(n) in K[Ax,r], thenl < n. Then, since py ) is among the paths in K[Ax, ]
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which start at | we must have that it is a subpath of p;,q), and so r(l) > r(n). But since
I < n, this contradicts the assumption that r is strictly increasing. Therefore, we see that the
conditions of Proposition [{.3 are satisfied: py y(n) is the unique maximal path in the (finite) set
of all paths starting from a vertex m, and it is simultaneously the unique maximal path in the
(finite) set of all paths ending at r(n). Therefore if | : L(C) = Im(r) — R(C) is the function
used in Proposition [{.3 for C = K[Ax, ] satisfies [(r(n)) = n. This means that K[As, 7] is a
left co-Frobenius coalgebra.

We have that K[As, 7] is also right co-Frobenius if and only if there is a positive integer s
such that r(n) = n+ s for any n € Z. Indeed, if v is of such a form, then K[A, 7] is right
co-Frobenius by the right-hand version of Proposition [[.3. Conversely, assume that K[Ax, 7]
18 Tight co-Frobenius. If v would not be surjective, let m € Z which is not in the image of r.
Then there is n € Z such that r(n) < m < r(n+ 1). The mazimal path ending at m is pp1,m.-
Indeed, this mazimal path can not start before n (since then p, ;) would be a subpath of pnm
different from pp ), and pai1m is a path in K[A, 7], as a subpath of ppi1r(ni1). Hence
r(l(m)) = r(n+ 1) # m, and then K[A,r]| could not be right co-Frobenius by the right-hand
version of Proposition [{.3, a contradiction. Thus r must be surjective, and then it must be of
the form r(n) = n+ s for any n, where s is an integer. Since n < r(n) for any n, we must have
s > 0. For simplicity we will denote K[Ay,7] by K[Ax|s] in the case where r(n) =n+ s for
anyn € 7.

Example 5.2. LetI' = Ag o be the subquiver of Ay, obtained by deleting all the negative vertices

and the arrows involving them. Thus T'o = N, the natural numbers (including 0).
Ap,oo Vol o2t — .

We keep the same notation for pr; for 0 < k < 1. Letr : N — N be a strictly increasing
function with 7(0) > 0 (so then r(n) > n for any n € N), and define K[A ,7] to be the path
subcoalgebra of KAo o with basis {pr; | k,l € N,k <1 <r(k)}. With the same arguments as in
Ezxample [5.1] we see that K[Ag ~,7] is a left co-Frobenius coalgebra. We note that [(0) = 0, and
then r(1(0)) = r(0) > 0. By a right-hand version of Proposition [{.3, this shows that K[Ag oo, 7]

1s never right co-Frobenius.

Example 5.3. For any n > 2 we consider the quiver C,, whose vertices are the elements of

Zyp, ={0,...,n — 1}, the integers modulo n, and there is one arrow from i to i+ 1 for each i.
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We also denote by Cy the quiver with one vertex, denoted by 0, and one arrow o , and by Cy
the quiver with one vertexr and mo arrows.

Letn > 1 and s > 0 be integers. Let K[C,, s] be the path subcoalgebra of the path coalgebra KC,,,
spanned by all paths of length at most s. Denote by Ty the path (in C,,) of length | starting at
the k, for any k € Z,, and 0 <1 < s. Also denote by o0 the vertex k. Since the comultiplication
and counit in KC,, are given by

l

Algg) =D a5 © Gepigio
=0

e(ap) = doy
we see that indeed K[C,,s] =< gy | k € Z,0 <1 < s > is a subcoalgebra of KC,. Clearly
G55 15 the unique mazimal path in K[Cy,s] starting at k, so k € R(K([Cy,s]) and r(k) =k + s.
Also k+ s € L(K[C,,s]) and the maximal path ending at k+ s is also Qgs» thus Ir(k) =k,
and by Proposition [{.3 we get that K[C,,s] is a left co-Frobenius coalgebra. Since it has finite

dimension n(s + 1), it is right co-Frobenius, too.

For a path subcoalgebra C' C KT, denote by C N I" the subgraph of I' consisting of arrows and
vertices of I' belonging to C.

Lemma 5.4. If C C KT is a left co-Frobenius path subcoalgebra, then CNT = | |T;, a disjoint
i
union of subquivers of I', where each I'; is of one of types Ao, A oo 07 Cp, n >0, and C = P C;,
i
where C;, a path subcoalgebra of KT';, is the subcoalgebra of C' spanned by the paths of B contained

Proof. Let v be a vertex in C' N I'. By Proposition there is a unique maximal path p € B
starting at v, and any path in B starting at v is a subpath of p. This shows that at most one
arrow in B starts at v (the first arrow of p, if p has length > 0). We show that at most one arrow
in B ends at v, too. Otherwise, if we assume that two different arrows a and ¢’ in B end at v,
let s(a) = u and s(a’) = v (clearly u # u/, since at most one arrow starts at u), and let ¢ and
¢’ be the maximal paths in B starting at v and u’, respectively. Then ¢ = az and ¢’ = da’2’ for
some paths z and 2’ starting at v. But then z and 2’ are subpaths of p, so one of them, say z, is
a subpath of the other one. If w = t(z), then w = r(u), so w € L(C) and any path in B ending

at w is a subpath of ¢ = az. This provides a contradiction, since a’z is in B (as a subpath of ¢)
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and ends at w, but it is not a subpath of g.

We also have that if there is no arrow in B starting at a vertex v, then there is no arrow in B
ending at v either. Indeed, we have that the maximal path in B starting at v has length zero,
so r(v) = v, and then v € L(C) and I(v) = v, which shows that no arrow in B ends at v.

Now taking the connected components of C N T' (regarded just as an undirected graph), and
then considering the (directed) arrows, we find that C NI = | |T'; for some subquivers I'; which
can be of the types Ay, Ay or C,, and this ends the proof.Z O

Lemma 5.5. Let C C KT be a left co-Frobenius path subcoalgebra. Let u,v € C NI be different
vertices, and denote by p, and p, the maximal paths starting at u and v, respectively. Then p,

s not a subpath of p,.

Proof. Assume otherwise, so p, is a subpath of p,. We know that p, and p, end at r(u) and
r(v), respectively. Let ¢ be the subpath of p, which starts at v and ends at r(u). Since p, is a
subpath of p,, then ¢ contains p,,, too. Then both ¢ and p,, end at r(u), and since by Proposition
4.3 p,, is maximal with this property, we get that ¢ = p,. This means that u = v (as starting

points of p, and ¢), a contradiction. O

Now we are in the position to give the classification result for left co-Frobenius path subcoalge-

bras.

Theorem 5.6. Let C be a path subcoalgebra of the path coalgebra KI', and let B be a basis
of paths of C. Then C is left co-Frobenius if and only if CNT = |—.|Pi’ a disjoint union of
subquivers of I' of one of types Ay, Ag o or C,, n > 1, and the pati; subcoalgebra C; of KT';
spanned by the paths of B contained in T'; is of type KA, 7] if I'; = Ao, of type K[Ag o0, 7] if
Iy = Ap o, of type K[C,,, s] with s > 1 if I'; = C,, n > 1, and of type K if I'; = Co. In this

case C = @ C;, in particular left co-Frobenius path subcoalgebras are direct sums of coalgebras
i

of types K[Aw,r|, K[Ag o, 7], K[Cy,s] or K.

Proof. By Lemma [5.4] we have that CNT = |—.|Fi’ and any I'; is of one of the types A, A oo
or C,, n > 0. Moreover, C = @Ci, so C isl left co-Frobenius if and only if all C;’s are left
co-Frobenius (see for example [152, Chapter 3]). If all C;’s are of the indicated form, then they
are left co-Frobenius by Examples [5.1] and [£.3] and then so is C'. Assume now that C' is left
co-Frobenius. Then each C; is left co-Frobenius, so we can reduce to the case where I' is one of
A, Ag oo or Cp, and C NI =T. As before, for each vertex v we denote by r(v) the end-point
of the unique maximal path in C starting at v, and by p, this maximal path. Also denote by
m(v) the length of p,.

Case I. Let I' = C,,. If n =0, then C = K. If n = 1, then C' = K|[Cy, s, since m(0) = s > 0

because I'y C C, so there must be at least some nontrivial path in C. If n > 2, we have that
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m(k) < m(k+ 1) for any k € Zj, since otherwise p;—y would be a subpath of p, a contradiction
by Lemma 5.5 Thus m(0) < m(1) < ...m(n—1) < m(0), so m(0) =m(1) =...m(n—1) =
m(0) = s for some s > 0. Since C NT =T, there are non-trivial paths in C, so s > 0, and then
clearly C' = K|[C,, s].

Case I. f I' = A or I' = Ag o, then for any n (in Z if I' = A, or in N if I' = Ay o) we have
that m(n) < m(n + 1), otherwise p,+1 would be a subpath of p,,, again a contradiction. Then
if we take r(n) = n + m(n) for any n, we have that r is a strictly increasing function. Clearly

r(n) > n, since m(n) = 0 would contradict C NT" =I'. Now it is obvious that C = K[I',r]. O

Corollary 5.7. Let C C KT be a left and right co-Frobenius path subcoalgebra. Then C is a
direct sum of coalgebras of the type K[A|s], K[C,,s] or K.

Proof. 1t follows directly from Theorem and the discussion at the end of each of Examples
Bl and [£.3], concerned to the property of being left and right co-Frobenius. O

Remark 5.8. (1) We have a uniqueness result for the representation of a left co-Frobenius path
subcoalgebras as a direct sum of coalgebras of the form K[A, 7], K[Ag o, 7], K[Cy,s] or K. To
see this, we first note that an easy computation shows that the dual algebra of a coalgebra of
any of these four types does not have non-trivial central idempotents, so it is indecomposable as
an algebra. Now if (C;);er and (Dj);es are two families of coalgebras with indecomposable dual
algebras such that @;c;C; ~ @ D; as coalgebras, then there is a bijection ¢ : J — I such that
Dj ~ Cy;) for any j € J. Indeed, if f : @ic1C; — @jesD; is a coalgebra isomorphism, then
the dual map f* : Hje gD — [I;c; Cf is an algebra isomorphism. Since all C}’s and D7’s are
indecomposable, there is a bijection ¢ : J — I and some algebra isomorphisms v; : D} — C;( i)
for any j € J, such that for any (d;)jej IS HjeJ D7, the map f* takes (d;f)jeJ to the element
of [[;c; C; having v;(d}) on the ¢(j)-th slot. Regarding C' = (C;)ier as a left C*-module, and
D = ®jesD; as a left D*-module in the usual way, with actions denoted by -, we have that
F(f*(d*) -¢) = d* - f(c) for any ¢ € C and d* € D*. This shows that f induces coalgebra
isomorphisms Cy ;) ~ D; for any j € J.

(2) The coalgebras of types K[Ax, 7], K[Ag oo, 7], K[Cyp,s| or K can be easily classified if we
take into account that the sets of grouplike elements are just the vertices and the non-trivial
skew-primitives are scalar multiples of the arrows. There are no isomorphic coalgebras of two
different types among these four types. Moreover: (i) K[As,7] ~ K[A,r'] if and only if there
is an integer h such that r'(n) = r(n + h) for any integer n; (ii) K[Ag o0, 7] = K[Ag o, '] if and
only if » = 7/; (iii) K[C,,s] ~ K[C,,, s'] if and only n =m and s = s'.

6. EXAMPLES

It is known (see [24], [11]) that any pointed coalgebra can be embedded in a path coalgebra.

Thus it is expected that there is a large variety of co-Frobenius subcoalgebras of path coalgebras
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if we do not restrict only to the class of path subcoalgebras. The aim of this section is to provide
several such examples. We first explain a simple construction connecting incidence coalgebras
and path coalgebras, and producing examples as we wish.

As a pointed coalgebra, any incidence coalgebra can be embedded in a path coalgebra. However,
there is a more simple way to define such an embedding for incidence coalgebras than for arbitrary
pointed coalgebras. Indeed, let X be a locally finite partially ordered set. Consider the quiver
I" with vertices the elements of X, and such that there is an arrow from z to y if and only if
x < y and there is no element z with < z < y. With this notation, it is an easy computation

to check the following.

Proposition 6.1. The linear map ¢ : KX — KI', defined by

¢(ex,y) = Z p

p path
s(p)=x,t(p)=y

for any x,y € X,x <y, is an injective coalgebra morphism.

Note that in the previous proposition ¢(K X) is in general a subcoalgebra of KT' which is not
a path subcoalgebra. This suggests that when we deal with left co-Frobenius subcoalgebras of
incidence coalgebras, which of course embed themselves in KT (usually not as path subcoalge-
bras), structures that are more complicated than those of left co-Frobenius path subcoalgebras
can appear. Thus the classification of left co-Frobenius subcoalgebras of incidence coalgebras is

probably more difficult. The next example is evidence in this direction.

Example 6.2. Let s > 2 and X = {ap|n € Z}U(Upez{bni|l <i < s}) with the ordering < such
that an < by ; < apt1 for any integer n and any 1 < i < s, and b,; and by, ; are not comparable
for anyn and i # j.

Let C' be the subcoalgebra of KX spanned by the following elements

o the elements e, ., v € X.

o all segments e, of length 1.

e the segments eq,, a, ., 1 € Z.

e the segments ep . withn € Z and 1 <1 < s.

n,tyOn+4+1,77
Then by applying Proposition [{.3, we see that C' is co-Frobenius.
If we take the subcoalgebra D of C obtained by restricting to the non-negative part of X, i.e. D
is spanned by the elements ey, in the indicated basis of C with both x and y among {an|n >

0} U (Up>0{bn,ill <i<s}), we see that D is left co-Frobenius, but not right co-Frobenius.
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Now let I' be the quiver associated to the ordered set X as in the discussion above.

bo1 bia b1
ag bo,2 ay b1,2 as an bp.2 Anit- ..
bo,s by s by «

) ) )

If ¢ : KX — KT is the embedding described in Proposition [61l, then ¢(C) is a co-Frobenius
subcoalgebra of KT'. We see that ¢(C) is the subspace of KT spanned by the vertices of T,
the paths of length 1, the paths [by ian41bni1,] with n € Z and 1 < i < s, and the elements
Y i<icsl@nbnian 1] with n € Z, thus ¢(C) is not a path subcoalgebra. Here we denoted by
[bn,i@n+1bn+1,i] and [anby jany1] the paths following the indicated vertices and the arrows between
them. By restricting to the non-negative part of X, a similar description can be given for ¢(D),

a subcoalgebra of KI' which is left co-Frobenius, but not right co-Frobenius.

It is possible to embed some of the co-Frobenius path subcoalgebras in other path coalgebras as

subcoalgebras which are not path subcoalgebras.

Example 6.3. Consider the quiver A., with vertices indexed by the integers, with the path
from i to j denoted by p;;. Consider the path subcoalgebra D = K[Ay|2], with basis
{pii, Pii+1,Dijit2|t € Z}. We also consider the quiver T' below

NN SN

Qp, Ap+1 .- -

Then Ay is a subquiver of T if we identify a; with 2i and b; with 2i + 1 for any integer i. Thus
KA is a subcoalgebra of KI' in the obvious way, and then so is D. However, there is another

way to embed D in KI'. Indeed, the linear map ¢ : D — KT, defined such that
P(p2i2i) = ai, P(p2it1,2i+1) = bi,

d(p2i2i+1) = [aibi], (P2it1,2i42) = [biiy1],
d(p2i2i+2) = [aiai1] + [aibiait1],
d(P2i41,2i43) = [biit1bi41]

for any i € Z, is an injective morphism of coalgebras. Here we denoted by [a;b;], [a;b;ait+1],

ete, the paths following the respective vertices and arrows. We conclude that the subcoalgebra
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C = ¢(D) of KT, spanned by all vertices ay, by, all arrows [anan+1], [anbp], [bnant1] and the
elements [anbpant1] + [anant1] and [bpan+1bny1], is co-Frobenius. Note that D is not a path
subcoalgebra of KI'. This can be also seen as the subcoalgebra of the incidence coalgebra of 7

with basis consisting of segments of length at most 2.

Note that in the above example, we can also consider a similar situation but with all segments
en.n+i of the incidence coalgebra of Z which have length less or equal to a certain positive integer

s (i < s); the same properties as above would then hold for this situation.

Example 6.4. We consider the same situation as above, but we restrict the graph I' to only the

non-negative part:

bn,

VAVANNRVAN

Ay, ap+41 .- -

Equivalently, we consider the subcoalgebra of the incidence coalgebra of N with a basis of all
segments of length less or equal to 2 (or < s for more generality). This coalgebra is only going
to be left co-Frobenius and not right co-Frobenius, it is a subcoalgebra of an incidence coalgebra,

and it can also be regarded as a subcoalgebra of a path coalgebra, but without a basis of paths.

Now we prove a simple, but useful result, which shows that the category of incidence coalgebras

is closed under tensor product of coalgebras.

Proposition 6.5. Let X,Y be locally finite partially ordered sets. Consider on X XY the order
(z,y) < (2,9 if and only if © < y and &' < y'. Then there is an isomorphism of coalgebras
K(XxY)2KX®KY.

Proof. 1t is clear that X x Y is locally finite. We show that the natural isomorphism of vector
spaces ¢ : K(X xXY) = KX ® KY, p(e(zy),(2/y) = €z’ @ €y, is a morphism of coalgebras.

This is well defined by the definition of the order relation on X x Y. For comultiplication we

have
D e a1 ® Cep @) = DL D Coa®eys ® ey @ ey
z<a<z’ y<b<y’
= Z (p(e(x,y),(a,b)) & Qp(e(a,b),(x’,y’))
(z,y)<(a,b)<(a',y")
= @((e(x,y),(x’,y’))l) ® @((e(x,y),(x’,y’))Q)
and it is also easy to see that ex xoky © ¢ = ex(xxy)- O

Example 6.6. Consider the ordered set (Z x Z, <), with order given by the direct product of the
orders of (Z,<) and (Z,<). Thus (i,j) < (p,q) if and only if i < p and j < q. We know from
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Proposition that ¢ : KZ®@ KZ — K(Z X L), Y(eip @ €jq) = € j).(pq), 15 an isomorphism of
coalgebras.

With the notation preceding Proposition [6.1], the quiver T' associated to the locally finite ordered
set (Zx7Z,<) is

- —— Op—1k+1 —> Apk+1 —> Ont1k+1 —> - - -
s —— p—1k ——— Apnf —— Ontlf — -+

) ) )

c——>0p_1k-1 ——> An k-1 —> Ant1k—1 —> - - -

where we just denoted the vertices by a, j instead of just (n,k). Let ¢ : K(Z x Z) — KT be the
embedding from Proposition [61. If we consider the subcoalgebra K[A|1] of K7, we have that
KA 1@ K[A|1] is a subcoalgebra of KZQKZ, so then C' = ¢ptp(K[Ax|1]|@K[Ax|1]), which is
the subspace spanned by the vertices of ', the arrows of T', and the elements [ay, Gn+1 kGn+1k+1]+
(@ kOn k15 Ont1,k+1], 95 @ subcoalgebra of KT'. Since K[A|1] is co-Frobenius, and the tensor
product of co-Frobenius coalgebras is co-Frobenius (see |21, Proposition 4.15]), we obtain that
C' is a co-Frobenius coalgebra. Alternatively, it can be seen that (K [Ax|1] @ K[Ax|1]), which
is the subspace spanned by the elements e(, k) (n.k)s €(n,k),(n+1,k)s €(n,k),(n,k+1)s E(n,k),(n+1,k+1) With
arbitrary n,k € Z, is co-Frobenius by applying Proposition [{.3. C can be seen as both a sub-
coalgebra of an incidence coalgebra and of a path coalgebra, but not with a basis of paths. We
note that C is not even isomorphic to a path subcoalgebra. Indeed, if it were so, it should be
isomorphic to some K[A|s|, since it is infinite dimensional and indecomposable. But in C,
for any grouplike element g there are precisely two other grouplike elements h with the property
that the set of non-trivial (h, g)-skew-primitive elements is nonempty, while for any grouplike

element g of K[Ay|s] there is only one such h.

With similar arguments, we can give a more general version of the previous example, by consid-

ering finite tensor products of coalgebras of type K[Ay|s], as follows.

Example 6.7. Let D = K[Ay|s1] @ K[Ax|s2] ® ... @ K[Axo|sm], where m > 2 and s1,...,5m,
are positive integers. Then D is co-Frobenius as a tensor product of co-Frobenius coalgebras,
and D embeds in the m-fold tensor product KZ @ KZ ® ... ® KZ. But this last tensor product
is isomorphic to the incidence coalgebra of the ordered set Z™ = 7. X 7 X ... X 7, with the direct

product order. The image of D wvia this embedding is the subcoalgebra E of K(Z X Z X ... X 7)
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spanned by all the segments €, . n.) (ky,km) WEh N1 < k1 <ni+s1, ooy nm < ki < Npt- S
Now if we consider the quiver I' associated to the ordered set Z. X Z. X ... X Z as in the beginning
of this section, we have an embedding of K(Z X Z % ... x Z) in KT'. Denote the vertices of T’
by an,...n,- The image of E through this embedding is the subcoalgebra C' of KI' spanned by
all the elements of the form S(T, (n1,...,nm), (k1, ..., kmn)), withny, ..., ny, k1, ..., kny, integers
such that ng < ky <ny+81,...,0m < kp, < Ny + S, where by ST, (n1, ..., nm), (K1, ..oy km))

we denote the sum of all paths in I' starting at ay, . n,, and ending at ag, . .. Thus C is

a co-Frobenius subcoalgebra of KT', which is also isomorphic to a subcoalgebra of an incidence
coalgebra. However, C is not a path subcoalgebra, and not even isomorphic to a path subcoalgebra.
Indeed, for any grouplike element g of E there are precisely m grouplike elements h for which
there are non-trivial (h, g)-skew-primitive elements, while in a co-Frobenius path subcoalgebra

for any grouplike element g there is at most one such h.

Remark 6.8. We note that the co-Frobenius coalgebra C constructed in Example 18 not
isomorphic to a coalgebra of the form K[As|s1] @ K[Ax|s2] ® ... ®@ K[Ax|sm]|. Indeed, if
g = by there exists exactly one grouplike element h of C such that there are non-trivial (h,g)-
skew-primitive elements (this is h = ap41), and if g = a, there exist s such grouplike elements
h (these are by 1,...,bys). On the other hand, in K[Ax|s1] @ K[Ax|s2] @ ... @ K[Ax|sm] for

any grouplike element g there exist precisely m such elements h.

We end with another explicit example, which shows that there are co-Frobenius subcoalgebras
of path coalgebras that are isomorphic neither to a path subcoalgebra nor to a subcoalgebra of

an incidence coalgebra.

Example 6.9. Let I" be the graph:

oy) x1 2 Tn
Yy Oy O, ).
ag aq a9 Ay,

and let C be the subcoalgebra of the path coalgebra of I' having a basis the elements ay, Ty, Yn
and Ypn + Tpyn. This is, in fact, isomorphic to K[C1|1] ® K[Ax|1], so it is co-Frobenius. By the
classification theorem for co-Frobenius path subcoalgebras and the structure of the skew-primitive
elements of C, we see that C' is not isomorphic to a path subcoalgebra. We note that it is not
isomorphic either to a subcoalgebra of an incidence coalgebra, because in an incidence coalgebra,
if g is any grouplike element, there is no (g,q)- skew-primitive element, while in C for each

grouplike g = ay,, x,, is a (g,9)- skew-primitive.
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7. COREFLEXIVITY FOR PATH SUBCOALGEBRAS AND SUBCOALGEBRAS OF INCIDENCE

COALGEBRAS

We recall from [20], 29] that a coalgebra C' is called coreflexive if any finite dimensional left (or
equivalently, any right) C*-module is rational. This is also equivalent to asking that the natural
embedding of C into the finite dual of C*, C' — (C*)? is surjective (so an isomorphism), or that
any left (equivalently, any right) cofinite ideal is closed in the finite topology. See [25] 26 29, 30]

for further equivalent characterizations.

Theorem 7.1. Let C be a coalgebra with the property that for any finite dimensional subcoalgebra
V there exists a finite dimensional subcoalgebra W such that V.C W and WAWL = WL, Then

C is coreflexive if and only if its coradical Cy is coreflexive.

Proof. If C is coreflexive, then so s C, since a subcoalgebra of a coreflexive coalgebra is core-
flexive (see [18], Proposition 3.1.4]). Conversely, let Cj be coreflexive. We prove that any finite
dimensional left C*-module M is rational, by induction on the length [(M) of M. If I((M) = 1,
i.e. M is simple, then M is also a left C*/J(C*)-module. Since C*/J(C*) ~ Cj and Cj is
coreflexive, we have that M is a rational Cj-module, so then it is a rational C*-module, too.
Assume now that the statement is true for length < n, where n > 1, and let M be a left C*-
module of length n. Let M’ be a simple submodule of M, and consider the associated exact
sequence
0—->M —-M-—M"—0

By the induction hypothesis M’ and M" are rational. By [I5, Theorem 2.2.14] we have that
annc«(M') and annc«(M") are co-finite dimensional closed two-sided ideals in C*. Using [15]
Corollary 1.2.8 and Proposition 1.5.23], we have that annc:(M') = Ui and annc«(M") = Us-
for some finite dimensional subcoalgebras of C. Using the hypothesis for V. = U; + Us, we
have that there is a finite dimensional subcoalgebra W of C' such that Uy C W, Uy C W and
WAWL =W+, Then Wt = WAW+ C Uf-Us- = annc«(M")annc+(M") C annc«(M), and M
is a rational C*-module by using again [I5] Theorem 2.2.14]. O

Proposition 7.2. Let C' be the path coalgebra KTI', where I' is a quiver such that there are
finitely many paths between any two vertices. Then for any finite dimensional subcoalgebra V' of
C there exists a finite dimensional subcoalgebra W such that V.C W and WAWL =W, Asa
consequence, C is coreflexive if and only if the coradical Cy (which is a grouplike coalgebra over

the set of vertices of T') is coreflexive.

Proof. Let V be a finite dimensional subcoalgebra of C' = KT'. An element ¢ € V is of the form
c= Zi:l,n a;p;, o; # 0, a linear combination of paths pq, ..., p,. Consider the set of all vertices
one of these paths pass through, and let Sy be the union of all these sets of vertices when ¢ runs

through the elements of V. Since V' is finite dimensional, we have that Sy is finite (in fact, one
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can see that Sy consists of all vertices in I' which belong to V', so that K.Sj is the socle of V).
Let P be the set of all paths p such that s(p),t(p) € So. We consider the set S of all vertices at
least one path of P passes through. It is clear that P is finite, and then so is .S. We note that
if v1,v9 € S and p is a path from v; to ve, then any vertex on p lies in S. Indeed, vy is on a
path from uy to u) (vertices in Sp), and let p; be its subpath from wu; to v1. Similarly, vy is on
a path from uy to u (in Sp), and let po be the subpath from vy to u). Then pipps € P, so any
vertex of p is in S. Let W be the subspace spanned by all paths starting and ending at vertices
in S. It is clear that any subpath of a path in W is also in W, so then W is a finite dimensional
subcoalgebra containing V' (sine Sy is contained in 5).

We show that WL = W, For this, let € W+, and we construct fi, f2,91,90 € W+
such that n = f1g1 + fage. We define f;(p) and g;(p), i = 1,2, on all paths p by induction on
the length of p. For paths p of length zero, i.e. p is a vertex v, we define f;(v) = g;(v) = 0,
i = 1,2, for any v € S, while for v ¢ S, we set fi(v) = g2(v) = 1, and fa(v) and g2(v) are
such that g1(v) + f2(v) = n(v). Then clearly n = fig1 + fag2 on paths of length zero. For
the induction step, assume that we have defined f; and g;, i = 1,2, on all paths of length
< I, and that n = f191 + foge on any such path. Let now p be a path of length [, starting
at u and ending at v. If u,v € S, then we define f;(p) = ¢i(p) = 0, i« = 1,2, and clearly
nP) = X 1<i<a dogrp [i(€)gi(r), since both sides are zero. If either u ¢ S or v ¢ S, we need the
following equality to hold.

(1) AW ) + [iP)g1(v) + fa(w)ga(p) + fa(p)ga(w) =n(p) = > Y fild)gi(r)
SR

We note that the terms of the right-hand side of the equality (7) have already been defined,

because when p = ¢r and q # p, r # p, the length of the paths g and r is strictly less than the

length of p. We define fi(p) and g2(p) to be any elements of K, and then since either f(u) =1

or go(v) =1 (since either u ¢ S or v ¢ S), we can choose suitable g1 (p) and fo(p) such that (7))

holds true.

The fact that C is coreflexive if and only if so is Cy follows now directly from Theorem [[ 1l [

Moreover, we can extend the result in the previous proposition to subcoalgebras of path coalge-

bras.

Proposition 7.3. Let C be a subcoalgebra of a path coalgebra KT, such that there are only
finitely many paths between any two vertices in I' . Then C' is coreflexive if and only if Cy is

coreflezive.

Proof. Let I” be the subquiver of I" whose vertices are all the vertices v of I" such that there is
an element ¢ = ), a;p; € C, where the a;’s are nonzero scalars and the p;’s are distinct paths,

and at least one p; passes through v. The arrows of I are all the arrows of I" between vertices
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of I. Clearly, there are only finitely many paths between any two vertices in IV. Then we have
that C is a subcoalgebra of KT” and Cy = (KI")y. Obviously, Cy C (KI")g; for the converse,
let us consider a vertex w in I/, so there is ¢ € C such that ¢ = Z a;p;, with «; # 0 and distinct
p;’s, and some p; passes through u. Let us write then p, = qu such that ¢ ends at u and r
begins at u. Since C is a subcoalgebra of KT" it is also a sub-bicomodule, so then r*c¢* € C,
where ¢*,r* € (KT")* are equal to 1 on ¢, r respectively and 0 on al other paths of KT’. Now
Pt = Y gt (s)trt(w)
pi=stw

and the only non-zero terms can occur if p; = gt;r, so with ¢; is a path starting and ending at u
(loop at u). Let J be the set of these indices. In this situation r*p;q* = t;. Note that since the
p;’s are different, the ¢;’s, j € J are different, too. Also, since p;, = gr, there is at least such a
j. We have r*cq* = Z a;pj, with all p; beginning and ending at u, and p, = u. Let [ € J be an
index such that p; hzis maximum length among the p;’s. We note then that p;p; = 0 if j # [,
since for any decomposition p; = st, we have t # p; because of the maximality of p; and of the
fact that p; # pi. However, p;p; = u. Therefore, pjc = oqu € C, so u € C since oy # 0.

Thus if Cj is coreflexive, we have that (KT")q is coreflexive, and then by Lemma [[.2, we have
that KT" is coreflexive. Then C' is coreflexive, as a subcoalgebra of KT'. Conversely, if C' is

coreflexive, then clearly Cy is coreflexive. O

Corollary 7.4. Let C be a subcoalgebra of an incidence coalgebra KX. Then C is coreflexive

if and only if Cy is coreflexive.

Proof. As showed in Section 6] KX can be embedded in a path coalgebra KT for which there
are finitely many paths between any two vertices. Then C' is isomorphic to a subcoalgebra of a

KT and we apply Proposition [7.3] O

We note that by the results of Radford and Heynemann [I8, Theorem 3.7.3], this shows that
if K is an infinite field, it is reasonable to expect that a sub-incidence coalgebra is co-reflexive.
More precisely, we recall the following set-theoretical facts. Given a set X, an ultrafilter F
on X is called an Ulam ultrafilter if F is closed under countable intersection. A set is called
non-measurable if every Ulam ultrafilter is principal (i.e. it equals the collection of all subsets
of X containing some fixed x € X). The class of non-measurable sets contains the countable
sets and is closed under usual set-theoretic constructions, such as the power set, products and
unions. In fact, if such a set exists (which is not inconsistent with ZFC), its cardinal has to be
"very large” (i.e. inaccessible in the sense of set theory). Thus it is “reasonable” to expect that

K X will be co-reflexive if K is an infinite field for any set X one might usually consider.

We now take a close look at the connection between the path algebra and path coalgebra. For

a quiver I', denote K[I'] the quiver algebra and KT the path coalgebra as so far. We have:
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Proposition 7.5. If I is a quiver such that between any two wvertices there are only finitely

many paths, then K[T|° = KT, so the path coalgebra is the finite dual of the path algebra.

Proof. We have K[I']° C K[[|* = [[ Kp*, where p* € K[[']* has value 1 on path p and 0
ppath

on any other path. Recall that the finite dual K[I']° consists of f € K[[]* such that ker(f)
contains an ideal of finite codimension. Let I be an ideal of K[I'] of finite codimension. Note
that A = K|[I'] is an algebra with a complete set of orthogonal idempotents {a|a vertexinI'}.
Note that if F' is a set of idempotents (vertices in I') of A which don’t belong to I, then F is

linearly independent over I. Indeed, if Y  Aja € I, then ¢( ) Aga) = Acc € I for each ¢ € F,
acF acel
so A = 0 since ¢ ¢ I. Since A/I is finite dimensional, this shows that except a finite set, all

vertices of I' are elements of I. Let S = {avertexinT'|a € I'}. Note that any path p starting or
ending at a vertex in S belongs to I, since p = s(p)p = pt(p) € I if either s(p) € I or t(p) € I;
let the set of these paths be P, let H be the vector space spanned by P and P’ the set of the
rest of the paths in I'. Since there are only finitely many vertices outside S, we see that P’ is
finite (P’ consists of paths which begin and end outside S) so H has finite codimension. This
shows that (A/H)* is spanned by p* € A* for p € P'. Hence if f € A* such that ker(f) D I,
then ker(f) D H', so we can regard f as an element of (A/H)* and we easily get that f is a
linear combination of {p*|p € P'}. This shows that f € @ KpcC [] Kp. Also, note

ppathinT ppathinT
that for each p* € K|I']*, the span of all paths of I" not contained in p is an ideal contained in
ker(p*). This shows that K[ = @ Kp* is isomorphic to the path coalgebra KT as a

ppathinT
vector space. Now, we have the the formula

pi(ts) =D q"(t)r*(s)
p=qr
for any paths p,t, s such that the concatenation ts is possible. This shows that the comultipli-
cation of K[I'” is p* — 3 ¢* ® r*; also one can define &0 (p*) = o tengtnp) = P*( X a)
p=qr a vertex

(this makes sense since only finitely many a’s are outside ker(p)) and this gives an isomorphism

of coalgebras K[I')° = KT. O

Note that in general one has that K[| O KT, i.e. the path coalgebra can be embedded in
the finite dual of the path algebra. It is possible to have a strict containment: if A is the path
algebra of a loop )

then A = K[X], the polynomial algebra in one indeterminate. The finite dual of this algebra is

lim (K[X]/(f") = @ [Um(K[X]/(f"))*], while the path coalgebra is precisely
f irreducible; neN firreducible peN
the divided power coalgebra, which can be written as lim (K[X]/(X "))*. These are obviously
neN

not isomorphic.
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We give now an application of our considerations on coreflexive coalgebras.

If I',TV are quivers, then let us note that I' x I is also a quiver as follows: the vertices are
all pairs (a,a’) for a,a’ vertices in T' and I” respectively; the arrows in I' x I are the pairs
(a,2’) and (a/,z), where a,a’ are vertices and z,2’ are arrows in I' and I respectively. Let
p = [r122... 2] is a path in T’ going through the vertices [ag, a1, ...,a,] and ¢ = y1y2 ... yx 1S
a path in IV going through vertices [by, b1, ..., bg] (some vertices may repeat). We look at the 2
dimensional lattice L(p, q) obtained as L(p,q) = {ao,...an} x {bo,...,br}. Recall that a lattice

walk is a path starting at (ag, bg) and ending at (a,,br) and always going either one step to the
n+k
right or one step upwards (there are < " ) such walks). Then any lattice walk in L is a

path in I' x I, and in fact, conversely, any path in I" x I is a walk in the lattice associated in
this way to p,q paths in T in I”. For two such paths p, ¢ let us denote W (p, q) the set of such
walks in the lattice L(p, q) regarded as a subset of I' x I'". We have

Lemma 7.6. The linear map o : KI' @ KI" — K[I' x I''] defined as a(p®q) = . w for
weW (p,q)
p e, q el is an injective morphism of K -coalgebras.

Proof. We keep the notations above. Denote § and A the comultiplications of KT' x KT and
K[l x T']. If we write p = p'p” and q = ¢/¢”, then if v’ € W(p/,¢') and v" € W(p”,q"), then
w'u” € W(p,q) in the obvious way. We have

Alapeq) = A( Y w)=

weW (p,q)

— Z u/®u”

uw'u=w

— Z Z u/ ® u//

p:plp//7q:qlq// u’GW(p’,q/)u”EW(;D”,(]”)

= Yo Y e Y W

p=p'p" q=q'q" W EW(p',q') u" €W (p",q")

_ Z a(p/®q/) ®a(p//®q//)
p=p'p"' q=¢'q""

= (a®a)(d(p®q))

This shows that « is a morphism of coalgebras (the compatibility with counits is easily verified).
To prove injectivity, let us denote by (p*, ¢*) the linear map on K[I' x I''] which equals 1 on the
path [(z1,b0),. .., (@n,b0), (@n,y1), .-, (an, yx)] = [(p, bo); (an, ¢)] and 0 on the rest of the paths.
Note that by multiplying a(p®¢) to the left by all the elements of K[I" x I'']* of the form (a*,7*)
with a vertex in I and r path in I, the only element of the type (s,b) with s path in T and b
vertex in I that can be obtained is (p, bp). This allows us to obtain p out of a(p ® ¢); similarly,

one recovers ¢ and this proves injectivity. This ends the proof. O
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Combining the above, we derive a result about tensor products of certain coreflexive coalgebras.
It is known that a tensor product of a coreflexive and a strongly coreflexive coalgebra is coreflexive
(see [26]; see also [30]). It is not known whether the tensor product of coreflexive coalgebras is

necessarily coreflexive. We have though the following corrolaries:

Proposition 7.7. Let C, D be co-reflexive subcoalgebras of path coalgebras KT' and KT respec-
tively such that between any two vertices in I' and T respectively there are only finitely many

paths. Then C' ® D is co-reflezive.

Proof. Without any loss of generality we may assume that Cp = (KT')g = K o) and Dy =
(KT) =K (I'o) (otherwise we replace I" and IV by appropriate subquivers), where K (o) denotes
the grouplike coalgebra with basis the set I'g of vertices of I'. Now C' ® D is a subcoalgebra of
KT ® KT’, so by Lemma [T.6] it also embeds in K (I" x I''). Since the coradical of K(I' x I") is
KToxTo) and KToxTo) ~ gTo) @ KT) = Oy ® Dy C C ® D, we must have that (C® D)y =
KToxT0) - We claim that KT0xT0) is coreflexive. Indeed, this is obvious if I'y and T are
both finite. Otherwise, card(Ty x T'h) = max{card(Ty), card(I'y)}, hence K T0xT0) is isomorphic
either to KT or to KT, so it is coreflexive. Now by Proposition we have that C ® D is

coreflexive. 0

Corollary 7.8. If C,D are coreflexive subcoalgebras of incidence coalgebras, then C ® D is

coreflexive.

Proof. Tt follows immediately from the embeding of C' and D in path coalgebras verifying the
hypothesis or Proposition [7.7 O

8. HOPF ALGEBRA STRUCTURES ON PATH SUBCOALGEBRAS

In this section we discuss the possibility of extending the coalgebra structure of a path subcoal-
gebra to a Hopf algebra structure. First of all, it is a simple application of Proposition 2.4 to

see when a finite dimensional path coalgebra has a Hopf algebra structure.

Proposition 8.1. If the path coalgebra KI' is finite dimensional, then it has a Hopf algebra

structure if and only if it is cosemisimple, i.e. I" has no arrows.

Proof. If the finite dimensional KT has a Hopf algebra structure, then it has non-zero integrals,
so it is left (and right) co-Frobenius, and KT is cosemisimple by Proposition 2.4l Conversely, if
there are no arrows, then KT' can be endowed with the group Hopf algebra structure obtained

if we consider a group structure on the set of vertices. O

Next, we are interested in finding examples of Hopf algebra structures that can be defined on

some path subcoalgebras. At this point we discuss only cases where the resulting Hopf algebra
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has non-zero integrals, i.e. it is left (or right) co-Frobenius. Thus the path subcoalgebras that
we consider are among the ones in Corollary 5.7l We ask the following general question.
PROBLEM. Which of the left and right co-Frobenius path subcoalgebras (classified in Corollary
[5.7) can be endowed with a Hopf algebra structure?

In the rest of this section we solve the problem in the case where K is a field containing primitive
roots of unity of any positive order, in particular K has characteristic zero. We will make this
assumption on K from this point on. We just note that some of the constructions can be also
done in positive characteristic, if we just require that K contains certain primitive roots of unity

and the characteristic of K is large enough.

Proposition 8.2. (1) Let s > 0 be an integer. Let q be a primitive (s+ 1)th root of unity in K.
Let G be a group such that there exist an element g € Z(G) of infinite order and a character
X € G* such that x(g9) = q. Also let « € K. Consider the algebra generated by the elements of

G (and preserving the group multiplication on these elements), and x, subject to relations
xh = x(h)hz for any h € G

$s+1 — a(gs—i-l _ 1)

(that is, the free or amalgamated product Klx| * K[G], quotient out by the above relations).
Then this algebra has a unique Hopf algebra structure such that the elements of G are grouplike
elements, A(z) = 1@z + 2 ® g, and (z) = 0. We denote this Hopf algebra structure by
Hy(s,q,G,g,x, ).

(II) Let n > 2 and s > 0 be integers such that s+ 1 divides n. Let q be a primitive (s + 1)th
root of unity in K. Consider a group G such that there exist an element g € Z(G) of order n
and a character x € G* such that x(g) = q. Also let a € K. Consider the algebra generated by
the elements of G (and preserving the group multiplication on these elements), and x, subject to
relations

xh = x(h)hz for any h € G

$s+1 — a(gs—i-l _ 1)

Then this algebra has a unique Hopf algebra structure such that the elements of G are grouplike
elements, A(x) = 1@+ 2 ® g, and e(x) = 0. We denote this Hopf algebra structure by
Hy(s,q,G,9,X, ).

Proof. We consider an approach similar to the one in [4]. For both (I) and (II) we consider the
Hopf group algebra K G, and its Ore extension K G[X, Y|, where Y is the algebra automorphism
of KG such that X(h) = x(h)h for any h € G. Since g € Z(G), this Ore extension has a unique
Hopf algebra structure such that A(X) = 10 X+ X ®g and (X)) = 0, by the universal property
for Ore extensions (see for example [4, Lemma 1.1]). Since (1® X)(X ® ¢g) =q¢(X ® 9)(1 ® X),
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the quantum binomial formula shows that A(X*™!) = 1 ® X5t + X7 © ¢5T! so then the
ideal (X*t1 — a(g**! — 1)) is in fact a Hopf ideal of KG[X,X]. Then we can consider the
factor Hopf algebra KG[X,X]/(X*t' — a(g°T! — 1)), and this is just the desired Hopf algebra
Hy(s,q,G,g9,x,a) in case (I) and H,(s,q,G, g, x,«) in case (II). O

In the following example we give examples of co-Frobenius path subcoalgebras that can be
endowed with Hopf algebra structures. Moreover, we don’t only introduce one such structure,

but a family of Hopf algebra structures on each path subcoalgebra considered in the example.

Example 8.3. (i) K[Ay|s| can be endowed with a Hopf algebra structure for any s > 1. Indeed,
let q be a primitive (s + 1)th root of unity in K, and let o € K. We define a multiplication (on
basis elements, then extended linearly) on K[A|s] by

(8)

ju (utv .
@’ ( u )qpi+j,i+j+u+v7 fut+tov<s

ju (utv—s—1),!

PiituPjj+v = .
1R A () A T ¢y A (pi+j+s+l,u+v+i+j - pi+j,u+v+i+j—s—1)a ifutv>s+1

u+v

where( M

)q denotes the q-binomial coefficient. Then this multiplication makes K[A|s] an
algebra, which together the initial coalgebra structure define a Hopf algebra structure on K[A|s].
Indeed, we can see this by considering the Hopf algebra Hx(s,q,Cx, ¢, X, ), where Cx is the
(multiplicative) infinite cyclic group generated by an element ¢, and the character x is defined
by x(¢) = q. Thus Hoo(,q,Coo,¢, X, ) is generated as an algebra by the elements ¢ and x,
subject to relations rc = qcx and z°T' = a(c*t! — 1), and with coalgebra structure such that
Ale)=c®c,e(c) =1, and Alz) =1Qz+2x®c. Since (1@z)(r®@c) =qlz®c)(l®z), we

can apply the quantum binomial formula and get that
A(z") = Z <Z> g @ gl
q

and then

Loiu) 1 iu—h o L itu—h_h
A((u—)qlcx>_0<§h;u(u—h)q!6$ ®(h—)q!c x
for any 0 < uw < s and any integer i. Therefore if we denote (%M!c"x“ by P; iy, this means
that A(P; j4y) = ZOShSu P, ivh ® Pith itu, showing that the linear isomorphism ¢ : K[Ax|s] —
Hoo(s,q,Coo, ¢, X, ) taking pjiyy to Piiry for any 0 < u < s and i € Z, is an isomorphism of
coalgebras. Now we just transfer the algebra structure of Huo(s,q, Coo, ¢, X, ) through ¢~—% and

get precisely the multiplication defined by (8).

(ii) Let us consider now the coalgebra C' which is a direct sum of a family of copies of (the same)
K[Ayls], indexed by a non-empty set P. Then C' can be endowed with a Hopf algebra structure.
To see this, we extend the above example as follows. Let G be a group such that there exist an

element g € Z(Q) of infinite order and a character x € G* for which q = x(g) is a primitive
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(s + 1)th root of unity, and moreover the factor group G/ < g > is in bijection with the set P
(note that such a triple (G, g, x) always exists; we can take for instance a group structure on the
set P, G = Cy X P, g a generator of Coo, and x defined such that x(g) = q and x(p) = 1 for
any p € P). For simplicity of the notation, we can assume that P is a set of representatives for
the < g >-cosets of G. Consider the Hopf algebra A = Huo(s,q,G,g,x, ). Then the subalgebra
B of A generated by g and x is a Hopf subalgebra isomorphic to K[A|s] as a coalgebra, and
A = @pep pB is a direct sum of subcoalgebras, all isomorphic to K[Ax|s]. Thus A is isomorphic

as a coalgebra to C', and we can transfer the Hopf algebra structure of A to C'.

(11i) Assume that n > 2 and s+ 1 divides n. Then K[C,,, s] can be endowed with a Hopf algebra
structure. Indeed, we proceed as for K[As|s], but replacing the Hopf algebra Hoo (s, q, Coo, €, X, @)
by Hy(s,q,Coo, ¢, x, ). Also, as in (ii), any arbitrary direct sum of copies of the same K|[C,, s]
can be endowed with a Hopf algebra structure isomorphic to some Hy(s,q,G,g,x,«) for some
q,G, g, X, a, where q is a primitive (s + 1)th root of unity, G is a group, g € Z(G) is an element
of order n, x € G* is a character such that x(g) = q, and « € K is a scalar.

Now we can prove the main result of this section.

Theorem 8.4. Assume that K is a field containing primitive roots of unity of any positive order
(in particular, K has characteristic 0). Then a co-Frobenius path subcoalgebra C' can be endowed
with a Hopf algebra structure if and only if it is of one of the following three types:

(I) A direct sum of copies of the same K[A|s] for some s > 1. In this case, any Hopf
algebra structure on C' is isomorphic to a Hopf algebra of the form Hy(s,q,G, g, x,a) for some
q,G, g, X, a, where q is a primitive (s + 1)th root of unity, G is a group, g € Z(G) is an element
of infinite order, x € G* is a character such that x(g) = q, and o € K is a scalar.

(II) A direct sum of copies of the same K|[C,,s| for some n > 2 and s > 1 such that s + 1
divides n. In this case, any Hopf algebra structure on C' is isomorphic to a Hopf algebra of the
form Hy(s,q,G,g,x,a) for some q,G,g,x,a, where q is a primitive (s + 1)th root of unity, G
is a group, g € Z(G) is an element of order n, x € G* is a character such that x(g) = q, and
a € K is a scalar.

(III) A direct sum of copies of K. In this case, any Hopf algebra structure on C' is isomorphic
to a group Hopf algebra KG for some group G.

Proof. By Example R3] we see that a coalgebra of type (I) or (II) has a Hopf algebra structure.
Obviously, a coalgebra of type (III) is a grouplike coalgebra K X for some set X, so then it has
a Hopf algebra structure, obtained if we endow X with a group structure.

Conversely, let C' be a co-Frobenius path subcoalgebra which can be endowed with a Hopf algebra
structure. By Corollary (.7, C' is isomorphic to a direct sum of coalgebras of types K[A|s],
K|C,, s] or K. We have that G = G(C), the set of all vertices of C, is a group with the induced
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multiplication. We look at the identity element 1 of this group and distinguish three cases.
Case 1. If 1 is a vertex in a connected component of type K[As|s|, denote the vertices of
this connected component by (vy)nez such that vg = 1. Also denote by a,, the arrow from
Up t0 Upgq for any n € Z. If ¢ = vy, then A(a;) = 1® a1 + a1 ® g, and a3 ¢ Cy. Then
A(gai) = g ® gay + ga; ® g2, and ga; ¢ Cp, so Pp ,(C) € Cp. Since the only h € G such
that P, 4(C) is not trivial (i.e. # K(h — g), or equivalently, not contained in Cp) is h = vg, we
obtain that vy = ¢%. Recurrently we see that v, = ¢" for any positive integer n, and also for
any negative integer n.

Let us take some h € G. Then A(ha1) = h ® ha; + ha1 ® hg and hay ¢ Co, so Pngp(C) #
K (hg — h). Hence there is an arrow starting at h and ending at hg in C; as before, inductively

we get that there are in C arrows as follows

—> 0 — 0 — ...

o o
hg— h hg  hg?

which shows that the vertex h belongs to a connected component D of type K[Ay|s'] for some
s' > 1. Moreover, A(a1h) = h® a1h+ a1h ® gh, we also have Py, ,(C') # K(gh — h), so there is
an arrow from h to gh in C. This shows that hg = gh, so then g must lie in Z(G).

If we denote by py, 4, the unique path from £ to g'h, for any h € G and i > 0, we have that

A(pl,gs) -1 QR P1,gs — Pl,gs @ gs € Com1®@Cs_1
and py gs ¢ Cs—1. Then
A(hpl,gs) -h® hpl,gs - hpl,gs o2y hgs €Cs_1®Cs

and hpy g5 ¢ Cs_1. But it is easy to check that in the path coalgebra K[I'| (whose subcoalgebra is
C') we have that A(c) —h®c—c®hg® € (KT");_1®(KT')s_1 if and only if ¢ € (KT')s—1+ Kpp pgs-
Applying this for ¢ = hpy g« ¢ Cs_1, we obtain that hpy gs = ¢’ + Ypp pgs for some ¢ € (KT'),_;
and v € K*. This shows that pj, 54+ must be in C, so it lies in D, too, which implies that s’ > s
(otherwise D cannot have paths of length s).

Similarly, since
A(h_lph,hgsl) —-1® h_lp}%hgs’ — h_lph,hgsl ® gs S Cs’—l ® Cs’—l

and h_lph’hgsf ¢ Cy_1, we obtain that s > s’. In conclusion s’ = s, and C' is a direct sum of
coalgebras isomorphic to K[A|s].

In order to uncover the Hopf algebra structure of C', we use the Lifting Method proposed in [2].
Since Cy = KT is a Hopf subalgebra of C, the coradical filtration Cy C C7 C ... of C'is a Hopf
algebra filtration, and we can consider the associated graded space gr C = Cy & g—é @ ..., which
has a graded Hopf algebra structure. Denote H = KT', the degree 0 component of gr C', and by

~v : H — grC the inclusion morphism. The natural projection 7 : gr C' — H is a Hopf algebra
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morphism. Then the coinvariants R = (gr C)°°’ with respect to the right H-coaction induced
via m, i.e.

R={zegC|(Tom)A(z) =221}

is a left Yetter-Drinfeld module over H, with left H-action defined by h-r =Y y(h1)rS(v(h2))
for any h € H,r € R, and left H-coaction d(r) = Y r(_1) ® r(o) = (7 ® I)A(r). Moreover,
R is a graded subalgebra of gr C,with grading denoted by R = &,>0R(n), and it also has a
coalgebra structure with comultiplication Agr(r) = S27r(M @ r@ = S ryn(S(r2)) @ 73, and
these make R a braided Hopf algebra in the category EYD of Yetter-Drinfeld modules over
H. The Hopf algebra grC' can be reconstructed from R by bosonization, i.e. grC ~ R#H,
the biproduct of R and H. The multiplication of this biproduct is the smash product given by
(r#th)(p#v) = > r(hy - p)#hov, while the comultiplication is the smash coproduct A(r#h) =
S (rW#(r@) 1 h1) @ (r®) g #he.

Since in our case C; is the span of all paths of length at most ¢ in C, if z = ¢ € R(n), then
c = Y, a;p;, a linear combination of paths p; of length ¢, and Y, a;p; @ t(p;) = >, aipi ® 1.
Then «; = 0 for any ¢ such that ¢(p;) # 1, showing that R(7) is spanned by the classes of the
paths of length ¢ which end at 1. We conclude that R(i) has dimension 1 for any 0 < i < s, and
dim(R) = s+ 1. By [2] Theorem 3.2] (see also [9, Proposition 3.4]) we have that R is isomorphic
to a quantum line, i.e. R ~ Ry(H,v,x) for some primitive (s + 1)’th root of unity ¢, an element
v € G and a character xy € G* such that x(v) = ¢, and x(h)hv = x(h)vh for any h € G, i.e. v €
Z(G) (we use the notation of [9, Section 2]). As an algebra we have R,(H,v,x) = K[y]/(y*T!),
and the coalgebra structure is such that the elements dy = 1,d; = y,ds = (g—;!, e #Sq, form
a divided power sequence, i.e. A(d;) = ZOS]‘SZ‘ d; ® d;—; for any 0 < i < s. The H-action on
R,(H,v,x) is such that h-y = x(h)y for any h € G, and the H-coaction is such that y — v ®y.
By [9, Proposition 3.1], there exists a (1,v)-skew-primitive z in C, which is not in Cj, such
that vz = gzv, C is generated as an algebra by z and G, and the class Z in g—(l) corresponds
to the element y#1 in R,(H,v, x)#H via the isomorphism grC ~ R,(H,v,x)#H. It follows
that v must be g~!. Since for h € G both zh and hz are (h, g~ 'h)-skew-primitives, we must
have zh = Ahz + B(g~'h — h) for some scalars A and 3. But zhg = (Ahz + B(g~'h — h))g =
g \hgz + B(h — hg), and on the other hand zgh = qgzh = gAghz + qB(h — hg), showing that
f = 0. Thus zh = Ahz, and passing to gr C, this gives Zh = AhZ. But in Ry (H, v, x)#H we
have that (1#h)(y#1) = x(h)(y#1)(1#h), so X = x(h). Therefore zh = x(h)hz. Replace the
generator z by x = gz, which is a (g, 1)-skew-primitive. By the quantum binomial formula we

see that A(z*t!) = 1@ 25 + 2571 @ g5+ s0 then 25+ = a(g*T! — 1) for some scalar . Now

it is clear that C' ~ Hoo(s,q_l,G7g7Xaa)-

Case 2. If 1 is a vertex in a connected component D of type K|[Cy, s], with s > 1, then let x be
the arrow from 1 to 1, which is a primitive element, i.e. A(z) =2®1+1®z. Then for any g € G
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we have that A(gz) = gz ® g+ g ® gz, and gz ¢ Cp, so there is an arrow from gz to gz. This
shows that C' must be a direct sum of coalgebras of type K[Cy, s'] (for possible different values
of s'). Then looking at A(z?) — 2’ ® 1 —1® 2', it is easy to show by induction that 2’ lies in D
for any 4 > 1. Since z is a non-zero primitive element, the set (wi)izl is linearly independent, a
contradiction to the finite dimensionality of D. Thus this situation cannot occur.

If 1 is a vertex in a connected component of type K[C,,, s], with n > 2, the proof goes as in Case
1, and leads us to the conclusion that C' is a direct sum of coalgebras isomorphic to K[C,, s],
and that C' is isomorphic as a Hopf algebra to one of the form H,(s,q,G,g,x,«). The only
difference is that instead of using the paths py, i, we deal with paths denoted by pp);, and
meaning the path of length [ starting at the vertex h. Also, since x(g) = ¢, a (s + 1)’th root of

unity, and ¢" = 1, we must have that s + 1 divides n.

Case 8. If 1 is a vertex in a connected component of type K, then proceeding as in Case 1, we
can see that there are no arrows in C, so C'is a direct sum of copies of K. Thus C is a grouplike

coalgebra, and Hopf algebra structures on C' are just group Hopf algebras. O

We note that the above theorem completely classifies finite dimensional (co)path Hopf algebras,
i.e. finite dimensional Hopf algebras which are isomorphic to a path algebra, or to a path
coalgebra, or more generally, a Hopf algebra which is a quotient of a finite dimensional path
algebra by an ideal generated by paths, or a finite dimensional subcoalgebra of a path coalgebra,
with a basis of paths. These are the algebras KG, H,(s,q,G, g, x,«) and their duals, because
a finite dimensional Hopf algebra is Frobenius as an algebra and co-Frobenius as a coalgebra.
Moreover, we can also apply the classification for the situation when the finite dimensional Hopf
algebra is a quotient of a path algebra K[I'| of a locally finite quiver I" (i.e. there are only finitely
many paths between any two vertices in I') by an ideal I generated by paths: in this case, by
Proposition [7.5] the orthogonal C' = I C KT of I is a finite dimensional coalgebra and has as
a basis of paths {p*|p ¢ I} (with the identification of Proposition [.5]), and C' = (A/I)*. Thus
Hopf algebra structures on A/I come from dualizing Hopf algebra structures on C, and the same

result holds, i.e. such Hopf algebra structures are isomorphic to KG*, or H,(s,q,G, g, x,a)*.
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