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1. Introduction

The paper of Gray and Hervella [I7] puts into a unified framework 16 classes of
almost Hermitian manifolds and was the work which inspired other classification
results like those in [24] 28] 29]. Tt is important in the mathematical setting and
is used in obvious settings when some class of Kéhler or Hermitian manifolds is
the central focus of investigation. The Gray-Hervella decomposition plays a role
in the discussion of nearly Kéhler and almost Kéahler geometry as well as in the
study of conformal equivalences among almost Hermitian structures (see for ex-
ample [11], 23], [4], and [5] [7], respectively). It is related to the Tricerri-Vanhecke
[28] decomposition of the curvature tensor in [12] and it has a prominent role in
understanding the influence of the curvature on the underlying structure of the
manifold [19]. The Gray-Hervella classification is related to the 64 classes of al-
most quaternion-Hermitian structures in [21], showing some interactions amongst
them. The different classes have been considered for flag manifolds — they essen-
tially reduce to four classes [26], and the 6-dimensional case has been considered
in detail in [3]. The different classes of almost Hermitian structures also enter into
the discussion of some harmonicity problems [5].

Although most of this work has been in the positive definite setting, the indefinite
case also plays a role (see for example [10, [15 O8] 22] 27]). In addition to the
pseudo-Hermitian setting, the almost para-Hermitian geometry is of interest both
from the mathematical and the physical point of view [Tl 2] 8, [0, 16l 25]. Related
work of Gadea and Masque [14] classified almost para-Hermitian structures into 32
different classes by considering separately the two natural distributions associated
to the almost para-Hermitian structure.

In this paper we put both the almost para-Hermitian and the almost pseudo-
Hermitian structures in an unified context by extending the Gray-Hervella decom-
position to the pseudo-Riemannian setting. This is done by analyzing the covariant
derivative of the corresponding Kahler form and the decomposition of the space of
such tensors under the action of a suitable structure group (see Theorem [[.4] for
details). Moreover we consider the geometric realizability of all the different classes
by perturbing the given structures. In Theorem [Tl we show that any algebraic
covariant derivative Kahler tensor can be geometrically realized by perturbing the
underlying structure on a given almost para/pseudo-Hermitian background mani-
fold; Theorem provides a similar result in the integrable setting. In Theorem
[L6] we restrict to the complex setting and extend results of [I7] from the positive
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definite context to the indefinite context showing any of the 16 classes has at least
one geometrical representative.

We establish notation as follows. Let (M, g) be a pseudo-Riemannian manifold
of dimension m = 2m. Let Ji be endomorphisms of the tangent bundle T'M.
We say that (M,g,Jy) is an almost para-Hermitian manifold if J3 = id and if
Jig = —g. Similarly, if J2 = —id and if J* g = g, then we say that (M, g, J_) is
an almost pseudo-Hermitian manifold. The existence of such structures is related
to the signature (p,q) of g. If (M, g) admits an almost para-Hermitian structure
J4, then p = ¢. Similarly if (M, g) admits an almost pseudo-Hermitian structure
J_, then both p and ¢ are even. Thus usually we are not dealing with both J_
and Jy at the same time on (M, g), but we adopt a common notation to keep the
exposition in parallel as much as possible.

Let V be the Levi-Civita connection of g. The associated Kdhler form and the
covariant derivative are defined, respectively, by:

Qi (‘rEa y) = g(‘rEa Jiy)a
VQu(2,y;2) = 2g(x, Jxy) — 9(Vaw, Jry) — g(x, J£V2y).
We subscript J and € to keep track of the signs involved. For example, as we shall
see presently in Lemma 3.1l we have:
in(xay;Z) = —VQi(y,.’L';Z), (1 )
a
VQi(2,y;2) = £VQs (Jra, J1y; 7).

It is convenient to work in an algebraic context as well. Let (V,(-,-)) be an
inner product space and let J2 be linear maps of V. We say that (V,(,-), J}) is
a para-Hermitian vector space if (J9)*(-,-) = —(-,-) and if (J)* = id. Similarly,
(V, {-,-),J°) is said to be a pseudo-Hermitian vector space if (J°)*(-,-) = (-,-) and
if (J9)? = —id. Again, the existence of such structures imposes restrictions on the
signature. Motivated by Equation ([Zal), we define:

9z = {Hy € @°V* : Hy(v,y;2) = —Hx(y,;2) and
Hi(J:?:xa J:?:y7 Z) = iHi(xa Y; Z) v z,y, Z} :
Let Hy € $9+. We have

The following result shows that Equation ([Cal) generates the universal symme-
tries satisfied by V. and provides a rich family of examples. It is striking that we
can fix the metric and only vary the almost (para)-complex structure; in particular,
we could take the background structure to be flat.

Theorem 1.1. Let (M, g, J1) be a background almost para/pseudo-Hermitian ma-
nifold and let P € M. Suppose given Hy in H+(TpM,gp, Jx p). Then there exists
a new almost para/pseudo-Hermitian structure Jy on M which agrees with Jy at
P so that VQi(M, g, J1)(P) = Hx.

We consider the following subspace:
Usa = {Hy € 91t He(z,y;2) = FHa(z, Jly; Ji2) ¥V 2y, 2}
If (M,g,Jy) is a para/pseudo-Hermitian manifold (i.e. Ji is integrable), then
VQy € Us 1 as we shall see presently in Lemma 3.2 Conversely:

Theorem 1.2. Let (M,g,Jy) be a background para/pseudo-Hermitian manifold
and let P € M. Suppose given Hy in Us (TpM,gp,Ji p). Then there exists
a new para/pseudo-Hermitian metric § on M which agrees with g at P so that

VQ:E(MagaJ:t)(P) = H:I:'
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Theorems [T and are global results; it is necessary to have a starting back-
ground structure as not every manifold admits a para/pseudo-Hermitian structure
of a given signature; in general, there are topological restrictions on M for the
existence of a (para)-complex structure or for the existence of a metric of signature
(p,q). These Theorems give results in the category of compact manifolds. However
it is a direct consequence of the Theorems that one can also restrict attention to
an open coordinate chart to get purely local results.

These results are based on a decomposition of £+ which extends the decompo-
sition given in [I7] in the positive definite context. Adopt the Einstein convention
and sum over repeated indices.

Definition 1.3. Let (V,(-,-),JY) be a para/pseudo-Hermitian vector space. Let
gij = (ei,e;) for some basis {e;} for V. Let ¢ € V*. Let H € @3V*. Let GL be
the general linear group. Set:

(1) (mH)(z) :=eYH(z,e;;€5).
o+(¢ )(w yiz) = ¢( JLa)(y, >—¢(Jiy)<w,2>+¢($)<Jiy,Z>—¢(y)<Ji$,Z>-

us _{TeO 70 _TJO or TJY = —JOT}.

X(T ) =41 1fTeui andx( ).=—1ifT€U$—Ui-

Theorem 1.4. Let m > 6. We have a direct sum orthogonal decomposition of $+
and of Us + into trreducible inequivalent UL modules in the form:

NDe=W1 1 &Wo 1 O@W3L:®Wyys and Usy =Wz OW,y.

One obtains the corresponding decompositions if m = 4 by setting Wi + = 0 and
W3 + = 0. The modules W; _ are also irreducible Z/_ modules so the decomposition
of [I7] of H_ as a U_ module extends without change from the positive definite to
the indefinite setting; we omit the additional analysis this requires in the interests
of brevity. The modules W; ; are not, however, irreducible /4 modules and thus
the classification of [I4] is a more refined one than we consider here as there are
8 factors in the decomposition rather than 4. By using the structure group U}
instead of U, we shall bypass some of the technical difficulties encountered in [14]
and this structure group is sufficient for our purposes.

The focus of Theorem [Tl and of Theorem is to show that every element
of $+ and of Us 1 is geometrically realizable in an appropriate context. One can,
however, focus instead on the precise nature of the classes involved. We now restrict
to the complex setting. Let £ be a U* submodule of $_. We say that (M, g, J_) is
a £-manifold if VQ_ belongs to £ for every point of the manifold and if € is minimal
with this property. This gives rise to the celebrated 16 classes of almost Hermitian
manifolds (in the positive definite setting) [I7]:

Theorem 1.5. Let & be a submodule of $_. Then there exists an almost Hermitian
&-manifold.

We can generalize this to the indefinite setting; we shall suppose m > 10 to
simplify the discussion:
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Theorem 1.6. Suppose given (2p,2q) with 2p + 2q > 10. Let £ be a submodule of
$H—. Then there exists a E-manifold of signature (2P, 2q).

Many of these classes have geometrical meanings which have been extensively
investigated. For example:

(1) & = {0} defines the class of Kéhler manifolds.

)
) & = Wa, _ defines the class of almost Ké&hler manifolds.

) & = W3 _ defines the class of Hermitian semi-Kéhler manifolds.

) £ =W _ @ W, _ defines the class of quasi-Kéhler manifolds.

) £ =Ws_ & W, _ =Us_ defines the class of pseudo-Hermitian manifolds.
)

)

E=Wi,_ @ Wy _ @ Ws _ defines the class of semi-Kéhler manifolds.

)

) & = $H_ defines the class of almost pseudo-Hermitian manifolds.

Here is a brief outline to the paper. In Section 2l we review briefly the repre-
sentation theory we shall need concerning ¢} submodules of ®FV* and obtain an
upper bound on the dimension of the space of quadratic invariants for 1 as a U}
module. In Section Bl we turn to the geometric setting and study VQi. In Section
M, we examine matters in the algebraic context and define projectors on the spaces
Wh,4, Wa, Us 1, and Wy 1. In Section B, we fix the metric and vary the almost
(para)-complex structure to prove Theorem [[LTland Theorem [[L4l In Section [ we
assume the (para)-complex structure to be integrable and vary the metric to prove
Theorem In Section [7] we use results of [I7] to establish Theorem

2. REPRESENTATION THEORY

Let (V,{-,-), J+) be a para/pseudo-Hermitian space. Extend (-,-) to ®*V so

k
(@ Quk), (W1 @+ Quy)) := H(vl,wz> (2.a)

i=1
Equation (Za) defines a non-degenerate symmetric bilinear form on ®*V. We use
(-,+) to identify V with V* and ®*V with @*V*. If § € ®*V* and if u € U, the
pull-back u*0 € ®@*V* is defined by u*0(vy,...,vx) := O(uvy,...,uvg). Pull-back
defines a natural action of A/} on ®FV* which preserves the canonical inner product
of Equation (2:a). Let & be a U] -invariant subspace of @FV*; the natural action of

Ux on ®FV* by pull-back makes ¢ into a U submodule of ®FV*. One has:

Lemma 2.1. Let (V,{-,-),JY) be a para/pseudo-Hermitian vector space. Let & be
a UL submodule of @XV*.
(1) {(-,-) is non-degenerate on &.
(2) There is an orthogonal direct sum decomposition & = m & --- @ ny, where
the n; are irreducible U -modules.
(3) If & and & are inequivalent irreducible UYL submodules of €, then & L &s.
(4) The multiplicity with which an irreducible representation appears in & is
independent of the decomposition in (2).
(5) If & appears with multiplicity 1 in & and if n is any UL submodule of &,
then either &, C n or else & L n.
(6) If 0 = & — & — & — 0 is a short exact sequence of UL -modules, then
&~ & @& as a Ul -module.

Proof. We shall establish Assertion (1) as this is the crucial property; the remaining
assertions follow from Assertion (1) using essentially the same arguments as those
used in the positive definite setting; we refer to [6] for a detailed exposition. For
example, it is Assertion (1) which lets us define orthogonal projection; if £ is in-
variant under the action of U, then £ N¢L is a totally isotropic invariant subspace
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of @*V* and hence £ N ¢+ = {0}. Thus @*V* = ¢ @ ¢ and orthogonal projection
on £ is given by the first factor in this decomposition.

Suppose first (V, (-, -), J?) is a pseudo-Hermitian vector space of signature (p, q).
We prove Assertion (1) for the smaller group U_; it then follows automatically for
the larger group U*. Use the Gramm-Schmidt process to choose an orthogonal
decomposition V = V, @ V_ which is J? invariant so V, is spacelike and V_ is
timelike. Let T = +id on V4; T € U_ since the decomposition is J° invariant. Let
{e1, ..., ep} be an orthonormal basis for V_ and let {ept1, ..., & } be an orthonormal
basis for V.. Let {e!,...,e™} be the corresponding orthonormal dual basis for V*.
Then T*(e') = (e!,e)e! = +el. If I = (i,...,ix) is a multi-index, set e :=
€ @ ... ® e*. The collection {e!} is an orthonormal basis for @*V* with:

T*e! = T*e")®..@T* (") = (", e)e" @ ...® (e, ik )elt
= (el el)e! = +e!.

Thus if T*w = w, then w is a spacelike vector in ®*V* while if T*w = —w, then w
is a timelike vector in ®@*V*. Let & be a non-trivial /_ invariant subspace of ®@*V*.
Since T' € U_, T preserves . Decompose £ = £ @ £_ into the +1 eigenspaces of
T*. Since &4 is spacelike and &_ is timelike, the metric on ¢ is non-degenerate and
Assertion (1) follows in this framework.

The argument is a bit different in the para-Hermitian setting. Let (V, (-, ), J?)
be a para-Hermitian vector space. Find an orthogonal direct sum decomposition
V =V, @ V_ where V. is spacelike, where V_ is timelike, and where JJOr Ve = Ve
As before, let T'= £ id on V4 ; T does not belong to U, but it does belong to U7 .
The remainder of the argument now follows as in the complex case; it is necessary
to assume ¢ is invariant under i/} and not simply under ¢/, — this is the crucial
difference. O

Remark 2.2. Lemma 2] fails for the group U and it is for this reason that the
decomposition of ) has more factors as a U4 module than as a U} module. Let
(V,(-,+),JY) be a para-Hermitian vector space. Decompose V = W, @ W_ into
the £1 eigenspaces of J9r. Then Wy are totally isotropic subspaces of V' which are
invariant under Uy.

Let & be a Ui submodule of ®*V*. We say that a symmetric inner product
0 € S?(¢*) is a quadratic invariant if O(yx,vy) = 0(x,y) for all v € U} and for all
z,y € &; let SZZ; (&) be the space of all quadratic invariants. The following is well
known — see, for example, the discussion in [6]. The proof follows exactly the same
lines as in the positive definite setting given Lemma 2.1] (1).

Lemma 2.3. Let { be a UL submodule of QFV*. Suppose that & are non-trivial
UL -modules so that & @ --- ® & is a UL submodule of €. Also suppose that
dim{SZ(f)} < {. Then:

(1) =& & @&, & L& fori#j, and dim{Sf, ()} = (.

(2) The modules & are all irreducible and & is not isomorphic to &; fori # j.
We now examine the space of quadratic invariants for the setting at hand.

Lemma 2.4. dim{qu D)} <4

Proof. Since the original discussion in [I7] was in the positive definite setting, we
shall provide full details. Let (V, (-, -), J) be a para/pseudo-Hermitian vector space
and let ¢ be a G submodule of ®*V*. A spanning set for the space of quadratic
invariants if G = O or if G = U_ in the positive definite setting is given in [30]
and in [I3| 20], respectively. The extension to the groups UJ is straightforward
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(see [6] for example). In brief, if G = UJ, everything is given by contraction of
indices using the inner product (-,-) and the structure J{ where J$ must appear
an even number of times. The following is a convenient formalism. We identify 0
with the corresponding quadratic function 6(x) := 6(z,z). We consider 3 distinct
orthonormal bases {e} ,e? e } for V which are indexed by {i1, iz, i3}, respectively,

710 127 13

for1 <i; <m, 1<iys<m,and 1 <izg<m. Let

er = e} e Mel e2 V(e el ) = +1.

i1 i 199 Cig is1 Cig

We consider a string S of 6 symbols grouped into 2 monomials of 3 symbols where
each index 1, 2, 3 appears twice and where some of the indices are decorated with
JY. Thus, for example, if S = (1,2;J92)(1,3;J23) and if Hi € $4, then the
associated invariant Z(S) is given by:

Z Z ZEIH:N: Ciys ZQ’J:telz) ( €irs ’Lg"]ﬂ:ezg)'

’Ll 112 113 1

The space of quadratic invariants of $)1+ is spanned by such invariants. We will
stratify the invariants by the number of times J{ appears; this gives rise to 2 basic
cases each of which has 2 subcases.

(1) General remarks.
We can replace the ba81s ellb JOe and thereby replace €7 b
(a) p ot by {3 Y rep y
Fer. Thus Z{(...,1,...,1,.. )}—$I{( 5 PR 5 B
(b) We need only consider strings where either a given indeX is undecorated
or it is decorated exactly once.
(¢) We may permute the bases. Thus
Z{(1,2;3)(1,2;3)} = 7{(2,3; 1)(2,3; 1) }.
(d) By Equation (), T4 (1 ;) (%, %i %)} = —T{(0r, 15 %) (3, % %)}
= +T{(Jp, JQ 05 %) (5, %; %) }.
(e) By Equation (LH), Z{ (1, J205%) (%, ;%) } = Z{(JS p, 03 %) (&, %5 %) }.
(2) JY does not appear. This gives rise to 3 invariants:
(a) Each index appears in each variable:
(i) 1= Z{(1,2:3)(1,2:3)}.
(i) o = T{(1,23)(1,3;2)}.
(b) Only one index appears in both variables:
(i) s := Z{(1,2;1)(3,2:3)}.
(3) J appears twice. This gives rise to another invariant:
(a) Each index appears in each variable:
(i) o = ZL(1, J92; J03)(1,2;3)}.
(i) Z{(1,92:3)(1,793:2)} = Z{(J21,2:3)(J¢1,2:3)}
(b) Only one index appears in both variables:
() Z{(J21,2: 1)(J23,2:3)} = T{(1,J92: 1)(3, J22: 3)}
— FZ{(1,2:1)(3,2:3)} = Fos.
We have enumerated all the possibilities and constructed 4 invariants. (I

3. GEOMETRIC ANALYSIS

If (x',...,2™) is a system of local coordinates on M, let 9,, := 6%“.

Lemma 3.1. Let (M, g, J+) be an almost para/pseudo-Hermitian manifold. Then:

(1) VQui € H.
(2) VQui(z,y52) = g(2, (Vo Jx)y) = g(z, V. Jry) — g(x, J£ V.y)
=g(x,V.Jry) + g(Jrz, V.y).
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Proof. Since Q4 € C®(A?), VQi € C®(A%2 @ V*).

studying the action of J}:
VQu (Jex, J1y; 2)
=zg9(Jrx, JyJyry) — 9(VoJra, Jy Jyry) — g(Jrx, Jo V. Jry)
= Fzg(x, J1y) F 9(V:Jiz,y) £ g(2, V. Jry)

= Fzg(z, Jry) F z9(Jrz,y) £ 9(Jiz, V.oy) 2zg(x, Jry) F 9(V.z, J1y)

= xzg(z, Jry) F 9(z, J£V2y) F 9(Vaz, Jry) = £VQ4 (2,55 2).
We use the fact that Vg = 0 to prove Assertion (2) by computing:

V.Qu(2,y) = 29(x, Jry) — 9(V.z, J1y) — g(x, J+ V.y)

= zg9(x, Jry) — 9(V.z, Jry) — (2, V. Jry) + g(2, V. Jry) — g(z, J£V.y)

= (V.9)(z,J+y) + 9(x, V. J1y) — g(x, J+ V.y)
=g(x, V. Jry) — g9(x, J+V.y) = g(z, V. Jry) + g(J+rx, V.y).

Let g(z,y; 2) := zg(z,y). We continue our study and assume Jy is integrable:

Lemma 3.2. Let (M,g,Jy) be a para/pseudo-Hermitian manifold. Then:

(1) Vi (Dr,,0ay50n,) = 3{9(0n,, Onys J20s)) — 9O, O3 J+0a,)
+9(J£0;, 0245 On;) — 9(J 100, 0y On,) }-

(2) VQ&(M,g,J+) € Us+.

(3) VQu(M,e* g, J1) = I {VQL(M, g, J1) — ot 4(df)}-

(4) W47i C Ug,i.

7

We prove Assertion (1) by

O

Proof. Since Jy is integrable, we may choose coordinates so J1 0y, € {Ouy, -+, O, }-
Let = 0,,, y = Oq;, and z = 0;,. We may apply Lemma [3.1] and the Koszul
formula for the Christoffel symbols in a coordinate frame to see:

V.Qi(z,y) = g(x,V.Jry) +g(Jex, V.y)

= o, 2 Jey) + g(@, Jry: 2) — g(z, Jry; )}
+ Hy(Jez, 2 y) + g(Jaz,y; 2) — g(z,y; Jea)}.

Assertion (1) now follows from the identity:

9(x, Jry; 2) + g(Jez,y; 2) = 2{g(x, Jry) + g(Jz,y)} = 0.

We prove Assertion (2) by checking that V{2, satisfies the defining relation for
Us 1 in this instance. We use Assertion (1) to compute:

VQu(z, Jry; Ji2)

s{o(e, Joz; Judey) — g(Jry, Joz; Jox)}

{9, Joz; Jry) — g(JxJry, Jozia)}

s{tg(e, Jezy) £ gy, 2 Jox) F g(x, 25 Jry) + 9(Jay, z;2)}
s{TF9(sr, 2;y) £ gy, 23 Jox) F g(w, 2 Jry) £ g(Jry, z;7)}
FVi(z,y:2).

We also use Assertion (1) to prove Assertion (3) by checking:

VL 21 4(7, Y5 2)

eV y(2,y;2) + df (Jry)g(@, 2) — df (Jr2)g(y, 2)
df (y)g(Jew,2) — df (x)g(J+y,2)}

= Vs g(2,y;2) — 0 gdf) (2,55 2)} -

+
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Let (V,(-,-),J{) be a para/pseudo-Hermitian vector space. Let f be a smooth
function on V and consider the manifold (M, g, J1) := (V,e?(-,-), J?). We apply
Assertion (2) and Assertion (3) to prove Assertion (4) by checking:

€2f0'i,(,7,>(df) = *Vﬂiﬂzf(,’,) ceUs . (I

4. ALGEBRAIC CONSIDERATIONS

We now turn our attention to purely algebraic considerations. For the remainder
of this section, let (V (-,-), JY) be a para/pseudo-Hermitian vector space.

Definition 4.1. Let Hi € $H4.
(1) (maHe)(w,y;2) = g{He(2,y;2) + He(y, z;2) + Ha(2,7;9)
£Hy(x, Jy; Je2) £ Hely, Jiz; Jiw) £ Hy(z, Jx; J2y) ).
(2) (mo,xHs)(x,y;2) = §{2H=(x,y;2) — He(y, z;0) — He(z, ;)
£2H o (2, JSy; JE2) F Hily, Jiz Jix) F Helz, Jz; Jy)}.
(3) (m3xHy)(w,y;2) = 3{Hs(2,y;2) F He(x, Jy; JQ2)}.
(4) w44 = :I:ﬁai([]i)*ﬁ.
Lemma 4.2.
(1) 71,4 is a projection from $H1 onto Wi 4.
(2) o+ is a projection from $H1 onto Wa .
(3) s+ is a projection from H1 onto Us .
(4) w4+ is a projection from H1 onto Wy .
Proof. Set:
(kL Hy)(w,y;2) i= £Hy(x, Jly; JO2),
(K3 H)(2,y;2) = He(y, z:0) + Ha(z,7;9)
tHy(y, J 25 Jia) £ Hy(z, Jz; J1y).
We may use Equation ([al) and Equation (L) to see that s} H+, and k3 Hy are
anti-symmetric in the first two arguments. We show that nlif)i C $H+ and that
k391 C H1 by checking:
(kY H) (Y2, JQy;2) = Hy(JQ2, JQIYy; JY2) = £ Hy (z, JQy; J12)
= +kl Hy(z,y;2),
(kiHL) (i, Jly; 2) = He(Jly, 25 J2x) + Hi(z, Jiz; J2y)
+H 1 (Jy, J2; JQJx) + Hy (2, JLI02; JLIy)
=Hy(y,JS2;J02) + Hi(z, JQ2; JQy) + Hy(y, z;2) + Hi(z,23y)
=+ (k1 HL)(2,y;2).
We see m1 +9+ C H+, m2,+H+ C H+, and w3 +H+ C H+ by expressing:
T+ = g{id+sl + 1}, mos = g{2(id+x}) — K1},
T = s{id—rl}.
Let Hy € $+. We verify m +Hy € Wi 4, that mp + Hy € Wy 4, and that
m3,+H1 € Us + by checking that the defining relations are satisfied in each case:
(m,+He)(z, 2;9) = §{H(z, 259) + He(z,y52) + Hi(y, 73 2)
tHy (v, J 2 JYy) £ He(z, Jly; Jiw) £ Hi(y, Ja; Jz) }
= —m+Hi(z,y;2),
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(mo, e Hy)(z,y52) + (w2, £ Hi)(y, 252) + (2,0 Hy)(2,23y)
= %{QHi(:z:,y;z) — Hi(y,z;2) — Hy(z,2;9)
£2H, (v, JYy; JL2) F Hely, J 2 J22) F Hi(z, Jlw; J1y)
+2H4(y, z52) — He(2,23y) — Ha (2,93 2)
+2H, (y,J 2 J87) F Hi(2, J2; J0y) F He(z, JQy; J)2)
+2H  (z,25y) — Hy(x,y;2) — Hy(y, z; 2)
+2H4 (2, JQx; JQy) F He(z, Jy; J22) F Hely, JQ2; Jx)} =0,
(3,4 He)(a, Jy; JL2)
= 3{Hx(z,J0y; JL2) F Ha(z, JQJLy; JLIL2)}
= 5 {He(x,Jy; J92) F Hi(w,y:2)}
= F5{H(w,y;2) F H(w, Jy; JL2)} = F(ms, 2. Hi) (@, 5 2).
Let Hy + € Wi 4, let Hy + € Wy 4, and let H3 + € Us . We complete the proof
of Assertion (1), of Assertion (2), and of Assertion (3) by verifying:
(maH12) (@, y;2) = g{HL (2, y:2) + Hiw(y, 230) + Hy o (2,739)
+Hy (2, JYy; J02) + Hy 4 (y, J2; J0x) &+ Hy 4 (2, JQa; Jiy)}
= s {1 (2, y52) — Hia(y, 3 2) — Hi e (2, 23y)
FH1 (12, Jy; @) F Hi+(JQa, Iz ) F Hi(JLy, JLa;2) )
= {1 (2, y;2) + Hix (2,95 2) + Hi e (2,93 2)
—Hy s (2,y50) — Hyx (@, 20y) — Hix(y, 252) ) = His (2,93 2),
(mo,+Ha 1 )(z,y;2) = §{2H2,+ (2, y; 2) — H2 1 (y, 2;3) — Ha 1 (2,25 y)
£2Hs 1 (2, JQy; JL2) F Hax(y, I 23 JQx) F Haw (2, Ja3 Jy) }
= %{3H2,i($ay§ z) £ ngi(«]ix,y; Jiz) + H2,i($a Ji?ﬁ Jiz)
FHou(y, JQ2; Jx) F Ho o (T2, 23 Jy) }
= §{3Ho 1 (2,y;2) F Ha e (I 2, Jasy) F Hau(y, J2; Jlw)
FHy+(Jy, JQz2) F Hox(J 2,25 J2y)
FHo i (y, JQ2; Jx) F Ho o (T2, 23 Jy) }
= §{18Hs,+ (2, y;2) — Ho (2, 23y) — Ha 4 (y, 23 0)
F2H> 1+ (Jy, 2; J8x) F 2He 4 (23 J82; JQy)}
= §{4H2 4 (2, y;2) £ 2Ha + (Jy @, Jy y; 2)} = Haae (2,45 2),
(m3,+Hs +)(2,y; 2) = 5{Hs +(,y; 2) F Ha x(x, JLy; JLz}
= 5{Hs +(2,y;2) + Hs (2, y; 2)} = Hz 1 (,y; 2).
We now turn to the final assertion. We compute:
1(04(9))(x) = e {d(JLx)(eir e5) — d(JLei)(x, e5)}
e {p(a)(ILes, e5) — dle) (S, ej)}
= mo(Jlx) — ¢(JLx) + Trace(JY)d(z) — d(JLz)
= (m—2)((J2) ) (z) + Trace(J2)p ().

Since Trace(J2) = 0, we have 104 = (m — 2)(J9)*. It is immediate that my +
takes values in Wy +. We complete the proof by checking:
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Tyr0ed =t (01 (JL) 1) (0+9) = £ (JL)*(JL)* ¢ = 040 O
We examine these modules further:

Lemma 4.3.

(1) Wio +Way Ckerms .

(2) Wl,i n Wg,i = {0}

(3) Wit ®Way @ W1 @ Wyt is aldl submodule of Hi.
Proof. Suppose first that H; + € W; +. Then

w3, Hi (2, y;2) = 5{H1+(z,y;2) F Hi + (2, J2y; J2)}
H{Hy 4+ (z,y;2) F Hi o (JQz,y; JL2)}
= H{Hy (2, y;2) & Hi 2 (JQa, I8z 9)}
= %{Hli(gg,y, )+ Hi+(x,z;y)} = 0.
Next suppose that Hy + € Wy 4. We have
3,4 Ho i (2,95 2) = 5{Ha,4 (2, y: 2 )¢ Hy i (z, J2y; J22)}
= 3{Ha+(2,y;2) + Hy 1+ (Jy, JQz; @) + Hy 1 (J2, 23 J0y)}
= H{Hy (2, y;2) + Ho 2 (y, z30) + Ha +(2, Jla; J2y)}
= H{Hs 1 (2,y;2) + Hot (v, z32) F Hopx (J22, JQy; 2)
FHo £ (Jy, z; J0x)}
= {2+ (v z32) F Ho,2 (J2y, 25 JQ2)}
= —%{Hg,i(z,y;x) FHo (2, J0y; )} = —m3 + Hay 1 (2,y; 7).
This shows that

(
(
(
(

T3 a1 (2,y52) = —m3aHa1(y,o52) = m3 2 Ho 1 (2, 2;y)
= —mg+Hoi(z,2y).
Consequently H; + :=m3 +Hy 4+ € Wi 4. Thus:
3+ Ho v = w3 4m3 + Ho y =3 +Hy 4+ =0.
Let Hy € W1+ N Wy 1. We establish Assertion (2) by checking:

0 = Hi(z,y;2)+ Hi(y,z;2) + Hi(z,23y)
= Hi(x,y;2)— He(y, x5 2) — Hi(x, 2;y)
= 3Hi(z,y;2).

If 7+ : H+ — H1 satisfies 73 = 74, then Lemma 2] shows
1 = ker(my) @ Range(my ).

By Lemma [£2] we can apply this observation to 73 + and to m4 . By Assertion
(1) and by Assertion (2),

WieNWay ={0} so WiiL@®Wsy Cker(ms ).
By Lemma 2] we have Us 4 = Range(ms 1.). Consequently
Wi+ ®Wor ®Us +
is a submodule of $1. By Lemma [4.2]
Wy,+ = Range(my,+) C Us 1.
Since Wy + = 14 +Us +, W3 + ® Wy 4 is a U] submodule of Us 4. (I
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5. VARYING THE ALMOST (PARA)-COMPLEX STRUCTURE

Fix a background almost para/pseudo-Hermitian manifold (M, ¢, J+) and a point
P of M for the remainder of Section Bl Let O(M) be the fiber bundle whose fibre
over a point @ of M is the associated structure group O(TgM, gg). The Lie algebra
o of O is the vector space of all matrices which are skew-adjoint with respect to
the inner product. Let ¥ € op @ TEM. Let © be a smooth section to O(M) so that
O(P) =1id, so that @ = id off a neighborhood of P, and so that d® = 9. Let:
J¢ =oe7le.

Since O takes values in O, (M, g, J9) is an almost para/pseudo-Hermitian manifold
as well. Define:

Ex(0)(x,y;2) == g(x, (=0(2) Jx + J=0(2))y)(P) .

Lemma 5.1. Adopt the notation established above.

(1) {VQ:I:(Mvgv Jf)(SC,y,Z) - VQ:E(Maga J:t)(zay,z)} (P)
= Ex(dd)(z,y; 2).

(2) Ex is a UL module morphism from o @ V* @ x to Hx.
(3) If m 26, then m +{Z+(0)} # {0} and w3 +{Z+(0)} N W3+ # {0}.
(4) m2,+{E+(0)} # {0} and m +{=+(0)} # {0}.
Proof. Since O(P) =1id, (J§ — J+)(P) = 0. We use Lemma [3.1] to prove Assertion
(1) by computing:
Qi (M, g, J2)(P) = Qx(M, g, J+)(P)
=g(x, {V.(JE — Jx) = (J€ = )V }y)(P)
= g(z, {2(J€ — J)}y)(P) = g(z, {2(071J1.6 — Ji)}y)(P)
= g(z,{—2(0)Jx + J+2(0)}y)(P).

Assertion (2) is an immediate consequence of Assertion (1). The proof of As-
sertions (3) and (4) is a purely algebraic computation. Introduce an orthonormal
basis {e1,...,em, f1,--., fim} for V so

Jrie;,— fi and Ji: fi — *e;.

We set €; := (e;, e;). Define ¥y € o by setting:

E9€9 if 1=1 0 if =1
79061' = —&1€1 if 1=2 and 790fi = 0 if 1=2
0 if ¢+>2 0 if i>2

Suppose first that m > 6. We set 9 = Jg®e3. Choose a € C°°(M) to be compactly
supported near P with da(P) = dx®. If e; = &, then the corresponding © may be
taken to be:

cos(a)e; + easin(a)ex if i=1

O0,, = —cegsin(a)e; + cos(a)ey if =2 and ©0,, =0, Vi,
e; if 1>3
whereas if €1 = —&9, then © may be taken to be:
cosh(a)e; + exsinh(a)es if i=1
O0,, =< egsinh(a)e; + cosh(a)es if =2 and ©0,, =0, Vi.

Set Hy := =4 (99 @ €3). The non-zero components of H are determined by:

H:t(vael;eB)::Fl and H:t(f17€2;€3)::|:1.
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Clearly 7 Hy = 0; thus m5 1 Hy € W3 1. We prove Assertion (3) by computing:
T+ Hi(f2,e15e3) = Fg  and 73 1 Hi(fa,e15e3) = Fi .

Next we clear the previous notation and let Hy = Z4 (99 ® €2); here we need to
have da(P) = dz?. The non-zero components of Hy are determined by:

Hi(f2361;€2):$1 and Hi(f1’€2;€2):j:1_

Since 11 (H4 ) = %e2, the component of Hy in Wy 4 is non-zero. We complete the
proof of Assertion (4) by checking:

(mo,+ Hy)(f2, f1; f2) i= §{2Hx(f2, f1: f2) — H=(f1, f2: f2) — Hx(f2, f2i f1)
+2H (f2, I f1:JLf2) F Ha(f1, I fos IS f2) F Ha(f2, I fos JLf1)}

=3{0-0-0-2-1+0}=—1. 0
Proof of Theorem [I.4l Let m > 6. By Lemmal[5.0] W; 4 are non-trivial modules
for 1 <4< 4. By Lemma L3 W1+ & Wa 1 & W3 1 ® Wy 4 is a Uf submodule of
$H+. By Lemmal[Z7] dim{S2i ($4)} < 4. Theorem [ Anow follows from Lemma[2T]
and from Lemma 2.3 O
Proof of Theorem [I.Il Let (M,g,J+) be an almost para/pseudo-Hermitian
manifold of dimension m > 6 (the case m = 4 is analogous). We consider varia-
tions (M, g, JQ). Subtracting VQ4 (M, g, J1)(P) has no effect on the question of
surjectivity. Every @ € 0 ® T*M can be written in the form ¢ = dO(P) for some

admissible ©. Thus it suffices to show Z4 (0) = 1. By Lemma (1] Z(o) is not
perpendicular to W4 ; for 1 <4 < 4. By Theorem [[L4, W, ; is an irreducible sub-

—

module of $1 which occurs with multiplicity 1. Thus by Lemma 21l W4 ; C =(0)
for 1 <4 < 4. Theorem [[L4 now shows 1 C =(0) as desired. O
6. VARYING THE METRIC
Let (M, g, J+) be a para/pseudo-Hermitian manifold. Fix P in M and let
(Va <'5 '>5 Ji) = (TPMv gp, J:I:,P) .

Let gl be the Lie algebra of GL4 at P. Given ¥ € gl® V*, we may find a smooth
map O from a neighborhood of P in M to GL. so that ©O(P) = id, so that © = id
away from a neighborhood of P, and so that dO(P) = . We define a new pseudo-

Riemannian metric gé which agrees with g at P and which agrees with g away
from a neighborhood of P by setting:

9°(x,y) = (O,0y).
Since OJy = JL O, gé is a para/pseudo-Hermitian metric. Set:
22 (0) = { V0LV, 6%, Ju) - V0LV, } (P).

We may then use Lemma [3.2] to see that éi(ﬁ) € W4 3 is independent of the choice
of © and defines a UF module morphism from gl, ® V* ® x to 1+ by computing:

24 (0) (@, 2)
= H{0Uy)z.2) + (0 (Jay)2) + (D) Jaw, 2) + (Jaz, (y)2)
—(0(Jx2)y, 2) + (9, 0(Je)2) + (D(@) Ty, 2) + (Jey, D(@)2) |

Thus to prove Theorem [[L2 it suffices to show that =i is surjective. Since
we have subtracted the effect of the background metric, we may take the flat
metric g = (-,-). As in Section Bl we introduce a normalized orthonormal basis
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{e1,. . em, f1,-.., fm} for V. Let a be a smooth function which is compactly
supported near P = 0 with a(0) = 0 and da(0) = dx'. Set:

ée-{eaei if i:LQ} and éf.{eafi if i:l,Q}

e if i>3 £ if i>3

Let 9 = dO(0) = 9 ® dz' where 0y is orthogonal projection on Span{ey, ea, f1, fo}:

3 _ e; if i=1,2 s [ fi if i=1,2
voei = {0 it >3 } and %fz_{o it i>3 }
The associated metric takes the form:

98 = eCal'ed Fflof)+er a0l F o)
+ Zei(ei®ei$fi®fi).

>3

Set Hy := VQi(0) = Z4(¢9). We use Lemma B to see 7 (Hy) = 2e' and

thus Hy has a non-trivial component in Wy 4. Since Hi(e1,es; f3) = 0 and
ox(et)(e1,es; f3) # 0, Hy also has a non-zero component in W3 . Theorem
now follows. O

7. THE 16 CLASSES OF ALMOST PSEUDO-HERMITIAN MANIFOLDS

Proof of Theorem If (M,g,J_) is a &-manifold, then (M, —g, J_) also is a
&-manifold. Thus by replacing g by —g if need be, we may assume without loss of
generality that p < ¢ and consequently, as m > 10, that 6 < g to establish Theorem
We shall use product structures. The projections 7; — for ¢ = 1,2,3 and the
map 71 are compatible with Cartesian product; the splitting o_ is not. This causes
a small amount of additional technical fuss.

Suppose first that Wy ¢ £. By Theorem we may choose a &-manifold
(Mjy, g1, J1,—) of Riemannian signature (0,q). Let (Maz,ge, J2,—) be a flat Kéahler
torus of signature (p,0). Let

M=MxT®PY  gi=gi4+g, J =J1_DJo_. (7.a)

Then (M,g,J_) is an almost pseudo-Hermitian manifold of signature (p,q). We
have VQ, = VQ,, and 71(VQy) = 11(VQy,) = 0. Thus w3 _VQ, is projection
on W_ 3; this would not be the case if 7y was non-zero and this fact played an
important role in the analysis of Section Since m; _V§Q, = m; _VQ,,, it now
follows that (M, g, J_) is a & manifold in this special case.

Next we suppose that £ = n@W_ 4. Let (M, g, J_) be an n-manifold of signature
(p,q). We make a conformal change of metric and set § := e*/g; it then follows
from Lemma that

VQ; = e2VQ, — e o, (df)

where we use the original metric to define the splitting o_ 4. This has a non-trivial
Wy, — component and the components W; _ for 1 <14 < 3 are not affected. O
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