1012.5483v1 [math.NA] 25 Dec 2010

arXiv

Differentiation by integration with Jacobi polynomials

Da-yan Liu®P, Olivier Gibaru®¢, Wilfrid Perruquetti*<

“Equipe Projet ALIEN, INRIA Lille-Nord Europe, Parc Scientifique de la Haute Borne 40, avenue Halley Bat.A, Park Plaza, 59650
Villeneuve d’Ascq, France
b Paul Painlevé (CNRS, UMR 8524), Université de Lille 1, 59650, Villeneuve d’Ascq, France
€Arts et Métiers ParisTech centre de Lille, Laboratory of Applied Mathematics and Metrology (L2MA), 8 Boulevard Lowis XIV, 59046
Lille Cedex, France
AL AGIS (CNRS, UMR 8146), Ecole Centrale de Lille, BP 48, Cité Scientifique, 59650 Villeneuve d’Ascq, France

Abstract

In this paper, the numerical differentiation by integration method based on Jacobi polynomials originally introduced
by Mboup, Fliess and Join m, @] is revisited in the central case where the used integration window is centered. Such
method based on Jacobi polynomials was introduced through an algebraic approach m, @] and extends the numerical
differentiation by integration method introduced by Lanczos HE] The here proposed method, rooted in @, ], is
used to estimate the n'* (n € N) order derivative from noisy data of a smooth function belonging to at least C"*1+4
(g eN). In @, ], where the causal and anti-causal case were investigated, the mismodelling due to the truncation
of the Taylor expansion was investigated and improved allowing a small time-delay in the derivative estimation. Here,
for the central case, we show that the bias error is O(h?*?) where h is the integration window length for f € C"*a+2

+1
in the noise free case and the corresponding convergence rate is O(J "ilﬂ) where § is the noise level for a well chosen
integration window length. Numerical examples show that this proposed method is stable and effective.
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1. Introduction

Numerical differentiation is concerned with the numerical estimation of derivatives of an unknown function (defined
from R to R) from its noisy measurement data. It has attracted a lot of attention from different points of view: observer
design in the control literature M, , , digital filter in signal processing E, ], Volterra integral equation of the
first kind [3, [11] and identification [12, é} The problem of numerical differentiation is ill-posed in the sense that a
small error in measurement data can induce a large error in the approximate derivatives. Therefore, various numerical
methods have been developed to obtain stable algorithms more or less sensitive to additive noise. They mainly fall
into five categories: the finite difference methods |15, @, @], the mollification methods ﬂE, @, @], the regularization
methods @,E, ], the algebraic methods @, ] that are the roots of the here reported results, the differentiation
by integration methods ﬂE, , @], i.e. using the Lanczos generalized derivatives.

The Lanczos generalized derivative Dy, f, defined in HE] by

h 1
th(x):2—23/htf(:1:+t)dt:% 71tf(x+ht)dt,

is an approximation to the first derivative of f in the sense that Dy, f(z) = f' (z) + O(h?). It is aptly called a method
of differentiation by integration. Rangarajana and al. HE] generalized it for higher order derivatives with

1 1
Dy f(x) = h—n/l%Ln(t)f(x +ht)dt, n €N,

t

where f is assumed to belong to C™*2(I) with I being an open interval of R and L, is the n'* order Legendre

polynomial. The coefficient =, is equal to w and 2h > 0 is the length of the integral window on which

the estimates are calculated. By applying the scalar product of the Taylor expansion of f at x with L, they showed
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that D;ln) f(z) = f™(z) + O(h?). Recently, by using Richardson extrapolation Wang and al. [35] have improved the
convergence rate for obtaining high order Lanczos derivatives with the following affine schemes for any n € N

1
DI = g5 [ Lalt) o o ) + by Auht) i,

where f is assumed to belong to C"™(I), a,, b, and )\, are chosen such that D,(L"i”f(a:) = M (z) + O(hY).
Very recently an algebraic setting for numerical differentiation of noisy si nals was introduced in ﬂ] and analyzed
in @, ] The reader may find additional theoretical foundations in E, ]. The algebraic manipulations used in
, |2_1|] are inspired by the one used in the algebraic parametric estimation technics , @, ﬂ] Let us recall that
, @] analyze a causal and anti-causal version of numerical differentiation by integration method based on Jacobi
polynomials
1

(£h)"

1
n dar
D" f(z) = /0 Vg g {tvtn(1 —t)#tn ) f(z £ ht)dt, n €N,

where f is assumed to belong to C™(I) with I being an open interval of R. The coefficient 7, ., is equal to
(_1)71 (p+r+2n+1)!

(ptn)!(s+n)l>
estimates are calculated. In @] the authors show that the mismodelling due to the truncation of the Taylor expansion
is improved allowing small time-delay in the derivative estimation. Here in this article, we propose to extend these dif-
ferentiation by integration methods by using as in @, ] Jacobi polynomials: for this we use a central estimator (the
integration window is now [—1,1]) and the design parameters are now allowed to be reals which are strictly greater
than —1. It is worth to mention that in most of the practical applications the noise can be seen as an integrable
bounded function (which noise level is § as it is considered in this paper). An other point of view concerning the noise
definition/characterization is given in B] for which unbounded noise may appear. Let us mention that the Legendre
polynomials are one particular class of Jacobi polynomials, that were used in @] and M] to obtain higher order
derivative estimations. Moreover, it can be seen that these so obtained derivative estimators correspond to truncated
terms in the Jacobi orthogonal series. In fact, the choice of the Jacobi polynomials comes from algebraic manipulations
introduced in the recent papers by M. Mboup, C. Join and M. Fliess m, |2_1|], where the derivatives estimations were
given by some parameters in the causal and anti-causal cases. Here, we give the derivatives estimations in the central
case with the same but extended parameters used in @, ] If f € C""9"2 then we show that the bias error is
O(h%2) in the noise free case (where 2h is the integration window length). We also show that the corresponding

where k, p are two integer parameters and h > 0 is the length of the integral window on which the

convergence rate is 0(5%) for a well chosen integration window length in the noisy case, where § is the noise level.
One can see the obtained causal estimators in @, ] are well suited for on-line estimation (which is of importance
in signal processing, automatic control, ...) whereas here the proposed central estimators are only suited for off-line
applications. Let us emphasize that those technics exhibit good robustness properties with respect to corrupting noises
(see B, @] for more theoretical details). These robustness properties have already been confirmed by numerous com-
puter simulations and several laboratory experiments. Hence, the robustness of the derivative estimators presented in
this paper can be ensured as shown by the here reported results and simulations.

This paper is organized as follows: in Section [2] firstly a family of central estimators of the derivatives for higher
orders are introduced by using the n'" order Jacobi polynomials. The corresponding convergence rate is O(h) and
can be improved to O(h?) when the Jacobi polynomials are ultraspherical polynomials (see ﬂﬂ]) Secondly, a new
family of estimators are given. They can be written as an affine combination of the estimators proposed previously.
Consequently, we show that if f € C"179(]) with ¢ € N the corresponding convergence rate is improved to O(ht1).
Moreover, when the Jacobi polynomials are ultraspherical polynomials, if f € C"*279(]) for any even integer q the
corresponding convergence rate can be improved to O(h?"?). Numerical tests are given in Section [ to verify the
efficiency and the stability of the proposed estimators.

2. Derivative estimations by using Jacobi orthogonal series

Let f0 = f + w be a noisy function defined in an open interval I C R, where f € C”“N%) with n € N and the

noisd] @ is bounded and integrable with a noise level §, i.c. § = sup |ww(x)|. Contrary to [28] where the n'* order
zel

1More generally, the noise is a stochastic process, which is bounded with certain probability and integrable in the sense of convergence
in mean square.



Legendre polynomials were used, we propose to use, as in m, |ﬂ], the n'* order Jacobi polynomial so as to obtain
estimates of the n' order derivative of f. The n*" order Jacobi polynomials (see @]) are defined as follows

o576 () ()

where a, f €]—1, +-00[. Let us denote Vg1, g2 € C°([~1,1]), (91(-),92(")) o s = fil Wea,p(t)g1(t)g2(t)dt, where wq, g(t) =
(1 —1)*(1+1t)” is the weight function. Hence, we can denote its associated norm by || - [|a.s-
We assume in this article that the parameter h > 0 and we denote I}, := {z € I;[x — h,z + h] C I}.

<

2.1. Minimal estimators

In this subsection, let us ignore the noise w for a moment. Then we can define a family of central estimators of

o),
Proposition 2.1 Let f € C"(I), then a family of central estimators of f™ can be given as follows

1 1
Vi € I, D of(@) = 5 / P st) flz + ht)dt, (2)

(ntatBt,y  (a, . nta n
where pp.a.5(t) = WMP( 0 Was(t) with Bln+a+1,n+p+1) = ljr(m-ilzlr)al:r(ﬁizﬁ)ﬂ).

Moreover, we have D,(L)a”@f( ) = f"(x) + O(h).

Remark 1 In order to compute pp. .5, we should calculate P,(f“’ﬂ)

the computational effort of pn.a.p is O(n?).

whose computational complexity is O(n?). Hence,

Proof: By taking the Taylor expansion of f, we obtain for any x € I, that there exists 6 €]a — h, x + h[ such that

hn+1tn+1
(n+1)!

hntm
n!

@+ ht) = f@) + htf'(z) + -+ — O (@) + FrD o). 3)

Substituting @) in [2)), we deduce from the classical orthogonal properties of the Jacobi polynomials (see @]) that
1
/ pn,a”@(t) t"dt = 07 0 <m< n, (4)
—1

/71 Pn.a.p(t) " dt = (n!). (5)

Using @), @) and (@), we can conclude that

) @) = / Pros() (@ + ht)dt = F) () + O(h).

Hence, this proof is completed. |

In fact, we have taken a n'" order truncation in the Taylor expansion of f in Proposition 1] where n is the order
of the estimated derivative. Thus, we call these estimators minimal estimators (see [20, 21]). Then, we can deduce
the following corollary.

Corollary 2.2 Let f € C™ (1), then by assuming that there exists M, +1 > 0 such that for any x € I, |f("+1)(a:)| <
M, 41, we have

HDhaﬁ (2 )—f(n)(x)Hoo < Cih, (6)

where Cp = (Ajj_?, L e s(t)] dE.

When o = the Jacobi polynomlals are called ultraspherlcal polynomials (see @]) In this case, we can improve

1 o "~ T O\ 1 1 LR}



Lemma 2.3 Let P,SC“” be the n'™ order ultraspherical polynomials, then we have
1
/ P ()wg, o () t"H dt = 0, (7)
-1
where 1 is an odd integer.
Proof: Recall the Rodrigues formula (sce [32))

2nn! dtn

PO (t)wa,p(t) =

n [Wartn,g4n(t)], (8)
we get, by substituting ([8) in () and applying n times integrations by parts, that

1 1
o n n+1)!
/ 1 P’g ﬁ)(t)waﬁ(t) et = é” (n!))Q / 1 Wartn,g+n(t) t'dt. )

If « = B and [ is an odd number then w51, (t) t is an odd function and the integral in (@) is equal to zero. Hence,
this proof is completed. |

Consequently, we can deduce from Proposition 2] and Lemma the following corollary.
Corollary 2.4 Let f € C"*2(I) and o = 3 in Proposition [21), then we obtain
Vo € I, Dy f(z) = f™)(x) + O(h?). (10)

Moreover, if we assume that there exists My, yo > 0 such that for any x € I, |f("+2)(x)‘ < M, 4+2, then we have
HDhaa € )—f(")(gg)H < Cih?, (11)

where Cy = (nj_§2, It 20,0 (t)] dt

We can see in the following proposition the relation between minimal estimators of f and minimal estimators of

o,

Proposition 2.5 Let f € C"1(I), then we have

n

1 T(a+B8+2n+2) o (0)
VIGI]‘L} haﬁf( ) (2h) (a+ﬁ+n+2 JZ +J(.) Dh,an,j,ﬁjf(x)’ (12)

where o j = a4+n—j and f; = B+ j.

In order to prove this proposition, we give the following lemma.

Lemma 2.6 For any i € N, we have

Vr € I,

(e.8) ,
P (t),f(:c+ht)>a7ﬂ B Z’:(_l)iﬂ.(i) 2ita+B+1 o ) (3)
HPi(a’ﬂ)HiB =0 i) ita+f+1 e bt

where o j = a+1i—j and B; = B+ 7.

Proof: Observe from the expression of the Jacobi polynomials given in () that

PO ) wo,slt) = 55 2 () () 1m0, (1)



we get

(P 5w )~ (e [ 11 W, (8) £ + ht) dt (15)

=\ i

Then, by using Proposition 2] with n = 0 and Po(o”‘j’ﬁj)(t) = 1 we obtain

(@,8) )
<P7, (t)7f(x+ht)>aﬁ 1 i+ a 'L+B ( 1) B(alj +1 ﬂ] +1)2a1]+ﬁj+1 0)
(e,8) 112 — = Z ; i— (_2)1 @.B) 2 Dh,ai,j,ﬁjf(x)' (16)
[F 2| Py j=o N J J IPC2)2

Recall that (see [32))
204841 D(a+i+ DB +i+1)

plaBz , 17
125 e s 2ita+B+1T(a+B+i+ 1)I[E+1) (17)
then the proof is completed by using ([I7) in (I6). [
Proof of Proposition From (), it is easy to show after some calculations that
(a,8) >
fay = L (a+ﬁ+2n+1)<P W J@+ht) as)
0‘5 (2h) T(a+B8+n+1) ”P’gawﬁ)”iﬁ
Hence, this proof can be completed by using Lemma 2.6 and (I8)). [ |

Now, we can see in the following proposition that the estimates given in Proposition 2] are also equal to the first
term in the Jacobi orthogonal series expansion of f (")(x + ht) at point ¢ = 0.

Proposition 2.7 Let f € C"tY(I), then the minimal estimators of f™ given in Proposition [Z1 can be also written
as follows

(PP (0), £ + ht))
||P(a+n ,B+n) 12 ||

V¥r € I, DY) of(w) = atnfin pletnin ), (19)
a+n,B+n

Moreover, we have
Va € I, D) 5f (@) = Dby g (@): (20)

Proof: By using Rodrigues formula in (2 and applying n times integrations by parts we get

D), o () = (et pn(1)] f (2 + hE) di

1 (_1)n27(2n+a+ﬁ+1) 1 qm
hnB(n+a+1,n+B+1)/1dt_n
9—(2n+a+pB+1) 1 (n)
= atn,B+n(t) f7 ht) dt
Bnt+a+1, n+ﬁ+1)/1w mgn(t) S0 (@ + t)
0) n
_Dl(zaJrnBJrnf( ()

(a+n, B-HI)( t) = 1 and HP a+n7ﬂ+n)”

Then, by using P, = 22tetBHIB(n 4 a4+ 1,n + B+ 1), we can achieve

this proof.

atn,f+n T

2.2. Affine estimators

It is shown in Proposition 27 that the minimal estimators of f(")(x) given in Proposition ZIare equal to the value
of the 0 order truncated Jacobi orthogonal series expansion of f(™)(z + ht) at t = 0. Let us assume that f € C"T1(I),
then we define now the ¢** (¢ € N) order truncated Jacobi orthogonal series of f(")(x + ht) by the following operator

" <F)i(a+n,3+n)(.), f(n) (x+ h.)>a+n e
Vx S Ih’ Dh,ayﬁaqf(x + th) = Z oA ovdtn BLEn).io ’ PZ ’ (t) (21)




Take t = 0 in (ZI)), we obtain a family of estimators of f(™)(z) with

(P28 (), $ O @+ b))

q
a+n,f4+n  p(at+n,S+n)
Va € Ih’ h o B7q Z HP (a+n,B+n) H PZ (O) (22)
1= a+n,B+n

To better explain our method, let us recall some well-known facts. We consider the subspace of C°([—1,1]), defined
by
H, = span {PO(oHrnﬁJrn)7 Pl(aJrn,ﬁJrn), L 7P(a+n,6+n)} ' (23)

q

Equipped with the inner product (-,-),,, 5.,, Hq is clearly a reproducing kernel Hilbert space ﬂ], ﬂﬂ], with the
reproducing kernel

q P(Ot-‘rn,ﬂ-i-n)(T) (a+n,6+n)(t)'

Kq(r,t) = Z l pletmBTm)| 2 (24)
=0 ” ||a+n7ﬂ+n
The reproducing property implies that for any function f(z + h-) belonging to C°([—1, 1]), we have
) (n) ) _ p)
(Kot St b)) =D g fla e th), (25)

where D;:iﬁﬁyqf(x + h-) stands for the orthogonal projection of £ (z +h-) on H,. Thus, the estimators given in (22)
can be obtained by taking ¢ = 0.

We will see in the following proposition that the estimators D,(L (l sl (x) can be written as an affine combination
of different minimal estimators. These estimators are called affine estimators as in ].

Proposition 2.8 Let f € C"T(I), then we have

q . 1
otn.Bn 2i+a+pf+2n+1 " (n)
Veel §P+5+ > (-1 )D 26
7€ B Dilasaf = RN B | j:o( Y s, () (26)

where ¢ €N, o j = a+1—j and B; = B+ j. Moreover, we have

q . @ .

pare z+a—|—[3—|—2n—|—1]20

Proof: By replacing a by a+n, 8 by 8+ n and f(x + ht) by f)(z + ht) in Lemma 2.6, we obtain

f™ (). (28)

P‘(ochn B+n) 1), (n) ht > ; ' .

< i (), f") (z + ht) atn,Bin :Z(_l)i“(z) 2i+a+B8+2n+1 ;(10) ;
(atn,ftn) 1) 1 i+, Bi+n
HP o Ha-{-na—i—n 7=0 J Z—|—O¢—|—ﬂ—|—2n—|—1

Then (28) can be obtained by using ([20) and (22). By using the Binomial relation, ([27) can be easily obtained. W

Hence, by using Proposition 2] an explicit formulation of these affine estimators is obtained in the following
corollary.

Corollary 2.9 Let f € C"(I), then the affine estimators of f) can be written as

Vo € In, D" 5 fla / Qopng(t) flz + ht)dt, (29)
where .
q )
2i+a+pB+2n+1
- 1) = z :P(Or‘rnqﬁ"rn) 0 -1 i+J Pr.cvs - B, t 30
Q B, ,q() P 7 ( )jzo( ) ] Z+Oé+ﬁ+2n+1 ) LJ:B]() ( )

with a € N p.. - 4 aiven im Provosition D NN and ov: : — v 413 — 1 [R: — 3 4+ 1



Consequently these affine estimators are also differentiation by integration estimators.

Remark 2 Qu 8.,n,q is a sum of %(q + 1)(qg+2) terms. According to Remark[, the computational effort of each term
is O(n?). Hence, the computational effort of Qa,pn,q is also O(n?).

It is shown in Proposition 2] that the convergence rate of minimal estimators is O(h). We will see in the following
proposition that the convergence rate of affine estimators can be improved to O(h?*1).

Proposition 2.10 Let f € C""119(I) with q € N, then we have
Vo € I, DY) 5 f(z) = f™) (@) + O(htt). (31)
Moreover, if we assume that there exists M, 1144 > 0 such that for any x € I, ’f("+1+‘J) (x)‘ < My4144, then we have

[P 5.0t @) = £ @) < canrt, (32)

. 1
where Co = % S Q5 ()| dE.

Proof: By taking the Taylor expansion of f, we get for any = € I, there exists £ €]x — h,x + h[ such that

hn+1+qtn+1+q

ht) = fn ht) + ——————— f(r 1) 33
"
where fpiq(x + ht) = Z _—'f(]) (z) is the (n + q)™* order truncated Taylor series expansion of f(z + ht).
j=0 7

Let us take the Jacobi orthogonal series expansion of f,(ﬂ)q(a: + ht). Then by taking ¢ = 0, we obtain

n-+q

o (P, 100, (o + ) )

féi)q(x) - Z (a+n,B+n) 2 S Pi(a+n7ﬂ+n)(0)- (34)
=0 ||F)z ||a+n,a+n
Similarly to (22)) we obtain
n e
f7(z+)q(‘r) - / ) Qa,8,n,q(t) fatq(z + ht)dt, (35)

from ([29) where Qq 8,n,q is given in Corollary 29 by (B0).
By calculating the value of the n' order derivative of féi)q at t = 0, we obtain féi)q(x) = f™(z). Then by using

[29) and (B3) we obtain

1
D @) = @) =5 [ Qupina®) ) = Fglo -+ b))

hatl

1
Zm/1Qa,ﬂ,n,q(t)tn+l+qf(n+1+q)(f)dt

=0(he).

Consequently, if for any z € I | f("*1+9(z)| < M, 1144, then we have

M 1
D ) H < pa+l n+1+q / Q. o ()] dt.
[Di2 50 @) = 1@ < g [ Qa0 (0)
|
We can deduce that the affine estimator for f(")(z) obtained by taking the ¢*" order truncated Jacobi orthogonal
series expansion of f(™) (x + h-) can be also obtained by taking the (n + ¢)" order truncated Taylor series expansion
of f with a scalar product of Jacobi polynomials.



n-+q
hiti
Moreover, let fniq(z+ht) = f,(x+ht)+7r,(x+ht) where ry(z+ht) = E f(J)( ) for ¢ > 1 and ry(z+ht) =0
Jj=n+1
for ¢ = 0, then ([B34) becomes

)

q <Pi(a+"’6+n)(t), () (x + ht)>
n+q = Z

T a+n,B+n },i(a-l-n,ﬁ-i-n) (0) +R
1=0 ||P ||a+n a+n

o (P (0) 0 0 )

where R = Z a+n,B+n P_(a+n,ﬁ+n)(0).
+n,5+ i
=0 HP ot Ha-‘rn a+tn
Observe that f7(1n) (z+h-) is a 0" order polynomial, then by using the orthogonal properties of Pl-(aJr"’ﬁJr”) we have

<P}(O‘+"’ﬂ+")(t), (2 + ht)>

3

q
Z HP (a+n,B+n)

=0

a+n,B+n P‘(aJrn,ﬁJrn) (0)

3

HaJrn a+n
Péa-i—n,,@-l—n) (t), 7(7(71,) (ZZ? + h,t)>

HPOOHrn ,B+n)

a+tn,f+n Pé“*”’ﬁJr")(O) _ ff(ln)(x)'

HaJrn a+n

By calculating the value of the n*" order derivative of fr(ﬁ)q and £ at t = 0, we obtain f,(ﬁr)q (z) = fM(z) = f™(2).
Hence, we get R = 0. Hence, we can deduce that

1
R [ Qupmaltinte+ he)it =0, (36)

where Qq,g.n,q is given in Corollary 2.9 by (30).

Consequently, ([B6) explains why the convergence rate can be improved from O(h) to O(h9t1): the price to pay is
some more smoothness hypotheses on the function f.

If we consider the noisy function f°, then it is sufficient to replace f(x+ h-) in @9) by f°(x + h-) so as to estimate
f@) (). Then we have the following definition.

Definition 2.11 Let f = f + @ be a noisy function, where f € C"*Y(I) and w is a bounded and integrable noise
with a noise level 5. Then a family of estimators of f) is defined as follows

oz
o el D), f hn/ Qusmalt) 2 (x + ht) d, (37)
where Qu.p.n.q 15 given by (30).
In the following proposition we study the estimation error for these estimators.

Proposition 2.12 Let f° be a noisy function where f € C"T1T4(I) and w is a bounded and integrable noise with a
noise level §, then

]

|Pi ot (@) = 1@ < ot + o, (38)
where Cy is given in Proposition [210 and Cs = f_ll |Qa.8,n,q(t)] dt.
1
Moreover, if we choose h = [%6} e , then we have
n n g+1
D) @) = 1 @) = 0@ 7H). (39)

oo

Proof: Since

1
I e pm ol —lp® ey el < [ o . ar



by using Proposition 2.10] we get

D @) = 1@ <D @) = D5 (@) + [P 0 @) = £ @)

< Oy hq+1+C3h6n,

(oo}

where C3 = f_ll |Qa,8,n,q(t)| dt. Let us denote the error bound by ¥(h) = Coh?™' + C37%. Consequently, we can

calculate its minimum value. It is obtained for h* = | —2Cs_s§| """ and
(¢+1)C2

P(h*) =

n+1+gq (q—i—l

e e n atl
= CJF T Ot g (40)
q

n

Then, the proof is completed. |

In Proposition 228 we improve the convergence rate from O(h) to O(h?*!) (¢ € N) for the exact function f by
taking an affine combination of minimal est1mators of (™. Here, the convergence rate is also improved for noisy

functions. It passes from 0(5#1) to O(5n+1+q) if we choose h = ¢ §7Fi7, where ¢ is a constant.

Remark 3 Usually, the sampling data are given in discrete case. We should use a numerical integration method to
approximate the integrals in our estimators. This numerical method will produce a numerical error. Hence, we always
set the value of h larger than the optimal one calculated in the previous proof.

We have seen in the previous subsection that the convergence rate of minimal estimators can be improved to O(h?)
when oo = . Let us then study the convergence rate of affine estimators in this case.

Corollary 2.13 Let f € C""214(I) where q is an even integer. If we set a = 3 in (28), then we have
Vo e I,, D\ f(z) = f™(2) + O(hI+2). (41)

h,a,a.q

Moreover, if we assume that there exists M, 1244 > 0 such that for any x € I, |f("+q+2) (x)‘ < Myyo4q, then we have

[t~ 060 < e, "
where Co = % fil [t"H9T2Q 0 g (t)| dt and
N Yo 20\ 4i + 20+ 2n + 1
am Pyttt 0y “(-1) i (1 43
Qunal®) =3 03 P () e ) (13)

with pn,a,, .8, given in Proposition [21] and ag;j = a +2i —j, Bj = a+j.

Proof: Observe that Pq(jﬁr" AR (—1)(q+1)Pq(j'r‘;rn’a+")(t) for any t € [—1,1] (see [32] p.80), we obtain

Pq(j'r"fn’wr") (0) = 0. Hence, [22) becomes

g+l <Pi(a+n,a+n)(t),f(n)(x+ ht)> s B
TN, TN P a+n,x+n (O)'
HP aJrn aJrn

i

Dilaaaf (@) =

1=0 HaJrn a+n

If f € C™2%4(]), then let us take f, 1441 as the (n —|— g+ 1)*" order truncated Taylor series expansion of f(z -+ ht).
By taking the Jacobi orthogonal series expansion of f ntgt1

G+l <Pi(a+n,a+n)( ), fr(ﬁr)qul(‘T + ht)>
IEOEDY

CRETRTERT atnotn platnatn) (0),
1=0 ||P ||0¢+n a+n

i




we Ob(ain
h,o,a,q h,o,0,q n+q+1

ot (PO, fO @4 ht) = S @ ht) i
TN, TN Pa n,x+n (O)

+n,a+ i
”‘Pi(a e n)H(QlJrn,aJrn

iTO )
7 | Quana® a0 = Fusgi o+ )

hq+2 1 . .
= 7(71 27 /1 Qa.com.q(t)t +2+qf( +2+q)(§’)dt, ¢ e —hyx+ h

= O(h*?).

Consequently, [@2) follows directly from the hypothesis on | f"+9+2)(z)|. Since Pt () = 0 for any odd integer
i, [@3]) can be obtained by using [B0). Then this proof is completed. [ |

Remark 4 According to l@/, we can deduce the asymptotic behavior of the number & when h — 0T

] 1
lim = .
h—0t h n+q+3

Similarly to Proposition 2.12] we can obtain the following corollary.

Corollary 2.14 Let f € C""2T4(I) where q is an even integer. If o = 3 in Definition 211, then the estimation error
for D™ fo(x) is given by

h,a,a.q

HD<n> fox) — f(”)(””)Hoo < Cyhat? +CS}%7

h,o,a,q

where Cy is given in Corollary 213 and Cs is given in Proposition [2Z12.

1
. “ Tar2
Moreover, if we choose h = [( ZS;C 5} " then we have
q 2

q+2

1D o @) = F @) | = 0(755),

In the following proposition, if we assume that f € C™~*(I) then we can define the generalized derivative of f(™).
We can see that if the right and left hand derivatives for the n'" order exist, then this generalized derivative converges
to the average value of these one-sided derivatives.

Proposition 2.15 Let f € C" (1), then we define the generalized derivative of ) by
(n) e
V€ Iy DY) o f () = 5o / Quna(t) (& + ht) dt, (45)
-1
where Qu,n,q 15 defined by [{3). Moreover, if fJ(rn) () and f&n)(ac) exist at any point x € I, then we have

tim DY) f(@) = 5 (7 @) + 1) (46)

h—0+
where f_g_") (resp. f&")) denotes the right (resp. left) hand derivative for the n'" order.

Before proving this proposition, let us give the following lemma.

Lemma 2.16 Letn € N and Qq n,q be the function defined on [—1,1] by (3) where q is an even integer. If n is even
then Qa,n,q s also even, odd else.



Proof: By taking o = 3 in (22)), we obtain

(n) q P(a+n a+n) (0) 1 (atmatn)
Ve € Ih’ Dh,a,a,qf(x) - Z P(a+n a+n) / F)Z ) (t)wa+n70¢+n (t)f(n) (I + ht)dt' (47)
—1

1=0 H 7 HaJrn a+n

By using ([[d]) and replacing a, 8 by a + n, we get for { =0,--- ;n—1
d (atn,a+n) 1 ‘ i+a+n\/it+ta+n !
— | P; ’ t anant}:—. . . . —1) — [ Way o (D],
i [P O] = o 3 (7 ) G B (1)

where qjq1pnj = a+i+4+n—j, ajtn = @+ j+n. Then, by applying the Rodrigues formula, we get

dl aT+n,x+n
il [Pi( et )(t) wa+n,a+n(t)}

I K (ita+tn)/litatn " Qitm1.>0tm—
g2 () () 0
j=0

where ajyn—1j =a+i+n—j—1, ajin =a+j+n—1I. Hence, we get that iz [plotmatn)

0 at —1 and 1. Thus, by applying n times integrations by parts in ([47), we obtain

Watn,atn) are equal to

N 1 q P(a+n,a+n) 1 dr moin
vr € I, DY (o) = Y o / = [pletmetn

hn P(a+n a—i—n)H . din Pz (t)wa+",a+n (t)} f(i[] + ht)dt (48)

1=0 || a+n,a+n

By using Corollary 2. T0l with o = 3, we get

q (a+n,a+n) n
n P (O) d at+n,a+n
Qanalt) = (1) Y — e [P W an(8)] (49)
=0 ”P ”aJrn a+n

P(aJrn a+n)( )

Since = 0 for any odd integer i, ([@9) becomes

q

wn_ PETT0) A pasnan
Qa,mq(t) = (_1) Z (ain,aan) _n [PQ(z et )(t)wa-l-n,a-i-n(t)} : (50)
=0 ||P2z ”a—i—n a+n

Since P2(z{l+nﬂa+n)(_t) = P2(Z{l+"10t+n) (t) (See @]) and wa-i—n,a-i—n(_t) = Wa+n,a+n (t), we have

d" (a+n,a+n) o n dr (a+n,a+n)
din Py, (t )wa+n,a+n(t)} =(-1) am [P% (_t)waJrn,awLn(_t)] .

Thus, we have Qa,n.q(t) = (—=1)"Qa,n,q(—t). Then this proof is completed. [ ]

Proof of Proposition 2.15F Let us recall the local Taylor formula with the Peano remainder term ﬂﬁ] For any
given & > 0, there exists 6 > 0 such that

(n)
|f(3: + ht) — fo_i(x + ht) — 1= ( )(ht) < '|ht|", for § < ht <0, (51)
and
£ (@)
f(z+ ht) = fo_1(x + ht) — +n' (ht)™| < &'(ht)™, for 0 < ht < 4, (52)

where f,,_1(x + ht) is the (n — 1)** order truncated Taylor series expansion of f(x + ht). Let us consider the function
g(z) = 2™ the n'* order derivative of which is equal to (n!). Thus, by using ([22) we have

Vo € I, D) g(z) = (n)).



Thus, by applying Corollary 2.9 with oo = 3, we get

Vo € Iy, DY), g(x hn/ Qang(t) g(z + ht) dt = (n)).
In particular, by taking z = 0 we get = fil Qang(t) (ht)"dt = ( ) According to Lemma 210 t"Qq,n,q(t) with
t € [-1,1] is an odd function. Hence, we have ;- f,ol Qanq(t) (ht)" fo Qan,q(t) (ht)™dt. Thus, we get
f<"< ) "
m [ om0 D iy ar= 30, (53
and
(36) L.(n
/ Qang(t) == (ht)" dt = 3 f" (@). (54)

By using [22)) and Corollary 2.0 with « = 8 we get
VIGI]‘L} haaqfn 1 hn/ Qanq fn 1($+ht)d 0. (55)

Hence, by using (53), (B4) and (G5l we obtain

0 (n)
<o [ |@unatt (f(w+ht)—fn—1(x+ht) @ gy ) at 56)
L (n)
+hin Qong(t) (f(:v + ht) = fo-1(z + ht) — f*ﬁfx) (ht)”) dt.

By using [@3)), we get

20\ 45+ 20+ 2n+1 [!
anq®)|dt < ’P(”"“*”) ’ / o 5 (1)] dt.
[ 1@enato) Z Z S [ [Puos0) (57)

Then, according to (@) and (I4)) we can obtain that fol |Pnani .8, ()] dt < co. Hence,

1 1
[ 1Quna® et < [ 1Quna(0]de < .
0 0

Consequently, for any ¢ > 0, by using (B6), (5I) and (G2) with e = 2¢’ fol |Qan,q(t)t"| dt, there exists § such that

0<h<dand .
DY @) =5 (A7 @) + £7(@))

Then, this proof can be completed. |

< E.

3. Numerical tests

In order to demonstrate the efficiency and the stability of the previously proposed estimators, we present some
numerical results in this section. First of all, we analyze the choice of parameters for these estimators.



16

—q=0 —q=0

—*—q=2 —*—q=2

14t - =4 ~ i
- =T -~ =6 200+ -7 |- a6
12} - - - g=8 - I )

10

250

150
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Figure 1: Values of C3.

10g,,C, 10g),Cy

a a

(a) g=4,n=1,--- ,4and a« =0,1,---,10. b)g=4,n=1,---,4and a=0,1,---,10.

Figure 2: Values of log;o C4 and log,y C3.

3.1. Analysis for parameters’ choice for the bias term error and the noise error

As it is shown previously, the proposed estimators contain two sources of errors: the bias term error which is
produced by the truncation of the Jacobi orthogonal series expansion and the noise error contribution. The error
bounds for these errors are given in Corollary 2141 We are going to use the knowledge of the parameters’ influence
to these errors bounds. This will help us to obtain a tendency on the influence of these parameters on the estimation
errors.

According to Corollary 2213] we set @ = 8 and choose the truncation order ¢ to be an even integer. On one
hand, it is clear that we should set ¢ as large as possible so as to improve the convergence rate and reduce the
bias term error. On the other hand, the noise error contribution is bounded in Corollary .14l by Boise = Cghin

where C3 = fil |Qan,q(t)| dt. We can see in Figure [I] the different values of C's where n = 1,2, ¢ = 0,2,---,8 and
a=0,1,---,10. It is clear that with the same values for n and «, C3 increases with respect to g. Furthermore, it is
easy to verify that Cs increases with respect to ¢, independently of n and «. Hence, in order to reduce the bias term
error and to avoid a large noise error, we set ¢ = 4 in our estimators. With this value, according to Corollary 2.14] the
convergence rate is O((Sn%ﬁ ).

The bias term error is bounded by Bpias = C2h?t2 in Corollary 214 where Cy = % f_ll [T IT2Q, g ()] dt.

Let us introduce Cy = fil [t" T 92Q g ()| dt. We can see in Figure B the different values of log,, Cy and log;, Cs

when 7 —1 ... 4 a—=4and =01 ... 10 Tt ic clear that (' decreacee with reenect to v while (s incereaceas with



respect to a. Thus, in order to reduce the bias term error, we should set « as large as possible. However, a large value
of a may produce a large noise error contribution. Here, we choose o = 5.

Until here, we have chosen ¢ = 4 and « = 5. The noise error decreases with respect to h and the bias term error
increases with respect to h. In the next subsection we are going to chose an appropriate value for h by using the
knowledge of function f and by taking into account the numerical integration method error.

— )

_ _ . pW
6r Dn,5,5,4f(xu)

-2 -15 -1 -0.5 0 0.5 1 15 2

(a) n=1,a=5,¢g=4and h =591T%s.

300 2000

— )

_ _.p® 1500
Dh,5,5,4f(xl)

200

1000 -

100
500

=500
-100

—1000 -

-200
—-1500

-300 . . . | . . . . ~2000
-2 -15 -1 -0.5 0 0.5 1 15 2 -2

(¢) n=3,a=5,¢g=4and h="777Ts. (d) n=4,a=5,¢g=4 and h = 8507.

Figure 3: The exact values of fl(n)(xl) and the estimated values D" f1(z;) for § = 0.15.

h,o,00q

3.2. Simulation results

The tests are performed by using Matlab R2007b. Let f%(x;) = f(x;) + cw(z;) be a generated noise data with an
equidistant sampling period Ts = 103 where ¢ > 0. The noise cw(z;) are simulated from a zero-mean white Gaussian
7id sequence by the Matlab function randn’ with STATE reset to 0. By using the well known three-sigma rule, we
can assume that the noise level for cw is equal to 3c. We use the trapezoidal method to approximate the integrals in
our estimators with 2m + 1 values. The estimated derivatives of f at the point x; € I = [—2,2] are calculated from
the noise data f°(x;) with z; € [~x; — h,x; + h], where h = mT, and 2m + 1 is the number of sampling data used
to calculate our estimation inside the sliding integration windows. When all the parameters are chosen, Qg n,q in
the integrals of our estimators can be calculated explicitly by off-line work with the O(n?) complexity. Hence, our
estimators can be written like a discrete convolution product of these pre-calculated coefficients. Thus, we only need
2m + 1 multiplications and 2m additions to calculate each estimation.

The numerical integration method has an approximation error. Thus, the total error for our estimators can be
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Figure 4: The exact values of fz(")(xi) and the estimated values D,(L"(i g2 2(x;) for § = 0.15.

bounded by
‘Tm (Qa,n,q(') fé(xi + h)) - f(n) ‘ |T (Qa,n,q(') f(s(xz + h)) — T (Qa n,q(') f(l'z + h))‘

+ |Ton (Qamaa() f(@i 1)) = DI o ff @) + [ DI oy () = 10 )
< Bnoise + Bnum + Bbias = Btotala

where T, (Qa () f(zi + 1)) (vesp. T (Qan,g(-) fO(zi + h-))) is the numerical approximation to D" fzs)

h,o,0,q
(resp. Dh caong fo(x;)) with the trapezoidal method and B, is the well-known error bound for the numerical
integration error [30]:

3

sup  (Qamg(t) f(zi + 1) P = Bpym. (58)

’Di(szo)c,a,qf(‘ri) — Tm (Qa,n,q(') f(l'z + h))‘ < 12(2m)2 te[-1,1]

We are going to set the value of m such that Bi,tq reaches its minimum and consequently the total errors in the
two following examples can be minimized. For this, we need to calculate some Values of f%) withk =0, ,n+q+2.
According to Remark[d] we calculate the value of M, ;244 in the interval [—2 2+ However, in practice,

: : n+q+3]
the function f is unknown.

n+q+3’

Example 1. We choose f1(z) = sin(27r:v)e_””2 as the exact function. The numerical results are shown in Figure B]

1 1 1 & . 1 N A Je— qe 7 e Y 9 . L. 1 o oa(n) - - o~ s o4
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Figure 7: The estimation errors and their corresponding error bounds for D(ﬁ)s 542 (z;) with varyings values of h; for § = 0.15.

and the dash dot lines represent the estimated derivative values D,(lni g fi(x;). Moreover, we give in Table [l the total

for the following noise levels: § = 0.15 and 6 = 0.015. We can see also

| NG .
errors values mflel?é);] hooongd1(@i) — f177 (@)

the total error values produced with a larger sampling period 77 = 10T = 1072,

Table 1:_ ma DD 5 s ) = 17 @)
4] n=1(m) n =2 (m) n =3 (m) n=4(m)
0.15 9.45¢ — 002 (591) 1.1 (698) 1.258¢ + 001 (777) | 1.278¢ + 002 (850)
0.015 1.85¢ — 002 (425) | 2.951c — 001 (523) 3.838 (601) 1.588¢ + 001 (675)
0.015 (17 = 0.01) | 4.06e — 002 (47) | 5.645¢ — 001 (55) 7.359 (62) 9.686¢ + 001 (69)

Example 2. When f5(z) = 612, we give our numerical results in Figure @ with the noise level 6 = 0.15, where the cor-
responding errors are given in Figure[fl In Table[2 we also give the total error values m?x] D,(Ln; aqf2(@i) — Q(n) (x;)
2i€[32 .,

for § = 0.15 and § = 0.015, where the total error values are produced with Ts and a larger sampling period T = 10~2.

Table 2: z?é[az),(z] ’D§L7§,5,4f2(xi) — 2(”) (i)
4] n=1(m) n =2 (m) n =3 (m) n=4 (m)
0.15 1.42¢ — 001 (442) 2.152 (549) 2.082¢ + 001 (643) | 3.756¢ 1 002 (733)
0.015 2.22¢ — 002 (346) | 4.435¢ — 001 (428) 5.973 (510) 8.769¢ + 001 (595)
0.015 (17 = 0.01) | 3.404¢ — 001 (54) 3.425 (61) 3.638¢ + 001 (68) | 5.235¢ + 002 (79)

We can see in Figure [l that the maximum of the total error for each estimation (solid line) is produced nearby
the extremities where the bias terms error plus the numerical error (dash line) are much larger than the noise error.
The noise error (dash dot line) is much larger elsewhere. This is due to the fact that the total error bound Biotar
is calculated globally in the interval [—h — 2,2 + h]. The value of m with which Byt reaches its minimum is used
for all the estimations D;ln(la q fa(x;) with 2; € [—2,2]. This value is only appropriate for the estimations nearby the
extremities, but not for the others. In fact, when the bias term error and the numerical integration error decrease, we
should increase the value of m so as to reduce the noise errors. In order to improve our estimations, we can choose

locally the value of m = my, i.e. we search the value m; which minimizes Biotq; 00 [—h; + 24, x; + h;| where h; = m;Ts.

We can see in Figure [@ the errors for these improved estimations D,(I")5 5.4/ (xi). The different values of m; are also
given in Figure The corresponding error bounds are given in Figure [l We can observe that the error bounds

1 T T - B 9 q 1 a1
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Figure 8: The exact values of fén) (z;) and the estimated values D™ f3(xq).

h,a,a,q

us to know the tendency of errors so as to choose parameters for our estimations. On one hand, the chosen parameters
may not optimal, but as we have seen in our examples, they give good estimations. On the other hand, the optimal
parameters ¢,p, (op and m,, with which the total error bound reaches its minimum may not give the best estimation.
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Example 3. Let us consider the following function

1
——2 422, ifzr<o,

fa3(x) =

6I3+2I’ if x >0,

which is C? on I = [-2,2]. The second derivative of f3 is equal to |z|. Consequently, fég) does not exist at z = 0. If
n > 1, then this function does not satisfy the condition f € C"*2%4(I) of Corollary ZT4l The numerical results are
shown in Figure 8, where the sampling period is Ty = 1073 and the noise level § is equal to 0.15 and 0.015 respectively.
The solid lines represent the exact derivative values of fé") forn = 1,2, 3 and the dash dot lines represent the estimated

derivative values D'™ f3(z;). For the estimations of f(1) and £, we set a = 5 and ¢ = 4. When we estimate (%),

h,a,a,q

the noise error increases. Hence, we need to decrease the values of o and g to o = 2 and ¢ = 2. In Table B, we give

also the total error values max D;zn),a,qu (z:) — f™ (1)

forn =1,2 and 6 = 0.015,0.15.

z;€[2,2] o

Table 3: mz[izxz] ‘D;ngy;;fs(wi) - f?En) (i)

z; €2,

4] n=1(m) n=2(m)
0.15 | 9.7¢ — 003 (1700) | 9.65¢ — 002 (1700)
0.015 | 4.7¢ — 003 (1200) | 7.23e — 002 (1200)
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