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Abstract

In this paper, we give the categorification of Leibniz algebras, which is equivalent to 2-term
sh Leibniz algebras. They reveal the algebraic structure of omni-Lie 2-algebras introduced
in [22] as well as twisted Courant algebroids by closed 4-forms introduced in [9]. We also
prove that Dirac structures of twisted Courant algebroids give rise to 2-term Lo-algebras and
geometric structures behind them are exactly H-twisted Lie algebroids introduced in [7].

1 Introduction

Recently, people have payed more attention to higher categorical structures by reasons in both
mathematics and physics. One way to provide higher categorical structures is by categorifying
existing mathematical concepts. One of the simplest higher structures is a 2-vector space, which
is the categorification of a vector space. If we further put a compatible Lie algebra structure on
a 2-vector space, then we obtain a Lie 2-algebra [2, [I9]. The Jacobi identity is replaced by a
natural transformation, called the Jacobiator, which also satisfies some coherence laws of its own.
Recently, the relation among higher categorical structures and multisymplectic structures, Courant
algebroids, and Dirac structures are studied in [3] [16] [26].

A 2-vector space is equivalent to a 2-term complex of vector spaces. A Lie 2-algebra is equivalent
to a 2-term Loo-algebra. L.o-algebras, sometimes called strongly homotopy (sh) Lie algebras, were
introduced in [20, [I1] as a model for “Lie algebras that satisfy Jacobi identity up to all higher
homotopies”. The notion of Leibniz algebras was introduced by Loday [I3], which is a generalization
of Lie algebras. Their crossed modules were also introduced in [I4] to study the cohomology of
Leibniz algebras. As a model for “Leibniz algebras that satisfy Jacobi identity up to all higher
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homotopies”, Ammar and Poncin introduced the notion of strongly homotopy Leibniz algebra, or
Lodso-algebra in [I], which is further studied by Uchino in [25].

Courant algebroid was introduced in [I2] to study the double of Lie bialgebroids. Equivalent
definition was given by Roytenberg in [I8]. Courant algebroids have been widely studied because
of their applications in both mathematics and physics. Roytenberg proved that every Courant
algebroid give rise to an Lo.-algebra [I8]. The L..-algebra associated to the standard Courant
algebroid TM @&T* M is a semidirect product of a Lie algebra with a representation up to homotopy
[23, 24]. Recently, Hansen and Strobl introduced the notion of twisted Courant algebroids by closed
4-forms in [9], which arise from the study of three dimensional sigma models with Wess-Zumino
term. In general, if one studies generalized geometry, this 4-form will arise naturally as background
[10]. Moreover, a closed 4-form is also used to construct a bundle 2-gerbe in [4].

In this paper, we introduce the notion of Leibniz 2-algebras, which is equivalent to 2-term
strongly homotopy Leibniz algebras. Similar to the case of Lie algebras, we prove that there is
a one-to-one correspondence between 2-term dg Leibniz algebras and crossed modules of Leibniz
algebras. With the help of an automorphism f of the 2-term DGLA End(V), where V is a 2-term
complex of vector spaces, we construct a Leibniz 2-algebra (End(V) @ V, l;, l;), which essentially
comes from omni-Lie 2-algebra introduced in [22]. Every twisted Courant algebroid by a closed
4-form H gives rise to a Leibniz 2-algebra. In particular, Dirac structures of twisted Courant
algebroids give rise to 2-term L.-algebras. The geometric structure underlying this 2-term L.-
algebra is H-twisted Lie algebroid introduced by Griitzmann in [7]. B-field transformation [8] is
an important tool to provide symmetries of exact Courant algebroids. In a B-field transformation,
the 2-form need to be closed. Now for exact twisted Courant algebroids, every 2-form (not need
to be closed) provides an automorphism of the corresponding Leibniz 2-algebra.

The paper is organized as follows. In Section [2] we prove that there is a one-to-one correspon-
dence between 2-term dg Leibniz algebras and crossed modules of Leibniz algebras (Theorem [2.6]).
In Section B] we introduce the notion of Leibniz 2-algebra, which is the categorification of Leibniz
algebras. We show that they are equivalent to 2-term sh Leibniz algebras. In Section Ml associated
to any automorphism f of End()), we construct a Leibniz 2-algebra (End(V) @V, l;, l;) In Section
we show that every twisted Courant algebroid gives rise to a Leibniz 2-algebra (Theorem [£.2)).
Via the B-field transformation, any 2-form provides an automorphism of the Leibniz 2-algebra
associated to an exact twisted Courant algebroid (Theorem [B.9). In Section [l we study Dirac
structures of a twisted Courant algebroid, it turns out that a Dirac structure of a twisted Courant
algebroid gives rise to a 2-term L..-algebra (i.e. a Lie 2-algebra, Theorem [6.2)). We also find that
the geometric structure underlying this 2-term Lo.-algebra is H-twisted Lie algebroid. At last, we
consider the Dirac structure G,, which is the graph of a bi-vector field 7, and obtain hA-twisted
Poisson structure (the 3-form h is not closed) as well as the associated 2-term L..-algebra.

Acknowledgement: We would like to thank Peter Bouwknegt, Sen Hu, Bailing Wang and
Chenchang Zhu for helpful discussions and comments.

2 Crossed modules of Leibniz algebras and sh Leibniz alge-
bras

A Leibniz algebra g is an R-module, where R is a commutative ring, endowed with a linear map
[,]g : 9 ® g — g satisfying

[gla [92793]9]9 = [[91592]9593]9 + [925 [91793]9]97 v 91,92,93 € g.



This is in fact a left Leibniz algebra. In this paper, we only consider left Leibniz algebras.
Recall that a representation of the Leibniz algebra (g, [, ]q) is an R-module V' equipped with,
respectively, left and right actions of g on V,

[,]g®V—>V, [,]V@gg)v,
such that for any g1, g2 € g, the following equalities hold:

l[g1792] = [1917192]7 Tlg1,92] = [1917Tg2]ﬂ Tgy © lgl = —Tg, OTgy, (1)

where lg,u = [g1,u] and rg,u = [u, g1] for any uw € V. The Leibniz cohomology of g with coeffi-
cients in V is the homology of the cochain complex C*(g,V) = Homg(®Fg, V), (k > 0) with the
coboundary operator 9 : C*(g, V) — C**1(g,V) defined by

k
ok (g1, ger) = D (1) (F g1, G k) + (1) g (Flar, k)
i=1
+ Z (*Uick(gla"' 2Gir 59515905 9ila 9i+1 o5 Gh1)- (2)
1<i<j<k+1

The fact that 9 0 9 = 0 is proved in [14].

The notion of strongly homotopy (sh) Leibniz algebras, or Lod..-algebras was first given in [IJ.
See also [25] for more details.

Definition 2.1. [25] A sh Leibniz algebra is a graded vector space L = Lo® L1 ® - - equipped with
a system {l| 1 < k < oo} of linear maps Iy, : \*L — L with degree deg(lx) = k — 2, where the
exterior powers are interpreted in the graded sense and the following relation is satisfied:

Z Z Z(_l)(kﬂ—j)(a‘—l) (1)o@ HlZoep ) Z sgn(o)Ksgn(o)

i+j=Const k>j o o
Li(To(1y, 3 To(h=i)s i (To(kr1=5)> > Ta(k))s To(k+1)s " > Ta(iti—1)) = 0,
where the summation is taken over all (k — j,j — 1)-unshuffles.

In particular, if we concentrate on the 2-term case, we can give explicit formulas for 2-term sh
Leibniz algebras as follows:

Lemma 2.2. A 2-term sh Leibniz algebra V consists of the following data:

e a complex of vector spaces V : V N Vo,
o a bilinear map ly : V; x V; — Vi, where i+ j <1,
e q trilinear map I3 : Vo x Vo x Vo — V1,
such that for any w,x,y,z € Vo and m,n € Vi, the following equalities are satisfied:
(a) dlz(xz,m) = la(x,dm),
(b) diz(m,x) = l2(dm, ),
(c) l2(dm,n) = l2(m, dn),



(d) dl3(x7ya Z) = lQ(SC, lQ(yv Z)) - lQ(ZQ(Sva)a Z) - l?(ya 12(1'5 Z))a
(61) lg(.fC,y, dm) = 12(1'5 ZQ(yvm)) - 12(12(x7y>5 m) - l?(ya 12(1'5 m))a
(62> l3($7dm7y> = 12(1'5 ZQ(ma y)) - ZQ(ZQ(xvm)vy) - l?(mv l?(xvy))a
(63) l3(dm7x7y) = ZQ(ma 12(1'5 y)) - ZQ(ZQ(mv'r)vy) - l?(xv lg(m,y)),

(f) the Jacobiator identity:

la(w,l3(2,y, 2)) = l2(@,l3(w,y, 2)) + l2(y, ls(w, 2, 2)) + l2(ls(w, 2,y), 2)
_l3(l2(wa :E)a Y, Z) - l3($7 Z2(wa y)a Z) - l3(.’L', Y, ZQ(wa Z))
+l3(w; ZQ(xv y)a Z) =+ l3(wa Y, 12(1', Z)) - lg(’LU, €, lQ(yv Z)) =0.

We usually denote a 2-term sh Leibniz algebra by (V3 BN Vo, 12, 13), or simply by V.

If I3 = 0, we obtain the notion of 2-term differential graded (dg) Leibniz algebra. If the
bilinear map lo and the trilinear map I3 are skew-symmetric, then it is a 2-term L.-algebra.

Lemma 2.3. For a 2-term dg Leibniz algebra (V4 4, Vo, la,13), we have
la(la(z,m),y) + la(la(m,x),y) =0, VYV xz,y€ Vy,me V. (3)

Proof. By Condition (ez) and (eg) in Definition 22 we have

la(l2(z,m),y) + la(l2(m,x),y) = l2(x,l2(m,y)) — la(m,l2(z,y))
+a(m, l2(z,y)) — l2(2, la(m, y))
= 0.m

The notion of crossed module of Leibniz algebras was introduced by Loday and Pirashvili in
[14]. The more general notion of crossed module of n-Leibniz algebras, which are generalizations
of n-Lie algebras, was given by Casas, Khmaladze and Ladra in [5].

Definition 2.4. A crossed module of Leibniz algebras is a morphism of Leibniz algebras i : g — b
together with a representation of § (consists of a left action and a right action satisfying the
compatibility condition [d)) on g such that for any g,¢9' € g, h € b, the following equalities hold:

1(lhg) (b (9)ly,  1(rng) = [1(g), hly; (4)

lgd = 199l =Tuen9 (5)

g, 9'ls = [hg, 91+ [9,1n9'lg; (6)
rlg,9'le = 19,709 la — 9" Tngl; (7)

(lhg +7h9,9'ls = 0. (8)

Remark 2.5. Loday and Porashvili defined a crossed module of Leibniz algebras to be a morphism
of Leibniz algebras p : g — b together with an action of b on g satisfying @) and @) in [T])].
However, to define an action of Leibniz algebra Yy on Leibniz algebra g, one needs six relations,

which is exactly @), (), (@), and &).

Theorem 2.6. There is a one-to-one correspondence between 2-term dg Leibniz algebras and
crossed modules of Leibniz algebras.



Proof. Let 1} N Vo be a 2-term dg Leibniz algebra, define g = Vi, h = V4, and the following
two bracket operations on g and h:
[m,n]g = la(dm,n) =Ila(m,dn), ¥ m,n e Vi;
[u,v]p = la(u,v), Yu,vel.
It is straightforward to see that both [-,-]g and [-, ]y are Leibniz brackets. Let ;1 = d, by Condition
(a) in Definition [Z2] we have
plm; nlg = dla(dm, n) = lz(dm, dn) = [p(m), u(n)]y,
which implies that p is a morphism of Leibniz algebras. Define the representation of h on g by Io,
i.e.
lym = la(u,m), rym=lz(m,u), Yu€ehmeng.

It is well defined. In fact, by Condition (e;), we have

l[u,v]b = [lmlv]
By (), we have
TyTy + Toly = 0.
Now by Condition (e3), we have
Tluwly = [lu,TU],
which implies that () holds.
By Conditions (a)-(c), we have @) and ([E). By Condition (e1) and (a), we have
lym,nlg = la(u,la(dm,n))
= la(l2(u,dm),n) + la(dm,l2(u, n))
= la(dl2(u, m),n) + lz(dm, 2 (u, n))
[lum,n]g + [m, lyn]g,
which yields (@)). By Condition (ez), we have
Ty [m’ n]g = 12 (12 (dma 7’L), u)
= la(dm,la(n,u)) — la(n, la(dm,u))
= [m,run]g — [0, remlg,
which implies that (7)) holds. By (@), we have
[rum +lym,n]lg = la(l2(w, m) + l2(m,u),dn) = 0.

Thus we get (8). Therefore, we obtain a crossed module of Leibniz algebras.
Conversely, a crossed module of Leibniz algebras gives rise to a 2-term dg Leibniz algebra with
d = pu, V43 = g and Vy = b, where the brackets are given by:

lo(m,n) = 0, Ym,n € g;
b(wo) 2 [wul; Yuven,
lo(u,m) 2 Iym;

lo(m,u) = rym.

The crossed module conditions give various conditions for 2-term dg Leibniz algebras. We omit
details.



Definition 2.7. A 2-term sh Leibniz algebra (V3 LN Vo, la,13) is called skeletal if d = 0.
Skeletal 2-term sh Leibniz algebras can be classified by the third cohomology of Leibniz algebras.

Proposition 2.8. There is a one-to-one correspondence between skeletal 2-term sh Leibniz algebras

(1 SN Vo, la,13) and quadruples (g,V, p, d), where g is a Leibniz algebra, V is a vector space, p is
a representation of g on 'V, ¢ is 3-cocycle on g with coefficient in V.

Proof. For a skeletal 2-term sh Leibniz algebra (V3 2 Vo, la, l3), by Condition (d) in Definition
22 V} is a Leibniz algebra. By Condition (e;), (e3) in Definition 22 and (@) in Lemma 23] we get
that Iy : Vi x V; — V(i 4+ j = 1) gives rise to a representation of Leibniz algebra V on V3. Now
Condition (g) means that dl3(w,z,y, z) = 0 by Formula (2).

The converse part is also straightforward, this completes the proof. B

Definition 2.9. Let V and V' be 2-term sh Leibniz algebras, a morphism § from V to V' consists
of

e linear maps fo: Vo — Vg and f1 : Vi — V] commuting with the differential, i.e.
food=d"o fi;

e a bilinear map fo : Vo x Vo — V{,

such that for all x,y,z € Ly, m € L1, we have

I5(fo(x), fo(y)) — fola(,y) d’ fa(z,y),
I (fo(x), f (m)) fila(z,m) = fa(z,dm), 9)
I5(fi(m), fo(z)) — fila(m,z) = fa(dm, z),

and

f1(lg(l‘,y,z)) + ZIQ(fO(‘T)’f2(yaZ)) - ll2(f0(y); fQ(va)) - lé(fg(l‘,y), fO(Z))
—folla(z,y), 2) + fa(2,l2(y, 2)) — fa(y, l2(@, 2)) — 15(fo(2), foly), fo(2)) = 0. (10)

In particular, if ¥V and V' are 2-term L..-algebras and fo is skew-symmetric, we recover the
definition of morphisms between 2-term L..-algebras.

If (fo, f1) is an isomorphism of underlying complexes, we say that (fo, f1, f2) is an isomorphism.

It is obvious that 2-term sh Leibniz algebras and morphisms between them form a category.

3 Leibniz 2-algebras

Leibniz 2-algebras are the categorification of Leibniz algebras. Vector spaces can be categorified
to 2-vector spaces. A good introduction for this subject is [2]. Let Vect be the category of vector
spaces.

Definition 3.1. [2] A 2-vector space is a category in the category Vect.

Thus a 2-vector space C' is a category with a vector space of objects Cy and a vector space of
morphisms C, such that all the structure maps are linear. Let s,¢ : C; — Cj be the source and
target maps respectively. Let -, be the composition of morphisms.



It is well known that the 2-category of 2-vector spaces is equivalent to the 2-category of 2-term
complexes of vector spaces. Roughly speaking, given a 2-vector space C, Ker(s) SN Cp is a 2-term

complex. Conversely, any 2-term complex of vector spaces V : Vj N Vo gives rise to a 2-vector
space of which the set of objects is V{, the set of morphisms is Vi & Vi, the source map s is given
by s(v +m) = v, and the target map ¢ is given by t(v + m) = v + dm, where v € V, m € V;. We

denote the 2-vector space associated to the 2-term complex of vector spaces V : Vi N Vo by V:

Vi=Voo W
V= s| [t (11)
Vo = VO

In this paper, we always assume that a 2-vector space is of the above form.

Definition 3.2. A Leibniz 2-algebra is a 2-vector space V endowed with a bilinear functor (bracket)
[,-]: VxV —YV and a natural isomorphism Jy . for every z,y,z € Vo,

szyﬁz : [[[[x,y]] ,Z]] — [[:L', [[yv ZM - [[ya [[:C, ZM ’ (12)

such that the following Jacobiator identity is satisfied:

J[[w,z]],y,z(‘]w,z,[[y,z]] - [[yv Jw,x,zﬂ) =
[[Jw,ac,y; Z]] (Jw,[[m,y]],z - Jx,[[w,y]],z)([[wa Jz,y,z]] - Jz,y,[w,z]] - [[.T, Jw,y,zﬂ + Jw,y,[[z,z]])a (13)

or, in terms of a diagram,

[[lw, =191, -]

[[w, 2,911, 2] — [l=, [w, yIT . 2] [[w, =], Ly; 21 = L. [[w, 2], =11

Jw, [2,y],2— 2, [w,y],2 Jw,e,ly,2] — ¥ Jw,z, 2]

[wJe,y,2]=Je y (w21 = [%:Tw,y, 2 [+ Tw,y, [2,2]

P Q

where P and @Q are given by
P = [w (= y], 2] - [[z,9] [w, 2]] - [= [Tw,y], 2] + [[w, 9], [, 2]] ,
Q = [wlz [y, 211 - [z [w, [y, 2]1] — [y, [w, [z, 2]]] + [y, [=, [w, 2]]] -

In particular, if the Jacobiator is trivial, we call a strict Leibniz 2-algebra; if the bilinear
functor [[-,-] and the trilinear natural isomorphism J are skew-symmetric, we recover the notion
of semistrict Lie 2-algebras [2].

Definition 3.3. Let V and V' be two Leibniz 2-algebras, a morphism from V to V' consists of

e a linear functor F from the underlying 2-vector space of V to that of V',



e a skewsymmetric natural transformation
Fy(z,y) : Fo(lz2(z,y)) — 15(Folx), Fo(y)),
such that

(F1day,2)(Fa(z, [y, 2]) — Fa(y, [z, 2]))([Fo(@), Fa(y, 2)] — [Fo(y), F2(z, 2)])
= FQ([[xa yﬂ ) Z)([[FQ('T’ Y), FO(Z)]])(JFo(I)yFo(y)yFo(Z))a

or in terms of diagram,

Fo [l y], 2] Dl Fo([, [y, 21 — [y [ 2]1)
Fa([z,y],2) Fo(z,[y,2]) = F2(y,[z,2])
[Fo [, y] , Fo(2)] [Fo (), Fo [y, 211 — [Fo(y), Fo [=, 2]]
[Fa(z,y),Fo(2)] [Fo(z),F2(y,2)]—[Fo(y),F2(z,2)]

[[Fo(@), Fo)] , Fo ()] 2222 B (), [Fow), Fo(2)]] - [Fo(w), [Fo(@), Fo(2)]]

It is obvious that Leibniz algebras and morphisms between them form a category. In the case
of semistrict Lie 2-algebras, it is well known that the category of semistrict Lie 2-algebras and the
category of 2-term L.-algebras are equivalent [2, Theorem 4.3.6]. Similarly, we have

Theorem 3.4. The category of Leibniz 2-algebras and the category of 2-term sh Leibniz algebras
are equivalent.

Proof. We only give a sketch on how to construct a Leibniz 2-algebra from a 2-term sh Leibniz
algebra and how to construct a 2-term sh Leibniz algebra from a Leibniz 2-algebra. The other
proof is similar to Theorem 4.3.6 in [2]. We omit details.

Let (W 4, Vo, l2,13) be a 2-term sh Leibniz algebra, we introduce a bilinear functor [-,-] on
the 2-vector space V given by (1) by

[[‘T +m,y+ n]] = lg(.’L',y) + lQ(.’L‘,?’L) + l2(may) + l2(madn)
It is straightforward to see that it does not satisfy the Leibniz rule and the Jacobiator is given by
Jmayaz = [[[[:L'a y]] ) Zﬂ + 13($a Y, Z)

By Condition (f), it is not hard to see that (I3) is satisfied. Thus from a 2-term sh Leibniz algebra,
we can obtain a Leibniz 2-algebra.

Conversely, given a Leibniz 2-algebra V, we define I3 and I3 on the 2-term complex V; N Vo
by

L4 l?(xvy):[['rvy]]a Vzayevo



i lQ(xvm): [[SC,TI’LH, ZQ(TTL,IL') = [[m,z]], VZEGV(L m € V1.
e ls(m,n)=0, Vm,nev.

o I3(z,y,2) =Pridyy., Va,y,2z¢€Vy, where Pr; : Vi =V, @& Vi — Vj is the projection.

Then one can verify that (V4 BN Vo, l2,13) is a 2-term dg Leibniz algebra. W

4 Omni-Lie 2-algebras

From now on, when we say a Leibniz 2-algebra, we mean a 2-term sh Leibniz algebra. In this
section, we provide an example of Leibniz 2-algebras which comes from omni-Lie 2-algebras [22],
which is the categorification of Weinstein’s omni-Lie algebras.

Let V:V; -% Vo be a complex of vector spaces. Define End)(V) by
End}(V) £ {(Ao, A1) € gl(Vp) @ gl(V1)|Agod =d o Ay},
and define End'(V) £ End(Vp, V7). There is a differential § : End* (V) — End$(V) given by
5(p) 2 pod+dogp, V¢eEnd(V),

and a bracket operation [-,-] given by the graded commutator. More precisely, for any A =
(Ao, A1), B = (By, B1) € End}(V) and ¢ € End"(V), [-,] is given by

[A,Bl]=AoB—-BoA=(AyoBy— ByoAg, A1 0o By — Byo Ay),

and

[A,p] = Aop—poA=A10¢— ¢o Ay. (14)

These two operations make End* (V) LN Endj(V) into a 2-term DGLA (proved in [24]), which we
denote by End(V). It plays the same role as gl(V) for a vector space V.

Let § = (fo, f1, f2) be an automorphism of the 2-term DGLA End(V). On the complex

End(V) @V = End' (V) ® V3 2 End}(V) @ Vs,

define bilinear map l; by

B(A+u,B+v) = [A B]+ fo(4)(v), in degree-0,
(A+u,d+m) = [A ]+ fo(A)(m), in degree-1, (15)
Bo+m A+u) = [¢,Al+ fi(¢)(u), in degree-1,

and define trilinear map l; by
I(A+u, B+v,C+w) = fa(A, B)(w).

Proposition 4.1. Let f = (fo, f1, f2) be an automorphism of End(V), then (End(V) & V, 1, l;) is
a Leibniz 2-algebra.



Proof. We check that all the conditions in Definition are satisfied. By the fact that 6[A, ¢] =
[A,0(¢)] and fo(A) commutes with d, we have

BA+u,(6+d)(o+m)) = U(A+u,d(¢)+dm)
= [A,0(0)] + fo(A)(dm)
= 04, 9] +dfo(A)(m)
= 0+dLA+u,¢+m),

which implies that (a) holds. Similarly, (b) follows from equalities [§(¢), A] = §[¢, A] and fy o0 =
0 o f1. By the definition of §, it is not hard to see that

[0(0), 9] = [0, 6(¥)],  fo(6(#))(n) = 6(f1(¢))(n) = f1(d)(dn).
Thus we obtain (c):
(6 +d)(@+m), ¢ +n]=[¢+m, (6 +d)(¢+n).
It is straightforward to deduce that

A+ u, (B4 v,C+w) —([I5(A+u,B+v),C+w)—I5(B+v,I,(A+u,C + w))
[fo(A), fo(B)](w) — fo([4, B])(w)
do fo(A, B)(w).

Thus we arrive at (d). (e1) follows from

DA+ u,l}(B+v,¢+m)) —LUL(A+u, B+v),¢+m)—1L(B+v,I(A+u,¢+m))
[fo(A), fo(B)l(m) — fo([A, B])(m)

= f2(A, B)(dm)

= (A4 u,B+uv,(8+d)(¢+m)).

Similarly, (e) follows from the fact that

[fo(A), f1(0)] — 1A, ¢] = f2(A,6(9)),

and (e3) follows from the fact that

[f1(), fo(A)] — fil, A] = f2(d(9), A).

Now we are left to show that l; satisfies the Jacobiator identity. This essentially follows from the

10



fact that f is an automorphism of End()). More precisely,

(D + 2, 1(A+u,B+v,C+w) —I5(A+u,l}(D+z,B+v,C+w))
+I5(B + 0, 1(D + 2, A+ u,C +w)) + 1L(I5(D + 2, A+ u, B+v),C +w
~L((D + 2, A+u),B+v,C+w) - (A4 u,l}(D+z,B+v),C+w
—IN(A+u, B+0,l5(D+2,C+w) +1(D+z,1,(A+u, B+v),C+w
+15(D + z, B+ v, I5(A+u,C +w)) = I5(D 4z, A+ u,I5(B +v,C +w)
= fo(D)f2(A, B)(w) — fo(A) f2(D, B)(w) + fo(B)f2(D, A)(w)
—f2([D, A, B)(w) — f2(A, [D, B])(w) — f2(4, B) fo(D)(w)
+/2(D, [A, B])(w) + f2(D, B) fo(A)(w) — f2(D, A) fo(B)(w)
= 1f

(D.[4,B]
= ([fo(D). £2(A. B)) = [fo(A). f2(D, B) + [fo(B), fo(D A)

—£2(ID, A}, B) + £2([D. B A) = £2([A, B], D) ) (w)
= 0.

)
)
)
)

The last equality follows from the fact that f is an automorphism of End(V). This finishes the
proof of (End(V) @ V, 1}, 1}) being a Leibniz 2-algebra. m

5 Twisted Courant algebroids

Hansena and Strobl introduced twisted Courant algebroids by closed 4-forms in [9], which arise
naturally from the study of three dimensional sigma models with Wess-Zumino term.

Definition 5.1. [9] A twisted Courant algebroid by a closed 4-form H is a vector bundle E — M,
together with a fiber metric {-,-) (so we can identify E with E*), a bundle map p : E — TM
(called the anchor), a bilinear bracket operation (Dorfman bracket) {-,-} on T'(E), and a closed
4-form H such that for any ey, eq,e3 € T'(E), we have

fec) = sotdiee); (16)
ple1) (ea,e3) = ({e1,ea}, e3) + (ea, {e1, e3}); (17)
P (ip(er)nplen)np(es) ) = {e1,{ea,est} — {{e1,e2},e3} — {e2, {e1,e3}}. (18)

We will denote a twisted Courant algebroid by (E,(-,-),{-, -}, p, H), which is exactly the
Courant algebroid ([12 [17]) if H = 0.

Roytenberg proved that every Courant algebroid gives rise to a 2-term Loo-algebra in [I8]. Now
every twisted Courant algebroid by a closed 4-form gives rise to a Leibniz 2-algebra.

Theorem 5.2. Fvery twisted Courant algebroid by a closed 4-form (E, {-,-),{-,-}, p, H) gives rise
to a Leibniz 2-algebra, whose degree-1 part is QY(M), degree-0 part is T'(E), differential is p*
QY (M) — T(E), the bilinear bracket operation ly is given by

la(er,e2) = {er,ea}, Ver,es €(E),
l2(ea§) £ Lp(e)ga Vee F(E)a 5 € Ql(M)’ (19)
l2(§a€) £ _ip(e)dga
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and the trilinear map I& is given by
13 (61762763) £ p(e1)/\p(ez)/\p(ed)H (20)
To prove this theorem, we need the following two lemmas.

Lemma 5.3. Let (E,{-,"),{-, },p, H) be a twisted Courant algebroid by a closed 4-form H, then
for any f € C*°(M), we have

{er, fea} = fler,ea} + pler)(fles; (21)
{fez,er} = flez,en} —p(er)(flez + (e1, e2) p"df; (22)
J€1,€27f€3 = f‘]€1,€2,€3 ([p(el) ( )] p{€1’€2})( )63‘ (23)

Proof. By (I7), we have

pler) (fea,es) = ({e1, fea},e3) + (fez, {e1,e3}).
On the other hand, we have
pler) (fez,e3) = ple1)(f (e2,e3))
= ple1)(f) (e, e3) + fpler) (e2, €3)
= (p(e1)(f)ez,es) + (f{er,ea},es) + (fea, {e1,e3}).

Thus we have

(ple1)(f)ez, es) + (f{e1,ea}, e3) = ({e1, fea}, e3) .

Since the fiber metric is nondegenerate, we have

{e1, fea} = f{er,e2} + pler)(f)ez.

By (@), first we have
{ea,e1} +{e1,ea} = p*d{er,e2).

Therefore, we have

{fez,e1} + {e1, fea} = p"d ey, fea) = fp*d{e1, e2) + (e1, e2) p"df,

which implies that

{fea,e1} = —{er, fea} + f({e2,e1} + {er, e2}) + (e1,e2) p™df
= flez,e1} — ple1)(f)ez + (e1, e2) p"df.
By (210), we have

Jereapes = {er,{ez, festt — {{er, e2}, fes} — {e2, {e1, fes}}
= e, flez, e} + ple2)(fles} — f{{e1, ez}, es} — pler, ea}(f)es
—{ea, fler,es} + pler)(f)es}
= fler,{e2,es}} + pler)(f){e2,es} + ple2)(f){er, ez} + pler)p(e2)(f)es
—flea {e1,eat} — ple2)(f){er, es} — pler)(f){ez; es} — p(e2)p(er)(f)es
—f{{er,e2}t. €3} — pler, ea}(f)es
= fJer.enes + ([p(e1), ple2)] — pler, ea}) (f)es.

The proof is completed. W
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Lemma 5.4. Let (E,(-,"),{-, },p, H) be a twisted Courant algebroid by a closed 4-form H, then

we have
pler,e2t = [p(er), p(e2)], (24)
pop" = 0, (25)
{p"(€). et = p (—ipeds), (26)
{e.r" (O} = p"(Lpe)d)- (27)

Proof. By [I8), we have Je, ¢,,fes = fJer,e,es. Now (24) is a consequence of [23)).
By (24)), we have

p{f€2’el} = [fp(eg),p(61)]
= flp(ez2), ple1)] — p(e1)(f)p(ez).

By (22)), we have
p{fez,er} = flple2), p(er)] — pler)(f)ple2) + (e, e2) po p™df.
Thus we have (e1, ea) p o p*df = 0, which implies (25).
It is not hard to deduce that
{p"(df).e} =0, {e,p"(df)} = p*(dp(e)(f)).
Thus for any g € C*°(M), we have
{p*(fdg), e} = {fp"(dg),e}
= f{p*(dg), e} — ple)(f)p*(dg) + (p"(dg),e) p"(df)
= —p(e)(f)p"(dg) + p(e)(g)p (df)
= p (~iyedf Ndg)
= p*(_ip(e)d(fdg))a
and
{e.p™(fdg)} = A{e fr*(dg)}
= fle,p*(dg)} + p(e)(f)p*(dg)
= fp*(dp(e)(g)) + ple)(f)p*(dg)
= ( p(e)fdg)a

which implies that for any ¢ € QY(M), we have
{p* (E), 6} = p*(_lp(e)d(g))a

and
{e.p™ ()} = p"(Lpe)§)- M
The proof of Theorem We need to show that all the axioms in Definition hold. By
[26) and (27)), it is not hard to see that (a) and (b) hold. (c¢) follows from the fact that

l2(p*(€),m) = 12(& p*(n)) = 0.
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By the definition of twisted Courant algebroids and I, (d) is obvious. By the definition of I/ and

@38), we have
I (p*(€), e1,e2) = 1§ (ex, p*(€), e2) = 1§ (e1, €2, p*(€)) = 0.

On the other hand, we have

12(€1a l2(625 5)) - l2(l2(615 62)3 6) - l2(625 l2(€1a 5))
LpenyLip(es)§ = Lpger,ea}§ = Lp(ea) Lip(en)€
[Locer)s Lpte) € = Lip(er).p(ea)é
= 0’
which implies that (e;) holds. Similarly, it is straightforward to see that (e3) and (e3) follow from
the formula
Up(er)p(e)] @€ = Lp(er)Tp(es) 4€ = Tp(es) Lip(er)dé-
At last, we need to show that the Jacobiator identity holds. Note that I4! is skew-symmetric, the
Jacobiator identity is equivalent to that
12(613 ZBH(eQa €3, 64)) - l (623 ZBH(ela €3, 64)) + 12(63) lf(ela €2, 64)) + l2(l§{(€1) €2, 63)3 64)
+Z Z+JZH 12 )5613"'aé\ia""é\j)"'ae4):0‘

i<j

Let the left hand side act on an arbitrary vector field X € X(M), we get

pler)H (p(ez2), ples), plea), X) — H(p(e2), p(es), p(ea), [p(e1), XT)

—p(e2)H (p(e1), ples), ples), X) + H(p(e1), ples), plea), [ple2), X])
+p(es)H(p(er), ple2), plea), X) — H(p(er), p(ez2), plea), [p(es), X])
—d(H(p(er), p(ez2), p(es)) (p(ea), X)

+Z 1)l+JH([p 61),[)( )]7/)(61)7 ! 7€ia"' 7€ja"' ,p(e4),X),

1<J

which is exactly

dH (p(e1), p(ez2), p(es), p(es), X).
Since H is closed 4-form, thus dH = 0. Therefore, [} satisfies the Jacobiator identity. This finishes
the proof of (Q'(M) LN ['(E),l2,15) being a Leibniz 2-algebra. ®

A twisted Courant algebroid by a closed 4-form H (E,{(-,-),{-, -}, p, H) is said to be exact if
we have the following exact sequence

*

0—=TM—t—sFE—L>7M—0. (28)

By choosing an isotropic splitting s : "M — E, as vector bundles, we have
EXTE2TM&T*M.

We can transfer the twisted Courant algebroid structure to TM & T*M. For any X +&,Y +1n €
X(M) @ Q(M), we have
p(X +&) = p(s(X) +p"(§)) = X, (29)
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(X +&Y +n) = (s(X) +p7(),s(Y) + p"(n)) = E(Y) +n(X), (30)

and

{(X+&Y 40 = {s(X) +p7(6),s(Y) +p"(n)}
= {s(X),s(V)} +{s(X), p* ()} +{p"(€), s(Y)}.
By (24) and (25]), we have
pis(X),p"(n)} =0,
which implies that {s(X), p*(n)} € Q*(M). For any Z € X(M), by (1), we have

{s(X),p"(M}(2) = ({s(X),p"(n)},s(2))
= X{p"(n),s(2)) = {p"(n), {s(X),s(2)})
= X(n2)—n(X, 2]
= Lxn(Z),
which implies that
{X,n} =Lxn. (31)

Similarly, we have

{p"(€),s(Y)}Z) = {p"().s(Y)},s(2))

(—{s(Y), p" ()} + p*d (p"(£), s(Y)) , s(2))
= —Ly{(2)+d(&(Y))(2)

= —(ivd§)(2),

which implies that
{6, Y} = —iydg. (32)
By (@4), we can assume that {s(X),s(Y)} — s[X,Y] = h(X,Y) for some h : X(M) x X(M) —
QY(M). Thus we have
{X,)Y} =[X,Y]+h(X,Y). (33)
It is not hard to deduce that h € Q3(M). To summarize, we have

Theorem 5.5. For any exact twisted Courant algebroid by a closed 4-form H (E, {-,-),{-,-},p, H),
as a vector bundle, we have E =T £ TM®T*M. Transfer the twisted Courant algebroid structure
to TM @ T*M, the anchor p and the fiber metric (-,-) are given by (29) and BQ) respectively. The
bracket {-,-} is given by

{X+&Y +n}=[X,Y]+ Lxn —iyd + h(X,Y), (34)

for some 3-form h € Q3(M). We will denote this bracket operation by {-,-}p.

Consequently, any exact twisted Courant algebroid by a closed 4-form H (E,{-,-),{-,-},p, H) is
isomorphic to the twisted Courant algebroid (TM &T*M, (-,-) ,{-, - }n, p,dh), i.e. the closed 4-form
in an exact twisted Courant algebroid must be exact.
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It is well known that if we change different splittings, the 3-form changed by an exact one. For
any B € Q2(M), define e® : T — T by

BX+E=X+e4ixB, VX +E€T(T).
It is straightforward to deduce that

X +6Y +nhnyas = {e" (X +6),e" (Y +n)}n. (35)
Thus we have

Proposition 5.6. Let (E,(-,-),{-,-}, p, H) be an exact twisted Courant algebroid. If we choose dif-
ferent splitting, we obtain two isomorphic exact twisted Courant algebroid (T, {-,-),{-, }h+dB, p, dh)
and (T, {-,-),{, - }n, p,dh). The isomorphism is given by eB. In particular, if dB = 0, e is an
automorphism of the exact twisted Courant algebroid (T, {(-,-),{-, }n, p,dh).

For exact twisted Courant algebroids, since p : T — T'M is the projection, p* : T*"M — T
is the inclusion map. Thus by Theorem (B2 we obtain the following Leibniz 2-algebra.

Corollary 5.7. Any exact twisted Courant algebroid (T ,{-,-),{-, }n, p,dh) gives rise to a Leibniz
2-algebra, whose degree-1 part is QY (M), degree-0 part is T'(T), differential is the inclusion i :
QY (M) — T(T), the bilinear bracket operation 1% is given by

I3(X +£Y +n) {(X+&Y +n}tn,
B(X+&n) = {X+&nkn=Lxn, (36)
lg(naX + 6) = {naX + g}h - _iana

and the trilinear map 1" is given by
"X + &Y +10,Z +7) = ixayazdh. (37)

If we choose a different splitting for the exact twisted Courant algebroid by a closed 4-form H
(E,{-,),{},p,H), we obtain an exact twisted Courant algebroid (T, (-,-), {-, - th+dap,p,dh) for

some B € Q2(M). By Corollary[5.7) we obtain the Leibniz 2-algebra (Q (M) — I'(T), [h+4B 1dhy,
By (B8), we have

Corollary 5.8. (fo = e, fi = Id, fo = 0) is an isomorphism from the Leibniz 2-algebra
(QY (M) = T(T), 15748 197 to the Leibniz 2-algebra (2 (M) —= T(T),1%,14").

In particular, if dB = 0, (fo = €®, fi = Id, fo = 0) is an automorphism of the Leibniz
2-algebra (QY(M) — T'(T),1%,1¢"). There is a more interesting phenomenon that the Leibniz

2-algebra (Q1(M) LN [(T),1%,194") has more automorphisms.

Theorem 5.9. For any B € Q*(M), (fo = €P, fi = 1d, f2) is an automorphism of the Leibniz
2-algebra (QY (M) —= T'(T),15,1¢"), where fa is given by

(X +£Y +n) =ixavdB.

Proof. First it is obvious that
fO o ]1 = ]1 @] fl.
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By straightforward computations, we have

P{X+EY +nh = eP([X, Y]+ Lxn —iyd{+h(X,Y))
= [X,Y]+ Lxn—iyd{+h(X,Y) +ixy)B,

and

{P(X+6.e"(Y+min = {(X+E+ixBY +n+ivBhy
[X, Y] + LXn + Lx’L'yB — ’Lydf — Zyd’LxB + h()(7 Y)

Thus we have

{P(X +€),e° (Y +n)th —eP{X +&,Y +n}n = LxiyB —iydixB —ixy)B
= LxiyB —iydixB — LxiyB +iyLxB

This shows that (@) in Definition Z9 holds. At last, we show that (10 in Definition 229 also holds.
In fact, for any X + &Y +n,Z +~ € I'(T), first we have

X+ &Y +0,Z+7) =15"((X +€),e" (Y +n),e"(Z +7)).
Thus the left hand side of (I0) is equal to

{eP(X +8), oY +0, Z+ M} —{e" (Y +n), fa(X +&,Z +7)}n
X +EY +0),(Z+7) - LUX+EY +0}n, Z +7)
+f2(X+£5{Y+naZ+7}h) - f2(Y+775 {X+€aZ+7}h)a

which is equal to
LxiynzdB — LyixnZdB + izdix nydB — ijx yinzdB + ixapy.21dB — iy apx.zdB.
Acting on arbitrary W € X(M), we get
d(dB)(X,Y,Z,W),

which is zero since d*> = 0. Thus (I0) in Definition 20 holds. Therefore, (fo = €Z, f1 = Id, fa),
where f5 is given by
f(X+&Y +n) =ixavdB,

is a morphism of the Leibniz 2-algebra (Q (M) N [(T),1%,14"). Tt is an automorphism of Leibniz
2-algebras follows from the fact that (fo = e”, fi = Id) is an automorphism of the underlying
complex. W

6 Dirac structures of twisted Courant algebroids

Dirac structures of a twisted Courant algebroid by a closed 4-form can be defined as usual.

Definition 6.1. A Dirac structure of the twisted Courant algebroid (E,{-,-),{-,-},p, H) is a maz-
imal isotropic subbundle L such that the section space T'(L) is closed under the bracket operation

{7}
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By (I6]), the restriction of the bracket operation {-,-} on I'(L) is skew-symmetric. In general,
for Courant algebroids, the restriction of {-,-} on a Dirac structure is a Lie bracket. Denote the
set (p*)7IT(L) by Q} (M). Now we have

Theorem 6.2. Let L be a Dirac structure of the twisted Courant algebroid by a closed 4-form H
(E’ <" > ) {'a '},p, H) Then

(QL (M) 25 T(L), 1o, 14)

is a 2-term Loo-algebra (Lie 2-algebra), in which the degree-1 part is Q} (M) = (p*)~'I'(L), the
degree-0 part is T'(L), ly and 151 are given by (@) and @0) respectively.

Proof. First it is not hard to see that (Q} (M) LN [(L),l2,1) is a sub-Leibniz 2-algebra of

(QY(M) £, L(T),l2, ). In fact, for any eq, ez € I'(L), by the definition of Dirac structures, we
have ly(e1, e2) € I'(L). It is also obvious that for any e € I'(L) and ¢ € Q} (M), we have

p*12(€,£) = lg(@,p*(f)) € F(L)a p*lz(f, 6) = l2(p*(§)a 6) € F(L)a
which implies that
Io(e,€) € QL(M),  1s(é,¢) € QL(M).
For any e, es,e3 € I'(L), on one hand, we have
lf(elv €2, 63) = 7:p(e1)/\p(eg)/\p(eg)l_[-

On the other hand, we have
P Up(er) Aples)np(es)H = {e1,{ea, e3}} — {{e1, e2}, e3} — {e2, {e1,e3}} € I'(L).

Thus 14 (e1,e2,e3) € QL (M). Therefore, (Q} (M) LN ['(L),l2,1) is a sub-Leibniz 2-algebra of

(Q' (M) 5= T(T), b, 15").
Since the Dirac structure L is maximal isotropic, ly is skew-symmetric. 4 is also skew-

symmetric. Thus (Q} (M) LN [(L),l2,1) is a 2-term Lo.-algebra. W
For a bi-vector field 7 € X2(M), let ©* : T*M — TM be the induced bundle map given by
() = iem, V&€ QY (M).

Similar to the discussion in [21], the graph of a bundle map 7* is a Dirac structure of the exact
twisted Courant algebroid (T, (-,-),{-, -}, p,dh) if and only if

1
[, 7] = B A3 7. (38)

Definition 6.3. A bi-vector field m € X?(M) is called an h-twisted Poisson structure if ([B8) holds.
(M, ) is called an h-twisted Poisson manifold if w is an h-twisted Poisson structure.

For the case that the 3-form h is closed, i.e. dh = 0, it is discussed by Severa and Weinstein in
[21]. See [6l [15] for more details.
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One can introduce a bilinear skew-symmetric bracket operation on the cotangent bundle of an
h-twisted Poisson manifold (M, 7) by

[ga n]ﬂ,h = Lwnfn - Lwnng + dﬂ-(na 6) + iﬂ'ﬁf/\ﬂ'nnh' (39)
Then we have
ﬂ-ﬂ[ga n]ﬂ,h = [ﬂ.ﬁga ﬂ.ﬁn]’ (40)
where [-, -] is given by B9). It is well known that if dh = 0, then [, 7]« is a Lie bracket,
consequently, (T*M, [¢,1)r.n, ") is a Lie algebroid. Instead of a Lie algebroid, for an h-twisted
Poisson structure, we obtain

Theorem 6.4. Associated to any h-twisted Poisson structure m, there is a 2-term Lo, -algebra, of
which the degree-0 part is Q' (M), the degree-1 part is T'(Ker(r*)), the differential is the inclusion
i : D(Ker(n*)) — QY(M), Iz and I3 are given by

12(5577) = [fan]ﬁ,ha v 557’ S Ql(M)ﬂ
bEu) = [Eulan VEeQ (M) ue(Ker(rh)),
13(55 7’77) = Z‘7141E/\ﬂ'ﬁn/\wﬁ'ydhv v 55 m,7 € Ql(M)

Proof. It is obvious that I3 and I3 are all skew-symmetric. For any &,7n,v € Q(M), it is straight-
forward to deduce that
[5’ [775 ’Y]ﬂ',h]ﬂ',h - [[57 n]w,ha ’Y]ﬂ',h - [777 [57 V]W,h]ﬂ'yh = Z‘71"15/\7rﬁn/\7rnvdh' (41)

Thus we have

13(55 m, ’7) = [5; [77; ’Y]w,h]w,h - [[ga n]ﬂ,ha ’7]7r7h - [na [ga 7]71’,}7,]71',}7,
On the other hand, by [{0]), we have

WﬁlS(&a m, ’Y)

Wﬁ([&a [naly]ﬂ'ﬁ]ﬂ',h - [[Ean]ﬂ',ha’ﬂﬂ' h — [na [6 'Y]ﬂ' h]ﬂ',h)
[7te, [, m8A] = [[whe, mhn), wha) — [y, [rhe, ]
= 0.

Therefore, we have
13(¢,m,7) € T(Ker(n)). (42)

Now we only need to show that the Jacobiator identity holds. For any 8 € Q'(M), by {@2), we
have
12(0,13(8,m,7)) + ¢.p-(0,€,m,7) — (Us([0, &l nsm,7) + cp.(6,€,1,7))
Ltoinsenminaniydh + cp.(0,6,0,7) = (ixt[o,6], paxinaniy@h + c.p(6,6,1,7))
= Lusgirtenntnpantydh +cp.(0,6,10,7) = (ijxt0,nte)antgantydh + c.p.(0,€,1,7)).
Act on an arbitrary vector field X € X(M), we get

(12(9 13(6,m,7)) + c.p.(0,&,m,7) — (13([0, &l w0, 5 7) +C-p-(97§,n,7)))(X)

= w0(dh(n*¢, 7y, why, X)) — dh(n*E mtn, 7y, (700, X]) + cp.(0,€,m,7)
—(d ([Wﬁ&ﬂﬁﬁ] 77,77 Y, X) + cp.(0,€,n,7))
= 70(dh(n*¢, 7, 7wy, X)) + cp.(0,€,n,7)

—(dh([=*0 Wﬂﬂ i, mty, X) + ep(0,€,m,7, X))
d(dh)(7*0, m¢, min, why, X) — X (dh(r*0, 7€, 7P, mhy))
- 0.
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The last equality follows from the fact d*> = 0 and
dh(ﬂ'ﬁe7 ﬂ.ué-a 77%7, ﬂ-ﬁly) = iﬂ'ﬁ'ydh(ﬂ-ﬁea ﬂ-ﬁga 77%7) = _iﬂ'ﬁdh(ww,ﬂ'ﬁf,w”n)’y =0.

Therefore, I3 satisfies the Jacobiator identity. This finishes the proof of (I'(Ker(r)) ot (M), l2,13)
being a 2-term L.-algebra. W

For an h-twisted Poisson structure 7, the graph of 7, which we denote by G, C T, is a
Dirac structure. The 2-term L,-algebra constructed in Theorem [6.4] is isomorphic to the 2-term
Lo-algebra constructed in Theorem for the Dirac structure G,. More precisely, for the Dirac
structure G, we have

(p")'Gr =17'Gr = G- NT*M = Kex(r).
Define fo: I'(Gr) — QY(M) by
fo(mie +€) = ¢,

and define f; : (p*)"!G, — Ker(n) to be the identity map. It is obvious that fooi = i o fi.
Moreover, we have

fO({ﬁﬂg + 55 Wﬂn + 77}h> = Lﬂ'ﬁﬁn - Lfrnng + d”(% §> =+ Z.71'115/\71'ﬁnh

= [ga’r’]ﬂ',h
= [fo(m* e+ &), fo(m*n+n0)lxn.

Thus (fo, f1) is an isomorphism of 2-term L..-algebras.

Remark 6.5. The geometric structure underlying this 2-term L.-algebra is actually the H-twisted
Lie algebroids introduced by Melchior Griitzmann in [7]. An H-twisted Lie algebroid is a quadruple
(E,[,:],p, H) consists of a vector bundle F — M, a bundle map p : E — TM, a section
H : N3T(E) — T'(Ker(p)), and a skew-symmetric bracket [-,-] : ['(E) AT(E) — T'(E) subject to
the following axioms:

le1, [ea, es]] + c.p.(e1,e2,e3) = H(er,ea,e3),

le1, fea] flez, e2] + pler)(f)ez,
DH = o,

where e; € I'(E), f € C®°(M) and DH : NT(E) — T'(Ker(p)) is defined by

4
DH(e1, ez, ¢3,¢4) = Z(*l)iﬂ[ei,H(el,'“767','" ,€4)]

=1
+Z(—1)i+‘jH([€i,€j],€1"- ;aa"' aé\ja"' 364)-
i<j

It is straightforward to see that for any h-twisted Poisson structure =, (T*M, [, ]x.p, 7t 13) is an
l3-twisted Lie algebroid.
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