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Abstract

We consider the problem Au + V(x)u = f'(u) in RY. Here the non-
linearity has a double power behavior and V is invariant under an
orthogonal involution, with V(co) = 0. An existence theorem of one
pair of solutions which change sign exactly once is given.
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1 Introduction

It is well known that stationary states of Nonlinear Schroedinger equations
lead to problems of the type

{ —Au+V(z)u= f'(u), ze€RY; ()

Ev(u) < Q.

where the energy functional is defined by
1 1
Ey(u) = —/ |Vul*dz + —/ V(z)u?(z)dx —/ f(u)dx. (1)
2 RN 2 RN RN

We consider a function f € C*(R,R) even with f(0) = f'(0) = 0 that
satisfies the following requirements:
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(f1) there exists p > 2 such that

0 < puf(s) < f'(s)s < f"(s)s* for all s # 0 (2)

(f2) there exist positive numbers cq, co, p, ¢ with 2 < p < 2* < ¢ such that

colslP < f(s) for |s| > 1; )

cols|? < f(s) for |s| <1;
177(s)] < co|sP~2 for |s| > 1 n

177(s)] < cols|s™2 for |s| < 1
where 2* = %
We assume V € LY/2(RY) and

Vul?

Wil < § = ing —der Vel 6
uepn (f]RN |u|? )

In the case of a single-power nonlinearity some paper has been devoted
to the existence of positive solutions when potential V' vanishes at infinity.
Among others we recall [2, [6] and we quote the references therein.

In pioneering work Berestycki and Lions [11], [12] showed the existence of
a positive solution in the case V' =0 when f”(0) = 0, f has a supercritical
growth near the origin and subcritical at infinity:.

More recently in the papers [3, 8, 9, 10, 18] the double-power growth
condition (f;) has been used to obtain the existence of positive solutions for
different problems of the tipe (Z). In particular, in [8] the authors proved
that if V' > 0 and V' > 0 on a set of positive measure the problem () has
no ground state solution, i.e. there is no solution u of ([ZZ]) which minimizes
the functional Ey on the Nehari manifold Ny, defined by

Ny ={ueD"? : (VEy(u),u) =0,u+#0}. (6)

On the contrary there exists a ground state solution either if V' < 0 and
V' < 0 on a set of positive measure, or V' = 0.

In this paper we are interested in the existence of sign changing solutions.
Besides the difficulty posed by the lack of compactness we have another
problem: there is no natural regular constraint for sign changing solution of
problem (Z)). To overcome this difficulty we consider the problem

—Au+V(z)u= f'(u), ©eRY,
Ey(u) < oo (2,)
u(rx) = —u(x),
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where 7 is a non trivial orthogonal involution that is a linear orthogonal
transformation on RY such that 7 # Id and 72 = Id (Id being the identity
on RY).

We assume V(7(z)) = V().

By the nontrivial orthogonal involution 7 on RY we can define a self
adjoint linear isometry on D'? which we also denote 7. We define

. P2 1,2.
T:D" — D>

(ru)(2) == —u(r(@)). ")

If u(rz) = —u(x), it will be called T-antisymmetric. Note that non trivial
antisymmetric solutions are changing sign or nodal solutions. Nodal solutions
which change sign exactly once will be called minimal nodal solutions.

We define

v =Ny NDL? where DM ={uecD" : 7u=u}.
The non trivial antisymmetric solutions of are the critical points of

Ey on Ny,
We set now

py = py(RY) :=inf By pg = po(RY) == inf E; (8)
Nv No

py =y (RY) =inf Bys pg = pg(RY) = inf Bo. (9)
\% 0

We shall prove the following results.

Theorem 1. If V(x) > 0 for almost every x, then
Hy = fg = 240,

and i, is not achieved. Then the problem (Z2]) has no solution of minimal
energy.

We consider the following class of potentials.

alr—yl—=1  |o—yl <L
Vy(x)=19 alz—1y[-1 |z —7y| <1 (10)
0 elsewhere

where a € R is chosen such that ||[V|| .~z < S, S asin (B). We can prove the
following existence result.



Theorem 2. For the potential V, such that |y — Ty| is sufficiently large we
have that i, < pf and it is achieved. Then the problem (7)) has at least
one pair of antisymmetric solutions which change sign exactly once, and the
enerqgy of these solutions is minimal.

We want to mention some recent work about sign changing solutions. The
existence of a sequence of nodal solutions and some properties for the number
of their nodal domains has been obtained in [5] considering the problem in a
bounded smooth domain Q with V' =0, and in [4] in RY with essinf V' > 0.

In [I5] there is a theorem of multiplicity of solutions for the problem
—Au+Vu = q(z)|ulP~u where V(z) and ¢(x) tend to some positive number
Ve and g, respectively as |z| — oo. However no precise information is given
whether there are sign changing solutions or not. If V=1 and ¢(x) suitable
chosen, with ||¢ — 1|« small, Hirano [16] prove the existence of at least two
pairs of sign changing solutions.

In [14] the equation —Au + Au = |u[?"~2u, A > —)\; on a symmetric
domain is considered and the effect of the domain topology on the number
of minimal nodal solutions in studied.

The plan of the paper is the following.

In section 21 we recall some technical result concerning the appropriate
function spaces required by the growth properties of f; the proof of these
results are contained in [7, 8, 10]. In section B we prove a splitting lemma
which is a variant of a well known result of [19]; this lemma is the ingredient
to handle the problem with lack of compactness. In section (4] we prove our
results.

We will use the following notations

e ut =max(0,u); u~ = min(0, u);

e D2 = DI2(RY) = completion of C§°(RY) with respect to the norm

1/2
ullpns = ( / |Vu|2) ;
R?’L

Gy (u) = (VEy(u),u) = / |Vul|? + Vu? — f'(u)u

o vy(z) = v(z +y);

) =91 () = Evltu) = [ SOV + Vi) = Fleuyds

RN

Br={z €RY : |z| < R};



e Bp(z) =B(z,R)={z eRY : |z —z| < R};
o A® =RN A, where A C RV,

2 Variational Setting

In order to study the functional Ey -, by the growth assumption on f, is useful
to consider the functional space LP 4+ L9, where 2 < p < 2* < ¢q. Hereafter
we recall some result contained in [7, 8, [10].

Given p # ¢, we consider the space LP 4+ L made up of the functions
v : RY — R such that

v=1v] +vy with vy € LP, vy € LY. (11)
The space LP 4+ L7 is a Banach space equipped with the norm:
||v||Lpspe = Inf{ ||v1||r + ||v2||pe = v1 € LP vy € LY, vy + vy = v}, (12)

It is well known (see, for example [13]) that LP + L7 coincides with the dual
of LV N LY. Then:

/ //
Lp+Lq:<LpﬂLq) with p'= —— ¢ =——. (13)

We recall some results useful for this paper.
Remark 3. Set T, = {u € RY : |u(x)] > 1}. We have

1. if v € LP + L4, the following inequalities hold:

1
max | ||v Ny — L ———= V|| | <
[H HLQ(R N ’1‘|“|Fu|%|| | P(I'y)
< Jollzrgre <
< max(|[v|[pa@yr,), V] Lo,
when 7 = £L;
a—p

2. let {v,} € LP+ L% Then {v,} is bounded in L? 4 L if and only if the
sequences {|I, |} and {||v||pa@~r,,) + |[V||zr(r,, )} are bounded.

3. we have L C LP + LY when 2 < p < 2* < q. Then, by Sobolev
inequality, we get the continuous embedding

DM2(RY) C LP + L.



Remark 4. 1f f satisfies the hypothesis that we have made in the previous
section, we have that

1. f"is a bounded map from LP + L9 into LP/P~1 n L9/a71,
2. f"is a bounded map from LP 4+ L9 into LP/P=2 L9/9-2;
3. f"is a continuous map from LP + L9 into LP/P~2 N [9/9-2,

At last we recall some result on Nehari manifolds. For the proofs we refer
to [, [10].
Remark 5. The functional Ey is of class C? and it holds
(VEy(u),v) = /Vqu + Vuv — f'(u)vdz. (14)
Moreover the Nehari manifold defined as
Ny = {u €D\ 0 : / \Vul|? + Vu? — f(u)udz = O} (15)
is of class C! and its tangent space at the point u is

TNy = {u € D" /QVUVU + 2Vuv — f'(w)vdx — f"(u)uv = O} . (16)

Remark 6. -V\/e have
inf 1,2 . 1

Proof. At first notice that, by
de>0s.t /|Vu|2 + Vu? > c||u||prs, Yu € D2 (18)
Now, let {u,} a minimizing sequence in Ay.. By contradiction, we suppose

that u,, converges to 0. We set t,, = ||u,||p1.2, hence we can write u,, = t,v,
where [|v,||p1z = 1. By claim 3 of Remark ] the sequence is bounded in



LP + L4. Since u,, € Ny and t, converges to 0, we have

c 1
ety = |||l < — / [V |* + Vi, = /f/(tnvn)vn =
< eyt / |Up|? + c Pt / [va|? <

RN\Ftnvn Ftnvn
< eyt / |vn|Q+cltg1/|vn|p§

RN\Tt, 0, Loy

) p

< eyt / 07+ eqtt! / 'th‘pwltgl / P <

RN\ Ty, (RN \T 'ty 09 )Ny ! Loy,
<ctd! / |vn|q+201tﬁl/|vn|p.

RN\T,, Ty

Hence we get

c<eptd™? / \vn\q—i-chthQ/\vn\p

RNy, Top,

and by claim 2 of Remark [3] we get the contradiction. O

Remark 7. We have that for any given u € D%? \ {0}, there exists a unique
real number ¢t > 0 such that ¢} u € Ny and Ey(tYu) is the maximum for

the function

t — Ey(tu), t>0.

Proof. Given u # 0 we set, for ¢t > 0:

gu(t) =

We have:

gy (t) := Ey(tu) = /§(|Vu\2 + Vu?) — f(tu)dr. (19)

RN
gt = /t\Vu|2 + Vitu® — uf'(tu)dr; (20)
RN
gnt) = / (Vul? + Vu® — u? f" (tu)dz. (21)
RN



By hypothesis on f, if ¢/, (t) = 0 we have
t2g(t) = /t_uf'(fu) — 2 f" (tu)dz < 0, (22)
RN

then ¢ is a maximum point for g,. Furthermore 0 = g¢,(0) = ¢,(0) and
g7(0) > 0 by the hypothesis on V, then 0 is a local minimum point for g,.
By (@), for ¢t > 1, we have

2
gu(t) < /%(|Vu|2+Vu2)dx—co/ |tu|qu—00/ [tulPdz <

RN (<)) {jtu>1]}
< / §(|Vu\2 + Vu?)dr — ¢ / [tulPdx < (23)
RN {ltu>1]}
< g/ﬂVu\Q + Vu?)dz — cotp/ |ulPdz;
RN {Ju>1]}

the last quantity diverges negatively as ¢ — oo, since p > 2, and the claim
follows. [

We search antisymmetric solutions of (ZZ]). To do that, we look for
critical points of the restriction of Ey to Ny. In fact, if u € Ny is a critical
point of the restriction of Ey to Ny, then

Ey(@)p = (VEv(1),0) =0 Vi € TNy NDA(RY).
But VEy (u) = TVEy(tu) = TVEy(u), so we can see that VEy (u) = 0.

3 A splitting lemma

We recall that a sequence {u,}, € D"? such that Ey(u,) — ¢, and there
exists a sequence &, — 0 s.t. |E} (u,)p] < enllo|], for all ¢ € D2 is a
Palais-Smale sequence at level ¢ for Ey .

In the same way we say that {u,}, € Ny such that Ey (u,) — ¢, and there
exists a sequence €, — 0 s.t. |E} (un)| < enllell, for all ¢ € T, Ny N DL2
is a Palais-Smale sequence at level ¢ for Ey restricted to N7.

A functional f satisfies the (PS). condition if all the Palais-Smale se-
quences at level ¢ converge.

Unfortunately the functional Ey on Ny, does not satisfy the PS condition
in all the energy range. The following lemma provides a description of the
PS sequences in D12



This splitting lemma is a fundamental tool to obtain the claimed results.
The main idea of this result spread over a result of M. Struwe [19] that
described all the PS sequences for Ey on H'(Q) when f(u) = u|u|* 2 and
V(z) = Au

Lemma 8. Let {u,}, a PS sequence at level ¢ for the functional Ey re-
stricted to the manifold Ni;. Then, up to a subsequence, there exist two
integers ki, ko > 0, ki + ko sequences {yﬁl}n, an antisymmetric solution u® of
the problem —Au+Vu = f'(u), and ky solutions v, j =1,...ky, and ky an-
tisymmetric solutions u?, j = ki +1,..., ki +ko, of the problem —Au = f'(u)
such that

1. ifj=1,... ky, then Tyl #y), and |y}| — oo as n — oo
2. ifj=ki+1,... ko, then Tyl = yJ, and |y}| — oo as n — oo
k1 . . . . ko ) )
8. up(x) = ul(z) + [ (x —y)) + il (z —y))l + > w(z—y))+o(l)
Jj=1 j=k1+1
kl . kg .
4. By(up) = Ev(u®) + 23 Eo(w!) + 3 Eo(uw)
Jj=1 j=ki1+1

Proof. Since u,, is a PS sequence for the functional Ey restricted to the
manifold Ny, then u, is a PS sequence for the functional Ey. For Step
1 of [8, Lemma 3.3] we get that u, converges to u’ weakly in D2 (up to
subsequence) and u° solves —Au + Vu = f'(u).

0

. . DL2
Since Tu, = u,, we have Tu® = «°. In fact, if u, — u°, then, for every

2
R > 0, we have that u,, sy u®, 50 u,(r) — u’(x) for almost all x.

We set
Un (@) = up(z) — u’ (),

Then 7, = 1, and ¢, — 0 weakly in D"2. By Steps 2 and 4 of [8, Lemma
3.3], we get that ¢, is a PS sequence for Fy. If ¢, - 0 strongly in D2
then by Steps 3 and 4 of [8, Lemma 3.3] we get that there exists a sequence
{&,} C RY with [£,] — o0 as n — oo, and ¥, (z + &,) — ul(x) where u! is a
weak solution of —Au = f'(u).

We consider in RY = T @ I't| where I' := {z € RY : 7(x) = z}.
We consider Pr the projection on the subspace I'. At this point we must
distinguish two cases

Case I: if ¢, — 7(&,)| is bounded we define y,, = Pr&,.

Case II: if |§, — 7(&,)| is unbounded we define y,, = &,.



Case I In this case there exist a solution u € D2? {0} of —Au = f’(u) and
a PS sequence {4, }, for Ey such that

Yp = {/;n +u(z + yn), (24)
n — 0 weakly in D12, and
Eo(tn) = Eo(thn) — Eo(@) + o(1). (25)

We can assume, without loss of generality, that &, = Pr, + w, where
w € T+, We now consider the sequence {1, (x + y,)}, which is bounded:
hence, up to subsequence {t,(x + y,)}, converges to u(z) weakly in D2
a(x) = ut(x — w) # 0, then —Au = f'(u). Furthermore, because 7y, = y,
we have that 7u = u. We define

Un(2) = Yu(@) — U(w = yn). (26)

We will verify that @Zn is a PS sequence for Ejy. Indeed by Lemma 2.11 of
[10] we get

EO(’JN) = EO(@Z)n(x) - ﬁ(l‘ - yn)) = EO(@Z)n(x + yn) - ﬁ(l‘)) =
= Eo(¢n) — Eo(u) + o(1),

and, because {1, }, is a PS sequence for Fy, we have that Fy(1),) converges,

so Ey(1,) converges, also.
Again, since {1, } is a PS sequence, we have that exists an ¢, — 0 such
that, for all p € C§°

By @t = | [ vonve - [ Vi o [ 1 -t
| e = @) — 0 (0) = T (el
| [t = @) = )~ Tz ol
Now we can choose an R > 0 and split this integral as follows.
B Gatel] = | [ 1) - @l )iz +
# L WP 0) = F et ) = Doz -

—/ f’(ﬁ)wyn—/ £ Wonl& + )~ Dy dztenl lll|<
R Br

N\Bgr

< Ay Yor ||@llpr2 + By Mg ||@||pr2 + enl|@]|pr2

10



where

An = 11700 (- + yn) + (L= 0)u) — [ (00 (- + yn) — O0)|| oro—2;
Yo,k = |[n(- — yn) — ﬂ“LP(BR)Q
By = |[f"(¥n( 4 yn) + 00) — f"(O0)|[ Lorr-2n10/0-2;

MR = ||'I’I| |L1’+L‘1(RN\BR)7

for some 0 < 0 < 1.

By [10, Lemma 2.11] we have that both A, and B, are bounded. Since
Mp — 0 as R — 400 and, given R, v, r — 0 as n — +o00, we get the claim.
Case II In this case there exist a solution u! # 0 of —Au = f'(u) and a PS
sequence {Jn}n C D12 for Fy such that

Yn(@) = V() + 0 (@ = y) — u! (72 = ya) + 0(1); (27)

Eo(¢n) = Eo(thn) — 2Eo(u') + o(1). (28)

We define {En = wn — Tns
() = u' (2 = yn)x (M) —u! (T2 — ya)X ('Jj_piwn‘) o (29)

where p, := w — oo for n — oo, and, as usual, x : Rf — [0,1] is a

C function such that x(s) = 0 for all s > 2, x(s) = 1 for all s < 1 and
IX'(s)] <2 for all s.

It is trivial that 7, = ., so 7'1;” = lzn Furthermore, easily we have
Un(2) = () + ' (2 = yn) — w' (T2 = yn) + o(1).

Now we have to prove (28)), and to show that @Zn is a PS sequence.
At first we prove that

1¥nllpr2 = [l — 3l * = [[¥nl* + 2||u"]* + o(1). (30)

In fact we have that |[v, — ul|* = ||¥all® + |72 — 2(¥n, V) D12, and it is
easy to see that ||v2||* — 2||[u!||?>. Furthermore

e M /vwv(w@—%n(ﬁlﬁg)+ (31)

n

+/wnv (ul(m ~Yn)X (\mp;nm)) ’

11



and the first term converges to [ |Vu'|. For the second term we have

/VQ/JnV (UI(TSL’ — Yn)X <|Txp;ny"|>) =
= [ (oavu e ) xO) + [ (T0IXO) = )

The last term of the equation vanishes when n — oo, while, remembering
that 1, is symmetric, and setting z = 7o — y,,, we have

/ (Voo (2)Vul (12 — y)) x(-)dz =
/ (TVUn(z + yn)Vu'(2)) x <,Oin> dzy — — / IVl 2,

so we have proved (B0).
We want now to estimate

[ 1@ = [ .=

Set
L = /|myn<2pn f (@bn(x) —u' (7 — ya)x (%)) :
I = /|myn|<2pn f (%(x) +ul (T — yu)X (‘mp;ny”'» :
I = /{B(ynmUB(TWCfwn(x)),

we have

/f({/;n) =5+ L+ 1 (32)
We have that

{wn(z +y,) — u'(2)x (M)] X (B) — 0 in D"2 (33)

Pn Pn
By [10, Lemma 2.11], then we have that

L = /den f (%(Hyn) —u'(2)x (%‘)) =

_ / F (= + ) — / £ (u!(2)) + o(1).
|z|<2pn n

12



In the same way, because v, is symmetric,

and

lwn(m + TYn) — u'(2)x (M)] X (ﬂ> — 0 in D%, (34)

Pn Pn

b= g = [ 5 E) o,

At last we have

[1ay = [ swen+ [ s+

|z—yn|<2pn |7z —yn|<2pn

" / F (ol —/f (35)

{B(yn )QPn UB(Tyn)QPn }

= | f(n(2)) = . f(u'(@)) +o(1).

From (B0) and (33]) we obtain, as claimed

Eo(¥n) = Eo(tn — ) = Eo(¢n) — 2Ep(u") + o(1); (36)

furthermore, because {1, },, is a PSsequence for Fy, we have that EQ(’(ZR) —c
for some ¢ € R.

To complete the proof we must show that

(Eo) ()¢l < eallllmre, (37)

where g, — 0. Set

Il

[ [ = 1 (s - vt = (2 ) st -

Pn

lz—yn|<2p

/V (u (z = yn)X (m;—nyd)) Vo(x);

= [ [reer-r (s - v - (T o

|Tx—yn|<2p

- [9 (= () ) vt

/ Vi — W)l

{B(yn )QPn UB(Tyn)QPn }C

13



we have that B
[(Eo) (n) | = I + I3 + I (38)

Immediately we have that I? < e,||¢||; furthermore, we can estimate Il as
before, obtaining

I, = / [f’(wn(z + ) — [’ <wn(z +yn) — u'(2)x (M))}p(z + yn)dz —

n

|z<2pn]|
- / F )z + g dz + eallgl)
|z<2pn|
Setting
nl2) = (= + 4) — 0(2) ('p—') , (39)
we have
1= | [ an) = £ - o] ez + ol |

Bp

n

and, chosen an R > 0,

1] = ’ /[f'(u1><+an) — fl(u'x)] ¢y,dz +
Boy,

4 / /(X + @) — F ()] @z —

(RN\BR)QBQ,)”

- / £t x) oy, dz — / F(on)pyadz +enllel] |

(RN\BR)QBQPR Pn
Using that f’(0) = 0 at last we have
1] < 1" (whx + O10m) — £ (Oram) || por-2) @l Loy ol | o By +
U et OurX) =0 Nl 2 g2 oy |21 10 X [ g
+enlell,

where 0 < 6,0; < 1. By Remark [ we get

|[711| < enl|pl|pre. (40)

In the same way we can estimate |I?|, and this concludes the proof. O

14



Remark 9. If u,, € Ny is a Palais-Smale sequence of the restriction of Ey to
N7, that is Ey(u,) converges and

| B} (un)w| < enl|wl|pre Vw € T, Ny N D2,

where €, — 0, then u,, is a Palais-Smale sequence for the functional E\y .

This remark, combined with the splitting lemma, provides a complete
description of the PS sequences in our case.

4 The main result

At this point we prove some technical lemmas.
Let u € Ny, then vt and v~ belong to Ny. Furthermore, if u is antisym-
metric, we have Ey(u™) = Ey(u™). So, if u € Ny, we get

Ev(u) = Ev(u+) + Ev<u7) = 2Ev<u+) > 2'1/\r[lf EV = 2,uV
v
This implies that

2pv; (41)
24p. (42)

s
s

(AVARAYS

Remark 10. We have pf = 2pq

Proof. We have to proof that puj < 2pug. It is possible to find a sequence
{ug}r € N7 such that Eg(uy) — 2u0. So

po < inf Eo(ug) < 2po.
The construction of {uy}, is quite similar to the construction of {z}x in the

next theorem. So also the proof that Ey(ug) — 2uo. Therefore, for the sake
of simplicity, we omit the detailed proof of this result. O

We are ready now to prove the main lemma of this section
Lemma 11. We have that pj, < pf

Proof. We prove it by steps
Step I We know that w exists such that py = Eo(w). Let x(x) a smooth,
real function such that

_J 1 B(0,1);
XZ1 0 RY < B(0,3).

15



We also ask that y(z) = x(|z|) and that |[Vx| < 1.
Let {yx} C RY s.t. |yx] — oo and |7(yx) — yx| — 0. Let py be defined as

|7 (yr) _?/k|.

Pk = 6

At last we define a function in D2
2 = z,i + z,%, (43)

where

= w2, (44)

= —ulro) -y (T (45)

Pk

Obviously we have that 72} = 27 and 72} = 2}, so z;, € D!? Vk. Furthermore
2} and 27 have disjoint supports, so

Ey(t-zy) = By(t-2) + Ey(t-2;) vVt > 0. (46)

We know, from Remark [T, that it exists a ¢ > 0 s.t. ;- z; € Ny. It’s easy
to see that, for such ¢, we have that t), - 27 € Ny and t; - 2, € N7.

In the next we will prove that Ey (txz;) — 2p0, when k — oo.
Step IT We prove that ||z}.(z) — w(z — yi)||pr2 — 0 for & — oo.

Set wy, := w(x — yx), and v 1= (1 —X (%)), we have

2h(@) — wilre = / I e 2 < 2 / 2V 42 / Vl?u? <

2
/ |Vwk|2+—2 / w,%—>0,
Pk

|z —yx!>3pk pr<|T—yr|<3pk

IN

as k — o0.

Step 111 We prove that it exists ¢, C' > 0 such that ¢ < ¢, < C for all £.
By Remark [6, we know that, if ¢;z; € Ny, then it exists M > 0 such

that, for all k, M < ||txz}||. Furthermore, for the above step

2kl = Hwill = [lwl]. (47)

This implies that ¢ exists such that ¢, > ¢ > 0 for all k.
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For the other inequality we must prove that
/V(x)wz(x)dx — 0 when k& — oo, (48)

in fact, fixed an R > 0 we have

/sz < /|V|wz+ / V§a? <
Bgr

RN\ Bpg
We have that ||V

< VI gy 1081y + IV gy 01 v

N — 0 as R — oo; furthermore
LT (RN Bg)

/w?(aj —yp)dr = / w? (s)ds < / w? (s)ds,  (49)
Br Br(~yr) RYNB(jy, - R)

thus ||wg|[7,- — 0 as k — oo, that proves (4.
Now set a function

gl (1) = Ey (1)), (50)

Obviously ¢ (t) = Ey(tw) = 3* [ |[Vw|? — [ f(tw). For Remark [[ we know
that there exists a ¢ such that g, (f) = g5,(f) < 0 for all k. We want to prove
that, for k sufficiently big, we have also g;ﬂ (t) < 0.

k

5O - RO = o4O, O =5 [IVEF+ 5 [VE@rE -

- [ 1@ -5 [ IV + [ o) -
_ § { / v 2_|ka|2+v<x><z;>2] - / f(E2)— f(fw).

By (@7) and by (48]) we have that the first integral of the right hand side of
the equation vanishes when k& — co. We estimate the last term.

[ s = [ () )~ s -
e () e
Aol ()

() o] ()

s]>px

17



<t/

s]>px

\ [ rtesd) - gt

G BINORE

and the last term vanishes when k — oo. In fact, for Remark @], f’ is bounded
in L7 1 N L1 and )X( ) — 1‘w — 0in L?". So, for ky big enough, we

o
have that
de,CeR" st. O<e<t,<C, Vk> kg

Step IV We want to prove that Ey(txz}) — po. We have
By (trezy) — Bv(wi)| = By (Otrzg + (1= 0)we) (2, — wi)]-

We know, for Step 2, that ||zf — wg||pr2 — 0.
Furthermore

10tz + (1 — O)wil| < [zt + |lwy]

that is bounded because ¢ is bounded and by Step II.
At this point by Remark [ we get the claim.
We know also that

Ey(wg) —po = Bv(wg) — Eo(w

for (48). Then
|Ev(tezh) — po] < |Ev(trzy) — By (wi)| + | By (wy) — po| — 0

as we wanted to prove.
Conclusion We know that ¢4z, € Nj7. Then

Fyv(t > 7 = inf E .
v(tezr) > py o v(u)

Hence
1y < By(tezr) = By (tezy) + By (tezp) — 240 = p1f

that gives us the proof.

(51)

(52)

O

We are ready, now, to prove the first result claimed in the introduction.
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Proof of Theorem [l First, we prove that
Vu € Np tYue Ny st Ey(thu) > Ey(u). (53)

In fact, by Remark [7, we have that for every u € N, there exist t¥ > 0 such
that tVu € Ny. Then we have:

0 = ¢ .(tVu) = (VE,(tYu),u) +tV / Vu?

RN

Since V' > 0 we have that [Vu? > 0 and (VEy(t/u),u) < 0. Hence ¥ >
t% = 1. Let us observe that by (2)) the function s — [ 1 f'(su)su — f(su)dx
is strictly increasing, then, remembering that ¢/ u € Ny, we have:

Betln) = 5 [ Falutu= f¢uds >
1 , B
> 5 [ £l - e = Eow)

If u € N7, we can prove in the same way that t'u € N7 and that

By (t¥u) > Bo(u) = i, (54)
So
nt Bv(w) = inf Brltlu) = Eo(u) = 4, (55)

Theorem [I1] provides us the other inequality.
Suppose now that there exists v € Ny such that uj, = Ey (v). We know
that [V (z)v(z)* > 0 and

0 = (VEo(v),v) + / V(@)o(z)2dz,

so, consequently (VEy(v),v) < 0. Then, by Remark [T, we get t0 < ¢V = 1.
As said before, the function s — [ £ f/(sv)sv — f(sv)da is strictly increasing,
so we have

Eafutt) = [ 5700 = febode < [ 37w = F0)de = Bo(e) =

and we get a contradiction.
O

Now we prove the following preliminary result.
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Proposition 12. There ezists a class of potential V (x) such that uj, < uf.

Proof. We consider the class of potentials defined in ([I0). We want to show
that, when |y| — oo and |y — Ty| — oo, then 1y, < pg- We prove it by steps.
Take w € N such that Ey(w) = po, w radlally symmetric and w > 0 (see

[10, 11], 12]). By means of w, we define
zy(7) = w(z —y) —w(z —7y). (56)

Step I We prove that, for |y — 7y| — oo,

gz( —>t2/\Vw |2dx+at2/[|x\—1 x—Q/ftw

where

2
o5(0) = By t2) = [ (VP + Vi) = fle)de (5T
RN
Now
t2
V21 = 5 [ 19ua )P4V ulrr—) P+ Vol - Vule-my). 69

After a change of variables, the first two terms are equals to % [ IVw|?, and
the last term vanishes. So we have that, for all ¢,

t2
|Vz,|> — / |Vw|? when |y — Ty| — 0. (59)

In a similar way consider

[z = [ Ge-si-v2+e [ (o-ri-n:-

lz—y|<1 |lz—Ty|<1
= 4 / (2 =yl - Diw(z —y) —w(z —r9)2+  (60)
lz—y|<1
ta / (2 — 9] — Diw(x — ) — w(z — ).
le—Ty|<1

By means of a change of variables we obtain

/ (e =yl - 12 = /<|s|—1>[w<s>+w<s+y—ry>]2.

lz—y|<1 |s|]<1
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It is not difficult to prove that

[ sl = s 4y =) >0 (61)
|s|<1
/ (s = Dw(s)w(s +y — 7y) — 0. (62)
[s|<1

In the same way we proceed for the second term of the (60), obtaining

2
% Vo2l — at? / (|z| — 1)w?(z)dxr when |y| — oo. (63)

|z] <1

We have to estimate now [ f(tw). Fixed an R > 0, we have

[re= [ see [ osee [ gm0

Br(y) Br(ty) (Br(y)UBR(ty))¢
For the first term we have

/ f(tz) = / F(tw(s) — tw(s +y — 79)) = / f(tw) +
Br(y) Br Br
T / FOtw(s) + (1 B)tw(s +y — m9))[twls +y — )],

for some 6 € [0, 1].

Now, for Remark @l we have that f/'(ftw(z —y) + (1 — 0)tw(tz —y)) is
bounded in L” N LY, in fact Otw(z — y) + (1 — O)tw(rx — y) is bounded in
DY? and so in LP + L9. Furthermore, w(s +y — 7y) — 0 strongly in LY (Bpg)
when |y — 7y| — +o0.

Concluding we get

[ #02) = [ seuto)is + 1), (65
Br(y) Br

where, given R > 0, I1(R,y) — 0 when |y — 7y| — oco. In the same way we
can conclude that

/ f(tz,) = / F(tw(s))ds + I(R.y). (66)
Br(Ty) Br
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where, again, given R > 0, I,(R,y) — 0 when |y — Ty| — oc.
For the last term we have that there exist a 6 € [0, 1] such that

/ftzyz | ftwte -+

(Br(y)UBR(Ty))¢ (Br(y)UBR(y))¢

/ F(Ot(w(z—y)) ~(1—0)w(z—Ty) tw(z—Ty) =

(Br(y)UBRr(Ty))“

_ / F(t(w(s))) +

(BRUBR(y—7y))°

/ POt (E + Y — y)) — (1 — O)w(©))tw(€).

(BRUBR(Ty—y))¢

Now,

/f’(-)tw(ﬁ) <UL Ol s @ lwllzeso@ypa),  (67)

(BRUBR(Ty—y))¢

and we use that [|w||p12r~ gy goes to zero when R — oo and that || f'()[ pynre @)
is bounded by Remark @l
At this point we have that

/f(tzy) — 2/f(w) when |y — Ty| — oo, (68)

and we get the claim.
Step II There exists a ¢t < 1 such that

tZg —t  when |y — Ty| — oo, (69)

where t;/_]j is the maximum point of g;/yy (t).
We set

o(t /|Vw \d:c+at2/[\:c|—1 d:c—Q/ftw dx. (70)

By Remark [7 there exists a unique maximizer ¢ > 0 for the function ¢(t).

We know that .
HORE / Vu? — / f(tw) (71)



reach its maximum for ¢ = 1. Thus the maximum of the function
p(0) = 208(0) + ot [[Ja] ~ 1u?(@)da (72)

is achieved for ¢, with 0 < ¢ < 1.
Given t; < t < ty, we can choose a 6 > 0 such that

max{@(t1), p(t2)} +0 < () — 0. (73)
By Step I, for |y — Ty| sufficiently large, we obtain

9.0 (t:) < () +0 < p(f) — 6 < g2¥(D). (74)

By Remark [7, we know that g;/j(t) has an unique maximum point t;/_j, thus

we conclude that
ty <t <ty (75)

Since t; and ¢y are arbitrarily chosen, we get the claim.
Step III For |y — 7y| sufficiently large we have

1, < Ho- (76)
We know that
By, (1% 2,) = g¥(t.,) = p(i)  for |y — my| — o0, (77)
in fact, for all £ > 0 we have that, for |y — 7y| sufficiently large,

92 (t.,) — ()] = lg2(t.,) — g2 (D) + g2 (F) — ()] <
< g¥(ts,) — ¥ (D] + gk () — (B)] < e.

By Step I the second term goes to zero when |y — 7y| — oco. By Step I,
t;/_;’ — 1, so, arguing as in Step I, we get the claim. We observe that

of) = t‘/ Vol +a£2/[|x| e’ - Q/f(t_w) <
< 2Ey(tw) < 2puy,
because ¢t < 1 and Eo(w) = po. By (1) we get
py, < Ev, (t;,/;/ zy) < 2po = pg  for |y — Tyl large enough, (78)
that concludes the proof O

23



Now we are ready to prove the second result claimed in the introduction.

Proof of theorem[2. By the Splitting Lemma and the above Proposition, we
get the existence of a minimizer for Ey,, for the class of potential V;, defined
by (I0), when |y — Ty| large enough.

Let w be this minimizer. We know that w changes sign, because it is
antisymmetric by construction. We have to prove that w changes sign ex-
actly once. Suppose that the set {x € RY : w(z) > 0} has k connected
components §2q,..., . Set

o = { w(r) xeQUT; (79)

0 elsewhere

For all 7, w; € N&y Furthermore we have

By, (w) = Z By, (w), (80)

thus i
ui, = Bv,(w) =Y By, (wi) > kuf, , (81)
i=1
so k =1, that concludes the proof. O
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