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The Nonlinear Schroedinger Equation:
Existence, Stability and Dynamics of Solitons

Vieri Benci * Marco Ghimenti T Anna Maria Michelettit

Abstract

In this paper we present some recent results concerning the ex-
istence, the stability and the dynamics of solitons occurring in the
nonlinear Schroedinger equation when the parameter h — 0.

We focus on the role played by the Energy and the Charge in
the existence, the stability and the dynamics of solitons. Moreover,
we show that, under suitable assumptions, the soliton approximately
follows the dynamics of a point particle, namely, the motion of its
barycenter q(t) satisfies the equation

G(t) + VV(q(t)) = Hp(t)

where

sup |Hp(t)] =0 as h—0.
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1 Introduction

Roughly speaking a solitary wave is a solution of a field equation whose
energy travels as a localized packet and which preserves this localization in
time.
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By soliton we mean an orbitally stable solitary wave so that it has a
particle-like behavior (for the definition of orbital stability we refer e.g. to
Ref. [2 3, 8, 14l [15] 24, 25]).

The aim of this paper is to review some recent results about the existence,
the stability and the behavior of the solitary waves relative to the equation

ih%e = =B A+ =W ([Y]) 5 + V()
(1)
¥ (0,7) = o()

where ¢(z) is a suitable initial data.

In the first section we examine the case V=0 and h = 1 (see Ref. [3]).
Under suitable assumption on W, there exists a stationary solution of the
form v (t,z) = U(z)en*t, where U is a radial function decaying at infinity
which solves the equation

— AU + W'(U) = 2wU. (2)

This solution is found by a constrained minimization method that involves
two prime integrals of the motion: the Charge and the Energy. By a con-
centration compactness argument it is proved that this stationary wave is
stable, so this solution is a soliton.

In the second part, we consider V' # 0 and h small (see Ref. [4]). The

stationary solution U(z)e#“! becomes

Vlta) = U () ensts (3)
where
B=1+3. (4)

If 5 > 0, the stationary solution concentrate as h — 0. Also, we can give
a precise estimate of the behavior of the Energy and the Charge.

These estimates are the key ingredient to study the case V' # 0. For h
sufficiently small, a solution of () with initial datum p(z) = [U (542)] enve
is a soliton which travels like a point particle under the action of the potential
V. In fact, in the last section of this review, we define the barycenter ¢(t) of
a soliton (see Ref. [4]) as

/x|¢(t,x)|2d:p

JECERE
2

q(t) =

()



and we prove that it evolves approximatively like a point particle in a poten-
tial V. More exactly, q(t) satisfies the Cauchy problem

where

sup |Hp(t)| = 0 as h — 0.
teR

In the last years there are some result about existence and dynamics of
soliton for the Nonlinear Schroedinger Equation (see, for example Ref. [6]
7, [10, 1), 17, 18, 21, 22]), in particular there are results which compare the
motion of the soliton with the solution of the equation

X(t)+ VV(X(t) =0 (6)

for ¢ € (0, 7] for some constant 7' < co.

The result of Bronski and Jerrard [7] deals with a pure power nonlinearity
and a bounded external potential. The authors have shown that if the initial
data is close to U(%)eivoT'c in a suitable sense then the solution (¢, x) of
(@) satisfies for ¢t € (0, T

1 1
|l 0P - (3 [ Wte.o)as) b

Here dx (4 is the Dirac “d-function”, C'** is the dual of C' and X () satisfies
the equation (@) with X (0) = ¢, X(0) = vg.

In related papers of Keraani [I7, [I8] there are slight generalizations of the
above result. Using a similar approach, Marco Squassina [22] and Alessan-
dro Selvitella [21] described the soliton dynamics in an external magnetic
potential.

Other results on this subject are in Ref. [10, [I1]. In Ref. [10] the authors
study the case of bounded external potential V.

In Ref. [I1] the authors study the case of confining potential. They as-
sume the existence of a stable ground state solution with a null space non

degeneracy condition of the equation

—0ash—0. (7)
Cl*

- Am + Py + W’(m) =0. (8)

The authors define a parameter € which depends on p and on other parame-
ters of the problem. Under suitable assumptions they prove that there exists



T > 0 such that, if the initial data ¢°(x) is very close to e'Po(@=a0)+ioy (3
ap) the solution v (t,x) of problem (P;) with initial data 1° is given by

@/)(t, x) _ 6ip(t)~(x—a(t))+i“/(t)nﬂ(t) (x _ a(t)) + w(t) (9)

with [|w||g; <&, p=—VV(a) + o(e?), @ = 2p + 0(e?) with 0 < t < L for e
small.

In our paper[d] we do not require the uniqueness of the ground state
solution which is, in general, not easy to verify, and we formulate our result
such that it holds for any time .

2 Main assumptions
In all this paper we make the following assumptions:
(i) the problem (J) has a unique solution
Y € CO(R, H*(RM)) N C*(R, L*(RY)) (10)

(sufficient conditions can be found in Kato [16], Cazenave [9], Ginibre-
Velo [13]).

(ii) W : RT — R is a C® function which satisfies:

W(0) =W’ (0) =W"0)=0 (11)
‘W/I( q—2 p72 x 2N
s)| < eq]s|T 4 co|s|Pfor some 2 < ¢ < p <2 =N _3 (12)
4
W(s) > —c|s|”,c>0,2<v <2+ N and s large (13)
Jsg € RT such that W (sy) < 0 (14)

(iii) V : RN — R is a C? function which satisfies the following assumptions:

V() = 0; (15)
|VV (2)| < V(x)" for |z| > Ry > 1,b € (0,1); (16)
V(z) > |x|* for || > Ry > 1,a > 1. (17)
(iv) the main assumption
a>0 (18)



Let us discuss the set of our assumptions:

The first assumption gives us the necessary regularity to define the barycen-
ter and to prove that ¢(t) € C?(R,RY). The hypotheses on the nonlinearity
are necessary in order to have a soliton type solutions. In particular, (I2)
is a standard requirement to have a smooth energy functional, (I4]) is the
minimal requirement to have a focusing nonlinearity and (I3]) is necessary to
have a good minimization problem to obtain the existence of a soliton. We
require also that V' is a confining potential (assumption (iii)). This is useful
on the last part of this paper, to prove the existence of a dynamics for the
barycenter.

In our approach, the assumption a > 0 is crucial. In fact, as we will
see in Section B.I] the energy FEj, of a soliton v is composed by two parts:
the internal energy J, and the dynamical energy . The internal energy is
a kind of binding energy that prevents the soliton from splitting, while the
dynamical energy is related to the motion and it is composed of potential
and kinetic energy. We have that (see Section )

Jn () = KNP0

and

G (¥) = [[Y]]72 = 1Y

Then, we have that
CW) o
In (¥)

So the assumption o > 0 implies that, for h < 1, G () < Jj (1), namely
the internal energy is bigger than the dynamical energy. This is the fact that
guarantees the existence and the stability of the travelling soliton for any
time.




2.1 Notations

In the next we will use the following notations:

Re(z), Im(z)are the real and the imaginary part of z
B(wo,p) = {x € R : [z — x| < p}

Sy ={ue H" |||z = o}

Ji={ue H" : Jy(u) < c}

0
o) = —
W= 5
m=mgy = inf  J(u)
ueH!, [u2=02
@
=1 —
B t5

3 General features of NSE

Equation () is the Euler-Lagrange equation relative to the Lagrangian den-
sity

h2 2 2

o IVOIT = Wi(¥) = V(2) [¢| (19)

where, in order to simplify the notation we have set

L = Re(ihdubd)) —

1
W) = W (1) (20)
Sometimes it is useful to write ¢ in polar form
U(t,x) = u(t, z)eS b/, (21)

Thus the state of the system 1) is uniquely defined by the couple of variables
(u, S). Using these variables, the action S = [ Ldzdt takes the form

2 1
S(u, S) = —/ [% (V| + W, (u) + (@S +3 IVS|” + V(:U)) UQ} dxdt

(22)
and equation (II) becomes:
h'2 ! 1 2
—?Au+Wh(u)+ ats+§|v5| +V(z))u=0 (23)
O (u*) + V- (u’VS) =0 (24)



3.1 The first integrals of NSE

Noether’s theorem states that any invariance under a one-parameter group
of the Lagrangian implies the existence of an integral of motion (see e.g.
Gelfand-Fomin[12]).

Now we describe the first integrals which will be relevant for this paper,
namely the energy and the “hylenic charge”.

Energy The energy, by definition, is the quantity which is preserved by the
time invariance of the Lagrangian; it has the following form

aw) = [ [ V0P + W) + v ] a9
Using (21]) we get:

h? 1
(26)
Thus the energy has two components: the internal energy (which,
sometimes, is also called binding energy)

#Wz/(%WW+WMOM (27)

and the dynamical energy
1
amaz/(va+V@0ﬁm (28)
which is composed by the kinetic energy % i |VS\2 u?dx and the poten-
tial energy [V (z)u*dz.

Hylenic charge Following Ref. [2] the hylenic charge, is defined as the
quantity which is preserved by by the invariance of the Lagrangian
with respect to the action

P — ewz/;.

For equation (I]) the charge is nothing else but the L? norm, namely:

mwszﬁmz/ﬁm

Momentum If V = 0 the Lagrangian is also invariant by translation. In
this case we have the conservation of the momentum

Py(w) = bl [ e, j= 1,23 (20)

hence we have the first Newton law for the barycenter.



4 The case h=1,V =0

In this section we present some results contained in Ref. [3]. We minimize
the internal energy J(u) on the constraint {u € H' : ||ul|;2 = o} for some o
fixed. If U is the minimizer and if 2w is the Lagrange multiplier associated
to U, ¥(t,z) = U(z)e™* is a stationary solution of ().

We get the following result

Lemma 1. Let W satisfy (12), (I3) and (14]). Then, 3 & such thatV o > &
there exists u € H' satisfying

J(u) =mgy2 = inf J(v),

{ved?, |lvl| 2=0}

with ||u||r2 = 0. Then, there exist w and u that solve (3), with w < 0 and u
positive radially symmetric.

In order to have stronger results, we can replace (I4)) with the following
hypothesis

4
W(s) < —s"T, 0<e< N for small s. (30)

In this case we find the following results concerning the existence of the
minimizer of J(u) for any o.

Corollary 2. If ({12), (13) and (30) hold, then for all o, there exists u € H*,
with ||u||r2 = o, such that

J(u) = inf J(v).

{veH?||v]| 2=0}
In particular, for N = 3 we have

Corollary 3. Let N = 3. If {I2) and (13) hold and W € C3, with W' (0) <
0, then for all o, there exists u € H' with ||u|| 2 = o such that

J(u) = inf J(v).

{veH?||v]| 2=0}
We sketch briefly the steps of the proof for Lemma [Tl
Step 1: If W satisfies () then mg,z:=infg, J(u) <0

Step 2: If W satisties (I3]) then m,2 > —oo, any minimizing Palais Smale se-
quence u,, is bounded in H' and the Lagrange multipliers w,, associated
to u,, are bounded in R.



Step 3: Any minimizing Palais Smale sequence converges in H! to a minimizer.

We point out that (I4) is a fundamental requirement for the existence of a
minimizer. In fact, if W > 0, then by Pohozaev identity we can prove that
U = 0 is the unique radial solution of (2)).

Concerning the stability of stationary solution we set

S ={U(z)e?, 0 € S, |Ul|l2 =0, J(U) = my} (31)
Definition 4. S is orbitally stable if

Ve, 36 > 0s.t. Vo € HY(RY), inf || [¢o| — ullm <0 =
ue

e it || [0, )]~ ull s < e
where v is the solution of (1) with initial data .

Using concentration compactness[19, 20] arguments we prove the follow-
ing (see Ref. [3], Sect. 3)

Theorem 5. Let W satisfy (13), (13) and (Ij]). Then S is orbitally stable.

This variational approach can be successfully used to find stable solitary
waves for the nonlinear Klein Gordon equation

¥
vl

Again, the crucial assumption to obtain solitons is (I4]) (see Ref. [I] for
details).
We obtain a concentration result for a minimizer U crucial for this work

(see Ref. []).

Oy = W'(|¥)) (32)

Lemma 6. For any ¢ > 0, there exists an R = R(¢) and a § = 6(¢) such
that, for any uw € J"*° N S,, we can find a point ¢ = §(u) € RN such that
1 2
— u”(z)dr < e. (33)
g N i R
RN\ B(4,R)
We give a sketch of the proof.

Proof. Firstly we prove that for any € > 0, there exists a ¢ such that, for any
u € J"NS,, we can find a point § = §(u) € RY and a radial ground state
solution U such that

lu(z) = Uz = @)l|a <e. (34)

9



We argue by contradiction: if (34]) do not hold, we can construct a minimizing
sequence which not converge. At this point, given e, there exist a point
G = G(u) € RY and a radial ground state solution U such that

u(z) =U(x — §) +w and ||w||m < Ce. (35)
Now, we choose R such that
1
— U(x)dx < Ce (36)
0% JRNB(0,R)

for all U radial ground state solutions. This is possible because if U is a
minimizer for J constrained on S,, then there exists two constants C, R, not
depending on U such that

U(z) < Ce "l for |z| >> R.
By this fact we get the claim. O

We remark that, depending on the nonlinearity W, it is possible that the
minimizer of the constrained problem is not unique. Anyway, by Lemma [0l
R does not depend on the minimizer.

5 The case h small enough

We present now the main results contained in Ref. [4]. We recall some in-
equalities which are useful in the following. Let it be

u(zx) ==wv (%) .

:L‘ 2
lalf = [ o (55) do =% [ 0(©)*de = H* ol

We have

and

Jh(u)_/—\w|2+ — W (u)dz =

-l G )

pNB+2-28 2 N
:/7%@( )P+ BVEW (v (€)) dé =

=¥ [ SV ©F + W (0(9) dg = BV A(0),

10



We give now some results about the concentration property of the solu-
tions (¢, x) of the problem (). Given K > 0, h > 0, we put

' () = (0, ) = up(0, z)eh 5+ 02)
it ,0.5) = {7+ ) (5)

U is a minimizer of J constrained on So
U+ w||g2 = ||U||g2 = 0 and J(U + w) < m + Kh*

[|IVSL(0, z)||L~ < K for all h

. fRN V(x)u2 (0, z)dz < KhNF-20 J
Considering the set B,If as the admissible initial data set, we get

Theorem 7. Assume V € Ljy, and (I3). Fiz K >0, ¢ € RY. Let a > 0.
For all € > 0, there exists R > 0 and ho > 0 such that, for any ¥(t,x)
solution of () with initial data ¢(0,x) € BF with h < hg, and for any t,

there exists qn(t) € RN for which

1 / 5
—— [(t, z)|*de < e. (39)
(¢, )17 A
RN < B(gn (), RhP)
Here ¢,(t) depends on ¥(t,x).
We give the proof because it is simple and quite interesting.

Proof. By the conservation law, the energy FEj(1(t,z)) is constant with re-
spect to t. Then we have

Ep(y(t, ) = En((0,z))
= Jh(uh((),x))+/ u3 (0, 7)

RN

IV5,(0,2) 2
{f +V(2)| do

K
< Jp(up(0,2)) + Eathﬁ + KhNP
NP J (U + w) + ChNP

where C' is a suitable constant. Now, by rescaling, and using that ¢ (0, z) €
B,If’q, we obtain

Ey((t,z)) < AP J(U 4 w) + ChNP
< ANF(m 4+ Kh*) + CRN? (40)

= BYP7(m+ Kh* + Ch*) = KNP~ (m + h*Cy)

11



where C] is a suitable constant. Thus
Jh(uhn(tax)) = Eh(ﬁ’@@)) - G(w(tax)

= Bt - [ [F2EE v w o

RN
< WV (m 4 heCy) (41)

because V' > 0. By rescaling the inequality (41]) we get
J(un(t, hPz)) < m+h*Cy (42)
So, if @ > 0, for h small by a simple argument and Lemma [ we get the
claim. N

Roughly speaking we have that J, () & hV#~® and G () = h™VP and this
is the key of the proof.
To simplify in the following we take an initial data of the type

o(z) =U (33 h_ﬁq) v, (43)

where ¢, v are fixed. Obviously p(x) € B for some K.

5.1 Existence and dynamics of barycenter

We recall the definition of barycenter of 1
[ elotta)pas
qh(t) = RY .
| 1ot
RN

The barycenter is not well defined for all the functions ¢ € H*(RY). Thus
we need the following result:

Theorem 8. Let (t,z) be a global solution of (1) such that ¥(t,x) €
C(R, H*(RM)) N CY(R, L*(RN)) with initial data (0, ) such that

/ 1|0, ) Pdz < +oo.
RN

Then the map q,(t) : R — RN given by (74)) is C*(R,RY) and it holds
~Im (B fon (¢, 2)V(t, x)dz)

(44)

)= e o
o Jen V(@) V()P
W= e o

12



We have the following corollary

Corollary 9. Assume (Id) and the assumptions of the previous theorem;
then

/RN VV(x)|@/)(t,x)|2dx
T ko)

Gn(t) (47)

6 The final result

6.1 Barycenter and concentration point

We have two quantities which describe the properties of the travelling soliton:
the concentration point ¢ and the barycenter ¢. If we want to describe the
particle-like behavior of the soliton the concentration point ¢ seems to be
the natural indicator: it localize at any time ¢ the center of a ball which
contains the larger part of the soliton. Unfortunately we do not have any
control on the smoothness of ¢(¢) (indeed ¢ is nor uniquely defined). The
barycenter, at the contrary, for a very large class of solutions has the required
regularity, and the equation ([4T]) is very similar to the equation of the motion
we want to obtain. In this paragraph, we estimate the distance between the
concentration point and the barycenter of a solution (¢, x) for a potential
satisfying hypothesis (IH]) and (I7), say a confining potential.

The assumption (7)) is necessary if we want to identify the position of
the soliton with the barycenter. Let us see why. Consider a soliton ¢ (z) and
a perturbation

Ya(x) = P(x) + ¢ (x —d), de RY

Even if ¢ (z) < ¢(x), when d is very large, the “position” of i(z) and the
barycenter of ¢,(x) are far from each other. In Lemma [I2] we shall prove
that this situation cannot occur provided that (I7)) hold. In a paper [5] in
preparation, we give a more involved notion of barycenter of the soliton and
we will be able to consider other situations.

Hereafter, fixed K > 0, we assume that (¢, x) is a global solution of
the Schroedinger equation (Il), ¥ (¢,z) € C(R, H') N CY(R, H~'), with initial
data (0,2) € BE with BE given by ([B8). We start with some technical
lemma.

Lemma 10. There exists a constant L > 0 such that

1

0 S hN672a

/ V(2)ui(t,r)de < L WVt € R.
RN

13



The proof follows by estimating the energy.

Lemma 11. There exists a constant Ky such that
lgn(t)| < K fort € R.

The proof follows by Lemma [I0l and by (7). Furthermore, we can choose

Ry such that
/ u (t, x)dx
|z[>R2

/ u (t, x)dw
RN

Lemma 12. Given 0 < ¢ < 1/2, and Ry as in the previous lemma.
We get

<

N | —

1. Sup;eg |Gn(t)] < Ry + R(e)h® < Ry +1, for all h < h and 6 < & small
enough.

2. SUPep ’qh(t) — cjh(t)’ < 2L + 3Rse + R(e)hP, for any Ry > Ry, and

o2RA™1
for all h small enough. ’

The hardest part of the proof is the estimate of

7 — URN\B(O,RS) (= gn(t)) up(t, z)dx
b Jon wi(t, x)dx

Using (7)) and the previous estimates we can conclude.
We notice that Ry, Ry and R3 defined in this section do not depend on €.

6.2 Equation of the travelling soliton

We prove that the barycenter dynamics is approximatively that of a point
particle moving under the effect of an external potential V' (z).

Theorem 13. Assume (i)-(iv). Given K > 0, let ¢(t,z) € C(R,H?) N
CHR, H') be a global solution of equation (), with initial data in B, h <
hg. Then we have

Gn(t) + V'V (an(t)) = Hp(t) (48)

with ||Hp(t)||L~ goes to zero when h goes to zero.

14



Proof. We know by Theorem [§, that

VV (z)ui(t, z)dw
G (t) + 22X =0 (49)

/ up (t, z)dx
RN

Hence we have to estimate the function

eIV - TV a0l 0 )
fRN u%(t,x)dm .

Hy(t) = [VV(qn(t)) — VV(qn(t))

(50)
By Lemma [I1] and Lemma [[2] we get
R V()| .
VV(@®) - V)| < max O g (t) - ant)] <
ii=1,....N Ox;0x;
7] < K1+ Ry +1
3L .
8
< M [Wg_l +3R35+R(8)h :| s

for any R3 > Ry and some M > 0.

To estimate
Jen [VV (@) = VV (4 (t))]uj (t, x)da

Jan w(t, z)dx
we split the integral three parts.

fB((jh(t),R(s)hﬂ) VV(z) — VV(‘jh(t))‘ui%(ta x)daz'

L 7
1 Jaw wi(t, v)dz
fRN\B(qh(t),R(e)hﬁ) IVV (@) |uj (¢, x)dx
Ly = 2 ;
IRN ui (t,x)dx
I fRN\B(qh(t),R(e)hﬁ) |VV(@h(t))|Ui(t> z)dz
3 = )

f]RN u? (t,z)dx

By the Theorem [7] and by Lemma [I2] we have L3 < Me.
We have also
Li <Ki+Ry+ 1. (51)

Using hypothesis (I6]) we have

I b
L2 S Me + |:—2:| 51_b, (52)
o

15



where b € (0, 1) is defined in (I6). Concluding we have

H,(t)| < ——
H0] < e

3LM L .
[—2] 70 4 M(2 + 3R3)e + 2MR(e)h°. (53)
o

At this point we can have sup, |Hp(t)| arbitrarily small choosing firstly R

sufficiently large, secondly ¢ sufficiently small, and finally A small enough.[]

Corollary 14. Let (t,z) € C(R, H?) N CY(R, H') be a global solution of
equation (), with initial data o(z) = U(%22)ewV ™ where U is a radial min-
imizer of J on So, qo € RY, v € RY, and h < hy. Then the barycenter q
satisfies the following Cauchy problem

Proof. The initial data belongs to BX for some K. We apply the previous
results to obtain the equation for §. The initial data ¢(0) and ¢(0) are derived
with a direct calculation. [J

7 The swarm interpretation

In this section we present a different point of view on our problem. Although
this approach is non rigorous, it provides some physical intuitions which
are inspiring for a better understanding of the general framework. We will
suppose that the soliton is composed by a swarm of particles which follow
the laws of classical dynamics given by the Hamilton-Jacobi equation. This
interpretation will permit us to give an heuristic proof of the main result.

First of all let us write NSE with the usual physical constants m and h:

0 h? 1
iﬁa—zf = —%Aw + §Wf'i(1/1) + V(x)1.

Here m has the dimension of mass and h, the Plank constant, has the di-
mension of action.

In this case equations (23)) and (24) become:

% 1 1 )
- %Au + §Wh(u) + (@S + I |[VS|” + V(x)) u = 0; (54)

O (u?) + V- (ﬁ%s) =0. (55)

16



The second equation allows us to interpret the matter field to be a fluid
composed by particles whose density is given by

py = u?

and which move in the velocity field

_vs

56
v=—" (56)
So equation (B5) becomes the continuity equation:
Opr+ V- (puv) = 0.

If

Bt 2wy < (57)

5 AUt SWilu u,
equation (54) can be approximated by the eikonal equation

1
08 + 5 IVS]> + V(z) = 0. (58)

This is the Hamilton-Jacobi equation of a particle of mass m in a potential
field V.
If we do not assume (57)), equation (58] needs to be replaced by

1 ) B
05 + 5~ [VSP +V +Q(u) = 0 (59)
with 2 A w

The term Q(u) can be regarded as a field describing a sort of interaction
between particles.

Given a solution S(¢,z) of the Hamilton-Jacobi equation, the motion of
the particles is determined by Eq.(56]).

7.1 An heuristic proof

In this section we present an heuristic proof of the main result. This proof
is not at all rigorous, but it helps to understand the underlying Physics.

If we interpret py = u? as the density of particles then

17



is the total number of particles. By (B9), each of these particle moves as a
classical particle of mass m and hence, we can apply to the laws of classical
dynamics. In particular the center of mass defined in (5l) takes the following
form:

o) [ xmpydzr [ xpydzx

e [ mpydx [ pudx

The motion of the barycenter is not affected by the interaction between

particles (namely by the term (59)), but only by the external forces, namely

by VV. Thus the global external force acting on the swarm of particles is
given by

(60)

F = —/VV(x)pHd:L’. (61)

Thus the motion of the center of mass ¢ follows the Newton law
F = Mg, (62)

where M = [ mpydx is the total mass of the swarm; thus by (60), (1) and

B, we et
S VVppde [ VViida

J4) — _ .
att) m [ pudx m [ u?dx
If we assume that the u(t,z) and hence py/(t,z) is concentrated in the
point ¢(t), we have that

/ VVulde = VV (q(t)) / wlda

and so, we get
mi(t) = =VV (q(t)) .

Notice that the equation mg(t) = —VV (¢q(¢)) is the Newtonian form of
the Hamilton-Jacobi equation (58)).
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