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Abstract

For two solutions of the WDV'V equations that are related by the
inversion symmetry, we show that the associated principal hierarchies
of integrable systems are related by a reciprocal transformation, and
the tau functions of the hierarchies are related by a Legendre type
transformation. We also consider relationships between the Virasoro
constraints and the topological deformations of the principal hierar-
chies.

Introduction

The Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations, which arise in
the study of 2D topological field theory (TFT) in the beginning of 90’s of
the last century, are given by the following system of PDEs for an analytic
function F' = F(v!, ... v"):

i) The variable v! is specified so that

PF

Nag = T = constant, det(n.5) # 0;

ii) The functions ¢, := n*c,p, with

PF
Cafy avaavﬁav,y ) (77 ) (naﬁ)

(1.1)

(1.2)
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yield the structure constants of an associative algebra for any fixed

v= (v} ...,0"), ie, they satisfy
cgﬁciﬂ/ = cj\/ﬁcf\a, for any 1 < a, B,7v,v < n. (1.3)

Here and in what follows summation with respect to repeated upper
and lower indices is assumed.

In [6] [7] Dubrovin formulated the WDVV equations with an additional quasi-
homogeneity condition on F', we will recall this condition in Sec. M and
call a solution of (LI)—(L3]) satisfying the quasi-homogeneous condition a
conformal solution of the WDVV equations. These equations together with
the quasi-homogeneity condition are satisfied by the primary free energy
F of the matter sector of a 2D TFT with n primary fields as a function
of the coupling constants [3, 4, B0]. In [0 [7] Dubrovin reformulated these
equations in a coordinate free form by introducing the notion of Frobenius
manifold structure on the space of the parameters v',...,v" and revealed
significantly rich geometric structures of the WDVV equations, which have
become important in the study of several different areas of mathematical
research, including the theory of Gromov - Witten invariants, singularity
theory and nonlinear integrable systems, see [7), 1Tl 12, 4] and references
therein. In particular, such geometrical structures enable one to associate a
solution of the WDVV equations with a hierarchy of bihamiltonian integrable
systems of hydrodynamic type which is called the principal hierarchy in [14].
This hierarchy of integrable systems plays important role in the procedure
of reconstructing a 2D TFT from its primary free energy as a solution of the
WDVYV equations. In this construction, the tau function that corresponds
to a particular solution of the principal hierarchy serves as the genus zero
partition function, and the full genera partition function of the 2D TFT is
a particular tau function of an integrable hierarchy of evolutionary PDEs
of KdV type which is certain deformation of the principal hierarchy, such a
deformation of the principal hierarchy is call the topological deformation [14].

In this paper we are to interpret certain discrete symmetry of the WDVV
equations in term of the associated principal hierarchy and its tau function.
The discrete symmetry we consider here was given by Dubrovin in Appendix
B of [7] and is called the inversion symmetry. This symmetry is obtained
from a special Schlesinger transformation of the system of linear ODEs with
rational coefficients associated to the deformed flat connection of the Frobe-
nius manifolds (see Remark 4.2 of [§] for details). It turns out that in terms
of the principal hierarchy and its tau function the inversion symmetry has a
simple interpretation. On the principal hierarchy it acts as certain recipro-
cal transformation, and on the associated tau function it acts as a Legendre



type transformation. In Appendix B of [7] there is given another class of dis-
crete symmetries of the WDV'V equations which are called the Legendre-type
transformations, the relation of such symmetries with the principal hierar-
chy and its tau function is given in [I4]. Besides these discrete symmetries,
the WDVV equations also possess continuous symmetries whose Lie algebra
of infinitesimal generators (without the quasi-homogeneity condition) was
studied in [2, 21], [T6], 19} 20].
Recall [7] that a symmetry of the WDVV equations is given by a trans-
formation
VY 0%, Tag = Tag,  F o F (1.4)

that preserves the WDVV equations. The inversion symmetry given in [7]
has the following form:

,ﬁl — 1 naﬁvavﬁ @l — ,Ui : 1
2 N N n (1.5>

X ) . 1 )
s = s F(8) = (") 2<F<v> Lyt )

Here we assume that 7;; = 0 and the coordinates v!, ... v™ are normalized
such that the constants 1,z take the values

Nap = 5a+[3,n+1- (16)

This can always be achieved by performing an invertible linear transformation
n n )
vllﬁﬁlzvlewal, v]»—H?]:Zagvz (j=2,...,n),
=2 =2

where b;,al € C. We call the solution F(¢) of the WDVV equations (II)-
(T3) the inversion of the solution F(v).

We arrange the content of the paper as follows. We first recall in Sec.
the definition of the principal hierarchy and its tau functions associated
to a calibrated solution of the WDVV equations. We then show in Sec.
that the action of the inversion symmetry of the WDVV equations on prin-
cipal hierarchies is given by certain reciprocal transformation, and we give
the transformation rule of the associated tau functions, see Propositions 3.2
and In Sec. M we impose the conformal condition on the solution of
the WDVV equations and consider the transformation rule of the inversion
symmetry on principal hierarchies and their bihamiltonian structures. These
results will be used when we study the topological deformations of princi-
pal hierarchies. In Sec. [l we consider transformation rule of the Virasoro



constraints for tau functions of a principal hierarchy. In Sec. [@l we consider
the action of the inversion symmetry on the topological deformations of the
principal hierarchies and their tau functions.

The present paper is a rewritten of an early preprint [28]. We omit
the content on the type I symmetries of the WDVV equations, and refine
presentations of the results there. The main new content is the proof of
Conjecture 6.1 of [28§].

2 Calibrations, Principal Hierarchies, and
Tau Functions

The notion of calibrations of a solution of the WDVV equations (or a Frobe-
nius manifold) corresponds to the choice of a system of deformed flat coor-
dinates on a Frobenius manifold [7], it was first introduced in [I§] and then
modified in [2]. In what follows we use the modified one.

Definition 2.1 Let F(v) be a solution of the WDV'V equations, a family of
functions
{Oap(v) |a=1,....n; p=0,1,2,...}

is called a calibration of F'(v), if their generating functions

Ba(2) = Y Oap(v)”

p=>0

satisfy the equations
00050, (2) = 2¢)30,0,(2), On=——, a,B,v=1,...,n, (2.1)

and the normalization conditions

00(0) = Vo 1= N0’ (2.2)

0u(2) 1 0,85(—2) = 1ap (23)
OF

01 (v) = EIh (2.4)

0100(2) = 20,(2) + Mia- (2.5)

The solution F(v) together with a calibration {0, ,(v)} is called a calibrated
solution of the WDV'V equations.



Let (F(v), {fa,(v)}) be a calibrated solution of the WDVV equations, we
introduce a hierarchy of evolutionary PDEs of hydrodynamic type:

ovY o (00
= gf = [ Zentl =1,... > 0. 2.6
ata7p ,'7 837 < avﬁ ) Y &77 Y 7n7 p — ( )
It is easy to see that
o o
oo oz’

so in what follows we identify t'° with z. By using the WDVV equations
one can prove the following results:

i) Each flow 0,, possesses a Hamiltonian formulism with the Hamil-

tonian operator P, = (P™) = 5°f9, and Hamiltonian H, [v] =
J bapr1(v) da;
ii) {Hap, Hpq}1 =0, where { , }; is the Poisson bracket defined by Py
OH, .5 (0H,
Hy, Hypy = P —= | du; 2.
(b = [ S0 (5 27)

iii) Denote by d,, := 52, then 9s40u.,(V) = Oapblp.q(v).

atep
The second property ii) also implies
[Oaps 05,4l =0, OapHpqg =0,
which are easy corollaries of the properties of Poisson brackets.

Definition 2.2 The hierarchy ([28) of integrable evolutionary PDEs is called
the principal hierarchy associated to the calibration {0, ,(v)}.

Remark 2.3 The notion of principal hierarchy was introduced in [Tj)] for
Frobenius manifolds associated to conformal solutions of the WDVV equa-
tions, in this case calibrations are given by the deformed flat coordinates of
the Frobenius manifolds [7], see Sec. [{] below.

Now we are to define tau functions of the principal hierarchy as it is done
in [7, 14]. First we recall the definition [7] of the family of functions

{Qam;ﬁ,q(v) la,0=1,...,n; p,g=0,1,2,...}
by the following generating functions

S (o) 7t — a2 0500) ~ g
a,p;P,q :

Z 4w
,q=>0 +

(2.8)



Then one can prove that

Qa,p;ﬁ,q = Qﬁ,q;a,pv a%stp;B,q = 8a,pQ%S;B,qv (2-9)

which imply that if v*(¢) is a solution of the principal hierarchy associated
to certain calibration, then there exists a function f(¢) such that

Qapip,q(V(t) = Oap0s,4f (1)-
In particular, we have 0, ,(v(t)) = Q1.0.0p(V(t)) = 01,004, f(1).

Definition 2.4 Let (F(v),{0a.,(v)}) be a calibrated solution of the WDVV
equations, {O0np} be the associated principal hierarchy. A function T(t) is
called a tau function of the principal hierarchy if

Qo pi,q(V(1)) = OapOp,qlog 7(1), (2.10)
where v (t) = NPy 400 log ().

Note that if 7(¢) is a tau function of the principal hierarchy, then v*(t) =
n*P01,00p,0log 7(t) is a solution of the principal hierarchy. Indeed, by using
the property of the following property of the functions Q4 .5, [7]

09a,p 8957(] oA oA

OeQappa = 3 F G acd s @ =75 (2.11)
we have
ov*(t
6t5<7q) = 1*701,00,,00p,410g T(t) = 0701082 0,5,4(v(t))
(64 aQ 70;57 (0% 8967
= 0" () = M5 Sl (t)
a9 %

=T ovY

On the other hand, the above argument shows that a solution of the principal
hierarchy also defines a tau function.

3 The Actions of the Inversion Symmetry

In this section, we study the actions of the inversion symmetry on calibra-
tions, principal hierarchies, and tau functions of a solution of the WDVV

equations. We fix a pair of solutions F'(v), ﬁ’(v) of the WDVV equations
that are related by the transformation (LI).

6



Proposition 3.1 Let {6,,(v)} be a calibration of F(v), then the following

functions

A 1 A 0, p—1(v

01 0(0) = - b1 ,(0) = —7”’071( ), p>1,

A 0.

9z,p<@)=%ff)), 2<i<n-—1,p>0, (3.1)

give a calibration {0q,(0)} of F(0).
Proof It was shown in [7] that

305 A o v
OF@) _ vn)—ZaiaiaL%W(v).

Capn(0) = 5rcaiier = 9% 00F OO

~

One can also prove that

OvH OvH 0t
TR L AL T

v 900 00°00

o008
By using these identities, the proposition is proved straightforwardly. O

Proposition 3.2 Let {0,,} be the principal hierarchy associated to a cali-
bration {0,,(v)} of F(v). Introduce the following reciprocal transformation

di = Oa,(v)dt™?, (3.2)
a=1 p>0
tAl,p — _tn,pfl

¢ho p>1,

frop — Lptl (p > 0)’ Fop — ti,p’ 2<i<mn, p>0,

~
_'Ta I

(3.3)

and denote Oy = ai%’ then we have

aéa,p-ﬁ-l(@) _
(T 9 Oé,ﬁ—l,...,'ﬂ,pz(), <34)

e
8}) _ 775’7 0
oter 0%

i.e. {Oap} is the principal hierarchy of F(0) with calibration {0q,(v)}.



Proof From the definition of the reciprocal transformation we have

6 _19
0% om0z’
Aa - - a + 0n7p_1(v)ga p Z 17

ott-p otmr—1 o Ox (3.5)
0 _ 90 90y iy b0 |
— = — — — 1<n

otie  Otwp vt Oz’ =t=mp=t
0 0 b d

otnp  Othrtl v Ox

The proposition can be proved by direct calculation. (]

Proposition 3.3 Let 7(t) be a tau function of the principal hierarchy asso-
ciated to a calibration {0,,(v)} of F(v). Define

Olog 7(t)

log 7(1) =1 t) —
og7(t) =log7(t) — x e

(3.6)

then 7(t) is a tau function of the principal hierarchy associated to {éa,p(f})}.

Proof By definition the functions €, .5.,(?) are given by (Z8) in terms of
the functions {6, ,(0)}. From the relation (LH), (1) it follows that
A R 151
Qo pig(0) =(=1)" % (Qarg(n1)5(0).p— ()55 (n—1)6(8).g—0(5) (V)
1

= o a1 p-50) (V) O 0-1)5(8).4-5(60) (v)) o (37)
where §(a) = 6} — 07, and we assume that 6, 1 =1, Qupn 1= _1.5,=0
when (a, p), (8,q) # (1,0). Then one can verify, by using (LH), (31) and
2.10), that A o

Qapi.q(0(t)) = Oap0p,q10g (1),

where 9%(f) = n*#9, 95, log 7(). The proposition is proved. O
Let 7(¢) be a tau function of a principal hierarchy, then the reciprocal
transformation (8.2]) can be written as

dz =d (% log T(t)) :
It follows that up to the addition of a constant we have

0
r=—1 . .
T 5 og 7(t) (3.8)



The constant can be absorbed by a translation of Z in the definition of the
reciprocal transformation, so we will assume from now on the validity of
(B8). Thus in terms of a given tau function, the reciprocal transformation

B2), B3) can be represented by (B3), (3:6]) and (B.8).
We note that the inverse of the transformation (33), (B.8)), (3:0]) is given

by (B3]) and

0 . . L Olog7(t)
T=—a log7(t), logT(t)=1log7(t)— T

(3.9)

They are transformations of Legendre type.

4 Conformal Case

In this section we are to include the quasi-homogeneity condition into the
WDVYV equations as it is formulated in [7].

Definition 4.1 A solution F(v) of the WDV'V equations is called conformal
if there exists a vector field E, called the Fuler vector field, of the form

E= Z (qgvﬁ + ro‘) Oas qg,7" €C,
a=1
and some constants d, A,p, Ba,C € C such that
1
E(F)=(3—d)F + EAaﬁv%ﬁ + Byv™ + C.

It is often assumed that the matrix @ = (¢§) is diagnolizable and ¢ = 1.
The coordinates v!,...,v" are normalized so that

E = Z (dov™ 4+7%) 0, dy =1,
a=1

and r* = 0 if d, # 0. In this paper, we assume that
rl=...=¢r"=0.

This assumption ensures that the solution F (0) of the WDVV equations
obtained from F(v) by the action of the inversion symmetry also has a diag-
nolizable Euler vector field, while this is not always true without the above



assumption, see [7] and Lemma Then the Euler vector field can be
written in the following form:

- d d
E=Z(1‘§‘“a) Ve =y
a=1

where the constants d and {u,} are called the charge and the spectum of
F(v) respectively [1].

Note that the WDVV equations only involve the third order derivatives
of F(v), so we can add certain quadratic functions of v!,... v" to F(v) such
that the constants A,g, B,, C satisfy the following normalizing conditions

Aap # 0 only if pio + pg = —1,
Basé()onlyif,ua:g—l
C #0onlyif d = 3.

Further more, our assumption on 7;; and r implies that

The following lemma is proved in [7].

Lemma 4.2 ([7]) Let F'(v) be a conformal solution of the WDV'V equations
with charge d and spectrum {u,}, and F(0) be its inversion, then F(9) is
also conformal, whose charge d and spectrum {fi,} read

A~

d=2—d, u=pin—1, fly=m+1, g =p; (2<i<n-1). (4.1)

Definition 4.3 Let F(v) be a conformal solution of the WDV'V equations
with spectrum {pa}, a calibration {6,,(v)} is called conformal if there exist
constant matrices Ry, Rs, ... such that

E (050a,(v)) = (0 + fta + 115) Osbap(v) + Y 0pb:pi(v) (BT, (4.2)

and

(Ri)g # 0 only if jia — pg = k, (4.3)
Ty (1) + (=1)" 15, (R1)3, = 0.

10



The property (A3]) implies that there is only finitely many nonzero matri-
ces Rj. These matrices and the metric (7,3), the spectrum {yu,} form a
representative of the monodromy data of F(v) at z = 0, and

Vo (2) = ZQW,(U) (z“zR)l, a=1,...,n
p=>0

form a system of flat coordinates for the deformed flat connection of the
Frobenius manifold associated to the conformal solution F' of the WDVV
equations. Here R = Ry + Ry + ... and pu = diag(uq, ..., iy). See [7, 8] for
details.

Proposition 4.4 Let (F(v),{0a,(v)}) be a calibrated conformal solution of
the WDV'V equations, then the calibration {8,,(0)} of F(0) is also conformal.

Proof We only need to compute E <§Béa7p(@)> , then the matrices Ry, R, . ..
for F(9) can be obtained

D o _ 5§45 o+ (n—1)6(a) o
(Ri)g = (=1)7% (Rk+5(a)75(5)))5+(n71)5(5) , k=1,2,....

The proposition is proved. 0

The principal hierarchy associated to a conformal calibtation has a very
important additional structure — the bihamiltonian structure. We already
know from Sec. [2that the principal hierarchy has one Hamiltonian structure
P;. When the calibrated solution (F(v), {0.,(v)}) is conformal, we have the
following results.

Lemma 4.5 ([7]) Define a matriz differential operator Py = (P§”), where
PP = g*(v), + T2%(v) v}, (4.5)
570 = (15 i ) ), 150 = (5 00 40

then Py is a Hamiltonian operator which is compatible with Py. Furthermore,
for any conformal calibration {0, ,(v)} of F(v), we have

Cottupeida = (04 o+ 5 ) ©Hughi £ 30 (0L Hapeids (4)
k=0

where { , }o is the Poisson bracket defined by P», see (2.1).

It has been shown in Proposition that the inversion symmetry pre-
serves the first Hamiltonian structure P;, then it is natural to ask: does it
also preserve the second Hamiltonian structure P,?

11
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Proposition 4.6 Let F(v), F(0) be a pair of solutions of the WDVV equa-
tions that are related by the inversion symmetry, and P;, P; (i = 1,2) be the

corresponding Hamiltonian structures. Denote by ® the reciprocal transfor-
mation [B2) and [B3), then we have

(I)<P1):p17 (I)(PQ):PQ

We note that the action of reciprocal transformations of the form (B.2)
and ([B3) on evolutionary PDEs of hydrodynamic type and their Hamilto-
nian structures of the form (H]) was first investigated by Ferapontov and
Pavlov in [I7]. After the action of a reciprocal transformation a Hamilto-
nian operator of the form (4.I) becomes nonlocal in general, the nonlocal
Hamiltonian operator is given by a differential operator of the form (4.3
plus an integral operator, in this case the metric (¢*%) is no longer flat. In
[Tl Abenda considered the conditions under which such a reciprocal transfor-
mation preserves the locality of a Hamiltonian structures of hydrodynamic
type. In [23] we studied a general class of nonlocal Hamiltonian structures in
terms of infinite dimensional Jacobi structures and gave the transformation
rule of such Hamiltonian structures under certain reciprocal transformations,
a criterion on whether a reciprocal transformation preserves the locality of a
Hamiltonian structure was also given in [23].

Proof of Proposition[{.f] According to the general results of [23] (c.f. [I7]),
O(P;) (i = 1,2) are Jacobi structures of hydrodynamic type. To prove the
proposition, one need to show that they are both local, and their metrics
coincide with the ones of P; (i = 1,2).

The locality problem is well studied in Sec. 3.2 of [23]. We now give the
proof of the locality of ®(P;) by using the criterion given in [23]. The proof
of locality for ®(P) is easier and we omit it here.

Let us denote A = [ v" dz. We first need to show that

[P, A] =0, (4.8)
which is equivalent to say that there exists a constant ¢ such that
V'V (v") = ¢4},

where V is the Levi-Civita connection of the metric (go5) = (9%°)~1 (see
([@T)). By a straightforward calculation one can obtain that ¢ = 15¢, thus

(L8] holds true.
We then need to compute the nonlocal charge z( P, v™) defined in [23] by

1
Z(Pp,v") = 5go‘ﬁva(U”)Vg(v") —co™. (4.9)

12



It is equal to

This fact together with (4.8) implies the locality of ®(P,), see Theorem 3.2.4
of [23].

Next, we need to show the coincidence of the metrics of ®(P;) and of P,
t = 1,2, this follows from the following identities

(V") 2o d6°d0° = 1o dv™do”,
(0")2Gap(0) d0°dD” = gas(v) dv*dv”,

and the transformation rule of the metrics of hydrodynamic Jacobi structures
[T, 23]. The proposition is proved. O

5 Virasoro Constraints of the Tau Functions

There is an important class of solutions of the principal hierarchy (2.6) which
can be obtained by solving the following system of equations [7, 14]:

0 004,
Ztmp@’ié)’y(v) =0, v=1,...,n, (51)

where %P = t%P — %P and P are some constants which are assumed to be
zero except for finitely many of them. These constants are required to satisfy
the genericity conditions that there exist constants v, ..., v} such that

Z Ca7p8’yea7p(v)|vivo = Oa

and the matrix

(A7) = (D P70, 0ap(v0))

a7p

is invertible. Here 0, = a% and 07 = ), n°¢d. One can obtain in this

way a dense subset of the set of analytic monotone solutions of the principal
hierarchy (2.6]), see Sec. 3.6.4 of [14] for details. The tau function for the

solution v!(t),...,v"™(t) satisfying (G1)) can be chosen to be

1 o >
logr(t) =5 > 1787 Qg o (v(1)). (5.2)

a,B,p,q

The validity of the defining relation (ZI0) follows from (5.]) and the identity
(Z11)) for the functions Q4 5.4

13



Proposition 5.1 Let v(t) = (v'(¢),...,v"(¢ ) be a solution of the principal
hierarchy (2.6) given by (B.1), and v(t ) = (0Y(t),...,0™(1)) be the solution of
the principal hierarchy B.4) defined via (L), (Iﬂl), (BEI) Then ©(t) satisfies

the equations )
2, 0004,(V)
ap TGP —
E t 950 =0, v=1,...,n, (5.3)

where t4P = %P — %P with

61’0 _ O, él,p+1 — _Cn,p

. EP =P P = chptl

fori#1,n, p>0, and émp are defined in B1)). The associated tau function

. 1 Tz, A .
log 7(f) = 5 D AP Qg (6(1)) (5.4)

.B3,p.q
satisfies (3.0)).

Proof To prove the validity of (5.3]) let us consider the case when 7 = n,
the proof for other cases is similar. By using (L3), (8] and (33) we have

0,
Zt v 8,:71
x 0\ -
:Zta’p (—5 Z Ug a a1 + Z " % + ) %) eoz,p
o#l,n o#l,n
= g 2 et Zt”‘” SIS I
v o#l,n o#ln a,p

+,U Ztap C‘lp Ztapeap+t10 ALO

- . 81
== e, + 110 = — ggT +i=0.

X

a7p

Here we used the relation (B8] and the fact that

Odlog 7(t N N
VBT _ St — )0 (0(0) (5.5)
ap
which follows from (ZI1]), (5I) and (5.2)). The validity of the relation (B.6])
follows from [B3)), B1), (52)) and (E3). The proposition is proved. O

14



In the case when the solution F'(v) of the WDVV equations is conformal,
the tau function (5.2)) satisfies the Virasoro constraints [13] 15, 24]

aavp;@q@logT dlog T y ~p0logT . Z o qepiia_
m oter  Otha mia,p otBa m;a,p;B,q )
(5.6)
where m > —1, and the coefficients that appear in the above expressions
are some constants determined by the monodromy data of the Frobenius
manifold of F'(v), they define a set of linear differential operators

2
9 B, poup 9

— a,p;B,q
L, = Z Qpy EN LY + Oty pren
+ Z Cm;avp;ﬁ,qta’ptﬁ’q + 0o c (5.7)

which give a representation of the half branch of the Virasoro algebra

i3 — i

[Li, Lj] = (¢ = j) Lisj + n—gOitj0,  GJ =1L (5.8)

The first two Virasoro operators have the expressions

0 1
— a,p _ OC,O ﬁ,O
L= 2 :t Otap—1 + 9 Tagt™ 87
p=1

1 %) . 9
— a7 /B a7
LO - E (p + 5 + ,ua)t p@ta,P + § E (Rr)at p8t67p_r

p>0 p>1 r=1

1 1 1
b3 X0 i1 Y (F-2). 69

,q=>0

See [14], T3] for the explicit expressions of L,,,m > 2. From Proposition 1]
it follows that the tau function of the principal hierarchy (B.4]) obtained from
the tau function (5.2)) of (2] via the action of the inversion symmetry of
the WDVV equations satisfies the Virasoro constraints

5,0logT 0log T ~ x,.,0log T z o=
A oupiB.g 8,9  jo,p A a,piB,q _
U Ofar OB + Ormson,p 9784 + § :Cm;a,p;ﬁvqt t 0
(5.10)

associated to the solution F'(9) of the WDVV equations.

15



6 The Topological Deformations

The principal hierarchy (Z.6]) possesses the following Virasoro symmetries

[13]
1 or Ot 4 or

or o
— PiBq a,p a,p4B.q
Ds. Ay - Otep Otha mia,pt Otb-a + E :Cm;a,p;ﬁ,qt T,

(6.1)

where m > —1. Note that these symmetries are nonlinear in 7.

It is proved in [14] that, for a calibrated semisimple conformal solution
F(v) of the WDVYV equations, there exists a unique deformation of the prin-
cipal hierarchy such that

e The deformed hierarchy possesses tau functions;

e The Virasoro symmetries (61)) is deformed to the following one

or
0S,

which is linear in 7.

=L,m, m=-1,01,....

The tau function of the deformed hierarchy that is specified by the Vira-
soro constraints

Lm‘ta,pﬁta,pf(siazslf T(t) = O, m = —1, 0, 17 e

corresponds to the partition function of a 2D TFT if the solution F'(v) of the
WDVV equations is given by the primary free energy of the matter sector
of the 2D TFT. Such a deformation of the principal hierarchy is called the
topological deformation, it has the form

8w = 770{7833 (M) + Z 829K§7‘]§g<w; Wy - - - 7w(2g+1))' <62>

/37 o
otP ow” =t
Here o, 8 = 1,...,n, K§ ., are differential polynomials of wt, .. w e
polynomials of the z-derivatives of w!,...,w" whose coefficients depend
smoothly on w!, ..., w™.

In this section, we will study the relation between the topological defor-
mations of the principal hierarchies of calibrated conformal solutions of the
WDVV equations that are related by the inversion symmetry.

We redenote the Hamiltonian structures P;, { , }i, Hap, - .. of the prin-
cipal hierarchy (2.6]) that appeare in the previous sections by PZ-[O}, {, }go}’
H&%, ... respectively. Then the topological deformation (G.2]) of the principal
hierarchy also possesses a Hamiltonian structure given by the following data:

16



i) A Hamiltonian operator P; with leading term Pl[o}

Pl:P1[0]+62P1[1}+64P1[2]+_,_7

where Pl[k] (k > 1) are matrix differential operators whose coefficients
are differential polynomials of w!, ..., w"™ with deg Pl[k] =2k +1;

ii) A set of differential polynomials {h,,(w, wy,...)} of the form
hop(W, Wy, ... ) = Ogp(w)+e* AL LW, Wy, wyy) +e€* h[2 (W, Wy )
where h([fz ]p (k > 1) are differential polynomials of degree 2k.

They define respectively the deformed Poisson bracket

0H, 0H,
(b = [ e (5

and the deformed Hamiltonians

)dZL'_{Hl,HQ }*|>€2 {Hl,HQ}[ll}‘I“

H,p= / hapeide = H + & HY +

In particular, the densities h, are given by (c.f. (2.2))
hao = Neyw?, o, =1,... n.
Then the deformed hierarchy (6.1]) has the expression

ow” 0H,
ata,p :{wﬁ’Ha7p}1:P16’Y ,;pu 04,6:1,...,77,, pZO

ow

We also denote 0,, = This hierarchy has the following properties:

8t0‘ P’

1) a1,0 = 8a:a
ii) {Ha,pv Hﬁ,q}l =0, {Haﬁlv '}1 =0, aa,pHﬁ,q =0, [aa,pv 85761] =0;
111) 8a,ph57q = 6ﬁ,qha,p;

The property iii), which is called the tau symmetry condition, implies that for
any pair of indices («,p), (8, ¢) there exists a differential polynomial Q, .5,
such that

Qapipg = al + QL)

a,p;B.q

amQa7p567q = 8a7ph67q'

apiBg ...’

17



They are related to the tau function of the topological deformation of the
principal hierarchy by

Qavl’;@ll(w(t)a wa&(t)a cee ) = 528@4;857,1 log T(t)

where w®(t) = €20 0050 logT(t). It follows from the definition of tau
function 71%(¢) for the principal hierarchy that

F(t) = e *Folt) + Fi(t) + Fa(t) + - - -, (6.3)

where the free energy F(t) = log7(t), Fo(t) = log 71%(t).

The topological deformation of the principal hierarchy is constructed in
[T4] by using the fact that the free energy F(t) can be determined by the
requirement, of the linearization of the Virasoro symemtries via the genus
zero free energy JFy. Namely, it can be represented in the form

F(t)=logT =€ *Fo(t) + AF (v, 0y, . ..)|pop(s)- (6.4)
Here
AF = Fi(v,v,) + EF(v, ..., oW) 4o £ @72F (v, ..., 0®72) 4 ...
with the functions F, determined by the loop equation give in [I4], and

N oy P Fo(t
v (t):n“/axa?ji’g, a=1,...,n

satisfy the principal hierarchy. The topological deformation of the principal
hierarchy is then obtained by the following coordinates transformation

w® = v® + 6277a681708570AF. (65)

This transformations is a particular quasi-Miura transformation. In general,
a quasi-Miura transformation will transform objects (like Hamiltonian, vector
field, Hamiltonian structures, ...) with differential polynomial coefficients
to objects with coefficients being rational functions of the jet variables. In
[14] the above mentioned Hamiltonian structure of the deformed hierarchy is
obtained from the first Hamiltonian structure of the principal hierarchy via
the quasi-Miura transformation (6.5). A proof of the polynomiality of the
topological deformation of the principal hierarchy and of the Hamiltonian
operator P;, the densities h,, of the Hamiltonians are given in [26]. For
the second Hamiltonian structure of the principal hierarchy, the following
conjecture is given in [14].

18



Conjecture 6.1 ([14]) The quasi-Miura transformation (G3) transforms
the second Hamiltonian structure PQ[O] of the principal hierarchy to a Hamil-
tonian structure Py with differential polynomial coefficients.

We assume its validity in the remaining part of the present section, and call
the bihamiltonian structure (P;, P») that is induced from (Pl[o}, PQ[Oj) via the
quasi-Miura transformation (6.5) the topological deformation of the bihamil-
tonian structure (Pl[o}, PQ[O]).

Let (F(v), {fap(v)}) and (F(2), {0,,(0)}) be two fixed calibrated confor-
mal solutions of the WDVV equations which are related by the inversion
symmetry, and denote the topological deformations of the corresponding
principal hierarchies by

6H, A ~os [ 0H
B _ poB a,p ~B _ pap a,p
Onpw” = P} <—5w5 ) , Oap0” = P ( g )

respectively. Introduce the following reciprocal transformation ®:

n

A =) > hepdt™?, (6.6)

a=1p>0
PO 0=l p>1,

. - ‘ 6.7
tP =Pt (p > 0), P =t 2<i<n, p>0, (6.7)
and the new coordinates w® = n®? il@o, where
- 1 ~ P
1,0 — 757 hl,p:_ h7p 17 pz]-a
1,0 1,0
~ hap
hop=—"", 2<a<n-1,p>0, (6.8)
’ hio
7 hl p+1
n, —, p=0
T g
Denote the components of ®(P;) in the coordinates system (@', ..., w") by
P then we have (see [23])
- o [ OH. - 0
=8 _ pop a,p —
Do pti® = P ( = ) » Bap = (6.9)

It is easy to see that Py, {H,,} have the same leading terms with P, {H,,}
respectively but their deformed parts are different.
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Theorem 6.2 There exists a Miura type transformation such that the hi-
erarchy (€9) is transformed to the topological deformation {0, 0"} of the

principal hierarchy for F(0).

Lemma 6.3 Under the reciprocal transformation (6.6), (7)) the bihamilto-
nian structure (Py, Ps) of the topological deformation of the principal hierar-
chy is transformed to a local bihamiltonian structure of ([6.9]).

Proof We are to use the results of Sec. 3.2 of [23] again. Denote by
A = [ hygdz, we need to show that

[-Pia A] - 07 Z(-Pla hl,O) = 0.

Here the function z is defined as in (9). The first equality is a consequence
of the quasi-triviality of the bihamiltonian structure (P, P) (see [9]), since
we have proved [Pl-[o}, Al = 0. The second equality is verified in the proof
of Proposition The lemma is proved. OJ

Proof of Theorem[6.2 From the above lemma it follows that both the hierar-
chy (69)) and the topological deformation {5014,1?)5 } of the principal hierarchy
for () possess local bihamiltonian structures, these bihamiltonian struc-
tures have the same leading terms which form a semisimple bihamiltonian
structure of hydrodynamic type.

From Theorem 2.5.7 of [23] it follows that Miura type transformations
preserve Schouten brackets, so if two bihamiltonian structures are related
by a Miura type transformations, then this transformation transforms a bi-
hamiltonian vector field to a bihamiltonian vector field. By using this fact
and the result of Corollary 1.9 of [9] we know that in order to prove the equiv-
alence of two hierarchies under Miura type transformations, we only need to
show that their bihamiltonian structures are equivalent. According to the
general results of [22 0], two bihamiltonian structures of the type considered
here with same leading terms are equivalent if and only if their central in-
variants coincide. Tt is proved in [10] that the topological deformation of the
bihamiltonian structure of a principal hierarchy has central invariants i, SO
we have

1 A 1
7 P 7P = S 1 P 7P = S
alPu o) =gp alhh P =5
On the other hand, it is shown in [23] that if a reciprocal transformation
transforms a local bi-Jacobi (i.e. bihamiltonian) structure to a local one,

then it preserves the central invaraints, which implies

1=1,...,n.

CZ‘<P17P2):Ci<p1,ﬁ2), izl,...,n,
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SO ci(f’l, pz) = ci(f’l, PQ), i =1,...,n. The theorem is proved. O
The above theorem only ensures the existence of the Miura type transfor-
mation relating the two integrable hierarchies. We now consider the explicit
form of this transformation.
Note that the reciprocal transformation (6.6])-(6.8) is defined in the same
way as in the dispersionless case, so we have the following proposition.

Proposition 6.4 Let 7(t) be a tau function of the topological deformation
62) of the principal hierarchy associated to a calibration {0, ,(v)} of F(v).
Define
dlogT(t)

or
then 7(t) is a tau function of the hierarchy [©3). It satisfies

log 7(t) = log 7(t) — (6.10)

Qa,p;67q<u~}<£)) = 5a,p56,q log%(f),

where 0 (t) = 1Py 005010g (1), and Qo p.pq(w) are defined as in [BT) with
0o p(v) Teplaced by he p(w).

We denote F(t) = log 7(t), and

.F(tN) = 672.?0(1’{) + ﬁ1<£) + 62ﬁ2(t~) + e

It is easy to see that Fo = log 7% which is the tau function of the principal
hierarchy {d,,7°} given in Proposition In what follows, we are to show
that the functions F, (¢ > 1) can be obtained from F, (g > 1), and they are
in fact differential polynomials of o%,..., o™

We regard the two sides of (6.I0) as power series in € with coefficients
being functions of ¢, then compare their Laurent coefficients. By using (6.4))
we know that the reciprocal transformation (G.0]) can be represented in terms

of tau function by

_Ologt(t) 0Fo(t) = ,0AF(t) . = ,0AF(1)
YT T T on T or —rte oxr ' (6.11)
where AF(t) = - o, €972 F,(t), so we have
e - L[ 20AF\" 0" F, (D)

k>0
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Then the left hand side of (G.10) reads
log7 = Z 972 F, (1)

g>0
—€ —2 QBBAx]:BBx 2 +Z 29— 2;
g>1
s o OAFOF(i 1 [ LOAF\" 0k Fo(i e
)+ 2 ;;Hza(e? e LI Wl
E>2 g>1

k ok +— /7 o
:logf'—A]:JrZ% (628A.7:) 0 -7':0<t) +Z€29_2‘F9(t)’

ox ok
k>2 g>1
by using (612) again, we obtain

1 [ LOAF\" OFF,(i LOAF\" 08 Fy (1)
29—2 - 2 — A 0
2.7 g (6 Oz ) 8a:k 7o Zk'( Oz ) oik

g>1 k>0 k>2
(6.13)

from which one can obtain F,(f) one by one:

Filt) =Fu(t), (6.14)
OF (1) 0Fi(t)  10*Fo(i) (aﬂ(t))?

Fall) =Falt) = == 5 ~ 5w O

—F,(t) — % (a]g;(t))Q, (6.15)

Here we used the relations

OFi(f) _ 0F () dx _ OF(1) PF(l)

or  Ox 0OF or 012
and o
82f0<t> — " = _i
oz 0

Note that the summation on the left hand side of (6.13) starts from k = 2,
so we can use the fact

o* Fy(t) B oF=25m (1)
ozk 0k 7
then every ]:"g(f) is a differential polynomial of v™, Fy, ..., F,_1.
Now let us denote by
log 7(f) = F(f) = e *Fo(t) + > _ 2 Fy(t

g>0
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the free energy of the topological deformation of the principal hierarchy as-
sociated to F'(0). Then as in (6.4) we can represent F,(f) in the form

Fo(l) = Fy(0(d),..., 02 "0(D)),

where o' (t),...0"(t) is solution of the principal hierarchy of F(0).
We are to compare F, and F, (¢ > 1). When ¢g = 1, from (6.14) and the

expression of the genus one free energy [12] it follows that

Fit) = Fit) = 2—14 det (cagy(v(1))07 (1)) + G(v(?))).

Here G/(v) is the G-function associated to F'(v), see [12]. By using the follow-
ing relation between the G-functions for F'(v) and its inversion F'(v) given in

m: n 1
G(0) = G(v) + (57— 5)logv”

and the identity
1 log det(¢qp,(0)0] ) = 1 log det(capy (v)v]) — i log v",
24 o 24 24
we have o | o
Fi(t) = Fi(t) — 5 log 0" (t) + B log(—1).

For higher genera, we present the following conjecture.

Conjecture 6.5 The difference G = 37 €97 ('7:—9 - ﬁg) can be represented
g>1
G = G (") + Gy (") + €*G5(W™) + - - -,

where Gp(W") are differential polynomials of w"™. Moreover, the differen-
tial polynomials G, do not dependent on the particular solution F(v) of the
WDVV equations.

as

We have shown above that the conjecture holds true at the genus one
approximation with

1 1

At the genus two approximation, we have verified the validity of the conjec-
ture for solutions of the WDV'V equations that are associated to the Coxeter
groups of type I5(k) and Az with




For the higher genera corrections G, (¢ > 3) we do not know their explicit
expressions at the moment. It is interesting to give an interpretation for the
expressions of these functions.

Under the assumption of validity of the above conjecture, the Miura type
transformation between the hierarchy (6.9) and the topological deformation

g;gz} of the principal hierarchy for F'(v) is given by

~Q ~o « 62 T wgi‘ (wg)Q
0 = 0 4 n*?0:055.0 [—ilogw + € (8(1@”)2 — 12(1@”)3)] + ...

Here 7% 0;5,00™ = 2. We note that after the above Miura type transforma-

tion the flows % are transformed to the evolutionary PDEs

ow®

ot
then the hierarchy (6.9) is obtained by redenoting the spatial variable & and
the time variables t%9 by & and 9 respectively.

:K;q(ﬁ},wﬁ,ﬁ}iﬁ,...), a,ﬁzl,....n, qZO,
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