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Generalized GCD matrices
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Abstract. Let f be an arithmetical function. The matrix [f(i,j)]lnxn
given by the value of f in greatest common divisor of (i,j), f((i,j)) as
its 1, j entry is called the greatest common divisor (GCD) matrix. We
consider the generalization of this matrix where the elements are in the
form f(i, (i,j)).

1 Introduction

The classical Smith determinant was introduced in 1875 by H. J. S. Smith [14]
who also proved that

detl(iy s = | 21 B BN Gy00) ), (1)
(n>1) (n,Z) (nan)

where (1i,j) represents the greatest common divisor of i and j, and @(n) denotes
the Euler’s totient function.
The GCD matrix with respect to f is

H,1) £(1,2) - f(1,0)
e = | 2T A220) - r(2m)
1) f((m,2) o f((mm)

2010 Mathematics Subject Classification: 11C20, 11A25, 15A36
Key words and phrases: GCD matrix, Smith determinant, arithmetical function

160


http://arxiv.org/abs/1012.5445v1

Generalized GCD matrices 161

If we consider the GCD matrix [f(i,j)]lnxn, where
fn) =) g(d),
din

H. J. Smith proved that

det[f(i,j)lnxn = g(1) - g(2) --- g(n).

Forg=o¢
fL,)) = ) o(d) =(i,j),
dl(i,j)

this formula reduces to (Il). Many generalizations of Smith determinants have
been presented in literature, see [1L 5] [7], 10, [13].
If we consider the GCD matrix [f(i,j)lnxn where f(n) =34 g(d) Pélya and
Szegé [12] proved that

Hﬁ)j)]nxn =G- CT) (2)

where G and C are lower triangular matrices given by

%:{gm, jli

0, otherwise
and o
o4 b il
Y 0, otherwise
L. Carlitz [4] in 1960 gave a new form of (2]

[f(1,7)Inxn = Cn diag(g(1), g(2),...,g(n)) CJ, (3)

ARSIk
%‘{aj/i’

D = [djjlnxn diagonal matrix

L 9(1)) i:j
%‘{ 0, i#]

From (@) it follows that the value of the determinant is

where Cy = [cijlnxn,

det[f(i,j)lnxn = g(1)g(2) - -- g(n). (4)
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There are quite a few generalized forms of GCD matrices, which can be found
in several references [2, [3] 6] 8, @, [11].

In this paper we study matrices which have as variables the gratest common
divisor and the indices:

f(n,‘(-T.t,UJ f(n, (n,2)) f(n,.(n,n))

2 Generalized GCD matrices

Theorem 1 For a given arithmetical function g let
fl,m)=> g(d)— Y g(d).
dn d|(nym)

Then
[f(1,})nxn = Cn diaglg(1),9(2),...,9(n)] D},

where Cp = [Cij]nxn;
[l
%‘{aj/i’

INAREYA
%‘{m i

Dy = [dij]nxna

Proof. After multiplication, the general element of

A = [@ilnxn = C diaglg(1),9(2),...,g(n)D’

aj= )Y gk)=) gld— )Y g(d)="(ij.

k | i din d|(n,m)
k [j

is

Particular cases
1. If g(n) = @(n) then

flm) =Y old— Y @(d)=n—(nm)

din d/(n,m)
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We have the following decomposition:

2. If g(n) =1 then
f(n,m) = t(n) — t(n,m)

and
[t(i) — T(i,)lnxn = Cn diag(1, 1,...,1) D}.

3. Let g(n) = p(n). From

0, n=1
fum) =) ud- Y wd=< 0 n>lm>1nm >1
dn dl(n,m) —1, othewise

we have
[f(1,7)Inxn = Cn diag(p(1), u(2),...,u(n)) DL.

4. For g(n) =n, f(n,m) = o(n) — o((n, m)) and
[f(1,)lnxn = Cn diag(1, 2,...,n) D}.

Remarks
1. Due to the fact that the first line of the matrix [f(i,j)lnxn contains only
0-s, the determinant of the matrix will always be 0.

2. We can determine the value of the matrix associated with f, if the function

f is of the form
f(n,m) = h(n) —h((n, m)).

By using the Mobius inversion formula, we get

gln) = Y_nan(3),

dn

consequently by using Theorem [, the matrix can be decomposed according
to the function h(n):

[f(i,})nxn = Cn diagl(p* h)(1), (1% h)(2),..., (n* h)(n)] Dy.
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Theorem 2 For a given arithmetical function g let
n
fL,j) =) gk)—) g(d)—) g(d)+ ) g(d).
k=1 dlii dlj dl(i,j)

Then
[f(i,})lnxn = Dn diaglg(1),9(2),...,9(n)] D},

where Dy = [dijlnxn, o
d“':{ o il
Proof. After multiplication, the general element of the matrix
A = [ailnxn = Dy diaglg(1),9(2),...,g(n)] Dy,

is

aj = Y gk)=) gk)— > glk)=
k /}/Tl k=1 kln Or klm
k fm
= ) gk =D glk)=) glk)+ Y glk)=f(i,j).
k=1 kin klm kl(n,m)

Particular cases
1. If g(n) = @(n) then

f(L,3) =) ok) —i—j+(L,]),
k=1

[f(1,j)Inxn = Dn diagle(1), @(2),...,@(n)]D}.
2. If g(n) =1 then

f(L,j) =n —1(i) —(j) + t(1,])

and
[f(i,j)lnxn = Dy diag(1, 1,...,1) Dy.
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3. g(n) =n. Then

and
[f(i>j)]nxn = Dn diag(l, 2, “e ,TL) D;rl

Another generalization is the following:
Theorem 3 For a given arithmetical function g let
f(,5) =) glk)=) g(d)—D gld)+ Y g(d).
k=1 dii dlj dl(ij)

We define the following A = [ajjlnxn matriz

), > 1
v 9(1)+f(i>j)) i=Torj=1

Then
A =D/, diaglg(1),g(2),...,9(n)] DS,

;1 i=j=1
dﬁ‘{du, ij #

where D), = [d{j]nxn,

Proof.
We calculate the general element of the matrix

B = [aijlnxn = D}, diaglg(1),g(2),...,g(n)] D .

Ifi>1orj>1we have

by = Y gk=) gk— > gk =
k fn k=1 kin or kjm
k fm
= Y gk—=) gk)=> g+ > gk =ay.
k=1 kin klm kl(n,m)

fimj—1
by =g(1) = an.
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Particular cases
1. If g(n) = @(n) then

k)_i_j"i'(i)j)) i>j>1
Cli]':

n

> ol

k=1

n
D ek —i—j+(Lj)+1, i=Torj=1
k=1

2. If g(n) =1 then

Lo— n_T(i)_T(j)'i_T(i)j)a i,j>]
%= n—ti)—t(G)+ti,j)+1, i=Tlorj=1

The following problems remain open:

Problem 1 Let F(n,m) be an arithmetical function with two vriables. Deter-
mine the structure and the determinant of modified GCD matrices
A = [a(i,j)lnxn, where

ay = Fﬁ') (13]))

Problem 2 Determine the structure and the determinant of modified GCD
matrices A = [a(i,j)lnxn, where

ay = F(“) i)j) (131))
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