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DELOOPING TOTALIZATION OF A MULTIPLICATIVE OPERAD

VICTOR TURCHIN

ABSTRACT. The paper shows that under some conditions the totalization of a cosimplicial space
obtained from a multiplicative operad is a double loop space of the space of derived morphisms
from the associative operad to the operad itself.

1. INTRODUCTION

Let O be a topological non-Y. operad endowed with a map Assoc — O from the associative
operad. In such case O is called multiplicative operad. One can also say that O is a non-X
operad in the category of based topological spaces. This structure endows {O(n), n > 0} with a
structure of a cosimplicial space. McClure and Smith [11, Theorem 3.3] showed that the homotopy
totalization Tot O(e) of such cosimplicial space admits an action of an operad equivalent to the
operad of little squares. In this paper we show that in the case O(0) ~ O(1) ~ x the space
Tot O(e) is homotopy equivalent to the double loop space of the space of derived morphisms of

operads Operads(Assoc, O). (Here and below for a category C we denote by C(a,b) the space
of morphisms between two objects a and b in C; and by C(a,b) we denote the space of derived
morphisms.) The same result was obtained a few month earlier by Dwyer and Hess [5]. Our

proof seems to be more geometrical and less relying on the techniques of the homotopy theory.
We construct an explicit cofibrant model O of the operad Assoc, and a homotopy equivalence

02 Operads(a, O) = Tot O(e). (1.1)

The construction involves several steps. First Tot O(e) can also be expressed as the space of
(derived) morphisms in the category Wbimod of weak bimodules over the operad Assocl]

Assoc
Tot O(e) ~ WJ/E‘)_i\m/od(Assoc, 0) ~ WBimod(&, 0), (1.2)

where A is a cofibrant model of Assoc in the category Wja)imod, see Section Bl Secondary, one
Ssoc

shows that Wbimod(ﬁ, O) is a loop space of the space of derived morphisms in the category

Ssoc
Bimod of bimodules over Assoc:

Assoc
WBimod(&, 0) ~ QB:il_Ir\l/cxi(Assoc, 0), (1.3)
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IThe category Wkimod is equivalent to the category of cosimplicial spaces, see Lemma 311
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see Section[I0l This homotopy equivalence is obtained by constructing an explicit cofibrant model
O of Assoc in the category Bimod, and a map

Assoc
Q Bfilmod(ﬁ, 0) = WEimod(ﬁ, 0). (1.4)

For the second delooping of Tot O(e), we construct an explicit cofibrant model O of Assoc in
the category of non-Y operads, and a homotopy equivalence

Q Operads(a, 0) — Bjmod(lj 0), (1.5)

see Section [T11 o
The construction of the cofibrant models A, [J, OO of Assoc in the categories Wbimod, Bimod,

Assoc Assoc
Operads respectively is quite complicated (we actually do it only in the second part of the paper).
For example, A is the same as a contractible in each degree cofibrant cosimplicial space (cofibrant
in the sense the corresponding functor from the simplicial indexing category A to spaces is
cofibrant or free in the sense of Farjoun [6]). Because the degeneracies should also act freely, all the

components of A are infinite dimensional C W-complexes. To make life easier in Part [[lwe make all
the above constructions ignoring degeneracies. It is well known that the homotopy totalization
of a cosimplicial space is weakly equivalent to its semicosimplicial homotopy totalization [4]
Lemma 3.8]:

Tot O(e) =~ sTot O(e). (1.6)
In our terms a semicosimplicial space is the same thing as a weak bimodule over the operad
Assocs of associative non-unitary monoids, see Lemma 3.1l and the homotopy equivalence (L.6])
can be rewritten as

P

WE)_i\HTOd(Assoc, 0) ~ \gbimod(Assoc, 0). (1.7)

5$50C>0

In Part [Il we deloop the right-hand side. We construct a cofibrant model A of Assoc in the
category Wbimod of weak bimodules over Assocsg, a cofibrant model 00 of Assocsg in the

Assocso
category E)imod of bimodules over Assocsq, a cofibrant model O of Assocsq in the category of
$S0C>(
operads. We also construct homotopy equivalences
Q Bimod (I, ©) — Whimod (A, O), (1.8)
Assocs Assocs
and
Q Operads((0, 0) — Bimod (O, O). (1.9)
Assocsq

see Sections [0 [[l These two homotopy equivalences show that the space of derived morphisms

Operads(Assocso, Q) is a double delooping of sTot O(e) ~ Tot O(e). We mention that A, O,
and O are polytopes in each degree. For example, the n-th component A(n), n > 0, is an n-
simplex. The component [J(n), n > 1, is an (n — 1)-cube. The component ((n), n > 2, is an
(n — 2)-dimensional Stasheff polytope. Notice that the dimension of A(n), O(n), and O(n) is n,
n — 1, and n — 2 respectively. The fact that each time we loose one degree of freedom explains
why each next space of derived morphisms is a delooping of the previous one.

The Part 2] is more technical since &, ﬁ, and O have a more complicated description. Our
main motivation to include this part was that the method produces deloopings of the partial
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homotopy totalizations Toty O(e), N > 0, in terms of the derived morphisms of truncated
bimodules or truncated operads. It is well known that the partial semicosimplicial totalizations
do not “approximate” in the right sense the totalization. To be precise the (homotopy) limit of
the tower

sTotg O(e) < sTot; O(e) < sToty O(e) < sTotz O(e) « ... (1.10)
is sTot O(e), but the maps between the stages of the tower become higher and higher connected
only for very degenerate (semi)cosimplicial spaces. On the contrary if we consider the tower of
partial totalizations

Totg O(e) < Tot; O(e) « Toty O(e) < Totz O(e) «+ ..., (1.11)
then under a natural convergency condition the maps in the tower do become higher and higher
connected with N.

We show that under the condition O(0) ~ O(1) ~ « the partial (semicosimplicial) totalizations
of a multiplicative operad O deloop as spaces of derived morphisms of truncated operads:

sToty O(e) ~ ongé\rgdsN(Assocwm, O|n), (1.12)
Toty O(e) =~ ongza\r—a/dsN(AssodN, O|n). (1.13)

To the best of our understanding the approach of Dwyer and Hess [5] can also be extended to
prove (LI2)-(TI3), but still requires an additional amount of work.

We reiterate that this work is based on the following very simple observation. The partial
semicosimplicial totalization sToty O(e) is the space of tuples of maps (fr: A(k) — O(k))kzo...N
which are compatible in the sense the behavior of each fi on the boundary of the k-simplex A(k)
is completely determined by the previous fx_; (since these maps should respect the truncated
semicosimplicial structure). This implies that the preimage of any point under the fibration

sTotny O(e) — sToty_1 O(e)

is either empty or homotopy equivalent to QVO(N). On the other hand we can also consider the
Stasheff operad (O and the space of maps of N-truncated operads Operadsy (O|n,O|n). The
latter space consists of tuples of maps (hy: O (k) — O(k))k:z“N compatible in the sense h|gey (k)
is determined by hsg,...,hi_1. As a consequence the preimage of the fibration

Operadsy (O|n, O|n) — Operadsy_; (O|n-1,0|n-1)

over any point is either empty or homotopy equivalent to V=20 (N). Thus we obtain that the
fibers of the tower [[LI0] are double loop spaces of the fibers of the tower

Operads; (O]1, Ol1) < Operads, (Ol2, Ola) < Operadss (O3, Ol3) «— ...

This naturally leads to a question whether the same is true for the stages of the tower, which we
prove in Part [Tl

In Part[2we adjust the construction taking into account degeneracies. Because of their presence
the objects A and O are much more complicated than A and 0. In particular in each degree
these objects are no more polytopes, but infinite dimensional C'W-complexes. However the idea
of Part [T can still be applied as it turns out A and QO are freely generated by almost the same
countable set of cells and the generating cells of O has dimension 2 less than the corresponding
cells of A. We said almost because in this correspondence one has to exclude the generating cells
of A of dimension 0 and 1.
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The algebraic structures such as an operad or a (weak) bimodule are governed by appropriate
colored operads. The necessary language of cellular cofibrant algebras over colored operads is
developed in Section 2

We mention that one of the motivations and examples for this work is the space Emb(R', R?),
d > 4, of long knots modulo immersions [13], which according to Sinha [I3] is the homotopy
totalization of the Kontsevich operad ICy4:

Emb(RY, R?) ~ Tot Kg(e).

To recall the operad Ky is weakly equivalent to the operad C4 of little d-cubes. For this example
the tower (LII]) is the Goodwillie-Weiss embedding tower [13, Theorem 1.1], for which our paper
gives an explicit double delooping. The idea that the space of long knots should be related to the

space of derived morphisms of operads Operads(Cy,Cy) is due to Kontsevich.

2. COFIBRANT MODELS OF ALGEBRAS OVER COLORED OPERADS

2.1. Colored operads. All throughout the paper when we say operad (without the adjective
“colored”) we mean a non-% operad. However we will also need to use the “metalanguage” of
so called colored operads. The main difference with the usual operads is that the inputs and
output of an operation might have not one but many different colors. When one composes such
operations one has to take into account these colors allowing to insert an output to an input
only if their colors match. We refer to [2] as an introduction to this notion. The authors of the
latter paper (C. Berger and I. Moerdijk) produce a (cofibrantly generated) model structure on
the category of algebras over a colored operad [2, Theorem 2.1]. To avoid a heavy language of
the homotopy theory we will not be using this model structure, but a reader familiar with this
notion can see that this language is appropriate for our situation. The book of M. Hoovey [9]
gives a good introduction to this notion. When we say that an algebra is a cofibrant model over
a colored operad we mean that it was obtained by a sequence of attachments of cells, which is a
very explicit construction described below. The main properties of such cofibrant replacements
are given by Lemmas [2.2] 2.3] 2.6], 2.7 2.9] 2.10] below. Models cofibrant in our sense are actually
cofibrant in the sense of the model structure defined in [2].

We will be considering only colored operads whose set of colors is finite or at most countable,
and whose components (spaces of operations) in all multidegrees are discrete sets. In all our
examples these sets are countable. Such operads will be called discrete colored operads. We will
be also dealing with X-free operads which means that the permutation of entries of the same
color on each component is given by a free action of the corresponding group (which is a product
of symmetric groups). The algebras over such operads will be taken in the category Top of
compactly generated topological spaces. The (monoidal) product in the latter category is the
weak product of spaces. The assumption that the operad is X-free is nice to have when one has
to deal with the cellular structure of the components of cofibrant operads. Our examples are the
colored operads, algebras over which form one of the following categories:

¢ Whimod, Wbimod weak bimodules over Assocsg, Assoc respectively;
Assocs Assoc

e Bimod, Bimod bimodules over Assocsq, Assoc respectively;
Assocsog  Assoc

e Operads — non-Y operads;
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e truncated analogues of these structures: Whbimody, Wbimody, Bimody, Bimody,
Assocso Assoc Assocso Assoc
Operadsy, N > 0.

In the latter case the set of colors is finite (= N + 1). The algebraic structures in question are

considered in Sections 3.1, E.1], B.11

2.2. Cofibrant models. Let X be a YX-free discrete colored operad with Z as a set of its colors.
Let A = {A(i), i € Z} be a collection of topological spaces. We will call such family of spaces by
an Z-collection. We will denote by X (A) the free X-algebra generated by A. In particular X'(()
will denote the free X-algebra generated by the collection of empty sets. Notice that X' (()) might
have non-empty components, since the operad X is allowed to have operations of arity 0.

By abuse of notation X will also denote the category of X algebras. The space of X-maps
between X-algebras A and B is thus denoted by X (A, B). The algebra X' () is the initial object
in this category.

Let D = {D(i), i € Z} be a collection of topological spaces where each D(i) is a disjoint union
of discs possibly of different dimensions. Let also D = {0D(i), i € Z} be a collection of (disjoint
unions of) spheres each dD(i) being the boundary of D(7). One has the inclusion of X-algebras

x(@D) Y x(D)

induced by the inclusion 0D < D of T-collections. We say that an X-algebra C is obtained from
an X-algebra B by a free attachment of cells (or simply by an attachment of cells) if they fit into
the following cocartesian diagram of X-algebras:

x(OD) = x(D) (2.1)
w| |
A B.

In the above X(f) denotes the map of X-algebras induced by the (attaching) map f of Z-
collections:
fi: 0D(1) — A(4), i € Z.
One has the composition of the maps of Z-collections D < X (D) — B, which is inclusion on
the interior of each D(i). The image in B of each connected component of the interior of D(i)
will be called a generating cell in B of color i.

Definition 2.1. An algebra over a Y-free discrete colored operad X is said cellular cofibrant (or
simply cofibrant) if it is obtained from X (0)) by a possibly infinite sequence of attachments of
cells.

The word “sequence” in the above definition might mean any ordinal. In all our examples
the sequence will still be finite or at most countable (= X), moreover each attachment will be an
attachment of finitely many cells of the same dimension and to the same component (thus it can be
split into a sequence of attachments of only one cell). From this definition one can show that the
components of any cofibrant algebra over a discrete colored operad are generalized C'W-complexes
(“generalized” means that the attachment maps do not have to respect the dimension of the cells).
Though in all our examples of such algebras the components will be honest CW-complexes.
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As an algebra in sets any cellular cofibrant X algebra is a free X algebra generated by its
generating cells.

It might happen that a colored operad X has only unary non-trivial operations. In that case
an X-algebra is the same thing as a functor from some discrete category whose set of objects is
Z, and the set of morphisms between 7 and j is given by the unary operations with input colored
by ¢ and output colored by j. We mention that the idea of a cofibrant cellular functor is due
to Dr. Farjoun [6] and the described construction is a straightforward generalization of his work.
This construction implicitly (and actually in higher generality) appears in [2] where the authors
show that under some conditions the category of algebras over a colored operad has a structure
of a cofibrantly generated model category.

Let A C B be an inclusion of X-algebras, and let g: A — C be a morphism of X-algebras. We
will denote by X,((B, A),C) the space of X-maps B — C that coincide with g restricted on A.

Lemma 2.2. Let X be a discrete Y-free colored operad with the set of colors T and B be an X
algebra obtained from another X algebra A by an attachment of cells as in (21)), then one has
the following homeomorphism of spaces:

(B, 4),C) = [ Tovy,o, (D(0). 0D()), C(0)). (2.2)
1€T
where each factor of the right-hand side is the space of continuous maps D(i) — C(i) that restrict
as g; o fi on each 0D(i).

Proof. From the universal property of the pushout, Xy ((B, A),C) = Xyox(p) (X (D), X(9D)),C).
The latter space is obviously the right-hand side of (2.2]) since X'(—) is the left adjoint functor to
the forgetful functor from the category of X-algebras to the category of Z-collections of topological
spaces. U

Lemma 2.3. In the previous settings assume that for each i € I, Dy(i) C D(i) is a closed subset
in D(i) such that for each connected component of D(i) its intersection with Dy(i) is a closed ball
of the same dimension. We assume that the X -algebras B and A, are obtained from A using the
following pushout diagrams in the category of X -algebras

X (1) X(1)

X(0D) == X(D) X(0D) — X (D \ Int(Dy)) (2.3)
X(f)l ) l X(f)l ) l
A B, A Al

(In the above D \ Int(Dy) denotes the family of spaces D(i) \ Int(Dy(i)), i € I, where Int
stays for the interior of the corresponding union of balls.) Thus one has inclusion of X-algebras
AC AL CB. Let g: Ax — C be a morphism of operads, then the following natural inclusion of
mapping spaces is a homotopy equivalence:

X,((B,Ay),C) S X,((B, A),C). (2.4)

One can show that in the settings of Lemma [2.3] the algebra A, is weakly equivalent to A
which means the inclusion A(i) < A4 (i) is a weak equivalence for every color i € 7.

Definition 2.4. In the settings of Lemma 2.3 we will be saying that A is obtained from A by
a free attachment of punctured discs.
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Proof of Lemma[2.3. Notice that B is obtained from A, by an attachment of the same collection
of discs, as B is obtained from A. Thus the left-hand side of (2.4)) is similar to (2.2]). Explicitly
the first space is
H Topgiofi ((D(Z)7 D(Z) \ Int(DO(Z))) ) C(Z)) )
1€
while the second one is
[ Top,..s. ((D(i), 0D (), C (i),
1€
which are homotopy equivalent since each factor of the first product is naturally homotopy equiv-
alent to the corresponding factor of the second product. The homotopy is obtained by using the
homotopy between 0Dy (i) and 0D(i) inside D(i) \ Int(Dy(7)). O

Definition 2.5. Let A be an algebra over a discrete colored operad X. We say that a cofibrant
X-algebra A is a cofibrant model of A if one has an X'-map

A— A
which is a weak equivalence for each component A(i), i € Z, where Z is the set of colors of X'.

The following is an easy consequence of Definitions 2.1

Lemma 2.6. If A and A’ are cofibrant models of an X-algebra A with the maps AL A and

A" % A as in Definition [Z3, then there exists an X-map A A making the following diagram
of spaces

A(i) == AG)

commute up to homotopy for each i € . Moreover each h; is a weak equivalence.

Lemma 2.7. If% and A’ are cofibrant models of the same X -algebra, then the spaces of X -maps
X(A,B) and X(A', B) are homotopy equivalent for any X-algebra B.

Proof. Let h: A — A’ be an X-map from Lemma[Z6] and let #’: A’ — A be its homotopy inverse
(which exists by the same lemma). The composition with h and &’ induces the maps:

h'o—
—

X (A, B) X (A, B),
Thes
which are homotopy inverses to each other. O
Definition 2.8. If A and B are algebras over a X free discrete operad X then by the space of
derived morphisms between A and B we understand the space

X(A,B) := X(A,B)

of X-maps, where A is a cofibrant model of A. By Lemma [2.7] this space up to homotopy is
uniquely determined by A and B.
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2.3. Restriction functor. Let X be a colored operad with Z as a set of colors. Assuming
Zp C 7 one can define an operad X|z, whose set of colors is Z; and the operations are exactly
those operations of X whose all inputs and output are in Zg. One has an obvious restriction
functor

(_)‘ZO: X — X’Io
from the category of X-algebras to the category of X |Io—algebrasE
The following obvious results will be frequently used in the paper.

Lemma 2.9. Let A be a cellular cofibrant algebra over a discrete ¥-free operad X such that all
its generating cells have color from a subset Iy, then Alz, is also a cellular cofibrant X|z,-algebra
with the same generating cells as A.

Lemma 2.10. Let A, X and Zy be as in the settings of LemmalZ.9, let also B be any X -algebra,
then one has the following homeomorphism of mapping spaces:

X(A’B) = X|IO(A|IO7 B|Io)'

2.4. Refinement. Notice that any cofibrant X'-algebra A according to Definition 2.1lis naturally
endowed with a filtration

X0)=AyC A CAyC...CA,

where each A; is obtained from A; 1 by an attachment of cells.

Definition 2.11. Given two cofibrant X-algebras A and B, we say that A is a refinement of
B (and B is a coarsening of A) if for any filtration term B; in B there exists a filtration term
Aq) in A and a homeomorphism of X-algebras f;: B; — A, such that for any i < j, one has
a(i) < a(j), and the following diagram commutes

B{“——— B;
fil lfy‘
Ao = 4Aag);
and moreover in the limit the inclusions f; induce a homeomorphism f: B — A.

Notice that the last condition simply means that the elements a(i) are not bounded in the
indexing ordinal for filtration in B.

Part 1. Delooping ignoring degeneracies
3. WEAK BIMODULES AND (SEMI)COSIMPLICIAL SPACES

3.1. Weak bimodules. Let O be a non-X topological operad. A weak bimodule M over O is a
sequence of topological spaces M = {M(n), n > 0} together with the composition maps:

6;: O(n) x M(k) = M(n+k—1), i=1...n, (weak left action); (3.1)
0;: M(k) x O(n) - M(k+n—1), i=1...k, (weak right action). (3.2)

1

2We keep abusing notation using the same notation for an operad and the category of algebras over it. Notice
that the morphism of operads goes in opposite direction.
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We will be using the same sign o; for 5;, o;,. It will be clear from the context which composition
is considered. The left and right weak actions can be depicted as follows:

Left action Right action

\/ Y
SR A

FIGURE A.

The right and left actions have to satisfy natural unity and associativity conditions. Let
o1 € O(i), 02 € O(j), and m € M(k). We will be denoting by id € O(1) the unit element of the
operad O. One has the following axioms of the weak bimodule structure:

(1) Unity condition with respect to the left and right actions:
idoym=m=mopid, 1<p<Ek.
(2) Associativity of the left action:
(01 Op 02) Op+g—1 T = 01 Op (02 Oq m)7 1<p<i, 1<qg<j.
(3) Associativity of the right action:
(mopo1)oprg—102=mop(010402), 1<p<k, 1<qg<i.
(4) Commutativity of the right action on different inputs:
(mopo1)ogyi—102 = (mogo3)op01, 1<p<q<k.
(5) Associativity between the left and right actions:
(010p m) 0ptg102 =010y (Mmogoz), 1<p<i, 1<q<k.
6) Compatibility between the bi-action and the operad composition:
Yy
(01 0pm) 04 02 = (0104 02) Optg—1m, 1<qg<p<i.
(010pm) 0g4k—102 = (010402)0pm, 1<p<g<i
The weak bimodules were introduced and used by Greg Arone and the second author in [1I, [16].

In the differential graded context these objects were called infinitesimal bimodules over an operad
by Merkulov and Vallette [12].

Lemma 3.1 ([16]). (i) The structure of a weak bimodule over Assoc is equivalent to the structure
of a cosimplicial space.

(ii) The structure of a weak bimodule over Assocsg is equivalent to the structure of a semi-
cosimplical space.



10 VICTOR TURCHIN

For a non-3 operad O, by Wbi(gnod we will denote the category of weak bimodules over O.
Given an integer N > 0, we will also consider the category ngnodN of N-truncated weak
bimodules over . The objects of ngnodN are finite sequences of spaces {M(n), 0 <n < N}

together with the compositions ([B1)), and ([B.2]) (with the restriction k < N, n+k—1 < N). One
has a natural restriction functor:

(—)In: ngnod — ngnod]v.

It turns out that a (truncated) O-weak bimodule is the same thing as a functor from a certain
category enriched in topological spaces. Explicitly this category is described in [I]. In case O
is one of the operads Assoc or Assocsg, the corresponding category is the simplicial indexing
category A, or its semisimplicial analogue sA, or one of their truncations A[N], sA[n]. Since
the category of functors from a discrete category is the same thing as the category of algebras
over some discrete colored operad (whose all operations are unary), the results and constructions
from Section 2] can be applied to the categories Wbimod, Wbimod, and their truncated analogues
Assoc Assocso

Whimody, Whimody .

Assoc Assocso
3.2. A cofibrant model of Assoc as a weak bimodule over Assocsq. It is well known that
a sequence of simplices A = {A(n), n > 0} defines a cofibrant contractible in each degree semi-
cosimplicial space (cofibrant in the sense that the corresponding functor from the semisimplicial
category is cofibrant in the sense of Farjoun [6]). Proposition below states this fact in our
language of cellular cofibrant algebras.

To encode the faces of A(n) we will use planar rooted trees that have one distinguished vertex
called bead:

NN
A@) Yy <Y
s TN
Y ¥ Y

FIGURE B. Categories of faces of A(0), A(1), A(2).

The trees that are used to encode faces of A(n) have vertices of 4 types: 1 root of valence 1,
n leaves counted in a clockwise order, one bead of any positive valence depicted by a little circle
(even if its valence is 1, it is not counted for a leaf; similarly the root does not count for a leaf
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neither), and some number of inner vertices of any valence > 3 (the latter vertices correspond to
the action of Assocsg. Not all such trees are allowed. One has a restriction that inner vertices
can not be joined by an edge (such an edge is automatically contracted by associativity). The
dimension of the face corresponding to such tree is the number of edges outgoing from the bead.
A typical tree looks like this:

ts tg tr ts o

_ i1
N "

In coordinates the simplex A(n) is a configuration space of n points on a unit interval:
A) ={(t1,... . tn)]|0<t1 <ta <...<t, <1}
The face encoded by the tree from the above figure is described by the (in)equalities:
O=t1 =ty <tg=tyg=ts <tg<ty=tg=tg=rty <ty <tia=1.

To obtain these (in)equalities we put the variables t1,...,t12 on the leaves of the tree as in the
figure above. And then let these variables fall one edge down. We get the equality ¢; = 0
(respectively t; = 1) if ¢; lands below the bead and the i-th leaf is to the left (respectively right)
of the bead. We get the equality t; = t;41 if both ¢; and ;41 land to the same vertex which is
not the bead and in addition the bead is not between the i-th and (i + 1)-st leaves, otherwise one
gets inequality t; < t;41.

Notice that as we mentioned earlier, the dimension of a cell equals the number of edges outgoing
from the bead.

Denote by ay, the only element in Assoc(k), k > 0. We will represent this operation by a tree
with a univalent root, and only one inner vertex with & outgoing edges (such tree will be called
a k-corolla). For a tree T' encoding a face (that we also denote by T) of A(n), the tree encoding
faces ay o; T and T o; ap, of A(n + k — 1) are obtained by grafting 7" and the k-corolla, and then,
if necessary, contracting an edge connecting inner vertices, see example below.

AR AR IR S AR g

In coordinates
ag o; (t1,...,tn) = (0...0,t1,...,tp,1...1);

N 7 Y Iyt /.
i1 k—i
(try . stn) osap = (t1, .. tio1, b i tign, oo ty).

k
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The space A(n) is the configuration space of n points 0 < ¢; < ... <, < 1. The left action
of Assocsg adds endpoints to a configuration, the right action of Assocsg multiply points in a
configuration.

Proposition 3.2. The weak Assocsy bimodule N and its truncation A\|n, N > 0, are cofibrant

models of Assoc, Assoc|y, respectively, in the categories Wbhimod, Wbimody, respectively.
Assocsg Assocsg

Proof. Basically one has to show that the sequence of simplices A(n), n > 0, forms a cofibrant

semi-cosimplicial space. This fact is well known. One has that A is obtained from the empty

weak Assocso bimodule by a sequence of cell attachments. Let Ag(n) denote the k-skeleton of

A(n). One has a filtration of Assocsg weak bimodules:

@ZA_1CA0CA1CA2CA3C... (3.3)

From the description of cell decomposition in terms of trees it is easy to see that A\ is obtained
from Ap_1 by attaching a k-cell to the k-th component. Thus all the terms in filtration ([B.3]) are
cofibrant weak Assocsg bimodules, and so is A.

The truncated version follows from Lemma 29 and from the fact that Ax|y = A|n. O
3.3. Tower associated to VXbimod(A, O). Let O be a weak bimodule over Assocsg. The space
$80C>0
of maps Wbimod (A, Q) is a subspace of the product

Assocso
[ Top(A(n), O(n))
n>0

of tuples (fn)n>0 of continuous maps f,,: A(n) — O(n) such that the restriction of each f,, on the
boundary 0/A(n) is determined by the previous map f,_1. More precisely for any x € A(n — 1)
and {as} = Assoc(2), one has

fnlazojx) = azo; fu_q1(x), i=1,2; (3.4)

fa(xojag) = fro1(x)ojas, j=1...n—1. (3.5)
For any integer N > 0 we define the space Tﬁ (O) as a subspace of

N
I] Top(2(n), O(n)
n=0

of tuples (fy)o<n<n satisfying (B:4)-(35]). One obtains a tower of fibrations:
TE(O) « TH(O) = TE(0) « T (O) ... (3.6)

Notice that the stages of the tower can also be described as

(3.7) TH(O) = Whimod(Ay, 0) = Whimody (A, O|x)

Assocsq 8$S0C>0

~ Whimod (Assoc|n, O|n) =~ sToty O(e).

Assocso

The second equation follows from Lemma [2.91 From the next to the last expression and from
Lemma 2.7 the stages of the tower ([3.0) and the tower itself is independent of the cofibrant model.
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For v € Tﬁ_l(O), the fiber of the map Tﬁ((’)) — Tﬁ_l(O) over v is the space
Whbimod,, ((An, An—1),0). As it follows from Lemma (and from the fact that Ay is ob-

Assocso

tained from Apx_; by a free attachment of one N-cell in degree NN) this fiber is either empty
or homotopy equivalent to QN¥O(N). Since all the maps in the tower are fibrations, its limit
coincides with the homotopy limit and is

T2(0) = lim Ty (0) ~ holim T (0) ~ Whimod (4, 0). (3.8)
N N

4. BIMODULES

4.1. (Truncated) bimodules. Let O be a non-¥ operad. A bimodule M over it is a sequence
of spaces M = {M(n), n > 0} together with the structure composition maps:

Yrskr,odion s M(n) X O(k1) x ... x O(kyp) = M (k14 ... +ky) (right action); (4.1)

Vking,omy s Ok) X M(nq) x ... x M(ng) = M(ni+ ...+ nyg) (left action), (4.2)
satisfying natural unity and associativity conditions [2] 10} [12].

Since any operad O has the identity element id € O(1), the right action (4I)) is equivalent
to the weak right action ([3:2). On the contrary the left action is different from the weak left
action. Moreover neither one can be obtained one from another. Though, in one important case
the structure of a weak O-bimodule is induced from a structure of an O-bimodule, namely in case
when an O-bimodule M is endowed with a map of O-bimodules a: O — M (where O is viewed
as a bimodule over itself). Indeed, in this case one has the element «a(id) € M (1) that can be
used to mimic empty insertions.

By an N-truncated bimodule we will understand a finite sequence of spaces {M(n), 0 <n < N}
endowed with composition maps ([4.1]), (£.2) (in the range where they can be defined) that satisfy
the natural unity and associativity properties. By Bi%lod, respectively Bi%lod ~ we will denote the

category of O-bimodules, respectively N-truncated O-bimodules. One has an obvious restriction
functor

—)|n : Bimod — Bimody.

(=)l Bim mody

Notice that the structure of a bimodule over O (as well as that of a truncated bimodule) is
governed by some colored operad. In case O is Assoc or Assocsg the corresponding colored
operads are discrete and Y-free. Thus the constructions from Section 2] can be applied to the
categories Bimod, Bimod, Bimody, Bimod .

Assoc  Assocso Assoc Assocsq

4.2. Cofibrant model of Assoc~( as a bimodule over Assoc~q. Define 00 = {(0(n), n > 0}

Dn) = {?o 11, Z ; 2 (4:3)

In other words [J(n), n > 1, is an (n — 1)-dimensional cube. The faces of O(n), n > 0, will be
encoded by planar rooted trees, see Figure [Cl

The corresponding trees have vertices of 4 different types: the root of valence 1, n leaves counted
in a clockwise order, a number of beads each of valence > 2 (all lying on the same horizontal line),
and some number of inner vertices all of valence > 3.
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I
Y
B Gl
oy

FI1cure C. Categories of faces of (I(1), 0J(2), O(3).

There are two restrictions: an edge can not connect two inner vertices (such edge is automat-
ically contracted by the associativity property); the path between any leaf and the root should
pass through one and only one bead. The last condition means that one can draw any such tree
T in a way that all the beads lie on the same horizontal line.

Such trees form a poset of faces of a cube O(n). A face lies in the closure of the other if the tree
corresponding to the second one can be obtained from the first tree by a sequence of contractions
of edges and splitting-contraction operations:

' splitting

- =

splitting contraction
_—
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The interior of [J(n) is encoded by the n-corolla \k The codimension one faces can have
either one or two beads:

%‘é

GQ(D(E

As it was mentioned [J(n) is an (n — 1)-cube
O(n) ={(d1,..,dn-1)|0<d; <1, i=1...n—1} (4.4)

To see which face of (4.4]) corresponds to a given tree, we put the variables dy,...,d,—1 between
the leaves of the tree and let them fall down to the first vertex:

If d; falls below the horizontal line passing through the beads, one gets the equation d; = 1. If it
falls above, one gets d; = 0. If it falls on one of the beads, there is no additional restrictions on
the variable d;, or in other words one has 0 < d; < 1. For example, in the case of the tree above,
one gets the face given by the constraints:

Ogdlgly d2:17 0§d3§17 d4:07 0§d5§1

The bimodule action of Assocsg on [ is defined by grafting construction, similar to the weak
bimodule action on A, see Section Bl In coordinates

ag(D(kz), O(n —k)) Cc D(n),

as ((dl d ) (d/ n— k)) (dl v dk—ly 1, d/l e ;L—k);
D(’I’L — 1) 0; ay C D(TL),
(dl ‘o dn_g) O; a9 = (dl ‘o di_l,O, di N dn_g).

The space [J(n) can also be viewed as the space of configurations of n+ 1 points on R! modulo
translations of R! with the restriction that the distance between two neighbor points should be
non-strictly between 0 and 1. The coordinate d; is exactly the distance between the i-th and
(7 + 1)-st points in the configuration.

Proposition 4.1. The Assocsg bimodule O is a cofibrant model of Assocsq in the category

Bimod. Similarly, O|x is a cofibrant model of Assoc|n in the category Bimody .
Assocs Assocso
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Proof. The Assocsp-bimodule [J has a natural filtration
P=0pcycOycOscC...Cc, (4.5)

where in degree n, Oy (n) is a subcomplex of (J(n) consisting only of the faces encoded by the
trees whose beads have no more than N outgoing edges. It is clear that [y is obtained from
On-—1 by a free attachment of an (N —1)-cell in degree N (in particular On(n) = O(n) if N > n).
Thus all the terms of the filtration ([4.3]) as well as [J itself are cofibrant. The natural projection
O — Assocsq is obviously a weak equivalence of Assocsg bimodules.

The truncated case follows from Lemma and from the fact that 0|y = On|n. O

4.3. Cofibrant model of Assoc as an Assoc—Assocso-bimodule. It might appear strange
that in the previous section we define a cofibrant model of Assocsg and not of Assoc. Why the
degree zero component Assoc(0) has to disappear? There is a way to keep this component, but in
that case we need to consider a slightly different category where a cofibrant model of Assoc will
be defined. We mention that this slightly different approach might seem to have a more natural
formulation for the first delooping result Theorem

The definition of a bimodule over an operad has a modification in which the operad O acting
from the left is different from the operad Oy acting from the right. Such bimodule will be called
0O1—0s-bimodule. The category of O;—0O5-bimodules will be denoted by %imod.

1—02
We redefine the sequence [0 = {{J(n), n > 0} by changing only its zero component to be a point
0(0) := *. (Initially this component is defined as the empty set.) Abusing notation the obtained
sequence will be also denoted by . This version of [J will be used in Part 2] (but nowhere else

in Part [I]).

Proposition 4.2. The sequence of spaces O has a natural structure of an Assoc — Assocsq-

bimodule, moreover O is a cofibrant model of Assoc in the category Bimod of such bi-
Assoc—Assocsq

modules. One also has that O|n is a cofibrant model of Assocy in the category of N-truncated
Assoc—Assocsg-bimodules.

The proof is essentially the same as that of Proposition 4.1l One only has to understand what
is the difference between Assocsg-bimodules and Assoc—.Assocsp-bimodules. The difference is of
course that in addition to Assocsq left and right actions we also have a left action of ag € Assoc(0)
that produces an element 1 = ag() in the component 0 of an Assoc—Assocsp-bimodule M. This
element has to satisfy the unity condition:

as(1,z) = x = as(z,1) (4.6)
for any element x € M(n), n > 0, which follows from the associativity of the left action:
az(1,z) = az(ag(),z) = (ag 01 ag) oy x = aj; oy x = id oy & = x.

The structure of a (truncated) Assoc—.Assocsg-bimodule is governed by some colored operad.
Notice that because of the presence of the operation of arity 0, the free algebra generated by
empty sets in each degree always has a point 1 in degree 0 (actually it is its only point). The
role of the element 1 in [ is similar to the role of the identity in the Stasheff operad O, see
Subsection [B.11
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4.4. Tower associated to Bimod([J,0). Let O be a bimodule over Assocsg. The space of

Assocsq
morphisms Bimod([J, O) is a subspace of the product
Assocso
Bimod (O, T 4.
Bimod (1J, 0) Cll[o op(0)(n), O(n)). (4.7)
n>

Since J(0) = 0, the first factor Top(C3(0),O(0)) is a point and can be omitted. For the other
maps g,: J(n) — O(n) in a tuple (gn)n>0 € Eimod(D, O), one has that their restriction on the
$80C>0

boundary gn\ag(n), n > 2, is determined by the previous gi,...,gn—1:
gnlaz(@,y)) = az(ge(x), gn—e(y)), 2€0(), yeOn—10),1<l<n-1; (4.8)
gn(z0jaz) = gn—1(x)ojas, ze€ln—-1),i=1...n—1. (4.9)

One can define the space TH(0) < []2_ o Top(d(n),O(n)) as the space of tuples (gn)o<n<n
satisfying the above conditions. One gets a tower of fibrations

TH(0) + TP (0) + TP(0) + TH(O) + ..., (4.10)
whose both the limit and the homotopy limit (since all maps are fibrations) is Bimod([J, O). The

Assocso
stages of the tower can also be described as

TH(O) = Bimod(Oy, 0) = BlmodN(D\N, O|n) ~ BlmodN(.Assoc>0\N, O|n), (4.11)
Assocs Assocs Assocso
where Oy is the N-th term of the filtration ([@35]). The second equality follows from Lemma 2101
From the last expression we see that the stages of the tower and the tower itself are independent
of the cofibrant model.
The maps in the tower are fibrations and as it follows from Lemma [2.2] (and from the fact that
On is obtained from [y _1 by a free attachment of one (N — 1)-cell in degree N) the fiber over
any point under the map

TN(0) = Ty_;(0)
is either empty or homotopy equivalent to Q¥ ~1O(N).

5. OPERADS

5.1. (Truncated) operads. We assume that the reader is familiar with the notion of an op-
erad. The category of topological non-Y operads will be denoted Operads. By an N-truncated
operad we will understand a sequence of spaces {O(n), n = 0... N} together with the operadic
compositions (in the range where they can be defined) and an identity element id € O(1) (if
N > 1), satisfying the usual associativity and unity conditions. The category of N-truncated
non-% operads in topological spaces will be denoted by Operadsy. One has a restriction functor

(—)|n: Operads — Operadsy,

that forgets all the components of an operad except the first (N 4 1) ones. Both the structure of
an operad and of its truncated analogue are governed by some X-free discrete colored operads. We
conclude that the constructions of Section [2can be applied to the categories Operads, Operadsy .
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5.2. Cofibrant model for the operad Assocsg. It is well known that the Stasheff operad,
that we will denote by O, is a cofibrant model for the operad Assoc~q [14, [15]. One has
0, n =20,
Q(n) = < *, n=1, (5.1)
Kn—27 n = 27
where K,,_9 is the (n — 2)-dimensional Stasheff polytope [14], I5]. The faces of O (n), n > 2, are
encoded by planar rooted trees with n leaves (labeled by 1...n in a clockwise order), a root of
valence 1, and a bunch of other vertices of valence > 3. For a convenience of exposition these

other vertices will be referred as beads and will be depicted by little circles. The category of faces
of O(n) will be denoted by ¥,,. Figure [Dl shows the categories Wy, W3, and Wy.

FIGURE D. Categories of faces of (3(2), O(3), O(4).

The dimension of the face corresponding to a tree T is 3 ;¢ p(p (|b| — 2), where B(T') is the set
of beads of T, and |b| denotes the number of edges outgoing from b (which is valence minus one).

Proposition 5.1. The Stasheff operad O and its restriction O|y, N > 0, provide cofibrant
models for Assocsg and Assocsq|n in the categories Operads, Operadsy respectively.

Proof. Consider a natural filtration
OpcO1CcO2CcQ3C...CO, (5.2)

where Oy = (97 are the operads having only identity element (they are free objects in Operads
generated by empty sets in each degree). The component (5 (n) consists of those faces of ((n)
whose corresponding trees have only beads of valence < N + 1. Assuming N > 2, the operad
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Oy is obtained from O y_1 by attaching an (N — 2)-cell to the N-th component. Thus all the
operads in the filtration (5.2]) and O itself are cellular cofibrant. On the other hand one also has
that the projection O — Assocsq is a homotopy equivalence in each degree.

The truncated case follows from Lemma and from the fact that O|y = On|n-. O

5.3. Tower associated to Operads((, Q). The space of morphisms of operads Operads((, O)
is a subspace in the product

Operads(O,0) C H Top(O(n),O(n)). (5.3)

n>0

Notice that the first 2 factors in the above product can be ignored since (3(0) = 0, and O(1)
consists of only one element id, which should be sent to the identity element in O(1). Thus a
morphism of operads h: O — O is given by a tuple (hy)n>2 with h,: O(n) — O(n), whose
restriction hy,|g¢y is determined by the previous maps ha, ..., hp_1:

hn(z0;y) = hi(x) 03 hpp—g+1(y), z€ Ok),ye On—k+1),i=1...k,k=2...n—1. (5.4)

Define the tower
TE(0) + TE(0) + TL(0) « TE(0) « ..., (5.5)

where TOO(O) = TIO(O) = %, and TJS(O), N > 2, is the space of tuples (hy)2<n<n satisfying
the above properties (B.4]). The space Tjg (O) can also be viewed as the space of morphisms of
(truncated) operads:

Tg(@) = Operads(Oy, Q) = Operadsy (Ol n, O|n) =~ O;_cradsN(Assoc>o|N,(9|N),

where (O is the N-th term of the filtration (5.2]). The second equation follows from Lemma 2101
The last expression describes the stages of the tower as spaces of derived morphisms which shows
that the stages of the tower and the tower itself are independent of the cofibrant model of the
operad Assocsg (see Lemma 2.7)).

All the maps Tjg (O)—=T 19_1((’)) of the tower (5.5]) are fibrations and according to Lemma [2.2]
(and to the fact that for N > 2, the operad O is obtained from O x_1 by a free attachment of
one (N — 2)-dimensional cell in degree N) the preimage of any point under such map is either
empty or homotopy equivalent to QN "20(N).

6. FIRST DELOOPING

Let n: Assoc — O be a morphism of Assocsg-bimodules. We will be assuming that O(0) =~ .
We stress the fact that we need 7 to be a map from Assoc and not from Assocsq. Technically it
means that one has to fix an additional element 7(ag) € O(0) satisfying

az(n(ao),n(ar)) = nlar) = az(n(a1),n(ao)). (6.1)

If we denote n(ag) by 1, the property (6.1)) is a partial case of (4.0]) automatically satisfied in case
O is an Assoc—Assocs-bimodule.

One has a map of Assocsg-bimodules p: O — Assoc, which is uniquely defined since Assoc
is the terminal object in Bimod. By Q Bimod([J, O) we will understand the loop space with the

Assocso Assocso
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base point nop. In the same way we define Q75(0) as a loop space with the base point (nop)|n-.
One gets a tower of fibrations

QTF(0) + QTP(0) + QTH(0) + QTP(O) « ... (6.2)
On the other hand, due to the morphism 7: Assoc — O, the sequence of spaces O inherits a

structure of a weak Assocso-bimodule, and the tower (8:6]) can be defined.
In this section we will construct a map of towers

QTH(0) <— QTP (0) <— QTF(0) <— QTH(O) <— - - (6.3)
N Y A
5 (0) T (0) T3 (0) TP (0) <+
that induces a map of their limits
0 Bimod (0, 0) LN Whinod(4,0). (6.4)

Theorem 6.1. Let O be an Assocsg-bimodule with O(0) ~ x and endowed with a map of

Assocso-bimodules n: Assoc — O. Then the map En: QTY(O) — Tﬁ(@) constructed below
18 a homotopy equivalence for each N > 0.

An immediate corollary is the following.

Theorem 6.2. In the settings of Theorem [6.1), the induced map of limits (6.4]) is a homotopy
equivalence.

Proof of Theorem[6.2. In both towers (B.0) and (6.2]) all maps are fibrations. Therefore for each
of them the limit coincides with the homotopy limits. On the other hand by Theorem [6.1] the
morphism of towers &: QT3 (O) — T. o (O) is a homotopy equivalence for each stage, therefore
the induced map of homotopy limits is a weak equivalence. O

Before constructing the maps &, let us compare the stages Q77(0) and TlA (O). Notice by
the way that TOA(O) = Top(A(0),0(0)) = O(0) ~ *, and so are T5(0) = QT (O) = *. One
has TP(0) = Top(0(1),0(1)) = Top(x,O(1)) = O(1). So, QTL(O) = QO(1). The space
TIA((’)) = Whbimod; (A1, O|1) is homotopy equivalent to the fiber of the map TIA(O) — TOA(O),

Assocso
since the target space is contractible and the above map is a fibration. The fiber of this map

over n(ag) € O(0) consists of maps f1: A(1) — O(1) having a fixed behavior at the boundary
OA(1). But by (GI) f1 at both ends of the interval A(1) is equal to n(a;) which is viewed as
a base-point of O(1). As a consequence we see that this fiber is homeomorphic to QO(1). It
turns out that & sends Q7T; 15((9) homeomorphically to the fiber above. As a consequence & is a
homotopy equivalence.

To define £x we will decompose each A(n), 1 < n < N, into a union of polytopes, such that
each of the polytopes will have a natural map to O(n) that arises from g € Q Bimod,,(d],, O|,).

Assocso

Explicitly such g is a tuple (g;)1<i<n, With g;: O(i) x [0,1] — O(3), satisfying
gi(:p, 0) = g($7 1) = n(ai)v
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for all x € (). Sometimes we will view each g; as a map from the suspension
gn: X0(n) = O(n).
For each t € [0, 1], the tuple (gn(—,t))1<n<n, where g,(—, t): O(n) — O(n), satisfies the boundary

conditions (4.8)-(4.9).

Let =, be the subcategory of faces of OJ(n) corresponding only to those trees that do not have
inner vertices above beads. One can easily see that =, is an (n — 1)-cube or in other words the
(n — 1)-th power of the category {0 — 1}. Define two functors: a covariant

Ag: =, — Top,

and a contravariant
Xa: =n — Top.

The functor A\ assigns to a tree T' € Obj(Z,) the (closed) face of CJ(n) corresponding to 7', and
to a morphism between trees the corresponding inclusion of faces. Explicitly

AT = T oD, (6.5)

beB(T)

where B(T) is the set of beads of T', and || is the number of edges outgoing from b. This functor
describes the left action of Assocsy on [J. For example, for n = 3 the corresponding =3 diagram
is the 2-cube:

idxXas
_—

O(1) x 0(2) O(1) x O(1) x 0O(1)

azl lagxid

0(3) @ 0(2) x 0(1).

If the number of beads |B(T')| in a tree T is k, then the dimension of the cube A\g(T') is n — k. If
by,...,by are the beads of T appearing in a clockwise order, a point in Aq(7") will be denoted by
(x1,...,x1), where each z; € OI(|b;]).

The functor y, assigns the simplex A* to a tree T with k beads:

Xa(T) ={(t1,t2, ..., tp) |0 <t <t <o <ty < 1)

In other words points in x,(7") are non-decreasing functions from the set of beads B(T') to [0, 1].
Given a morphism of trees in =,,:

a: Ty — Ts,
the corresponding map of simplices
Xa(a@): xa(T2) = xa(Th) (6.6)
is a face inclusion. More precisely « induces a surjective map of the sets of beads
ay: B(Ty) — B(Ty).
The map (6.0) is defined as a composition with a:
xa(@)(f) = foa.
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the inclusion is A% < A3 given in coordinates by (t1,t2) — (t1,t2,12).
One has a natural evaluation map

& A\a(T) x xa(T) = O(n), (6.7)

For example for the morphism

given by
f%((:nl, ces ), (1, . ,tk)) = ak(g‘bﬂ(xl,tl), e ,g‘bk|(xk,tk)).
Define Wb(T') as A(T) x xa(T), which is a product of a k-simplex with an (n — k)-cube, thus
it is an n-dimensional prism. Define also
Wb(n) = Ao ®=, Xa-
This space has a natural cell decomposition coming from the cell decomposition of its components
wbo(T).

Proposition 6.3. The space Wb(n) = Ao ®=, xa as a cell complex is homeomorphic to an
n-simplex divided into 2"~ prisms (each prism corresponding to some Wb(T)) by (n — 1)
hyperplanes obtained as follows: Omne fizes an edge e of the n-simplex and a parallel to it line £
having non-trivial intersection with the interior of the simplex. The (n — 1) planes are chosen to
contain ¢ and to be parallel to one of the (n — 1) facets of the simplex containing e.

WbO(1) wed(2) Wo(3)

fixed edge

FIGURE E. Subdivision of Wb(1), Wbld(2), Wb(3) into prisms. Each tree T
in the above picture denote the corresponding prism Wb(T).

Proof. The proof goes by induction over n. For small n = 1, 2, 3, see figures above. Notice
that the prism containing the fixed edge e is Wb(C,,) = O(n) x [0,1] = [0,1]™ where C,, is the
n-corolla - the terminal element in =,,. O
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Remark 6.4. The evaluation maps (6.7) coincide on the faces of Wb(T)’s that are glued
together in Wb(n) and all together define a map

£9: Wbd(n) — O(n). (6.8)

This is so because for any t € [0,1] the map g(¢,—): 0 — O is a morphism of left Assocsq
modules.

The sequence of spaces Wb = {Wb(n), n > 1} is a sequence of simplices, but this sequence
still does not have a structure of a weak Assocsy bimodule. The problem is that such structure
could not be compatible with the cell decomposition of the spaces in the sequence. Indeed, if WO
had such structure in a way that it would be homeomorphic to A as a weak Assocs bimodule,
then all the codimension 1 faces of each simplex Wb(n) would have the same cell decomposition
as that of Wb(n — 1). But we can see that it is not true even for Wb(2). To remedy this we
will define a quotient of Wb(n) that will be denoted by Wb (n). First for T' € Obj(Z,,), define
WbO(T) = Wb(T)/ ~, where

((xl,...,wk), (tl,...,tk)) ~ ((x&,,w%), (t'l,...,t;g)), (6.9)

if for all i = 1...k one has either (x;,t;) = (2},t}), or t; = t; = ¢ with £ € {0,1}. Notice that one
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still can define evaluation map &.: Wb(T') — O(n), such that the following diagram commutes

O(n) . (6.10)

WHO(T)

This is so, because g;(z,e) = n(a;) for any x € 0O(i), i > 1, € € {0,1}.

The above quotient map collapses only those codimension 1 faces of Wb(T') that appear in the
boundary of the simplex Wb(n). The space Wb(n) is defined as a quotient space of Wb(n)
by the above relations. As a consequence one has an evaluation map

&2 Wb(n) — O(n).

To complete the sequence Wb, define WbJ(0) as a point *. The map & is defined to have
image n(ap).
The figure below describes the quotient map Wb(n) — Wb(n), n =1, 2, 3.
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WeO(1) = o——e = W)

wo(2) = = Wud(2)

In Wb1(3) the shaded 2-cells are those that are collapsed via the projection to Wb(3).

Proposition 6.5. (i) The sequence of spaces Wbd(n), n > 0, has a structure of a weak bimodule

over Assocsg. Moreover with this structure for any g € Wblmod(D O), the evaluation map
Assocso

&9 Wbold — O is a morphism of weak bimodules.

(ii) The weak bimodule Wb is cofibrant and contractible in each degree.

(iii) As a weak bimodule Wb is homeomorphic to A\, moreover Wb is a refinement of A\,
see Definition [2.11.

Proof. First we will describe a natural way to encode the cells of WbJ(n), n > 0, in terms of
trees. A grafting construction similar to the one given in Section will be used to define a
weak Assocsg-bimodule structure on Wb, Let T € Obj(Z,). We start by encoding faces of
WH(T) = Aa(T) x xa(T). Since by construction Ag(T) is a face of [J(n), any face of A\g(T) is
also a face of (J(n) and thus can be encoded by the corresponding tree 7" (which is an expansion

To recall a point of x,(7T) is a configuration 0 < ¢; < to < ... < ¢ < 1, where each t;
corresponds to a bead of T. Thus a face of ya(7T) is described by a collision of some points
(including collision with 0 or 1). A face of x,(T") will be encoded by the same tree 7" in which we
encircle by dotted lines the beads whose corresponding parameters collide. In addition to that we
put 0 or 1 on the leftmost, respectively rightmost encircled group of beads if the corresponding
parameters collided with 0, respectively 1. Finally to encode a face of Ag(T') x xa(T') we pullback
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the encircled groups of beads from T to T’. (One has a natural projection map of the sets of
beads B(T') — B(T). Each encircled group in B(T”") is defined as a preimage of an encircled
group in B(T).) We also put 0 or 1 on the corresponding group if it is a preimage of a group
with this label. The figure below gives an example of such tree for the case T" and T” are as in
the figure above, and the face of x4 (T) is given by the equations t3 = ¢4 = 1.

N

Such trees will be called trees with encircled beads. It is easy to see that the natural maps
Wb(T) — Wb(n) are all inclusions of cell complexes, and moreover for two different trees
Ty, Ty € Obj(Z,,) a face of WbI(T}) is identified with a face of Wb (T) in Wb (n) if and only
if they are encoded by the same tree with encircled beads.

Now we will describe how to encode cells of Wb(n) = Wb(n)/ ~. Given a tree with encircled
beads (that encodes a cell of Wb(n)) it can be of one of the 4 types:

e there is at least one encircled group not labeled neither by 0, nor by 1;

e there are exactly two encircled groups: the left one labeled by 0, and the right one labeled
by 1;

e there is only one encircled group which is labeled by 0;

e there is only one encircled group which is labeled by 1.

In the first case the tree corresponding to the image (quotient) cell in WbJ(n) is obtained from
the tree with encircled beads by turning all the beads in the encircled groups labeled by 0 and 1
into internal vertices and then by contracting all the edges that were adjacent to those vertices:

The leaves that used to come from the encircled group labeled by 0 (respectively 1) will be called
left-most (respectively right-most).

In the second case the corresponding tree is obtained using the same contraction of edges (that
are adjacent to the beads from the group labeled by 0 and 1), but in addition we add a valence
one bead to separate the leaves coming from two different groups:

\
o\o

The corresponding cell is 0-dimensional.
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In the third and forth cases the cell is also collapsed to a single point in Wb(n). In the first
case the corresponding 0-cell will be encoded by the tree as follows:

To recall Wb(0) is a point, its only cell will be encoded by T The trees encoding cells of
Wbd(n), n > 0, will be also called trees with encircled beads.

To define a weak Assocs-bimodule structure on Wbl we use the same grafting construction
as in Subsection It is easy to see that Wbl is cofibrant. The generating cells are encoded by
the trees with encircled beads that do not have leaves coming from the inner vertices.

The map &9 respects the right action of Assocs since g(—,t) respects the right Assocs action
for all t € [0,1]. (Actually, Wb has a structure of a right Assocso module and by construction
the evaluation map from W0 also respects this structure.) We recall that the (weak) left action
on O arises from a (strong) left action and the morphism of bimodules 7| gssoc-, @ Assocsg — O.
One can show that the left weak action is preserved by &9 because g(z,0) = g(x,1) = n(ay) for
any = € O(n).

To see that Wb(n) is contractible in each degree we notice that Wb (n) is contractible
being an n-simplex, and the preimage of any point under the projection Wb(n) — Wb(n)
is contractible. If such point lies in the interior of a cell encoded by a tree with ¢ left-most
and r right-most leaves, its preimage is homeomorphic to 0(¢) x O(r), where [J(0) = * as in
Subsection 43|

We will be sketchy in the proof of (iii) since it is enough for our purposes that Wb is a

cofibrant model of Assoc in the category V}ibimod, which follows from (i) and (ii). To see (iii) we
$S0C>0

can argue by induction. Define a filtration

Wbl C Wby C Wby C ... (6.11)
in WO similar to (3.3]) where Wb; is a weak sub-bimodule of Wb generated by Wb(0),
wbud(1), ..., Wb(i). We will show that this filtration of weak bimodules is homeomorphic

to (B3). By induction hypothesis we can assume that Wb y_1 is homeomorphic to Ax_1. This
in particular means that Wby_1(N) is homeomorphic to Ax_1(N) = dA(N) ~ SV~1. On
the other hand WbJ(N) is obtained from WbJ(N) by a quotient map. Moreover Wb(N) is
an N-simplex and the quotient map in question identifies only the points on the boundary of the
simplex Wb(N). Thus the preimage of Wby _1(NN) via the quotient map Wb(N) — WbO(N)
is exactly OWb(N). From the above we obtain that Wb(N) is obtained from Wby _1(N) ~
SN=1 by attaching an N-disc along a map

OWDHO(N) = SN=t — SN=1 — WOy _1(N) (6.12)
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which is of degree 1. (The map (6.12) is the quotient map WbO(N) — Wb(N) restricted to
the boundary.) Induction step will be proved if we show that Wb(N) is homeomorphic to an
N-disc. Indeed, this would imply that Wb y|x is homeomorphic to A x|y as N-truncated weak
bimodules. On the other hand the generating cells of Wby and Ay all lie in degrees < N, as
a consequence of Lemma 2101 Wby should be homeomorphic to Ay.

Lemma 6.6. Let a product of two closed discs D' X D7 be embedded inside the boundary of a
closed disc DN by a standard embedding i: D' x D7 — DN, N > i+ j. Consider the quotient
DY/ ~ that identifies i(x,y) ~ i(x,y') for all z € D, y,y' € DI. Then DV / ~ is homeomorphic
to DV.

By “standard embedding” above we mean an embedding which sends D x D’ to a product of
coordinate discs in some coordinate chart of the boundary 0DV = SN—1,

Even though technical the proof of the above lemma is straightforward by which reason it is
omitted here.

As a consequence of this lemma we will have.

Lemma 6.7. For each T € Obj(Z,), Wb(T) is an n-disc.

Proof. Wb(T) is an n-disc since it is a product Ag(T") x xa(T) of a cube and of a simplex. On
the other hand it is easy to see that Wb(T) is obtained from WbJ(T') by a sequence of collapses
from Lemma (6.6) (hint to the reader: the number of collapses needed is twice the number of the
beads in T'). O

From the way Wb(T') are glued together, see Proposition [6.3] one can see that Wb(n) is an
n-disc, which finishes the proof of Proposition (3).
U

Proof of Theorem [6.1l. We will induct over N. For N = 1, & sends Q7T (0) = QO(1) homeo-
morphically to the fiber of the map TIA(O) — TOA(O) over n(ag) € O(0) = TOA(O). Since the
map TlA (0) — TOA (O) is a fibration with contractible base space, one gets that £ is a homotopy
equivalence. For N > 2, we assume that

Eno1: QTY_1(0) = T, (0)

is a homotopy equivalence. Since both maps Tﬁ (0) — Tﬁ_l(O) and QTY — QTS ,(0)
are fibrations, it is enough to check that for any g € QT E_l(O) the induced map of fibers
is a homotopy equivalence. The fiber for the first map is Wbimodglg\f » (AN, AN-1),0) =

Assocsg

Whimodgs (Wb, Wbln—1), O). It turns out that the fiber over the second map can also

Assocso

be expressed as a mapping space of weak bimodules: VVbimodgjg\ri1 ((WbDN,WbI:IN_l/Q), (’)),

Assocso

where the weak bimodule Wbly_1/ is described below. The induction step will then follow
from Lemma 23]

To recall Wby is obtained from Wbly_1 by a free attachment of an N-cell along the
map (6.12]), so that one has the following pushout diagram in the category of weak bimodules
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over Assocsq:
Whimod (OWbH(N)) —— Whimod(WbI(V))

| -

Wby _—1 Wolly,

where Whimod(OWB(N)) (respectively Whimod(Wb(N))) denotes a free weak Assocsq bi-
module generated by the sequence that has the sphere 9Wb(N) (respectively the ball Wb(N))
in degree N and the empty set in all the other degrees. Let Cy denote the N-corolla (the terminal
object of the category Zy). Consider the interior Int(Wb(Cy)) of Wb(Cy) viewed as an open
subset of WbO(N). Define Wby _, /2 as a weak bimodule that fits into the following pushout
diagram:

Whimod(9WEE(N)) —= Whimod(WHLH(N) \ Int(WH(Cy)))

| o

Wbln_1 WOy 1 /a-

Again Wbimod(Wb(N) \ Int(Wb(Cy))) denotes the free weak bimodule over Assocsq gener-
ated by the sequence with emptysets in all degrees except the degree N where it has the space
WBO(N) \ Int(WbO(Cy)). This diagram tells us that Wb0y_q /o is obtained from WbOy_; by
a free attachment of a punctured disc. Thus Lemma 2.3] can be applied and one obtains that the
inclusion

WbimOdEJg\,,l ((WbDN, WbDN_l/Q), (9) — WbimOdgzqu ((WbDN, WbDN_l), O)

Assocso Assocso

is a homotopy equivalence. On the other hand one can show using Lemma that the left-hand
side is naturally homeomorphic to the fiber of the map QT — QTx_,(O) and one also has that

the right-hand side is the fiber of the map Tﬁ (O) =T ﬁ_l(O). Thus we see that the fibers are
homotopy equivalent which finishes the proof of O

6.1. Wb-construction and more about Wblly_;/;. The notation Wblly_;/, in the proof
above comes from the fact that this weak bimodule is something between Wbly_1 and Wbl y:
it contains Wbldy_1 and is contained in Wbly. It is cofibrant and is weakly equivalent to
WbxN_1 being obtained from the latter one by a free attachment of a punctured cell. In this
subsection one gives a more natural interpretation for this intermediate object. This more con-
ceptual interpretation is used to shorten the proof of similar results: Theorems [7.1] T0.5],

First, given an Assocsg-bimodule Q one can construct a weak Assocsg bimodule Wb(Q)
similarly as one produces Wbl from [J. One defines first a functor

Ao =2, — Top,

by Ao(T) = [lpeper) Q(Ib]). On the morphisms the functor is defined using the left action of
Assocsg on Q. One defines

Wb(Q)(n) := (Ao ®=, Xa) [ ~,
where the relations are (6.9). In particular one can apply this construction to any filtration
term Oy of 0. The obtained weak bimodule Wb(Oy) is exactly the part of Wb on which
the evaluation map &9 is defined only using the information about ¢1,...,gn. To recall Wblly
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consists of those cells labeled by the trees with encircled beads such that the sum of outgoing
edges from all beads is < N. While the cells of Wb({y) are labeled by the trees with encircled
beads such that the number of outgoing edges from each bead is < N. Thus one has a natural
inclusion of cofibrant weak bimodules Wby C Wb(Oy ).

One can notice that Wbl y_y o is exactly the part of Wby, where £9 is defined using only the
information about g1, ...,gn-1 and not about gn. In other words Wbly_1 /o can be obtained as
intersection Wby _1 /o = WbOn NWH(On—1).

7. SECOND DELOOPING

Let O be an operad such that O(1) ~ x. We will also assume that O is endowed with a
morphism of operads n: Assocsg — O. Because of this map O can be regarded as a bimodule over
Assocsg. Denote by p the projection p: O — Assocsg. By Q Operads((, O) we will understand

the loop space with the base point 7 o p. Similarly QTg(O) = Q Operadsy (O|n, Oln) will

denote the loop space with the base point 7o p|y. A point in QTﬁ(O) is a tuple (ha,...,hy),
where each h; is a map

hi: [0,1] x Qi) — O(i),
satisfying the boundary condition (5.4)) for all ¢ € [0, 1]. We will also have
hi(0, =) = hi(1, =) =noplog)- (7.1)

This means that each map h; can be viewed as a map of suspension h;: 2O (i) — O(i).
The aim of this section is to construct a homotopy equivalence of towers:

QTO(0) <— QTP (0) <— QTL(0) <— QT (0) <— - (7.2)
@l Gl @l @l
T5(0) (@) 75(0) T9(0) ~— -

that induces an equivalence of their homotopy limits

Q Operads(O, 0) LN Enmod(D 0). (7.3)
S50C>(
Theorem 7.1. Let O be an operad endowed with a map of operads n: Assocsg — O and with
O(1) ~ *. For each N > 0 the map (n: QTﬁ((’)) — TH(O) constructed below is a homotopy
equivalence.

As a consequence we immediately obtain the following.
Theorem 7.2. Under the settings of Theorem[7.1] the map (T.3)) is a homotopy equivalence.

The proof of the latter theorem is analogous to the proof of Theorem

The construction of the map (, is similar to that of &. The idea is to decompose each CJ(IV),
N > 1, into a union of polytopes (of the same dimension N — 1), one of which is X (V) and the
other ones all together define a homotopy between X (N) and 90(N). On each subpolytop a
map to O(N) will be naturally defined using the maps ho, ..., hy.
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7.1. Bimodule BO over (J. Let ¥,, denote the category/poset of faces of ((n). Its objects are
planar trees and morphisms are contractions of edges, see Section Bl We will define a covariant
functor

Ao ¥, — Top,
and a contravariant one:
Xa: ¥, — Top.
The functor Ay assigns to a tree T' the face of ((n) encoded by T"

Ao =TI O
)

beB(T

The contravariant functor y, assigns to a tree T a polytope in [0, 1]B(T) whose points are the
order preserving maps B(T') — [0,1], where B(T) has a natural partial order induced by the
structure of the tree. For example

ul

As we see from this example x,(7) might be different from a simplex. Given a morphism
a: Ty — T, in ¥, one has the induced map of the sets of beads a,: B(Ty) — B(T3). The map

\

w
u ):{(tu,tv,tw)\ogtusmg1,0§tu§tw§1}. (7.4)

Xa(a@): xa(T2) = xa(Th)
is a face inclusion defined by f +— f o a, for f € xa(T2) viewed as a map f: B(T2) — [0, 1].
Denote by BO(T) = An(T) x xa(T). A point in BO(T) is a tuple (wy,tp)pep(r), Where
xp € Q([b]), tp € [0,1]. One can define a natural evaluation map
¢ BO(T) — O(n) (7.5)

by sending (x,y)pep(r) to the composition of the elements hyy(ty, 2p) € O([b]) according to the
way they appear in the tree T'. For example for the tree from (7.4]) one has

f%((tu7 xu)y (tvy xv)a (twy xw)) = h2(tu7 xu) (h2(tv7 xv)y h3(tw7 xw)) .
Now define
E(n) = Ao @, Xa- (7.6)

Notice that the natural map BO(T) — BQ(n) is inclusion of cell complexes for each T €
0bj(¥,,). Moreover BO(n) can be viewed as a union of polytopes BO(T') (glued together by
their faces) of the same dimension n — 1.

The fact that h(t,—): O — O is a morphism of operads for all ¢t € [0,1] implies that the
evaluation maps (5] can be glued together to define a map

¢h: BO(n) — O(n).
We will also define BO(1) to be a point. The evaluation map ¢} is defined to have image 1(a).

Proposition 7.3. The space BO(n), n > 1, is homeomorphic to an (n — 1)-disc.
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Proof. BQO(n) is a union of (n — 1) dimensional polytopes BO(T), T € Obj(¥,,). Indeed,
dimAo(T)= > (bl=2)= > (b= 1) = #B(T) =n—1-#B(T);

beB(T) beB(T)
dim xa (T) = #B(T).
So, dim BO(n) = n — 1. Define a filtration in BO(n):

0=BO (n)c BO (n) c BO(n)C...c BO" '(n) = BO(n), (7.7)

where El(n) is the union of those BO(T) for which T has < i beadsf One has BO' (n) =
BO(Cp) = O(n) x [0,1] is an (n — 1)-discl We will induct over i to show that cach BO' (n),
1<i<n-—2isan (n—1)-disc. The poset ¥,, has a structure of a lattice with 77 V T, defined
as a tree corresponding to the smallest face of (O(n) that contains both 77 and T5 faces, and
T1 A'T5 defined as the tree corresponding to the intersection of the 77 and 75 faces. It is easy to
see that BO(T1) N BO(Ty) = Ay (Ty ATy) x xa(T1 VTy) € BO(Ty V Ty). This implies that if T}
and T both have i beads then the intersection BO(T1) N BO(T») lies in the smaller filtration

term El_l(n). One can also notice that BO(T}) shares a facet (codimension one faces) with
BQ(Ty) if and only if one tree (T} or T) is obtained from the other by a contraction of exactly
one edge. Thus if T} and Ty both have 7 beads then BO(T}) N BO(T3) lies in the lower term of
filtration and has dimension < n — 3. To finish the proof it is enough to show that for any tree
T with i beads BO(T) N BO;_1(n) is an (n — 2)-disc. But one can see that this intersection is
the union of those facets of BO(T') that contain the face BO(T) N BO(C,). (The latter face of
intersection is Aey(T) X xa(Cpn) = Ay (T) x [0,1] — it is a codimension (i — 1) face of BO(C,,).)
As a consequence this intersection is an (n — 2)-disc.

O

It turns out that the spaces E(n) , n > 1, form a bimodule over the operad (0. Below we
make this structure explicit. The left action
O(n) x BO(m1) x ... x BO(my) = BO(my + ... +my)
is defined by gluing together the maps
O(n) x BO(T}) x ... x BO(T,) = BQ(gr(T1,...,T,)), (7.8)

where T; € Obj(V,,,), 1 <i <mn, and gr(T1,...,T,) is a tree obtained from T3, ..., T, by grafting

i Iy

grafteng them to the n-corolla C,:
3We used upper indices to distinguish this filtration from the filtration (Z1T)).
1A before C', is the n-corolla, which is the terminal object in ¥,,.
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Denote the lowest bead of gr(Ti,...,T,) by r. Let (fbvjb)bEB(gr(Tl,...,Tn)) be coordinates in
BQO(gr(T1,...,T,)) (notice that B(gr(Th,...,T,)) = U, B(T;) U{r}). Let y be a point of
O(n), and (tb, To)penr_ B(1;) be a point of [, BO(T;). In coordinates the map (Z.8) is given
by

The right action
BO(n) x O(m1) x ... x O(my) = BO(m1 + ... +my)
is defined similarly by gluing together the maps
BO(T) x O(m1) x ... x O(my) = BO(T(m4,...,my)), (7.9)

where T' € Obj(V,,) and the tree T'(mq, ..., my;) is obtained by grafting the corollas C,,,...Cp,,
to T

Let us denote by ri,...,r, the new beads of T'(my,...,m;) (i.e. those that do not come
from T). Let (fb,:ib)beB(T(m17...,mn)) be coordinates on BQO(T(myq,...,m,)) (notice that
B(T(my,...,my)) = B(T)U{r1,...,ra}). Let also y; € Q(m;), 1 <i < n, and (tp, Tb)sep(r) €
BQO(T). The map (Z.9) in coordinates is given by

. {tb, be B(T);
ty =

1, b=r,i=1...m;

~ Th, bGB(T)7
Try, =
b Yis b:T’Z‘,’L'Zl...TL.

It is straightforward to see that the maps as above define a structure of a bimodule over O on

BO.

Remark 7.4. One can show that BO is a cofibrant bimodule over (. There is a well known
sequence of polytopes called multiplihedra which defines a cofibrant bimodule over the Stasheff
operad O [15, 10, [7]. One can show that B( is a refinement (see Definition 2.I1]) of the sequence
of multiplihedra, in particular the two bimodules are homeomorphic.
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We finish this section by describing the cellular structure of BO(n), n > 0, from which it
will be clear that the bimodule action of O on BQ is free. We start by encoding the faces of
BO(T) = A\n(T) x xa(T), where T € Obj(¥,,). Since A\(T) is a face of O(n), any face of
Aoy (T') will be encoded by a tree T" which is an expansion of 7. A face of x (7)) can be encoded
by a tree T in which one encircles the beads whose parameters coincide (an encircled group forms
always a subtree of T"). In addition if in one of the groups all the parameters are zeros or ones,
one puts label 0, respectively 1 on this group:

Finally to encode a face of A\y(T") X xa(7T') which is a product of a face 7" and a face encoded
by the tree T with encircled beads, we incorporate this information in the tree 7" by encircling
the groups of vertices of 7" which are pre-images of the corresponding encircled groups in T. We
also put labels 0 and 1 appropriately. It is easy to see that the faces of E(T ), T € Obj(¥,,),
that are identified in E(n) are encoded by the same trees with encircled beads.

7.2. Bimodule BO over Assocsq. In this section we define a quotient of BO that will naturally
be a cofibrant model of Assocsg as a bimodule over Assocsg. Let T € Obj(¥,,), we define BO(T)
as the quotient of BO(T') by the following relation:

(to, 20 ven(r)y ~ (th Th)beB(T) (7.10)
if and only if for all b € B(T) one has either (t,23) = (1}, 2}) or t, = t; = € with € € {0,1}.

The cell which is the image of a cell encoded by a tree Ty with encircled beads will be encoded
by a similar tree with encircled beads obtained from Ty by the following procedure:

1. contract all the edges inside encircled groups labeled by 0 and 1, and replace each bead from
this group by a usual internal vertex;

2. put a bead on each edge connecting two internal vertices, one of which is labeled by 0 and
another by 1; similarly one puts a bead on an edge connecting an internal vertex labeled by 0
and a leaf.

Here are two examples how this procedure goes:

The space BQO(n) is obtained from B (n) as a quotient by the above equivalence relations
(BO(n) being viewed as a union of BO(T), T € Obj(¥,)). It is easy to see that two cells of
BQO(Ty) and of BO(T5) are identified in BO(n) if and only if they are encoded by the same tree
with encircled beads.
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It is easy to see that for any T' € Obj(¥,,) the evaluation map ¢%: BO(T) — O factors through
BQO(T). As a consequence the evaluation map ": BQ(n) — O factors through BO(n):

BO(n) ‘ O(n)

\ ch

BQO(n)

Proposition 7.5. (i) BO has a structure of a cofibrant Assocsqg-bimodule. With this structure
the evaluation map ¢": BO — O defined above is a morphism of bimodules.

(ii) Each component of BQ is contractible.

(iii) BQ is homeomorphic to O as an Assocsg-bimodule.

Proof. (i). The Assocs bimodule structure on BQO is defined by a grafting construction similar
to the one described in Subsection With this definition the projection BO — BQO is a
map of O-bimodules (where BQO is acted on by O through Assocsg). It is easy to see that the
bimodule action of Assocsg on BQ is free. The generating cells are encoded by the trees with
encircled beads that do not have internal vertices (that were labeled by 0 and 1). The fact that
the evaluation map respects the bimodule structure follows from the construction.

(ii). We have seen that BO(n) is an (n—1)-disc. On the other hand the preimage of any point
under the projection BO(n) — BO(n) is a product of associahedra, thus is contractible. As a

consequence B(J(n) is homotopy equivalent to BO(n) and is also contractible.

(iii). Using Lemma one can prove that each BO(T), T € ¥, is an (n — 1)-disc (hint:
the number of collapses needed is twice the number of the beads of T'). From the way how the
polytopes BO(T), T € ¥,,, are glued together (see the proof of Proposition [(.3]) one gets that
B (n) is also an (n — 1)-disc. Consider a filtration in BO

@ZBOOC301CBOQC..., (7.11)

where the term B, is a subbimodule of BO generated by BO(1),...,BO(n). Using the induc-
tion and the fact that each BO(n) is an (n — 1)-disc one can show existence of a homeomorphism
in: O, = BQO, that extends 7,,_1. The argument is similar to the proof of Proposition O

Concerning the proof above we mention that B((0) is empty, BO(1) is a point, BO(2) is
segment and the maps BO(i) — BQ(i), i = 0, 1, 2, are homeomorphisms. The quotient map
B (3) — BQ(3) is described by the following picture:




DELOOPING TOTALIZATION OF A MULTIPLICATIVE OPERAD 35

On the figure above a tree T refers to the piece BO(T') in BO(3) or the piece BO(T') in BO(3),
respectively.

The quotient map BO(4) — BQ(4) is harder to visualize. Both the source and the target
are unions of 10 pieces labeled by the trees from W, — the category of faces of (9(4). As a little
demonstration of what is going the figure below shows the cell decomposition of the boundary of

BO().

[ | S A

, 7
A
N
s
. s

Notice that the back face consists of only one 2-cell. Under the homeomorphism B (4) — [J(4)
/
this face gets mapped to the face labeled by the tree \2/ All the other faces of the cube above

have a cell decomposition homeomorphic to that of B(3(3). The trees labeling the corresponding

e o100y e ", W, N 0¥

7.3. B-construction and Proof of Theorem [7.Jl One can notice that for any topological
operad P with P(0) = ) one can define an Assocs( bimodule BP similarly as one produces BO
from O. First one defines a functor Ap: ¥, — Top that assigns 7' +— [[yc () P(|b]) and uses
the operadic composition structure for morphisms. The n-th component is defined as

B,P(n) = ()\P ®\Ijn XA) / ™~
where the equivalence relation is (Z.10).
In particular for P = Oy the bimodule B(Q ) is the subbimodule of BO consisting of cells
labeled by the trees with encircled beads whose all beads have at most N outgoing vertices.
By contrast the cells of the bimodule BO y are labeled by trees with encircled beads which are

product of trees with the property that the sum of outgoing vertices from all beads minus the
number of beads is < N. One obviously has BOy C B(QOn).

Proof of Theorem [7.1l The proof is completely analogous to that of Theorem Again we in-
duct over N. The map (; sends QTlg((’)) which is a point to n(a;) € O(1) = T(O). Since O(1)
is contractible (; is a homotopy equivalence. The map (s sends QT. 20((9) = QO(2) homeomor-
phically to the preimage of the fibration 75’ (O) — T (O) over n(ai). Since O(1) = TP(O) is
contractible, the map (s is a homotopy equivalence.

Assuming that (y_1 is a homotopy equivalence, we will prove that (5 is so. Since both maps
TH(0) = TF_,(0) and QTg(O) — QTg_l((’)) are fibrations, it is enough to check that for any

h e ng—1 (O) the induced map of fibers is a homotopy equivalence. The fiber for the first map is
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the space of morphisms Bimod.s  ((Hy,0n-1),0) = Blmodcg ((BON,BOnN-1),0). Using

Assocso>N Assocso
Lemma[2.2 one can show that the ﬁbers of the second map can also be expressed as spaces of maps

of bimodules Bimod s ((BON,BON_l/Q), O), where BQOn_y/2 is the bimodule obtained as

Assocso N
intersection of BOy and the B-construction of O pn_1:

BON—1/2 =BOy ﬂB(ON_l).

But notice that BO y is obtained from BO _1 by a free attachment of an N-disc in degree N
(whose interior is the interior of BO(N)). While BO y_y /2 is obtained from BOxy_; by a free
attachment of a punctured disc BO(N) \ Int(BQO(Cy)). Lemma 23] finishes the proof.

O

Part 2. Delooping taking into account degeneracies

In Part [l the partial semicosimplicial totalizations sTot O(e), N > 0, of a cosimplicial space
O(e) obtained from a multiplicative operad are described as dooble loop spaces of the spaces of
derived morphisms of truncated operads:

sToty O(e) ~ Q2Oge\r—a/dsN (Assocso|n, O|N) -

In part 2 we take into account degeneracies and deloop the partial homotopy totalizations
Tot n O(O):

Toty O(e) =~ Q2Oge\r;dsN (Assoc|n, O|n) .

The constructions in Part Bl generalize those from Part [Il Below we outline the plan of Part
together with the major differences compared to Part @ In Sections B, @ Ml respectively, we
construct cofibrant models A D and O of Assoc in the category of weak bimodules over Assoc,
bimodules over Assoc, and Operads respectively. These objects are naturally filtered and one
has that A NN, O NN, O ~N|n are cofibrant models of Assoc|y in the correspondlng category of
N-truncated objects. One of the essential differences with Part [l is that A 0, and O are not
any more polytopes in each degree but infinite-dimensional CW-complexes. However we will still
have that the filtration terms A N 0 N> and O ~ are cellular cofibrant and are freely generated
by finitely many cells. To pass from AN 1, DN 1, ON 1 to AN, DN, ON respectively, one
has to attach not one but 2V cells. To be precise one has to attach first one cell in degree N of
dimension N, N — 1, N — 2 respectively to the three cases, then one attaches (]Y ) cells in degree
N — 1 and of dimension N + 1, N, N — 1 respectively, ..., on the ¢ — th step one attaches (]2[)
cells in degree N — ¢ of dimension N + 4, N +i— 1, N + i — 2 respectively. One can see that
similarly with the case considered in the first part of the paper the dimension of all generating
cells decreases by one each time we pass from A to D or from O] to O. This is a crucial fact
used to show that the delooping maps &, and ¢, con51dered below are homotopy equivalences.
In Section [0 we construct a weak bimodule Wb that has the same properties as A: it
is a cofibrant model of Assoc, it is naturally filtered so that Wbl ~N|n is a cofibrant model of
Assoc|y, and one also needs 2V new cells to get Wby from Wbl y_; (that are attached in the
same order and in the same degrees and are of the same dimensions as in the case of A) The
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essential difference with Part [l is that Wb0 is not homeomorphic to A, but is only homotopy
equivalent to it (as a filtered weak bimodule). By the construction we have a natural map

£N3 QBijdN(DN|N, O|n) — WL)imOdN(WbDN|N, On),

that we show to be a homotopy equivalence in case O(0) ~ *. The latter map describes the first
delooping of Tot O(e) as the space of derived morphisms of bimodules:

QBfllmodN(AssodN, O|n) =~ Toty O(e).

In Section [II] we construct an Assoc bimodule Bbv with the same properties as O it is a
cofibrant model of Assoc, it is naturally filtered with each BEN cofibrant and BSN| ~ being a
cofibrant model of Assoc|n as an N-truncated Assoc bimodule. Similarly BO N is obtained from
BO ~N—1 by a free attachment of 2%V cells. Again we will have that B O is not homeomorphic to
D, but only homotopy equivalent to it (as a filtered bimodule). By construction one has a natural
map N N

C~N3 Q OperadsN(ON|N, ON) — Bj‘glg)ch(BON|N, O|N),

that we show to be a homotopy equivalence in case O(1) ~ x. Combining the two results we
obtain an equivalence

920523\1"—811SN(ASSOC|N, O|n) ~ Toty O(e), N >0,
assuming O(0) ~ O(1) ~ *. Taking the limit N — oo one reproduces the Dwyer-Hess’ theorem [5]:
g 0(0) g P y

QQOEe\r_gds(.Assoc, O) ~ Tot O(e).

8. COFIBRANT MODEL A OF Assoc AS A WEAK BIMODULE OVER ITSELF
AND ASSOCIATED TOWER

8.1. Cofibrant model A. To recall {A(n), n > 0}, is a weak bimodule over Assocsq given by
a sequence of simplices, where each simplex can be viewed as a configuration space of n points
on the interval [0, 1]:

0<t; <ty<...<t,<l.
The right action of Assocsg consists in doubling points, and the weak left action consists in
adding new points at the ends of [0,1]. This action can be naturally extended to an action of
Assoc. The zero component Assoc(0) = * can act only to the right. We define this action

0;: A(n) x Assoc(0) — A(n — 1) (8.1)
as forgetting the i-th point in the configuration.
Obviously A is not cofibrant as a weak bimodule over Assoc, since the degeneracies (8.1) do
not act freely. Below we define its cofibrant replacement A.
A point in ﬁ(n), n > 0, is a configuration space of n points on [0,1] (labeled by 1,2,...,n
in increasing order) together with some number of hairs growing from the interior (0,1) of the
segment and that have length < 1. Such configurations will be also called hairy configurations.

The points labeled by 1,2,...,n are allowed to collide with each other and with the endpoints
of the interval [0, 1], but not with the hairs. Moreover hairs are not allowed to grow from the
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FIGURE F. An example of a hairy configuration with 7 geometrically distinct
points. This configuration is a point in A(5).

same point. If a hair shortens to length 0, it disappears. If two hairs collide, only the one of
the longer length survives. If a hair collides with one of the labeled vertices or with one of the
endpoints of [0, 1], then it also disappears.

The left action of Assoc on A = {A(n), n > 0} is defined similarly to that on A — by adding
(labeled) points on the boundary of [0,1]. The right action of Assocs is defined by multiplying
the labeled points. The right action of Assoc(0) is defined by replacing the corresponding labeled
point by a hair of length 1, in case the labeled point was inside the interval and did not coincide
with other labeled points, and by forgetting this point otherwise. It is easy to see that with this
definition A becomes a weak bimodule over Assoc.

We will consider a filtration in A:

80C£1C&2C...C£, (8.2)

where ﬁ,(n) for each n > 0 consists of configurations having < i geometrically distinct points
strictly inside the interval (0, 1). For example, for a hairy configuration from Figure [E] the number
of such points is 7, since the points 2 and 3 are counted for one, and the point 5 does not contribute
being outside (0,1). Obviously, the action of Assoc preserves this filtration.

A1(0) A1) A1(2)

O

Ficure G. &1 in small degrees.

Proposition 8.1. (1) Aisa cofibrant model of Assoc as a weak bimodule over Assoc.
(2) Aply is a cofibrant model of Assoc|, as a truncated weak bimodule over Assoc.

Proof. We start by showing that A(i) (and A, (i) are contractible for any i (any i < n, respec-
tively). By contracting all the hairs the spaces A(i) (respectively Ay (i) are retracted to A(i)
(respectively A, (7)). Then we notice that A(i) = A, (i) are contractible being simplices.
Secondary we have to show that A (and ﬁn\n) are cofibrant, or in other words are obtained
by a sequence of free attachments of cells, see Section 2l We give an argument for A. The case

of An|n follows from Lemma 2.9
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One starts by putting a 0-cell in degree zero (empty configuration) which generates ﬁo whose
points are configurations of labeled points all seating at the endpoints of [0, 1]. Obviously, ﬁo =
A\ is free. Then one attaches a 1-cell in degree 1 — this cell corresponds to configurations with
only one labeled point and without hairs. This cell generates cells with exactly one geometrically
distinct point such that if this point is a hair, then its length is 1. Then we attach a 2-cell in
degree 0 corresponding to configurations without label points and with one hair of length < 1.
Attaching this cell finishes creating Ay, In general to pass from Ap_1 to A, one has to attach 1
cell of dimension n in degree n, n cells of dimension n+1 in degree n—1, ( ) cells of dimension n+2
in degree n — 2,. . ., (7) cells of dimension n + 7 in degree n — ¢ (these cells contain configurations
with (n — ¢) labeled points and 4 hairs; we will denote by A,,_;; the weak bimodule obtained
at this point),. . ., (Z) = 1 cell of dimension 2n in degree 0. Thus we made it explicit that the
construction is cofibrant. The truncated case follows from O

We also notice that the space ﬁ(n) can be obtained as a quotient

Am) =] [T 2®+m)xo1 /N, (8.3)

m>0 «a: m—n+m

where the second disjoint union is taken over the order preserving inclusions. The quotient
relation can be easily obtained from the definition given in the beginning of this section] Notice
again that the interior of each A(n +m) x [0, 1]a(m in (83) is a generating cell of A (such cell
is attached when passing from An—i—m—l,m 1 to An+m 1,m)-

8.2. Tower TX (O) associated to A. Given a weak bimodule O over Assoc, one can consider
a tower of fibrations
A A A A
Ty (0) «~T7(0) Ty (0) T4 (0) ..., (8.4)

whose stages are spaces of morphisms

T2(0) = Whimod(A,,, O) = Wbimodn(ﬁn\n,(?\n):Wmdn(Assoc\n,O]n).
" Assoc

Assoc Assoc

The limit of this tower is

TOAO(O) Wblmod(A 0) = Wblmod(.Assoc 0).

SSOC SSOC

Equivalently the above tower is the tower of partial homotopy totalizations
Totg O(O) < Totq O(O) <+ Tots O(O) —

converging to the homotopy totalization Tot O(e).
The advantage of considering the tower (84]) compared to the tower (B.6) is that (84) has
nicer convergency properties.

The map TnA((’)) — TnA_l(O) can be decomposed as

T (0) «+ TnA_LO(O) — TnA_Ll(O) Y

n—1 n—1n

(0) = T2 (0),

SWe write down this quotient relation in Sections [0.2] [[0.2] in a more general context.
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where we denote by TnA_ 1:(O) the space of morphisms Wbimod(ﬁn_l,i, O). A variation of these

Assoc

intermediate stages will be used in the proof of Theorem [10.5]

To describe the fiber of the map Tp (0) — TnA_ 1(O) we will need the notion of the total
homotopy fiber of a cubical diagram. The description of the fibers is given for completeness of
exposition and is not used in the proof of the main results.

8.3. Cubical diagrams and fiber of TnA((’)) — TnA_l((’)). Let P, be the poset of subsets of
n=1{1,2,...,n}. An n-cubical diagram (or an n-cube) is a functor from P,,.

Denote by [0, 1]® the n-cubical diagram that assigns [0, 1]° to each set S C n. For each inclusion
S C T the corresponding map

0,1° = [0,1]"
sends a function f: S — [0, 1] to the function T"— [0, 1] defined by

tH{f(t), teS;
1, teT)\S.

Denote by ([0, 1]° ) o the subset of [0, 1]° consisting of functions f: S — [0,1], such that 0 €
f(S). We will also denote by ([0,1]*), the corresponding n-cube and by ([0,1]*,([0,1]*),) the
n-cube in the category of pairs of spaces.

Definition 8.2. Let X be an n-cube of based spaces. We define tfiber(X) the total homotopy
fiber (or simply total fiber) of X as the space

tfiber(X) = Top”™ . (([0,1]*,(10,1]*),) , X) (8.5)
of natural transformations [0, 1]* — X, that send each space ([0, 1]% )0 to the base point of X(.5).

The reader can consult [8, Section 1] for a better introduction to this notion of total fiber.

Notice that in case X is an n-cube of non-based spaces, one can still define its total fiber by
choosing a base point in X(f)) (which as an image defines base points in each X(S)). The total
fiber thus defined depends only on the connected component of X(f)) where the base point is
chosen.

Notation 8.3. More generally given an n-cube (X1, Xp) in pairs of spaces and an n-cube Y in

spaces, and a natural transformation Xg i> Y, we consider the space
Toppna ((le XO)a Y)

of natural transformations 5: X; — Y such that S|x, = a.

We will describe the fiber of the map TnA(O) — Tnﬁ_l(O) using the above construction.

As before we assume that O is a weak bimodule over Assoc. For any finite set R we define
O(R) as O(|R|). We denote by O(n \ e) the n-cube that assigns O(n \ S) to any set S C n.
On morphisms this cubical diagram is defined using degeneracies (right action of Assoc(0)) in an
obvious way.
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Let A(n) x [0,1]* denote the n-cube obtained from [0, 1]* by taking the product of each object
with the space A( ). We will also consider 9y (A(n) x [0,1]*) —a cubical subobject of A(n)x[0, 1]°
defined by

a0 (A(n) x [0,1)%) = (8(A(n)) % [0, 1]5) U (A(n) x ([0, 1]5)0).
Let Bg denote the map
A(n) x 0,115 = A\ S),
which is the composition of the inclusion

is: An) x (0,17 < ] 1T A(n — |8] +m) x [0, 1)@

m>0 a: m—n—|S|+m

(that sends A(n) x [0,1]° identically to the component labeled by the inclusion |S] = 8§ C n),
and the quotient map

11 11 A(n—|8|+m)x[0,1]*=) — [ T 11 A(n — |S] 4+ m) x [0, 1]

m>0 a: m—n—|S|+m m>0 a: m—n—|S|+m

where the right-hand side is A(n —151), see (83). The maps fs, S C n define a natural transfor-

mation 8: A(n) x [0,1]* = A(n\ ). Notice that preimage of the subcube A,,_1(n\e) C A(n\ o)
under [ is exactly 80 (A(n) x [0,1]°).

Let us fix a point v € TnA_l((’)), which is a morphism of weak Assoc bimodules ~: Ap_1— O.
By abuse of notation denote by 7 the induced natural transformation of cubical diagrams

v: Dpoi(n\ @) = On\ ).

Proposition 8.4. The preimage of v € TnA_I(O), n > OE under the fibration TnA(O) — TnA_l(O)
1s homeomorphic to

Topp”yoﬁ ((A(n) x [0,1]*,90 (A(n) x [0,1]*)),0(n \ o))
Proof. Direct inspection. O

The following statement can be easily proved from Proposition R4l

Proposition 8.5. The preimage of the fibration TA(O) — TA 1(0), n >0, is either empty
or homotopy equivalent to Q"tfiber (O(n '\ ®)), where (in case n > 1) the base pomt of O(n)
can be taken to be apiq opy1 p with p € O(0) being the image of the map Ao EI In
case the space tfiber (O(n \ )) is (n — 1)-connected, the fiber is always homotopy equwalent to

Q"tfiber (O(n )\ o)).

6We are assuming T§1 (0) = .
"To recall Ag(0) is a point.
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9. COFIBRANT MODEL [] AND ASSOCIATED TOWER T (O)

9.1. O as a bimodule over Assoc. Recall Section [4.3] where we defined an Assoc — Assocsq
bimodule [J. In this section we will define a structure of an Assoc bimodule on it.

Each space (n), n > 0, can be viewed as a configuration space of n points on R! labeled by
1,2,...,n with the possible distance between consecutive points to be < 1 (including 0 and 1).
This configuration space is quotiented out by translations so that a configuration is determined
by a sequence of distances (dy,ds, ..., d,—1) between the points. These distances d;, i =1...n—1
are coordinates of the cube [J(n). The left action of as € Assoc(2) concatenates configurations
putting the distance 1 between them:

Assoc(2) x O(k) x O(m) — O(k + m);
agx(dl...dk_l)x(d’l ! )'—)(dl...dk_l,l,dll.. ! )

coodr, N
The right action of as doubles points in the configuration:
o;: O(n) x Assoc(2) — O(n +1)
(di...dp—1) xag v+ (dy...di—1,0,d;...dp—1).
Finally we define the right action of Assoc(0) by forgetting the corresponding point in config-

urations. In case the point was internal, the new distance between the point to the left and the
one to the right will be the maximum of two:

(d2...dn_1), ’izl;
(dl e dn—l) O; ag = (dl . di_g,max(di_l, di)yd’i+1 ‘e dn—l)y 1=2...n— 1; (9.1)
(dl...dn_g), 1 =n.

One can easily see that this definition is consistent and turns [ into a bimodule over Assoc.

9.2. Cofibrant replacement 0. In this section we define a cofibrant model of Assoc in the
category of Assoc bimodules. The n-th component O of this bimodule is defined as a quotient

Om) = | [ II Bm+m)xo, 1@ /N. (9.2)

m>0 a:m—nt+m

We will specify the equivalence relation a little bit later. A point in ﬁ(n) is a configuration of n
points on R! labeled by 1...7 in increasing order and a number of hairs growing from R!. Again
the configurations are considered modulo translations of R!. One has the following restrictions
on configurations:

e the distance between neighbor points/hairs is < 1;
e the length of hairs is < 1;
e a hair can not have distance 0 with another hair or with a labeled point;

Two labeled points are allowed to have distance 0. If a hair shortens to length 0, it disappears,
the distance between its neighbor to the left and the one to the right becomes the maximum of
two distances as in formula If a hair collides with a labeled point it disappears. If two hairs
collide together, only the hair of longer length survives.
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The construction of OJ follows a general framework. Given any bimodule ) over Assoc, we will
define another Assoc bimodule by

Yo)y=(]] JI Yen+n)xo1m /N,

m>0 «a:m—m+n

Any element z € 37(71) can be written as a tuple (y;7q) - ..Ta(m))a labeled by an inclusion
a:m <= n+m, where y € Y(n+m), and 0 < Ta(iy < 1. Graphically such z can be represented
as the element y corked in its entries a(1),...,a(m) by the segments of length 7,1y, ., Ta(m)
respectively.

One of the equivalence relations is as follows:

—

(y7 Ta(l)s -+ Ta(i) = 0,... 7Ta(m))a ~ (y Ca(i) @05 Ta(1)y+ -+ Ta(i)s - -+ 7Ta(m))a27 (93)

where c: denotes the composition of order preserving maps
a;:m—lzm\{i}ﬁ)m—i—n\{a(z‘)}:m—i—n—l. (9.4)

In the other relations (@), (9.6) we will be assuming that a(i) < j < a(i + 1).
The other relations are:
(95)  (UsTa()s -+ Ta(m)) , = (U5 025 Ta(1)s -+ - Ta(i)s T> Taie1)s -+ > Ta(m)) o . =

o
30

(y Cj @25 Ta(1)y -+ =5 Ta(i)s Ts Tau(i4-1) 5 -+ 77—a(m)) ’

a4
where ajo: m+1 <> m+n+1 (respectively a;+:m+1 < m+mn+1) is an order preserving
map whose image is a(i) U {j} U (a(m \ i) + 1) (respectively a(i) U{j + 1} U (a(m \ i) + 1).

Finally the last relation is

(9.6) (y 04 a2; Ta(l), e 77—a(i)77', T/Ta(i+1)a N ,ta(m))%o+ =

(y; Ta(l)s - - - ,Ta(i),max(ﬂ 7',)7 Ta(i+1)s - 7Ta(m))aj ’

where ajor: m+2 < m+n+1 has image ajo(m + 1)U {j+ 1}, and aj: m+1 = m+n+1
has image a(m) U {j}.

The Assoc bimodule structure is defined in the natural way.

Since this construction is functorial the filtration

LhclhclycC...cl
induces filtration of Assoc bimodules
OocOy,cOyc...cO. (9.7)

Proposition 9.1. (1) One has that O is a cofibrant model of Assoc in the category of Assoc
bimodules. _

(2) For any n >0, O,|, is a cofibrant model of Assoc|, in the category of n-truncated Assoc
bimodules.

Proof. The proof is similar to that of Proposition Bl We will just describe the sequence in which
we attach cells to get [J. The free Assoc bimodule generated by empty sets in each degree is the
bimodule that has only one point 1 in degree zero, which is the result of left action of Assoc(0).
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This element corresponds to an empty configuration. The obtained bimodule is the degree zero
term Oy of the filtration ([@.7). Then we attach a 0-cell in degree 1, that corresponds to the
configuration of only one labeled point. Acted on by Assoc, this cell produces configurations of
hairs and labeled points, in which all the hairs have length 1 and the distance between labeled
points/hairs is either 0 or 1. Then we attach a 1-cell in degree zero, that corresponds to the
configurations consisting of a single hair of positive length < 1. The obtained bimodule is ﬁl,
which consists of configurations of hairs (of any length < 1) and labeled points with the only
condition that the distance between labeled points/hairs is either 0 or 1. To get O, we attach a
1-cell in degree 2 (corresponding to configurations of 2 labeled points without hairs), then two
2-cells in degree 1 (corresponding to configurations consisting of 1 hair and one labeled point),
then one 3-cell in degree 0 (corresponding to configurations of 2 hairs without labeled points). In
general to pass from ﬁn_l to ﬁn we need to attach one (n — 1)-cell in degree n, then (Tf) n-cells
in degree n— 1, then (3) (n-+1)-cells in degree n —2, ..., then (%) (n+i— 1)-cells in degree n —i
(these cells consist of configurations with 4 hairs and (n— i) labeled points; the bimodule obtained
at this point will be denoted ﬁn_l,i), ..., at the end we attach one (2n — 1)-cell in degree 0 (the

obtained bimodule is ﬁn_lm =0,). O

We stress the fact that the interior of each O(n + m) x [0,1]*®@) n +m > 0, in (@2) is a
generating cell of the Assoc bimodule structure.

9.3. Tower T,ﬁ(O). Let O be a bimodule over Assoc. Define the space Tnﬁ((’)) by

Tnﬁ((’)) = Bjmod(lﬁn, 0) = B}lmodn(ﬁn]n, Oln) =~ Bjr;l/odn(flssoc]n, Oln)- (9.8)

The second equation is a consequence of Lemma [2.91 These spaces fit together into a tower of
fibrations

TH(0) « TRO) + TP(0) « ..., (9.9)
whose (homotopy) limit is TE(O) = Bjmod(ﬁ, 0O) ~ ]3:il_lrr\1/cx1(Assoc, 0).

The map Tnﬁ(O) — T,'Li_l((’)) can be decomposed as
TnD—l(O) A TnD—l,o(O) A TnD—l,l(O) AR Tn—l,n(o) = TE(O),

where we denote by T, nﬁ_M(O) the space of morphisms Bimod(ﬁn_17,~,0). These intermediate

Assoc
stages will be used in the proof of Theorems [10.5] and [11.6]

Now we will describe the fiber of the fibration T.(O) — T (O). The Propositions 0.2}
below are given for completeness of exposition and are not used in the proofs of other results.

Since any Assoc bimodule O can be viewed as a right module over Assoc, by a construction
similar to Section B3] we will define an n-cubical diagram O(n \ e). Let v € T2 ;(O). By abuse
of notation we will denote by  the induced morphism of cubes:

7: Oci(n\ o) = O(n\ o).

Let O(n) x [0, 1]* denote the n-cube obtained from [0, 1]* by taking the product of each object
with the space d(n). We will also consider dy (d(n) x [0,1]*) — a cubical subobject of ((n) x [0, 1]®
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defined by
A (O(n) x 0,11%) := (9(0(m) x [0,11%) U (D(n) x ([0,1]%),).
Let 8s denote the map _
O(n) x [0,1]° = O(n\ 5),
which is the composition of the inclusion
is:O(n) x [0,1)% = ] 11 O(n — |S| +m) x [0,1]*m)
m>0 a: m—n—|S|+m

(that sends (n) x [0,1]° identically to the component labeled by the inclusion S| ~ S Cn),
and the quotient map

I1 [T Se-1si+m)xo, 1™ — <]_[ [T  Om-|S/+m)xo, 1]a(m>)/~,

m>0 a: m—n—|S|+m m>0 a: m—n—|S|+m

where the target is O(n — |S]). The maps 8s, S C n define a natural transformation 8: O(n) x
[0,1]* — O(n \ o). Notice that the preimage of the subcube [0,,_1(n \ @) C O(n \ ) under 3 is
exactly dp (O(n) x [0, 1]*).

Proposition 9.2. The preimage of v € Tg_l((?) under the fibration Tnﬁ((’)) — Tni_l(O), n>1,
1s homeomorphic to

Top o ((O(n) x [0,1)°, 8 (O(n) % [0,1]%)), O\ »)).
Proof. Direct inspection. O
The following statement can be easily proved from Proposition
Proposition 9.3. The preimage of the fibration Tnﬁ((’)) — Tni_l((’)), n > 28 is either empty or
homotopy equivalent to Q" 't fiber(O(n \ o)), where for the base point of O(n) one can choose
p o1 an with p € O(1) being the image of the map o o(1) — OB m case tfiber(On\ o)) is
(n — 2)-connected, the preimage is always homotopy equivalent to Q" 't fiber(O(n \ o)).
10. FIRST DELOOPING. COFIBRANT MODELS Wbl = Wb(]

10.1. Wbl as a weak bimodule over Assoc. To recall Wbl is a weak Assocsy bimodule
constructed from O, see Section [6l Since [ is naturally acted on from the right by Assoc(0), the
weak bimodule Wb also inherits this action. If & = (x1,..., 2k t1,...,tx) € WbO(ny +...+ng)
(where z; € O(n;), 1 <i<k,0<t; <...<tx<1), then

T opap = ($1,---,33i/ Oj7 AQy L/ 415+ - - s Tkt 7tk)7
where ny +...+ny_1 <l<ni+...+ny, 5 =0—n1—...—ny_1,and ny > 2. If ny =1, one
defines
T opag:= (:El, BRI 7 Ny [P 7 VT PR ,ﬂj‘k;tl,. .o 7ti’—1ati’+1a ce ,tk). (101)

8In case n = 1 the preimage of TF’(O) — TOi (O) is the homotopy fiber of the degeneracy map O(1) — O(0),
where O(0) is based in 1.

9To recall Hoo(1) is a point.
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One can see that the above operations together with the weak bi-action of Assocsg turn Wbl
into a weak bimodule over Assoc.

Even though A and Wb are homeomorphic as weak Assocsg bimodules (Proposition [6.5]),
they are no more homeomorphic as weak Assoc bimodules. For example, one can compare the
degeneracy maps s1(—) := (—) o1 ag and so(—) := (=) 02 ag on A(2) and Wb(2), see Figure [Hl

\Vj Level setsof $1 N/ \VD Level setsof S2 V

onA(2) onA(2)

\VD Level setsof S1 W \V] Level setsof S2 W

on WH(2) on Wb(2)

FiGure H.

In the case of A(2) a level set of s; can have at most one point of intersection with a level set
of s9. In the case of WbJ(2) such level sets can have a segment in common. This comes from the
fact that the maps

o1: 0(2) x Assoc(0) — O(1),
o9: [0(2) x Assoc(0) — O(1),

are the same maps since [J(1) is a point.

10.2. Cofibrant weak Assoc bimodule Wb and associated tower T,WFD((’)). The con-

struction of A and [ works in the same way to make a cofibrant weak Assoc bimodule WO
from Wbll:

WbO(n) == 1T [T wdm+m)x (o1 /N. (10.2)

m>0 «a: m—n+m

The quotient relations are the same as in ([@.3)), (3.5]), ([©:6). In addition one has

(103) (a2 O2 YT Ta(1)s - - - 7Ta(m))oclo ~ (y; Ta(1) -+ 7Ta(m))a;

(104) (a2 C1Y;Ta(1)y--- 7Ta(m)77—)a(m+n+1)o ~ (ya Tal)s - -+ 7Ta(m))a7
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where ajo: m +1 < m +n + 1 has image {1} U (a(m)+1), and a4 pq1y0: m = m +n + 1 has
image a(m)U {m +n+ 1}.
Since this construction is fonctorial, Filtration (6.1T]) in Wb induces filtration

%QC%lcm%gC%gC”” (105)

The following proposition is analogous to Proposition [R.11

Proposition 10.1. (i) WO is a cofibrant model of Assoc as a weak bimodule over itself.
(i) for any n > 0, Wb,|, is a cofibrant model of Assoc|, as an n-truncated weak Assoc
bimodule.

Remark 10.2. The weak bimodule Wb has a coarsening which is obtained by the same com-
binatorial sequence of cell attachments as A. To recall Wb(n) is an n-disc. Similarly to A,
see Section B, one will have that the interior cell of each Wb(n + m) x [0,1]*®@) in (0.2 is a

generating cell of V[//%/D To pass from V[//\b/Dn_l to V?lﬂin one needs to attach one cell of dimension
n in degree n, then n cells of dimension n+ 1 in degree n —1,.. ., then (") cells of dimension n +14

in degree n — i (the corresponding cells are the interiors of Wb (n) x [0, 1]*®: we will denote by

WL, ; the intermediate weak bimodule obtained at this point and which is similar to Am)
then 1 cell of dimension 2n in degree 0.

As before for any Assoc weak bimodule O we obtain the tower whose stages are

TWbD(O) Wblmod(WbDn,O):Wblmod( Vb0, O). (10.6)

SSOC SSOC
Proposition 10.3. One has that A is homotopy equivalent to WbD as a filtered weak bimodule
over Assoc. As a consequence the towers T)*5(0O) and T.A(O) are also homotopy equivalent.

Proof. This follows immediately from Propositions R, I0.1] and Lemma 210 O

We will also need intermediate mapping spaces

T0(0) = = Whimod(V37,.:, 0) (10.7)

SSOC

that will be used in the proof of Theorem []

10.3. Weak bimodule Wb, In this section we will _describe an alternative construction for
Wb0. In this construction it will be denoted by Wl Using this alternatlve description of

Wb = Wb we construct the homotopy equivalence of towers 17, ,D(O) TV bD(O).

Recall the category Z,,. Let =, denote a similar category of trees with the same morphisms,
but now we allow trees with univalent and bivalent beads.

\%ﬂv

F1GURE I. An example of a morphism in §3.
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The category =, has infinitely many elements. Using O as a bimodule over Assoc, we will
define a covariant functor

A En — Top
by sending a tree T' to [[,cp(n) 0(|b|), where |b| denotes the number of outgoing vertices of a

bead b. On the morphisms this functor is defined using the left action of Assocsg on 0.
We also define a contravariant functor

Xa: Zn — Top,

(T)

which assigns to any tree T in =, the simplex AB(T) | which is the space of order preserving maps

from the set B(T") of beads to [0, 1].
(5210

Then we define Wb(n) as
where the equivalence relations are the same as in Section [0 (defined after Remark [6.4]) plus in
addition we impose

(1, xi =1, xpity, e ty) ~ (@1, T Tt -y ). (10.8)

Similarly as we defined a structure of a weak Assoc( bimodule on WbLJ, one defines a structure
of a weak Assoc bimodule on Wbd = {Wbl(n), n > 0}.

Proposition 10.4. The weak Assoc bimodules WbE and WD are naturally homeomorphic.

Proof. The homeomorphism is clear from the construction. In both cases a typical element of
degree n can be written as a tuple ((z1,...,2r); (t1,- -, k), (Ta(1)s - - > Ta(m)))a> Where z; € O(n;),
ni > 1; (t1,....tp) € AF: a:m < m+n, (Ta()s > Tam)) € [0, 1]*®) | and one also has
ni+...+n =n-+m. It is easy to check that the equivalence relations for Wbl and for WO
are the same. As example the relation (@3] together with (I0.I]) imply (I0.8]). O

Starting from this point we will not distinguish between W0 and Wb0. In particular one will
always mean

Wb, = Wod,, Wi, = Wil,,, TW5(0) =1V90), TW5(0) = TW5(0).

10.4. Wb-construction and first delooping. Now let O be an Assoc bimodule endowed with
a morphism of Assoc bimodules

p: Assoc — O.
Due to this map, O inherits a structure of a weak Assoc bimodule.
Given any Assoc bimodule Q one can produce a weak Assoc-bimodule Wb(Q) in the same way

as in the previous section we constructed Wb from 0. The Wb construction has the property
that one can define a natural map

£o: QBjmod(Q, O) — Wbimod(Wb(Q), 0),

Assoc

where the base point in Bimod(Q, O) is the composition Q — Assoc 5 0.

Assoc
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Applying the Wb-construction to lﬁn and lﬁm one obtains the weak bimodules Wb(ﬁn) and
Wb(O, ;) that are regarded as subobjects of Wb. Due to the inclusions Wbld,, C Wb(L,,) and
wod,; C Wb(d,,;) the maps £in and 557”_ can be composed with the restriction maps to get

£,: QTI(0) = QBimod(T,,, ©) — Whimod (Wb, ©) = TV (0),

Assoc Assoc
€ni: QTZ,(0) = O Bimod(,,i,0) — Whimod(Wbl, ;, 0) = TV (0).

Theorem 10.5. Each map &, : QTnﬁ(O) — T,I;Vbﬁ(O) s a homotopy equivalence for any n and
any pointed Assoc bimodule O with O(0) ~ *.

Above by a pointed Assoc bimodule we mean a bimodule endowed with a morphism from
Assoc. In other words it is a bimodule in the category of pointed spaces.

Proof. We will prove that in the settings of the theorem all the maps ém are homotopy equiva-
lences. The result will follow since &, = &u—1,p-
For a convenience we will use the notation én_l,_l = Ent1s TnD_L_l(O) = TnD_l(O), Op—1,-1:=

O,—1, and so on.
One has a commutative diagram

QT0 | (0) 22 7w (o)

n—1,i

b

T, 1 (0) =TV, (0)

Assuming that fn_u_l is a homotopy equivalence we will prove that fn_u is also a homotopy
equivalence. Since both QTnﬁ_Li(O) — QT,?_M_l(O) and TK@(O) — TXKI’E-_I(O) are fibrations
it is enough to show that én_lvi induces a homotopy equivalence on fibers.

To recall Wbﬁn_u is obtained from Wbﬁn_u_l by a free attachment of (?) cells in degree

a:i—n WbD(TL) X [07 1]0{@) in (m Consider
Wb‘in—l,i—l/2 = Wb(Op—1,i-1) N Wh—1,;.

n — i. These cells are exactly the interior of ||

One can see that Wbﬁn_l,i_l /2 1s obtained from Wbﬁn_u_l by a free attachment of (’:) punc-
tured discs [, ;o,,, (WbO(n) \ Int(WbL(Cy))) x [0, 1o,

On the other hand it is easy to see that given g € QTnﬁ_M_l(O) the fiber over g in
QT,?_M(O) is homeomorphic to the space of maps Wl%ig)lcod o <(Wbﬁn_1,i, Wblﬁn_17,~_1/2), (’)).

While the fiber over its image 52—1,1'—1 e TV (O) in TXKI’E-_l(O) is the space

n—1,i—1
WEimod 75 ((Wbﬁn_l,i, Wblﬁn_u_l), O). It follows from Lemma 23] that the inclusion
ssoc n—1
WEgsnggd o <(Wbﬁn—1,i7 Wblin—l,i—l/2)v O) — Wksig)lgd = ((Wbﬁn—u, Woln 1.4-1), (9)

is a homotopy equivalence. O
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Theorem 10.6. In the settings of Theorem [I0.0 the induced map of limits

Q Bimod (T, ©) £ Whimod (W0, 0). (10.9)
Assoc Assoc
s a homotopy equivalence.
Proof. The proof is similar to that of Theorem O

11. SECOND DELOOPING AND THE OPERAD O

11.1. Operad O. It is possible to add a point in the zero component of the operad O so that
the new sequence of spaces O = {O(n), n > 0} will still have a structure of an operad. But it
turns out that if we will then try to use the method of Subsection to make a cofibrant operad
from (U, then the obtained sequence of spaces

H H O(n+m) x [0,1]*m) /N

m>0 «a: m—n+m

(where the equivalence relation is defined as in Subsection [@.2)) will not have a natural structure
of an operad.
On the other hand we can use the Boardmann-Vogt W-construction [3] to produce a cofibrant

replacement of the operad Assoc. The n-th component ((n) of this cofibrant operad is the space
of planar metric trees with n leaves. A point in this space is a planar rooted tree whose inner
vertices can have any valence and edges have lengths between 0 and 1. The root in such trees is
supposed to have valence 1. Neither the leaf edges, nor the root one are assigned a length. There
are two relations: If the length of an edge becomes 0, this edge is contracted. Another relation
is that if a tree has an inner vertex of valence 2, then this tree is equivalent to the tree obtained
by removing this vertex and making a single edge from the two ones adjacent to this vertex. If
both edges were internal ones, the length of the new edge will be the maximum of two lengths,
otherwise the edge is not assigned any length since it must a leaf edge or a root one. The latter
relation corresponds to the fact that the vertex of valence 2 corresponds to the identity element
of the operad Assoc.

FIGURE J. An example of a tree from 6(10).

We will depict the internal vertices of metric trees by black dots to distinguish these trees from
the ones previously used in the paper.

The operadic composition is defined by grafting trees and assigning length 1 to the edges
connecting the trees in the composition. The identity element with respect to this operadic
structure is the tree having only one leaf and no internal vertices.
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The subspaces of O(n), n > 0, consisting of trees whose all internal vertices have valence
> 3 form a suboperad which is naturally isomorphic to (O (since it is also the Boardmann-Vogt
resolution of Assocsg).

We say that a tree is prime if it does not have edges of length 1 and also the tree is not the
identity tree. If the tree is not prime and is not the identity it is said composite. In other words a
composite tree is a tree having at least one edge of length 1. Any composite tree can be uniquely
decomposed into an operadic composition of prime trees called prime components. We say that a
prime tree is in the i-th filtration term if the number of its leaves plus the number of its univalent
internal vertices is < i. A composite tree is said to be in the i-th filtration term if all its prime

components are in the i-th filtration term. This defines a filtration of operads in O:

50C51C52C53c...c0

All the components of the term 60 are empty except the one in degree one 60(1) = {id}. Tt is a
free operad generated by empty sets. The first term (97 has in addition one degree zero operation
01(0) = {I }. The other components are the same. In other words O; is obtained from (g by

attaching one zero-cell in degree zero. The term 62 is obtained from 61 by attaching one 0-cell
in degree 2, corresponding to the tree Y, then attaching two 1-cells in degree 1 that consist of
metric trees Y and Y, then attaching one 2-cell in degree 0 that consist of trees Y In general

O, is obtained from O, _1, n > 2, by a sequence of free cell attachments. We attach first one
(n — 2)-cell in degree n — the interior of the corresponding cell consists of prime trees with n
leaves and without univalent internal vertices. This cell is exactly the interior of OO(n). Then
one attaches n (n — 1)-cells in degree (n — 1). The interior of these cells consist of prime trees
with (n — 1) leaves and one internal univalent vertex. Each such cell is naturally described by
O(n) x [0,1]. On the i-th step of this procedure we freely attach (') (n — 2+ i)-cells in degree
(n —1) (the interiors of these cells consist of prime trees with (n — i) leaves and ¢ univalent beads;

the operad obtained at this point will be denoted by ,,_; ;). One has O,_1, = Op.

Proposition 11.1. (i) The operad O isa cofibrant model of Assoc.
(ii) For n > 1, the n-truncated operad Oyl, is a cofibrant model of Assoc|s,.

Proof. An explicit sequence of cell attachment is described above. The credit for the result (i)
should be given to Boardmann-Vogt [3], since what we described above is a partial case of their

construction. For the part (ii) according to Lemma we are only left to show that O, (k) is
contractible for any £k < n. We say that a metric tree T' € Sn(k) is quasi-prime if each of its
edges of length 1 is adjacent to an inner vertex of valence 1 and also T # I Every metric tree
(except I) has a unique operadic decomposition into quasi-prime components. Define a filtration

in O, (k) whose i-th term (O, (k)); consists of metric trees whose all quasi-prime components
have < i inner vertices of valence 1. By contracting all the edges adjacent to inner vertices of

valence 1 one can show that (O, (k)); can be retracted to (O, (k));—1. Since the 0-th filtration
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term

N B {I}’ k=0
(On(k))o = {On(k‘) =Ok), k>1;

is contractible, we obtain by induction that all the filtration terms are also contractible. On
the other hand each inclusion of filtration terms is an NDR pair (being an inclusion of CW-
complexes), as a consequence the colimit (union) of this filtration sequence coincides up to a
homotopy equivalence with the homotopy colimit. The latter one is contractible since all the
terms in the filtration are contractible. O

To end the section we notice that for each n > 0 we have a natural surjective map

0,5 11 [T ©®+m) x| - O(n), (11.1)
m>0 «:m—n+m

that sends (T'; Ta(1)s - - - s Ta(m) )Ja tO @ tree obtained from a metric tree 7' € O (n+m) by corking its

entries a(1),...,a(m) by the segments of the lengths 7,(1), ..., Ta(m) respectively (this produces

m new univalent internal vertices in 7).

This means that we can also view O(n) as

om= I I O®+m)xo1® /N. (11.2)

m>0 «a:m—n+m

But the equivalence relations here are different from those in Section Consider for example
the tree below

T1 T2
7 — 0
_— =
75— 0
which is an interior point of O(3) x [0,1]*®), where a: 2 — 3 is defined by a(i) =i, i = 1, 2.

When 71 and 75 become 0 the limiting tree will still have a univalent internal vertex. Which
means that even when all 7,;) are zero the attaching map does not go to some point in O (n),
but to some other cell of the form O (n +m’) x [0,1]* ™) with m’ < m. This actually explains
why the proof of Proposition IT.1] (2) is more complicated compared to the proof of the analogous
statement 8.1l in which A,, is immediately retracted to A\,.

Again we have that the interior of each O(n +m) x [0,1]*™) n +m > 1, in [I2) is a
generating cell of O of dimension n +2m — 2.

11.2. Tower associated to 6 Given a topological operad O one can define a tower
TP(O) — TZO(O) — T30(O) —
where each stage is defined by

TnO(O) = Operads(gn, 0) = Operadsn(6n|n, Oln) ~ O;;v\r—a/dsn(Assodn, Oln).
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The (homotopy) limit of the above tower is T2 (O) = Operads(Q, ©) ~ Operads(Assoc, O).

We will describe the fibers of the maps between stages in terms of the spaces of morphisms of
cubical diagrams. Propositions [I1.2] IT.3] below are given for completeness of exposition and will
not be used in the sequel.

Let us fix an element p in O(0). Using this element one can define a cubical diagram O(n \ o),

where each map in the diagram is a composition with p. In practice p will be the image of I under
amap v: O1 — O.

We will also consider the cubical diagram 6(@ \ o) where I is the element with which we
consider the compositions in order to define the maps in the cubical diagram.

Let v € TnO_ 1(O). By abuse of notation we will denote by v the induced morphism of cubes:
7: On-i(n\e) = On )\ e).

Let O(n) x [0,1]* denote the n-cube obtained from [0, 1]
object with the space (O(n). We will also consider 9y (O (n)
O(n) x [0,1]* defined by

0 (O(n) x [0,1]°) = (8(Om) x [0,1%) U (Om) x ([0,1]),).
Let Bg denote the map

* by taking the product of each
x [0,1]*) — a cubical subobject of

Om) x [0,1° = O\ S),

which is the composition of the inclusion

is: O(n) x 0,1 = ] [T  o®-I18+m)x o1

m>0 a: m—n—|S|+m

(that sends OY(n) x [0,1]° identically to the component labeled by the inclusion |S] =~ S C n),
and the quotient map

I1 [T  O(-Isi+m)x[o,1°® — (]_[ [T  O®-IS+m)x, 1]a<m>)/~,

m>0 a: m—n—|S|+m m2>0 «a: m—n—|S|+m
where the target space is S(n —1S]). The maps fs, S C n define a natural transformation
B: On) x [0,1]° = O(n\ o).

Notice that the preimage of the subcube 5n_1(ﬂ \eo) C 6(@ \ o) under [ is exactly
9 (O (n) x 0,1]°).

Proposition 11.2. The preimage of v € TnO_I(O) under the fibration T (O) — TnO_I((Q), n >
2@ 1s homeomorphic to

Natyos((O(n) x 0,1]*,80 (O (n) x [0,1]%),0(\ 9)).
Proof. Direct inspection. O

The following statement can be easily proved from Proposition [T.2]

100ne also has T?(O) = 0(0).
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Proposition 11.3. The preimage of the fibration TnO(O) — Tno_l(O), n > 3, is either empty
or homotopy equivalent to Q" 2t fiber(O(n \ o)), where for the degeneracy maps in the cubical

diagram one chooses compositions with p € O(0) which is the image of], for the base point in

O(n) one can choose q o1 . ..oy q with q being the image of\( in (9(2) In case tfiber(O(n\ o))
N———

n—1

is (n — 3)-connected, the fiber is always Q" %t fiber(O(n \ o)).

11.3. Bimodule BQO. Tn this section we construct an Assoc bimodule BQ which is constructed
from O in the same way as BQ is constructed from . It will have the property that it is
a cofibrant replacement of Assoc as _a bimodule over itself, and also one will have a natural

homotopy equivalence ¢: € Operads(O,0) — Bfi\mod(B O, O) which will be constructed in the

. Ssoc
next section.

Let ¥, be the category of planar trees with n leaves and internal vertices of any valence. The
root is supposed to have valence 1. Morphisms in WU,, are given by contraction of edges in the
trees.

Given any non-Y operad O one can define a functor

Ao \i/n — Top

that assigns [[,c gy O(|b]) to any tree T' € W,,, where B(T) is the set of inner vertices of T', and
|b| denotes the number of outgoing edges. We will be actually interested at the moment only in
the functor )\5

We also define a contravariant functor

Xa: \i/n — Top

in exactly the same way as we do it in Subsection [[.Il To be precise y, assigns to any planar
tree the space of order preserving maps from the set of its beads to [0, 1].

Then we define .
BQO(n) = </\5 g, XA>/ ~,
where the equivalence relations are the same as in Subsection [Z1] plus one additional relation
that takes into account the identity element id € (O(1). Namely, if it happens that the identity

element id is assigned to a vertex b of a tree T' € W,, (which in particular means that |b| = 1),
then this element in )\5 ®g, Xa Is equivalent to the element whose underlying tree is obtained

from T by replacing b and two adjacent edges by a single edge. All the other vertices and labels
stay unchanged:

(id,t) Jf N

For a tree T € W¥,, the image of /\E(T) x xa(T) in Bg(n) will be denoted by BE(TV)

The sequence of spaces BO has a natural structure of a bimodule over Assoc. This structure
is absolutely analogous to the construction given in Subsection [7.1l

HFor n = 2 the preimage can be described as the space ¢ fiber(O(2 \ o)) where each O(1) is pointed in id, and
O(0) is poined in p.
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We will define a filtration in BE of Assoc bimodules:

Bao C 361 C 362 C 363 cC...C BS (11.3)

and a subfiltration
Ban_l = Bgn—l,—l C Bgn_lp C Bgn—l,l C B’é/n_l,g C...C Bvan_Ln = Bgn (11.4)

in each inclusion Bgn_l - BAO/n. First notice that the cell decomposition of 6 induces a natural
cell structure in BO. Its description is completely analogous to the description of the induced cell

structure in BQ, see Subsection [[Il This induced cell structure in BQ has a natural coarsening
which we will describe below. Combinatorially the latter structure is obtained by attaching cells
of the same dimension and in the same degrees as in the case of 0, see Section @ Which

means in particular that B On 1,; is obtained from B On 1,i—1 by a free attachment of ( ) cells
of dimension n — 1 4 ¢ in degree n — 1.

To construct such cell structure in BO for each n > 0 define a map

7. B0 (H H BQO(n+m) x [0, 1]a(m)) — Ba(n) (11.5)

m>0 a:m—ntm

The filtration term BAO/N_M will be defined as a subbimodule of BO generated by the images
(under the above map) of the interiors of BO (n+m)x [0,1]*®) with n+m < N—1,or n+m = N
and m < ¢. The subbimodule BEN is defined as BEN_LN = BEM_L

Let X = (X, 7)o € BO(n+m)x[0,1]*™) be an element for which we need to define O-n,BE(X)’
where X = (xp,tp)pepr) € BO(T) with T being a tree in W, 4, and x, € Q(b]), &, € [0, 1]
(one views to as an order preserving function from the set of beads B(T') to [0,1]), one also has
anO( ) will lie in BO( T) C BO( ), where T is obtained from

T by a procedure specified below. Briefly speaking to obtain T each leaf of T labeled by «a(i)
will be either cut off (in case 7,(; is sufficiently small) or replaced by a univalent bead (if 7,
is sufficiently big). First we define a function Ur: m +n — B(T) that assigns to a leaf of T the
bead to which this leaf is attached. Then we define a set

T = (Ti)ica(m)- The element o

SX = {S S a( )’TS < tUT(s)}

The tree T € W, is obtained from T by cutting off all the leaves that are from the set Sx and by
replacing each leaf from a(m) \ Sx by a bead. Thus the set of beads of T is
B(T) = B(T) U (a(m) \ Sx).

In coordinates o X) is written as

n,BG(
o ’VXZJE,t Ty, (Ti/tb): cpr— ,t X y Ti)ica(m .
050 X) = (@ Gie g = ( ke (( bs /b)zeUTl(b)ﬂSx>pb> b>b€B(T) (T 7i)icatmnsx

In the above p, stands for the inclusion py: |[U7'(b) N Sx| < |b], where the left-hand side
|U-1(b) N Sx| stands for the (ordered) set of leaves in Sx that are adjacent to the vertex b,
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and the right-hand side @ stands for the (ordered) set of outgoing edges from b. To recall the
map o = is from (ILI).
The f)roof of the following result is analogous to that of Proposition 1.1k

Proposition 11.4. (1) The Assoc bimodule BO is a cofibrant model for Assoc.
(2) The n-truncated Assoc bimodule BOy,|, is a cofibrant model for Assoc,, .

11.4. Tower associated to BS, B-construction, and second delooping. Given an Assoc
bimodule O, filtration (I13)) induces a tower T2 () of fibrations, with n-th stage
TBO9(0) := Bimod(BO,, 0) = Bimod,,(BOp|n, O).
Assoc Assoc
Proposition 11.5. One has that O is homotopy equivalent to BQO as a filtered bimodule over

Assoc. As a consequence the towers T,E(O) and TBO(O) are also homotopy equivalent.

Proof. This follows immediately from Propositions 0.1, I1.4] and Lemma 210l O

It follows from Propositions 0.1} [T, and Lemma 2.7 that O is homotopy equivalent to BO as
a filtered bimodule over Assoc. As a consequence the towers TH(O) and TF9 (0) are homotopy

equivalent. In the sequel we will need to use the spaces

Tf?(@) = Bimod(Bgm, 0).

Assoc
It is easy to see that given any operad P, one can define an Assoc bimodule BP in the same
way as one constructed BO from (0. Moreover if O is a pointed operad, one can define an
evaluation map
Cp: Q Operads(P, ©) — Bimod(BP, 0).

Assoc

Due to the inclusion of Assoc-bimodules Bgn CcB (En), Bgn,i CcB (Em), the maps CNva , fva _

can be composed with the restriction maps to get maps

Cn: QT,;OV((’)) =0Q Operads(an, 0) — Bimod(Ban, 0) =TF9(0):;

Assoc

fm-: QT;LO;-(O) =0 Operads(vam-, 0) — Bj‘mod(Bvam-, 0) = T,f;d((’)).

Theorem 11.6. Each map ¢, : QT,;OV((’)) — bev((’)) is a homotopy equivalence for any n > 1
and any pointed operad O with O(1) ~ .

By a pointed operad we mean an operad in based spaces.

Proof. One has that ¢; sends TlO (0) = QO(0) homeomorphically to the preimage of id € O(1)

under the natural fibration map TlB © (O) — O(1). Thus () is also a homotopy equivalence. For
the other stages we will use the induction.

We will prove that in the settings of the theorem all the maps fm are homotopy equivalences.
The result will follow since fn = En—l,n-
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The proof is very much similar to that of Theorem [ We will use again the notation
(o121 = G, T, n— 1_1(0) —TQ 1(0), o8 —1,-1 = O, 1,alldSOOIl
Assuming that Cn 1,i—1 is a homotopy equivalence we will prove that Cn 1,; has the same

property. Again by the induction it is enough to show that Cn_l,i sends the fibers of QTnO_ 1J-(O) —
QTnO—1,i—1(O) fo the fibers of T2 . (0) — ngl .—1(O) by a homotopy equivalence.

n—1,2
To recall B On—l,’i is obtained from B On—Lz’—l by a free attachment of (7) cells in degree n—1.
BO(n) x [0,1]*@ in (I02). Consider

Ban_l i—1/2 = B(Sn_l i—l) N Ban_l e

These cells are exactly the interior of [, .,

One can see that B On 1,i-1/2 1s obtained from B On 1,i—1 by a free attachment of ( ) punctured
dises [, jsp, (BO(n) x [0,1]*O)\ Int(D,). Where D, is a closed subdisc of the same dimension
n (the Sll;bd;SC) BO(Cy) x [0,1]*@) that consists of points ((x,t), (Ti)ica(m)), with z € O(n),
t €[0,1], (1) jeaq) € [0,4]*@.

On the other hand using Lemma [232] it is easy to see that given h €
QTnO_l i-1(0) the fiber over i Q10

n—1,i

Bimod ;, <(BOn_1,i, BOn_l’i_l/z), O). While the fiber over its image 52—1,1'—1 € TfO“ 1(0)

Assoc Sn—1

(O) is homeomorphic to the space of maps

is the space Blmod <(36n_1’i,B6n_17i_1),(9>, It follows from Lemma [23] that the

SSOC 7L 1

inclusion
ng;gcdc ((BOn—l,ia BOy_1i-1/2), O) — ng;gcdc ((BOn—l,z', BOy_14-1), O)
is a homotopy equivalence. O

Theorem 11.7. In the settings of Theorem [11.0l the induced map of limits

Q Operads(QO, (9) LN Blmod(BO 0). (11.6)
Assoc
s a homotopy equivalence.
Proof. The proof is similar to that of Theorem O
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