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1 Introduction

Investigation of the intertwiner matrices satisfying to Yang-Baxter equations (YBE) for the quan-
tum algebras [1, 2] when deformation parameter ¢ is a root of unity [3, 4, 5] usually restricts with
the considerations of irreducible ("spin”, cyclic and nilpotent) representations [6, 7]. Here we would

5, 8] can give a

like to demonstrate that the involving of the indecomposable representations [,
large amount of new solutions to YBE and correspondingly a rich variety of the integrable models
with quantum algebra symmetry at roots of unity.

The solutions to YBE with the given symmetry admits a linear decomposition over the symmetry-
invariant objects - projectors [9, 10]. Our strategy in looking for a new solution to the Yang-
Baxter equation is straightforward, we substitute the most general linear combination of the sf,(2)-
invariant objects (projectors) of appropriate dimensions into the YB equations. The latter reduces
to the set of functional equations on the corresponding coefficients. At roots of unity it takes
place a degeneration of the standard fusion rules of the quantum algebras and it introduces the
modification of the formulation of the R 4s4#-matrices, defined on the tensor product of two spaces,
A" ® A" in terms of the projectors. The representations (we restrict ourselves with the highest
and lowest weight representations, excluding nilpotent ones) of the quantum algebra when ¢ is
a root of unity are grouped into two classes - irreducible spin-representations V' (spin-irrep) and
indecomposable representations Z [3, 4, 8]. So the task is to define the structure of the Ryy-, Ryz-
and Rzz-matrices in terms of the projection operators, obtaining preliminarily the all variety of
the projectors. At roots of unity the number of the projectors acting on the spaces of the tensor
products Z® V or Z' ® " becomes larger than in case of the general ¢ (when instead of Z a direct
sum of two irreps stands) and it leads to the increasing of the number of the solutions to YBE. The
obtained solutions of Yang-Baxter equations with such matrices allow to construct new integrable
models with Hamiltonian operators invariant with respect to the mentioned quantum algebra at
roots of unity. New solutions are found in this paper, particularly, for the case ¢> = —1. By means
of them we constructed 1d integrable chain models with fundamental spin-1/2 representations of
sly(2), using the fact, that four dimensional indecomposable representation is the direct product
of two spin-1/2 irreps. We dealt only with such non-reducible representations, which meet in the
fusions of the fundamental representations’ tensor products. The all obtained results are valid also

for the case of quantum super-algebra osp,(1]2) [11, 12, 13, 14, 16], as there is an isomorphism



between the representations of the quantum algebra sl,(2) and osp(1]2) at t = —¢? [15, 14, 8, 17].

The paper is organized as follows: in the first section we review the known possibilities to find
solutions to YBE. The second and third sections are devoted correspondingly to the description of
the new solutions found for exceptional values of deformation parameter ¢ and to the construction
of the corresponding integrable chain models. The fourth section briefly depicts the character of the
dynamics of the systems acquiring non-Hermitian and non-diagonalizable Hamiltonian operators
which met in the third section. In the Appendix the projection operators are described in general

terms and for ¢ = ¢ particularly.

1.1 sl,(2) algebra and Jimbo’s relations for composite R-matrices.

We define the algebra relations and co-product for quantum algebra si,(2) as

e, f] = 520 ek = ke, fh =k, (1.1)
Alel=e@k 24k e, Alfl=fk\2+k20f, Akl=kQk, (1.2)
RA = AR. (1.3)

Here R is the intertwiner matrix characteristic to the quasi-triangular Hopf algebra, and A = PAP,
with P is a permutation operator P : A’ ® A” = A” @ A’. The co-product A is a co-associative
operation: A(1® A) = A(A®1). The intertwiner matrix R satisfies to the constant Yang-Baxter
equation

Ri2R13R23 = RosRi3 R, (1.4)

By the convention R;; acts on the tensor product of two representation spaces of the algebra A;®A;.
Irreducible representations of sl,(2) at general ¢ are classified similar to the spin-irreps of the non
deformed algebra sl(2): r-dimensional irrep V; is characterized by the spin value j = (r—1)/2, and

the quadratic Casimir operator defined as

c=fe+(gk+q 'k 1)/(a—a ") (1.5)

has the eigenvalue [r/ 2]3+ (q7q2_1)2 on V,.. The tensor product of two irreps has linear decomposition,
ro+ri—1

VaoV,= @B V. Ar=2 (1.6)

r=|ro—ri|+1



In the text we shall refer to the Casimir operator c acting on the space V,, @ V,,,®---V,. as c""2"7»,

In the theory of the integrable models an important role acquire the solutions R;;(u) to the

Yang-Baxter equations with spectral parameter u [21]
ng(u - U)ng(u)Rgg(U) == Rgg(v)ng(u)ng(u - U). (17)

The solutions of (1.7) are defined up to the following multiplicative transformations: R;;(u) —
f(u)R;j(au), with arbitrary number a and arbitrary function f(w). Jimbo’s construction gives an
opportunity to derive solutions to (1.7) from algebraic relations. In the work [10] the author states

that the equations (1.7) will be satisfied, if R;;(u) obeys the relations

R(u) (quf ® k1/2 + q—uk—l/Q ® f) —
= (¢ f @ kY2 + ¢k 2 @ f) R(u),
R(u) (q“k‘_l/2 ®e+qg "e® k:l/z) = (1.8)

= (U2 @e+e®kY?) R(u).

Here R(u) = PR(u) for which
[R(u),A] = 0. (1.9)

When ¢" =1 [3, 4, 5, 22], then the number of the permissible irreducible representations V.
is restricted, they can have dimensions r = 1,..., N/, where N’ = n, if n is odd and N' = n/2, if
n is even. The center of algebra is enlarged, new Casimir operators appear, which are N , fN
and kY. For the highest and lowest weight representations they have the values N =0, N =0
and ¥V = +1. In this case among the non-reducible representations of the quantum algebra
together with the irreducible (spin) representations V; there are also indecomposable ones, which
are denoted by Z [3, 4, &, 13, 16, 17]. In the fusions of the irreps indecomposable representations
IER) f dimension R = 2N are appearing, r > N, R —r < N. We borrow from the work []

ryR—r} o
7R

the notations for indecomposable representations wherer is the dimension of the maximal

{r,R—r}’
proper subspace of Igi)z_r}, denoted in the next discussion by abstract notation U, it has (R —r)-
dimensional proper irreducible subspace U. In the fusions indecomposable representation Igfgz_r}

arises from the "merging” of the representations V,. and Vz_, at roots of unity, when ¢, = cg_,

and V., = U, Vr_, = U (see for details [3, 4, 8]).



In order to write down equations for indecomposable representations, similar to the equations
(1.8), which lead to the simpler set of algebraic equations [10, 13] instead of the functional ones,
let us write the Yang-Baxter equations with Lax operator L (below r; denotes the dimension of the

representation, on which the operators act):
R (= o) LC ™) (u) LE ™) (v) = LC™ (0) LC ™) (u) R"7) (u — ), (1.10)

where L27) is 2 x 2 matrix with operator valued elements acting on the space V,

L(u) =q¢"Ly+q “L_, L= R , L_= o . (1.11)
0 k12 e E1/2

The relations (1.8) can be obtained from the equation (1.10), expanding r.h.s and Lh.s. of the latter
in order to ¢ and taking the expressions linear in respect to ¢” (or ¢~%). In the case, when one
of the representations, on which Rjs acts, namely the second one, is a composite one, i.e can be
represented as Vi, ® Viy, then L(272) must be modified. A natural generalization is to replace the
algebra generators e, f, k in the expression (1.11) of L(272) by the co-products Ale], A[f], A[k].
It will give really only an R("! "2X73)_matrix, which after multiplication from the left and right sides
by proper projectors 1 ® P, becomes R "), where (|r; — ro| + 1) <7 < (r; +ro — 1). We don’t
consider the possibility of (1® P )R 72%72) (1@ P, with 7’ # 7, as the R-matrices are defined
so that they are commuting with the algebra generators (1.9).

If we want to take into account the entire space of the fusion representations, we must write

down L(Z72%72") a5 the following tensor product L") (u) @ L2 72" (w).

R %73 (y—v, u—w) L™ (u) [Lré(v) ®L7"é'(w)] - [Ué(v) ® L' (w)| L™ (u)R™ "2%72 (u—v, u—w).

(1.12)

Besides of the usual commutativity relations R™ "2 *"2"A(Ala]) = A(Afa)) R 2% o =
e, f, kT, the non-diagonal elements of the matrix-relations (1.12) contain also spectral parameter
dependent relations, which are more complicated than (1.8), we shall refer them as Jimbo’s relations
for composite (including tensor products of the irreps) representations. Here we are writing the

following equations for the generator f (we suppose v = w, R "2 >"2" (y, u) = R(u))

Rw) (A @ k2 + 2@k P e f+ foed [+ f ok ok V2 + 20 Alf])

= (Al @ k2 + (ko Al + R 2ok 2o [+ foee [+ f 2 k20 k) R).
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and

R(u) (quf QK2 okt k2o fok 2 4k 20k 120 f)) (1.13)
_ (quk—l/Z k2@ frq k2o fok 2t fok?e k1/2)>R(u).

The extension of such equations for the matrices Rrixri roxry acting on the space [VT/1 ® Vr’l’] &

[V, ® Vyy] can be found taking in (1.12) L™ @ L' instead of L.

1.2 Projection operators and indecomposable representations.

At general values of ¢ the tensor product V,, ® V., admits Clebsh-Gordan decomposition (1.6),
and the eigenvalues ¢, of the Casimir operator ¢ are different for different r. It means, that any
invariant operator a, [a,g] =0, g € sly(2), acts on the each of the irreducible spaces as the identity

operator, and hence can be represented as a sum over the projection operators P, on these spaces:

a=> aP, P.Pv=DPd.. (1.14)
T
Particularly, ¢ = Z:I:T:f:é\ ¢, P,. This means, that R™"2-matrix defined on the space Vi, @V,
also acquires the form R™7"2(u) = Z:f\:f;lﬂ fr(w)P, [10, 9].

In the case, when at least one of the representations in the tensor product on which R-matrix
acts, is not irreducible, then in the decomposition of the tensor product of two representations
some irreps have the same eigenvalues of the Casimir operator. Suppose, R" v (u) acts on the
tensor product U, ® U, where U, or/and U, are reducible, and it takes place the fusion U, @ U,» =
D, D" Vi e is the multiplicity of the irrep Vi, Y. e = rr’/. We attached an additional index
i € {1,...,¢7} to distinguish isomorphic irreps V7 corresponding to the same eigenvalue cz. Then
among the invariant operators, commuting with Casimir also projectors Pfij appear, which map

irreps V! each to other. So, the R-matrix, as any invariant operator, admits a linear representation

over the set of the projectors P;j of number > _ €2 i.e.

R (u) =33 f7(w)P?, PY P = Py 8. (1.15)
F /[/7]

At the exceptional values of deformation parameter ¢, as it was stated, among the represen-

tations on which the R-matrix acts also indecomposable representations Z can be included along

with the ordinary irreducible representations V. In this case the variety of the possible projector



operators includes also projectors P’ : T — Z, which are acting inside of the indecomposable rep-
resentations not as a unity matrix. The symbolic structure of the indecomposable representation

can be shown as Z = U UU’, on which the algebra generators {g} act in the following way
gU=U, g-U=>UDU. (1.16)

The vectors belonging to U’ are defined up to the addition of the vectors belonging to an irreducible
representation U, which is the proper subspace of U and have vectors with zero norm [13, 8],
dim[U'] = dim[U]. The action of the Casimir operator on this space is given by: ¢-U = 71 - U,
where I is the unit operator, and ¢-U" = ¢zl - U + 1 - U. Similarly, the projection operator
P'-U =0, PP-U = U can be introduced together with the usual one P, which acts as unity
operator I on the indecomposable representation. In the case, when decomposition includes n > 2
indecomposable representations Z° = U’ U U’ ‘ isomorphic to each other, one is able to construct

2n? independent projection operators P%, P’ gl acting as

P . Tk = 5,17, (1.17)

PYUR =5y, P Uk =0,
The projectors have the following obvious properties
pPipt—pirs,  pUpt_q  pipr- pipk (1.18)

Note, that the isomorphic representations having the same dimension, structure and eigenvalues
of the Casimir operator, can differ by the sign of the eigenvalues of the generator k, conditioned
by the algebra automorphism k — —k, e — +e, f — Ff. The projectors P% and P’ relate
each to other only vectors with the same set of the eigenvalues of k, as it is implied by symmetry.
And it means, that for the mentioned situation the action of the projectors P%, P’ “ must have
slight modification in comparison of (1.17). We shall see all these aspects in details below for the

discussed cases.

1.3 Projectors and Casimir operator.

In this subsection we want to present another approach to the problem. Let we are given by

a set of the algebra representations S = {PV,PZ} and consider a general matrix acting on



this set, which is commutative with the algebra. The number of the degrees of freedom of this
matrix is given by the number of mutually linear independent matrices (basis matrices) which are
invariant with respect to the symmetry algebra. We can choose as the basis matrices the projection
operators described above, i.e. the operators which act non trivially (are not zero) only in one non-
reducible space, mapping the latter either to itself or to another non-reducible space. Note, that
each invariant operator acting on § including identity and Casimir operators can be represented as
a linear superposition of these operators. Now we discuss the inverse problem: how the projection
operators can be built by means of the Casimir and unity operators.

The case (1.14) discussed in the beginning of the previous section corresponds to S =V, ® V,,,
and projectors P, as it is well known, are given by polynomials of degree r1 + ro — 1 in terms of
Casimir operator ¢, as the eigenvalues ¢, at general ¢ do not coincide one with other:

— el
p=]] % (1.19)
p#

Cr—C
T’T p

Let us now consider some particular cases, when S contains indecomposable representations. If it
consists of a single indecomposable representation & = Z, then

—czl
Cc = CIPI + C/Ipé, PI = H, Pé = € C/CI . (1.20)
T

When § =7 & V,., one has

¢ =cgPr+ ¢ Pr+ ¢, P, I=Pr+ P, (1.21)
_ [ c=cal —cpl
e () (22)
_ -~ _ _ 2
pp= (Slel) (=), po=(22)

The next simple case is S = Z; + 1, ¢z, # cz,. The following formulas take place:

c=cr, Pr, + 7 Py +cg, Pr, + ¢, P, (1.22)
c—czi]l c—cz 1 2 . . .
Pl,—1:< C/j_-i >(CIiCJIj> s Z:1,2, j;él,

20—(3012. —cz. )l c—cz. 1 2
_ J J L ; ;
PIZ' - ( ez, —cz; <CIZ'_CIJ'>’ = 152’ J 751'

Above formulas have obvious generalizations for the set S=V,, @ ---®V,, ®Z; & --- ® I,, where

all the representations have different eigenvalues of Casimir operator c:
c= Z?:l CT’z’Pn' + Z?zl(c/Ij ﬁj + CIjPIj) (1'23)
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c— cr p c— CIJH
P Hl;ﬁk ( > <C —cz; ’
P, = czk 1—[ c— c” p C*CIJ-H 2
Iy — . —Cry J#k \ ery—cz; ) 7
2
_ _ = n (_c—enl P czer;l
PIk = (CVI & CVI]I) Hl <Cl'k _Cri) £k <Crk—CIv )

n 2
vz = ZZ Cr: _CIk + Z];ﬁk} CI _CIk, CVI - CVICIk 1

How should be generalized the above formulas in case of degeneracy of Casimir operator? The
answer seems to be simple: when the eigenvalues spectrum of Casimir operator ¢ has degeneracy of
degree n then one should to consider a cw instead of ¢ ((c% )" = ¢), eigenvalues spectrum of which is
not degenerated and one can use the formula (1.24), replacing ¢ with cn and with it’s eigenvalues.

A detailed consideration is placed in Appendix.

2 Solutions to YBE

The solutions R™"2 to YBE, when V,, and V,, are irreps, for the quantum super-algebra 0spq(1]2)
at general ¢ are considered in [17]. As there is a full one-to-one correspondence between the
representations of two quantum algebras [14, 15, 8], we can take the solutions given there and verify,
that after the appropriate change of the quantum deformation parameter, and after removing the
signs connected with the gradings, we shall arrive at the solutions to YBE for sl,(2).

Let as briefly represent all the solutions to YBE at general ¢ for inhomogeneous spectral pa-
rameter dependent R™"2(u)-matrix. From the Jimbo’s relations one finds (below r1 = 2j; +1, ry =

2ja +1)

N )
R (u) = 321072 wj(u) oy, (2.1)
+ia—1 i _ (J +1)
() = TS [ 00,5, Eo s s (), (2.2)
i +1
T] io—1i1 0‘52 ! (ﬁlmil ;> (Z; 1+J11*i2 Jﬁl) (23)

Jij2 =4 o 120 J1 J2 Jj+1 C Jj2 1 I\ °
J1 i1 JH+l—ip j+1 ig j—ig J

where the projector operators JBT, ]5 - Vg = 6,4Vy, are acting as map Vo, 411 ® Vaj,q1 — Vajoq1 ®
Voji+1. When r; = rg, then P. = P, and Tgm =1 [10, 9, 13]. By the notations C' (511 ijfilj Z> we

have denoted the Clebsh-Gordan coefficients and the parameters a} are the matrix elements of the

algebra generator e on the vector space Va1 = {[vilj, i = —j,—j + 1,....5}: e-[vi]; = aé[viﬂ]j,



k- [vi]; = ¢*'[vi];. The expression (2.3) is the same for the all permissible values of i; and iy from
the range —j1 < i1, < j1, —j2 < i2 < jo (see [8, 17]).

By means of the Jimbo’s equations for composite matrices (following from (1.12)) we can find
solutions to YBE with R™72%"2 (R"1*"1"2%"3) We shall not consider the solutions to such equations
as new ones, as all they are descendant ones from the ordinary fundamental solution and at roots of
unity can be obtained by taking the proper limits of the values of ¢, like the fundamental solution.

There exist also solutions which do not admit Lax representation. When r; = ro = 3 besides
of the solution R$3(u) which can be obtained from the general solution (2.2), there is a separate
solution R33(u), which does not admit descendant solutions R*7%, R"" for higher r; (see [12],
[17]). Below there is done a multiplicative transformation of the spectral parameter of R3(u) in
comparison with (2.2) v — —u/2:

75 () :P5+q4:“—u1 Pyt (¢*=1)(g*" 1)

7'—q (¢®—q")(a"—q")

Also there is another solution, which does not distinguish the projectors Ps and Ps, namely

4 u 6 u
—1 +1
¢°¢“~1, 44

Py, R3uw) =P+
1 2 ( ) 5 q4_qu 3 qG—i—q“

P (24)

Ri3(u) = Ps + P3 + lafaiq; Py, (2.5)

ai=%<1+2q2+q4+2q6+q8i(1+q2+q4)\/1+2q2—q4+2q6+q8>-

Note, that aja_ = 1 and hence R33(u) = R33(—u). This solution belongs to the series of the R""

solutions which admits ”baxterized” [21] form R = ¢“R* + ¢ “R™,

u i+ 4/—1+4/[r]?
a—+q )P, a= q

1+ agq" —i 142

Here I is the 72 x r? unity matrix defined on the space V' x V.

Rr(u) =T+ (

2.1 YBE solutions at ¢® = +1.

As an illustrative example we consider this case, which will provide us with the behaviour of the
solutions Ry to YBE at roots of unity.

At ¢® = +1 the existing non-reducible representations of the algebra slq(2) are the irreps Vs, V3
(for the ospy(1]2) the fundamental representation is the V3) and indecomposable representations
IS?Q} and Igg?l}. Particularly, the tensor products at general ¢ Vs @ Vo =V, @ Vo and V3 ® V3 =
Vs @ V3 @ Vi degenerate and turn correspondingly into IS?Q} and Igg?l} @ Vs at ¢® = +1.
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The simplest cases for which we can try to find the solutions are the matrices R*3(u) and
R32(u). The solution to YBE with the matrix R32(u) is unique, as it is fixed by the matrix
R%2(u). As it follows from the previous analysis the form of R33(u) we must take as R33(u) =
P + f(u)P%(G) + g(u)Ps. The Casimir operator on the space of the tensor product V3 @ V3

{5,1} {5,1}
can be expressed as ¢33 = _Tl r(6) + Pé(G) + %Pg, and Pre) + P3 =1L
The projectors Ps and P; have poles at ¢° = +1, but Rl,g are well defined. At ¢ = +1 the

solutions (2.4, 2.5) transform into the following expressions (we fix ¢ = (—1)1/3 = ¢/3)

W3(*-1) o, ¢ +1 iV3(g"-1) ,, | g1

R¥B(u)=P) +——"—-"P Py, R3(u)=Pe) +———LPl o)+ Ps, (2.6

T =l P g 1 T =k e P b g P (26)

Ri?’ =1+ i(lqi;ul )Pé(e) . There are not new constant or spectral parameter dependent solutions.
{5,1}

Note, that the all spectral parameter dependent solutions discussed up to now are supplemented
by the normalization condition R(0) = I. We would like to mention a peculiarity which met at
q® = —1 (t3 = 1 for ospy(1|2) [17]). Here there is no degeneration in the fusion for the tensor

product V3 @ V3, but the spectral parameter dependent solution of YBE [17]

4. u

) —1
¢ =—1, R33u) =P+ qqupg — P (2.7)

has the property R33(0) = P5 + P3 — P;. At first sight this solution coincides with the solution
R33(u) in (2.4), if to take the limit ¢ — (—=1)"/6, 7 =1,3,5,7,9,11. But there is a notable difference
at the point u = 0, where both of R‘%%(O) (2.4) become unity matrices, which is important. It means,

that hmq%(fl)?"/b‘ lim, 0 Rg’ 3(u) 2 lim,,_,o lim /6 R;’ 3(u) Note, that for the roots of ¢* = 1

qa—(=1)
the matrix R, is a solution too (and the peculiarities noted above about the not-coinciding limits
are right also here), but as we know for this case V3 is not an irrep. We can denote it as a V3 D V;
(as in [8]) and write the proper fusion V3 @ V3 = g??)} @ Vi, where Zgg} is equivalent to the
direct sum of two Ig?l}. We shall not analyze this case, as it is included in a non-direct way in

consideration of @* V5 = W } © W (as W

(31 (3.1} (3.1} 2 V3 ([8])) done further in this section.

Some notes and statements. The expressions above (2.6) one could obtain either by direct

calculations or by taking the limits of the solutions at general ¢ using appropriate modifications of

7R

the expressions. When at ¢"™ = 1 in the fusion of two irreps indecomposable representation (rR—r}

(dimension R = 2 is given in the previous section) arises from the merging of the representations

V, and Vx_,, and the projectors Pg_, and P, have singularities [3], the Casimir operator remains
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well defined and now it can be rewritten in terms of the projectors Pzga’;z . and P; Ef;a . As at
general ¢ the projectors Pg_, and P, are included in ¢ as the sum cg_, Pr_, + ¢, P,, we can rewrite
it as ¢, (P, + Pr—y) + (¢cr—r — ¢;) Pr—y, where the first summand P, + Pr_, transforms at roots of
unity to the projector PI&% . and the second one to the projector (cg—, —¢;)/c, Pr—y = P% Eg{ .
(at given roots of unity of ¢ Casimir becomes degenerate cgx_, = ¢,, and here the singularity in
the projector Pgr_, has been cancelled by the zero in nominator). Putting in the expression of the
matrix R(u) the projectors Pr_, and P, written in terms of Pzgg’;z . and P’ Eg{ » and taking
the corresponding values of ¢ we shall obtain the exact well defined expressions at given roots of
unity. This is conditioned by the fact, that the coefficients of the projectors Pr_, and P, in the
expansion of Ryy(u) (2.2) coincide at the corresponding roots of unity, as it was for the case of
Casimir operator.

Essentially new solutions to YBE can be obtained in the cases, when the number of the projec-
tors at roots of unity increases comparing with the case of general ¢. It happens when we are consid-
ering matrices Ry 7 and Rz7 acting on the tensor products V, ®I§§,)wa} and 18?7)24} ®Z§?:;zur'}’
which stand instead of V, ® (Vv @ Vg/_,v) and (V, & Vr—,) ® (Vv @ Vg/_,) at general gq. We shall
consider the simplest such case below, when ¢ = i. We can calculate that the number of the linear
independent R? x R2matrices (hence, the number of the independent projectors also) acting on
the R2-dimensional representation space of the mentioned tensor product at general g and at roots

of unity (¢"=1) are different. Hereafter we shell refer to new solutions those ones, which are not

followed at roots of unity from the solutions obtained at general q.

2.2 YBE solutions at ¢ = 1.

At ¢ = 7 only two non-reducible highest weight representations exist in the fusions of the fundamen-
tal two-dimensional spin-1/2 representations. They are two-dimensional spin-1/2 irrep V5 and four

“4)  _

dimensional indecomposable representation Z{3 = Vo ® V4. The tensor product decomposition

rules for them have the form

V=14, VeI, =6V, &Iy, =6'T

{31} — (31} = (3,1} (2.8)

There is a unique solution R?2(u) to YBE, which is a just the limit at ¢ — ¢ of the solution

with general ¢, R%2(u) =1 + “f;—jﬁ@ 2 (we have chosen the parametrization taking into account

12



the freedom of the normalization of the spectral parameter u — «u, with arbitrary number «, to
replace ¢* with exp (u), which is convenient expression for the fixed values of ¢). It can be expressed
also by means of two projection operators P and P’ )

{3 1} {3 1}
The next possible solutions to YBE are R%* and R**. The corresponding YBE have the form

<R2 2(u) ® ]I) <]I ® R4 u + v)) <RQ ‘)@ ]I) = (JI ® R? 4(1})) <R2 Yu+v)® ]I) <]I ® R? 2(1})) ,(2.9)
(A4 e1) (1o R4+ v) (R0 @) = (1o B4@)) (£ 4w+ v) @ T) (Te £ 4w )2.10)

acting accordingly on the vector spaces Vo ® Vo ® E3)1} and IE3)1} ® Igs)l} ® E?’)l} Here we have
preferred to write the action of the operators in the tensor product form to avoid the usual lower
indexes (see e.g. Eq. (1.7)), which distinguish different spaces, as the indexes used here denote the
dimension of the representation space.

One solution to (2.9) is just the limit ¢ = 4 of the composite solution R?%(u) at general q.
Such solution could be obtained either from the fusion or from the Jimbo’s relations. The two-
dimensional spaces in the decomposition V5 ®IE3)1} must be considered pairwise, ‘72’, i=1,2 (two
representations, emerging from the splitting of the representation Vj in ®3 Vo at ¢ = i) and the
remaining two V3, i = 1,2 Vo @ Ve @ Vo =V, @ Vo @ Vs = q—i Vo @ Vo @ Vo ® Vs, as they have
Casimir eigenvalues ¢4, co differing by sign at ¢ = 4. Thus the projection operators here are eight
ﬁéj and Pzij7 i,j = 1,2 (at general ¢ they are five, P, and Pzij, i,7 = 1,2). One could look for
new solutions to YBE, as here we have larger space of the projectors than for the case of general
q. Taking YBE with intertwiner R??(u) we are finding numerous constant solutions, besides of the
only spectral parameter dependent solution mentioned above, which is given as follows

1+ 6et+ e2v i(1 —e%)
2(1 +e)? 2(1 + ev)?

This matrix corresponds to the ordinary XX model. One example of the constant solutions is

R24u)= [152”+ 13222] + [P2”+ P222] + [P (1+ 3e")+ P2(3 +e”)].(2.11)

presented below

- ~ -2 ~11
R24u) = P2 4 goPM + 29; : (g0P2 v p222> . (2.12)
-

Here go is the arbitrary constant. And, moreover, this matrix satisfies to YBE (2.9) with arbitrary
s1;(2) invariant R?%(u), i.e. R??(u) = I+ f(u)c®?, where f(u) can be any function.

Also we would like to separate the following two solutions,
P —ifof () (B + PR) + fof (w) (P32 = PE) + f(u) P! + g(u) P2 (2.13)

13



(with arbitrary functions f(u) and g(u) and arbitrary number fy) and

B2 () = (hoﬁ(u) - ih(u)) [PZH + PZ??} + h(u)P2 — <h(u) + 2¢hoﬁ(u))P§1+ (2.14)
(ﬁo + Bl) R(w) PIY 4 hyh(u) B2 + hoh(u)PY2 + h(u) P2

(with arbitrary functions h(u) and h(u) and arbitrary numbers hq, ho, ki and hy) which satisfy to
YBE with 4 x 4 intertwiner matrix R??(u) = I. It means, that together with the transfer matrices
with different spectral parameters, constructed via the given R-matrices, the monodromy matrices
also are commuting. As there is no proper normalization for both matrices to give R(ug) = I at
some point ug, so we shall not try to investigate the chain models corresponding to such matrices.

According to (2.8) the decomposition ®QIE§?1} contains four Ig?l}—representations. One must
note here, that although all Ig?l}

values of the k-operator. Schematically one can describe the representation Ig?l} = {vy,v0,v_,up}

are isomorph one to another, they have different sets of the eigen-

as follows

e-{vy,vo,v_,up} = {0,0,v9,v4},
f : {UJHUO,U*’UO} = {/0050,05/07}’
k- {vy,vo,v—,uo} = e{vy, —vo,v—, —uo}, (2.15)

c: {’UJF,’U(],’U,,U()} = {0’ O,O,UO}-

Some numerical coefficients variation is possible in this schematic action, due to the normalization
of the vectors. The sign € = =+ is positive for two representations and negative for the another two.
This happens from the following reason. The fusion of the tensor product Vo ® Vo ® Vo ® V5 at
general ¢ is V5 ® {@?:1 Vg} S5 [@?:1 Vf] . At ¢ = i two three dimensional and two one dimensional
representations deform into two indecomposable ones Vs & V| = Ig?l}, with e = —. Meanwhile
other two indecomposable representations emerge from the deformation and splitting of the direct
sum in this way Vs & V3 = Ig?g} = Ig?l} @ Ig?l} (see the work [8] for details), with € = +.
Let us denote the four indecomposable representations by the notations Ig?i} + = {v,v0,v, uo }y,

i = 1,2. The possible independent projectors are P%j P9 where e,n€{+,—}andi,je {1,2}.

en’ Ten
P

ee? T ee

The action of the projectors P%] corresponds to the description given in the previous sec-

tions,
P%jes ’ {er’vO’vf’uO}g = {UJF,U(),U,,UO};, (2.16)
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P {vy,vo,0_,upt = {0,0,0,v0}L. (2.17)

Meanwhile, the action of the projectors P%j P where € is the opposite sign of ¢, can be

€& Te&
defined in the following way,
P%jaé' {U+7U07U—7u0}g: {7}0707077}—}27 (218)
P'7. ¢ {vs,v0,0-,ug}t = {0,0, v, v }. (2.19)

In summary there are 32 independent projectors or algebra invariants (in explicit form they are
given in the Appendix) in the representation space ®4 Vo = ®2 Ig?l} and hence the R-matrix can
be constructed by means of their sum with 32 coefficient functions (one of them can be chosen as
1 due to normalization freedom ). At general ¢ the number of the independent projectors is 14:
Ps, Py and P}" with i,j =1,2,3 and k,r = 1,2.

The simplest solution at general g could be obtained just by the following tensor product on

the vector space Vo ® Vo ® Vo ® Vo, using the fundamental solution R? 2(u) on the spin—% states (the

descendant property has been used)
R4 ) = (H ® R2%(u) ® 11) (R2 2(0) 91 ® ]1) (H Q1@ R 2(u)> (11 ® R22(u) ® ]1). (2.20)

Here I is the 4 x 4 unity operator defined on the space V2 ® V2. This R-matrix can be expressed
surely by the mentioned above 14 projectors. Some modifications are possible of this solution
conditioned by the automorphisms of the algebra, but it does not change the nature of the solution.
At the limit ¢ = ¢ the linear combination of the projectors Ps, P?fj and Plkr with 4,7 = 1,2,3 and
k,r = 1,2 in R** can be expressed by the sum of the following fourteen projectors - (le}F Lt
PRy) PR PR PR PR (PR PR PR PR PR PP (P -

) )

I++ ) I++ )
PIl3+>, <P£2_&_ — P%i_), <P£2_1+ — P%L_), (ng_ — lei_), which can be found as limit cases of
appropriate linear combinations of the projectors at general q. The explicit expression of R**(u)

is the following (below ¢ = tanhu)

RiSu) = PR, + PR+ (1- 22 + )P+ (1 -2 = )PP _+ (2.21)
12— ) [P2_ — PPL )+ at[PRL + PRR ]+ §t(=8 + L+ 56 — %) P+
A —t — 2+ )PP+ 1t(—6 — 3t + t3) P2+ Lt(—6 + 3t + 61> — t3) P21+

t(1—)(sPy = P2 0+ [Prh o — PR+t +0)GIPE — PRI+ [P — PR

15



A rather general 16 x 16-matrix solution which exists at general ¢ can be written as follows
(now with three spectral parameters u, v, w, which leads to the corresponding modifications in

the spectral parameter dependence in YBE)

R**(u;v,w) = (R2 2y @1 H) (H ®I® R? 2(w))

<H®R22(u)®}I>(R22(u—v)®H®H)<H®H®R22(u—w)) (H®R22(u—v—w)®ﬂ).(2.22)

The matrix (2.20) is the particular case of the expression (2.22) with the parameters w = 0 = v,
note that R22(0) = I. The matrix representation of R33(u) in 4 x 4 dimensional representation
space equals to R* Y(u;1,1), as R? 2(1) = P3. Here Pj is the 4 x 4 projector operator onto the three
dimensional space in the fusion at general ¢, Vo ® Vo = V| & V3.

All the mentioned matrices have well defined limit when ¢ — 4. The increasing of the number
of the independent projectors from 14 to 32 at ¢ = 4, gives us hope, that for the R44(u)—matrix
besides of the solutions at general g there must be also new solutions to YBE (2.10).

As we are interested in the solutions to YBE at roots of unity, let us consider R**-matrix in

the form of the following linear expansion over the all 32 projection operators

2
R44(u) = Z <f ( ) ngek + f/;{:‘] (u) /:Zi-]€k€k + f ( ) Iek ek f’;ﬁj(u)P/_?i—]Ek ék) * (2'23)
1,5,k=1
1. At the first let us look for a solution in the form of R(u) = I+ dije 75 () ;ga When i = j

we find one solution with few arbitrary parameters fé“

R(u) = f0H+U(f0P11717 +foP/2727 +f0 £ﬁ+ +f0 gﬁ) (2.24)

When f& = fg = fg = fo then R(u) = I+ ufoc?®??, where ¢???? is the representation of the Casimir
operator ¢ (1.5) on the space Vo ® Vo ® Vo ® Va. Note that the c-operator writes as a sum of the
only the following four projectors Pﬁ;, 1=1,2, ¢ = =+, as the eigenvalues of the c-operator on the
eigenvectors {vy,vg,v_}i are 0.

The solutions, when i # j in the sum ZZ] - f ( ) Izge, are numerous. Here we are presenting
almost the full list of them (the numbers fy, go, ho,... and the functions f(u), h(u), e(u) are

arbitrary, if there is not another notation)

e=+
R(u) =T+ u(foPrL + goPP2. + hoPJ2, +eoPRLL), (2.25)
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R(u) = f(u)PéB}jL + g(u)ngJr + h(u)P%lfJr + e(u)PgLr. (2.26)
As we can verify, the matrix (2.26) is not invertible and in the standard scheme of constructing

commuting charges via the transfer matrices it is not usable, but the particular case of that matrix,

namely,

R(u) = (g(u) + foh(u))Pijr + g(u)ngJr + h(u)P%lfJr + eoh(u)PgEJr, (2.27)

satisfies to [R(u), R(w)] = 0 and hence, the transfer matrices (as well as monodromy matrices) with

different spectral parameters constructed by them are also commutable.

R(u) = f(u) [PF1_+ P2 —PP2 — PP |+ g(u)[PP2 + PP+ fo(PP2_ + PP )], (2.28)

R(u) = f(u) [P — PP ]+ g(u) [P} — PP ], (2:29)
R(u) = f(u) [PH_+ P2 ] +g(u) (PP + PP ]. (2.30)

In the three equations above (2.28-2.30) the functions are not arbitrary, ch(—g =u or % =e"

u
(u g(u

», 2(e®*—1 _
Rlu) =T+ —28 o [P 4 goPU2 — P2 — gl PR |, (2.31)
(1+e )(go —90 )

R(u) =T+u(go[P_+ P2 — P22 — PP ]+ ho[PM_ 4+ (1 —eo) P2 + egPP?_]) (2.32)

Among the constant solutions we separate the solution
> 2222 /i
R=c = > P
i, =%

note that at general ¢ the Casimir operator ¢? 22?2 does not satisfy to YBE. Two another solutions,

R=pPM —pPP +P? —-PP' and R=) P/, (2.33)
%

are connected to the limit ¢ — 7 of the solutions Ri{’,g’(u) (up to multiplicative functions) written
in the representation space Vo ® Vo ® Vo ® V. The first one is the exact 16 x 16-dimensional
analog of the mentioned matrices at the given limit case, the second one is obtained just by

replacing ¢33- and I3 3-matrices by ¢** and I** in Ri{’,g’(u), which we can denote by Ri%zz(u)

17



(it is not a solution at general ¢) and then taking the limit ¢ — 4 (previously removing the
singularities). There is an obvious connection between two matrices Pf_l_ —Pg_Q_ —{—Pf_Q_ — Pg_l_ =

limg; (P @ Py)R2322(u)(Py @ P)).

2. For another rather simple solutions we can consider the case with the projectors Pzzia, when
i=jandi#j
R(u) = al + f*(u)Priy + g (w)PE, + 0T (u) Py + et (u) P,
+f (WP _ 4+ g (WPE_+h (WP +e (u)P7L_. (2.34)
There are few constant solutions with such R-matrices. Here we represent the spectral parameter

dependent solutions (corresponding constant ones can be obtained as the limiting cases u — 400),

for which R(0) =1

R(u) = Pt +e®P2  +e'(PHL_+ PP ). (2.35)
R(u) =T+ (e*—1)P}L., R(u)=I+(e"—1)P2_, (2.36)
Ru) =T+ (" = )P, + (e = 1)PE, + fo(e" — e )P (2.37)

Note, that putting f*(u) = g"(u) = e"(u) = hT(u) = 0 in (2.34), leads to the absence of any
solution (constant or spectral parameter dependent) to YBE. In contrast to this, when f~(u) =
g (u) = e (u) = h~(u) = 0, there are numerous solutions, as (2.36, 2.37). We can continue the
list of such solutions presenting a general solution with a = 1 and (fy, go are arbitrary)

(" —1)

270 {£90 + fo, Fgo + fo, T2fo, T2}, (2.38)

Jo=/4fo + g3

The solutions (2.36) as well as solutions like as (below ”/” means that all the four possibilities are

{f+(u)7 g+(u)7 e+(u)7 h+(u)} =

admissible)
R(U) =TI+ (eu o 1)P11'-1|—/f2 + eo(eu o 1)P11-2|-/-|2—1

are the particular cases of the solution (2.38).

There are simple rational solutions also

Rlu) =T+u Py (2.39)

18



At the end of this subsection, we would like to mention, that our attempts to find the solutions

with the matrices R(u) = I+ f°(u) PLL + ¢ (u) P22 +h® (u) PAL +e°(u) P22, ¢ = +, where ht (u) # 0

Zee>

or et (u) # 0 for e = +, bring us to the conclusion that there is no any solution to YBE with such

expansion.

3. Next we are observing the solutions with the projectors Pgé, when ¢ = j and ¢ # j.

Here we obtained the following rational solutions
R(u) =T+ u (foP{L, + goPE | +eoPE _ +hoPF_),
R(u) =T+u(fo(Prl_ + P ) +eo(P2L_ + P2 ) +go(Prl — PFL) +ho(P? — P22 ),
R(u) = T+ u (o(PEL_ + PE_) +eo(PEL_ + PE) +goP, +hoPR), (240
R(u) =T+u(foPE_ +eoPF _ +go(PtL, — PZLL) +ho(P72, — PF2)),
R(u) =T+u (fo(2iPfl_ +2iPP2_+ PP2, — P2 )+

(eo + 2ihg + 2igo) P2L _ + egP# _ + goPH , + hoP? )

and trigonometric solutions

R(u) =T+ 155 (F2P1} FiPr2 + fo(Prly — 20PE )+ go(PPL, +2iPF} )
+eo(P72, — 2P}l —2iP;3_ —P}2 ). (2.41)
The solutions (2.40) can coincide one with other for the particular choices of the arbitrary param-

eters fo, go, eg and hyg.

The solutions with the projectors P’ lzjeg are similar.

R(u) =T+ u (foPA_ + goPf2_ +eoP?, + hoPP2,),
R(u) =T+u (fo(PA_ + PF2) + go(PAL_ + PPE) +eo(PRL, — PRL) + ho(PF2, — P72)))
R(u) =T+ u (fo(PA_ + P2) + eo(PRL_ + PP2) + goP12 . + hoP ), (2.42)
R(u) =T+ u (foPR2_ + eoPH_ + go(PH . — PP ) + ho(PP2, — PP2))),
R(u) =T+u(fo(PM, — PP, +2iPP +2iPP )+

(eo + 2ihg + 2igo) Pt + eo P2 + go P2 + ho P2, )

R(u) =T+ f36r (P2 + 2P2L + fo(2iP7i_ + PR2,) + g0(P72, — 2iP12 )+

eo(2iPP?_ + P, +2iP2L — PPL)). (2.43)
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Of course, consideration of the other possible structures of the R-matrices with different com-
binations of the projector operators also will give new solutions.

The peculiarities of the obtained solutions, i.e. their large number and variety (constant ones,
solutions with rational, exponential or trigonometric dependence on the spectral parameter, so-
lutions containing arbitrary functions), existence of the rich amount of the arbitrary parameters,
argue the novelty of their nature. The plain evidence of it is the presence of such projectors

r++> Prlo) in the solutions, which (at all or separately) are not the limiting cases (¢ — i) of

some linear combinations of the projectors at general q.

3 Chain models corresponding to the solutions.

This section is devoted to study of integrable models which can be defined using the YBE solutions
described above, via the transfer matrix approach [1, 21, 22].

Let us define quantum space of a chain with N sites as Ay = A1 ® Ay --- ® Ay, where A; is
the vector space corresponding to the i-th site, and is a representation space of the algebra siy(2).
If to construct transfer matrix 7(u) = trq [[; Rai(u), with the operators Rq;(u) which act on the
vector space A, ® A;, and coincide with the solutions R(u) obtained at roots of unity, we can define
quantum chain Hamiltonian operators as the first logarithmic derivatives of the transfer matrix
near the point uy, R(uo) = I. The resulting models can be treated as extended XXZ models at
roots of unity. We intend to investigate the Hamiltonian operators when ¢ = 4, i.e. extended XX
models.

We take A; = [IS?I}L = [Va]o; ® [Va]2i+1. The solution, given by the expression (2.20),

corresponds to the ordinary X X-model, giving the following lattice Hamiltonian (k = 2i — 1)

_ 2N T - -+ T 4
Hxx = J Y% ar=2 (Uk O+ 05 03y + 200410510 + 04101 10)

+ — — + ) z z z z
04430 ha T Opy30a T 5(0% + 0fyy — Ofyg — Uk+4)>

2N - - ;
=J 2k, Ak=1 (O'ljakJrl—i_Uk ‘71;:1“‘%(01?_0/?“))- (3.1)
. o . k; k; k; k . 1
Here cyclic boundary conditions of = o5y, and 05 = o5y,, (with ot = , 0 =
0 0
0 0 1 0 ) ) ]
, 0% = ) are imposed, and the term with o7-operators, which ensures s;(2)
10 0 -1
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symmetry, is disappeared in the entire expression. The same Hamiltonian can be obtained, as it is
well known, from the fundamental R??(u)-matrix at ¢ = i. The appearing of the coupling constant
J in (3.1) mathematically reflects the freedom of the scaling of the spectral parameter w. It must
be real, in order to keep the hermicity of the Hamiltonian operator. But for the cases brought
below, when the hermicity is broken, there is no general condition on J.

Now let us write out the hamiltonian for the model given by the R-matrix in equation (2.24).
The simplest case, which corresponds to the sum of the unity and Casimir operators, gives the

following expression

He =33 <U/—:‘7k+3 + 0 0y Hi0E (0 10y o0 ) — (0 s + 0 o) 0T
0010k s + T 10342) ks — (00 0y + 03, 0341) 0% a0 s — 0707 1 (01 0045 + 014001 )
(07074107 13+ OF 4107420 F s — TROE410 40 — OF0F490F43) ). (3.2)
And apparently, the Hamiltonian (3.2) in the representation of the scalar fermions, evaluated by

means of the Jordan-Wigner transformation,
i—1 —
=¢ H 1— 20 ¢), o; H 1— 20 ¢j), of=1-2c¢, (3.3)
J=1 J=1

see as example [22, 18], contains interaction terms up to the sixth power of the fermion operators
and, hence, is not free-fermionic as it was in the case (3.1). Also, it contains non-Hermitian terms.
Note, that the next to nearest Hamiltonian derived from the fundamental R??(u)-matrix (i.e.

second logarithmic derivative of the transfer matrix) contain terms like aiiafﬂalﬁQ (= ¢ ciyo or

c;_Qci), i.e. describes free fermions.
It is interesting to present the Hamiltonian operators corresponding to the solutions with the

R-matrices which can not be obtained as the limiting case at roots of unity from the matrices at

12/21 (

general ¢q. Such matrices are, as example, R12/21(u) =Z+uP, ™ (2.39). Hamiltonian operators

corresponding to them are (in the spin and fermionic representations)

12 _ + 4 c 4oz +.+ ) —
Hiy=J Z (Jk+10k+2 T 0% Ok41%k42 T Ok 0k+1) = (34)
k, Ak=2

N N

} : + .+ oz + t ;
J <U2i02i+1 T 102102102441 ~ ‘721'71‘72@') =J E (C2i+102i = U02i4+1C2i—1 — CZz‘CQi—1>,

1 %

21 _ — — - =z — - _— _
Hiy=J Z (Jk+10k+2 T 0% Ok41%k42 T Ok 0k+1) = (35)
k, Ak=2
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Figure 1: Graphical representations of the spin-chain Hamiltonians (3.4, 3.5, 3.7).

- _— . — — - - + .+ C + o+
JZ (U2i02i+1 —10%; 1030941 — 02241022‘) = JZ <c2ic2i+1 T 19 1Coi41 0224102@')-
i i
As we see they both are non-Hermitian free-fermionic operators.

Another Hamiltonian operators, which are not followed from the solutions at general ¢, also
can be found from the matrices (2.24, 2.25, 2.31, 2.32, 2.34-2.41). We shall observe few of them,
chosen chaotically, which Hamiltonian operators seem to us more interesting. Among the mentioned

solutions we can see that (2.37) at small u and fy = 0 takes the form R(u) = I+ u(P} — P22),

and hence the corresponding Hamiltonian writes as

+ + — — + + .z - -z + z
Hyp=J Z ( Ok Tks1 + Ok 041~ Oh100ta ~ Tk410842) ~ OF Tia1%ks2 — Ok OOk +Jk+1>(3-6)
k, Ak=2

The corresponding fermionic representation of the Hamiltonian looks like as follows
_JZ< 021 1C2i + CQZCQZ 1 — C;—iCQH_l — c;iquC?i) — 03_1-71021'4_1 - c;—i+102i—1 +1- 20;;-02@) (3.7)

If in (2.37) fo # 0, then the additional term for the case of P77, writes as 2f0JZ (03:08i41 —

T P - ‘oni . - 1 CortCor 1CoitiCor1Cor
U2i—102i_102i—1021‘02i+1) or, in the fermionic representation, 2 fo.J ZZ (C2it1C2i+Coi—102i+1C2i—1C2i41)-

For the case of P I + .. the operators 0i+ and ¢; one must change by the operators o, and cf.

In the graphical representation the Hamiltonian operators (3.4, 3.5, 3.7) can be picked more
apparently on the such lattices, where the odd and even numbered spins are shown in the two
different chains. The spin (or fermionic) variables are attached on the sites noted by the dots on
the lattice picked in the Figure 1. The next-to-nearest Hamiltonians (3.4, 3.5, 3.7) contain hopping
terms only along the dashed lines of the figure.

The particular solutions of (2.31) and (2.32) can give us "factorized” Hamiltonian operators.

The Hamiltonian operators corresponding to the solutions

R:I:(u) =1 +u (Plll P122 (Pll2 _ P/2717))
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Figure 3: Graphical representations of the spin-chain Hamiltonian (3.9).

look like as

N
actor-+
gloctort Z higr1hryokes = (3.8)
k, Ak—=2
2N . .
+ + - + -3tz 2 + - + - Lo oz z
DY (% i1+ 010k + 5(0% = Jk+1)> (Jk+20k+3 + Ok 30k42 T 5 (k4 — 0k+3))a
k, Ak=2
N
actor—
HT* = Z Pikrshiesipr2 = (3.9)
k, Ak—2
N . .
1 1
- + - + — z z + — + — z z
J Z <‘7k O3 T 0430, + 5(% - Uk+3)> <Uk+10k+2 +Op 2041 T §(Uk+1 - Uk+2)>-
k, Ak—=2

Note, that the Hamiltonian of the ordinary X X model writes as ZZQN hi i1 and the second Hamil-
tonian (second logarithmic derivative of the transfer matrix) is Z?N[hi7i+1, hit1i+2) [22]. In the
fermionic representation both of them contain only quadratic terms (describe free fermions), in
the contrast of the Hamiltonian operators (3.8) and (3.9), which describe fermions with quartic
interaction terms. Note also, that the term h; j = o} o; + O']J»FO'; + %(O‘f —0o; ) is simply the Casimir
operator ¢?? defined on [Va]; ® [Va];. And, particularly, the operator (3.8) can be represented also
as Hactor+ — Ziv hoi 2i+1h2it2,2i+3 = ZfV[CQ 2];[¢? %541, being interpreted as quadratic interaction
between two nearest-neighbored four-dimensional indecomposable vector spaces.

In the Figures 2, 3 we demonstrate the quartic Hamiltonians (3.8) and (3.9) in a graphical way:
the local interactions take place between the spins (fermions) disposed on the four neighbored sites

around the marked centers, with interaction terms presented by the products of two hopping terms

h;j along two dashed lines, which are in the close vicinity of the each center(Fig. 2) or are crossed
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in the centers (Fig. 3).

For completeness let us give also some Hamiltonian operators followed from the solutions
(2.40-2.43). The second solution of (2.40) with the choice of the parameters {fo,eo, g0, ho} =
Jo{1,1,i/2,i/2} leads to the following Hamiltonian

H, =J Z <0kak+1+akak+1+ (of —0f1) — (3.10)
k, Ak=2

(0-];:»1 + oy + (o, — Z‘UZF)UEH)(U/;H + i01§+2‘712+3))-

In the fermionic representation it is a non-hermitian free fermionic operator

2N

H}L =J Z (C;:Ck+1 + cgﬂck + i(c;rﬂckﬂ — c;rck) — (c;r + z'cgJrl —Cry1+ z'ck)(cgJr2 + ic;r+3))3.11)
i, Ai=2

This Hamiltonian by it’s structure (as well as the operators (3.4) and (3.5)) resembles rather the
Hamiltonian of the XY model.
A similar Hamiltonian operator we can found from the solutions (2.42), taking in the second

matrix the parameters { fo, €, go, ho} = J){1,1,4/2,—i/2},

Hy =17 Z (Uk Opp1 T 0, O + 2( — Ohy1) — (3.12)
k, Ak=2

(01 — 104y — (o) +ioy )oi) (o, + wlﬁm“ﬁs))'

The corresponding fermionic representation is

2N
f + + (ot + + ot ; ;
H' =] E (ck Cry1 + k(e Chr1 — ¢ k) = (Cyq —ick + ¢ +icky1)(chra + zck+3))3.13)
k, Ak=2

In the last examples given above we have dealt with the Hamiltonian functions which are homoge-
neous polynomials in respect of the fermionic operators (polynomials of the second (3.4, 3.5, 3.7,
3.11, 3.13)- only kinetic term, or fourth power (3.8, 3.9)-only interaction term). It is conditioned
by our aim to choose more symmetric matrices among the YBE solutions. But of course, the large
amount of the solutions corresponds to non-homogeneous Hamiltonians. The H in (3.2) in the
fermionic operators contains operators of the second, fourth and sixth power. As illustration of the
Hamiltonian with the only fourth order interaction together with the kinetic term (second order),

we can point the Hamiltonian operators, corresponding to the simple solutions R(u) = I + uPIH_ 4
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R(u) =T+ uP?'  or R(u) =1+u (P}t — P2, +i(A—2)[PA_+ PP _]) (see (2.42)), for the

last one we shall write down the corresponding fermionic Hamiltonian

H—{—,A = JZ;L < — 2(cgi—1 +ica;)(C2iq1 + ic2i2)+

A [hoi—1,2i2i41C2i+2 + (icy;_1C2i—1C2i + Coi103;¢2:) (Coit1 + iC2i42)] ) (3.14)

Note. Taking into account that the local terms of the obtained new Hamiltonians connect two
pairs of the neighboring spin—% states (sometimes it restricts to three spin interactions, as in (3.4,
3.5, 3.7)), followed from the composite structure of the states on which the R-matrices are defined,
one could address the obtained models to such kind models being highly exploited in the strongly
correlated systems, as the dimer models, ladder (or zigzag) models. A general inconvenient property
which inheres in the most of the discussed Hamiltonian operators is their non-hermicity. The
quadratic in terms of the fermionic operators (i.e. free fermionic) Hamiltonians describe integrable
models a priori, as it is possible by Fourier transformation to define the full eigen-system of such
models. Hence, the Hermitian parts (3[H + H"], %:[H — H']) of a quadratic Hamiltonian also
describe integrable models, but now they are fully diagonalizable and with a real spectrum and in
general with no sl;(2) symmetry (the Hamiltonian operators H™ acquire the symmetry of the sl_;(2)
algebra, so the resulting Hamiltonian operators $[H +H "], 3;[H — H*] are the combinations of the
invariant operators of sl;(2) and sl_;(2)). As concerns the Hamiltonian operators with quartic and
higher interactions, in each particular case there is need to check the integrability of the models
with the Hermitian parts of the Hamiltonians.

And at the end we would like to note about the spectra of the models with the free-fermionic
behaviour. For obtaining physically justified results and in order to dealing with permissible trans-
formations of the fermionic varibles, we shall review the Hermitian parts of some Hamiltonians. In

the Fourier basis of the chain discrete momenta

2mip w(2i4+1)p
Cop,

1 2N 1 2N
Coi = —— Z e ' N Clp, C2%i41 = —— Zeiz N (3.15)
VN p=1 VN p=1

the models with Hamiltonian operators 3[H + H "] and & [H — H*], with H described in (3.7) have
the following spectra, correspondingly, {1, 2 cos [2%]} and {£sin [7£]}, 0 < p < N. The Hermitian
parts of the Hamiltonian operators (3.4), (3.5) have the eigenvalues, symmetric in respect of the ori-

gin. They are {+ cos [7 %] <sin [r&] £ /1 +sin [77%]2>} and {+ cos [£7{:]} respectively, and here
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. . . . + +
the eigenvectors are the expressions of the states with opposite momenta, ¢y, cap, ] (N—p)® Co(N—p)’

0<p<N/2[18].

4 Treating of the indecomposable representations in the context of

the dynamics of the systems. Non-unitary evolution operators.

Here we want to observe the models with si;(2) (as well as 0sp(1]2),) symmetry at roots of unity
from another aspect. As we have seen the Hamiltonian operators which are constructed taking
into account the action on the indecomposable states are non-hermitian. It means that as result,
the evolution matrix of the corresponding models appears to be non-unitary. But in the recent
decades there are numerous investigations of systems with non-hermitian Hamiltonians [19] and
there is a chance that consideration of the new integrable models at roots of unity is not only a
pure mathematical analysis.

The specific, peculiar character of the Hamiltonian operators at roots of unity consists of the
presence of the indecomposable representations in the spectrum of the eigenstates. Let us ob-
serve the dynamics of such Hamiltonian systems. Suppose we have a chain with 2N sites with
Hamiltonian e.g. (3.2). Let us consider the simplest case, when N = 1. The periodic boundary
conditions imply o3 = o1, 04 = o09. After careful calculations we are coming to the following
two-site Hamiltonian (with the normalized coefficient J — J/4)

o5 —03).

H = Jhi 2 :J(O'frO'E —{—O‘;O‘f—F 5

On the four-dimensional space Vo ® V5 this operator have the matrix form

00 0 O
0z 1 0
H=1J (4.1)
01 — 0
00 0 O
1 0 0
The states |vy) = 2 E<;>®<;>a|v>: (0] E<?>®<?>and|vo>:% _1Z
0 1 0
=L Ve (%) —it( % )a( ) awe the eigenstates of the Hamiltonian (4.1) with the
AN 1 V2 \ 1 0 '
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eigenvalue 0. Any state |ug) = %( (1] ) ® < (1) > + arfvg) satisfies to the relation H - |ug) = Jv|vp).
0

If to choose |ug) = % 1 (with @ = 1, v = 2¢ and 0 is a real number), then the scalar product
1
0

defined as (v, w) = ((v])*|w) gives orthogonal and normalized vectors: (v, vy,) = 0zp, (vF,up) =

0, (ug,up) =1, where &, = +, —, 0. Note, that the ordinary scalar product (v,w) = (v|jw) (here
and in Appendix we denote by (v| the transposed vector (|v))”, without complex conjugation, in
contrast to the usual convention, where (v| means Hermitian conjugation) gives (vg,vo) = 0 (vector
with zero norm in the indecomposable representation). In the quantum theory we are using the
definition (v™,w) for measuring the probability of the system to exist in the given states.

Let us observe how the time evolution is flowing for the mentioned states. Usually in consider-
ation of the non-hermitian models the authors are trying to avoid the problems of the non-unitary
evolution matrices and time-dependent norm [19, 20]. Let us to see, what we shall have in straight-
forward examination. The solutions of the Shridinger equation with the Hamiltonian (4.1) are
the following time-dependent states: |v:(t)) = |v), |ug(t)) = |ug) — itJy|vg). Note, that the norm
of the state |ug(t)) changes with time as follows (ug(t)",uo(t)) = 1 + 4[Jt|* (we used the vector
|ug) fixed above). Hence the normalized state
lug (t)) _ lug) + 2Jet|vp)

(uo () *, uo(t)) V14l

has the limit eie‘—jﬂv(]) at t — oco. We can conclude, that having an indecomposable represen-

|ao(t)) =

tation {vy,vp,v_,up} at t = 0, the Hamiltonian operator (4.1) brings it at ¢ — oo to the rep-

resentation space actually with three linearly independent vectors. Here in non direct way we

have put the function (role) of the evolution matrix U(t) = e ® on the non-linear operator

_ —itH

U(t)|u(0)) = e Ju(0)) . This analysis easily can be extended for all the systems hav-
( )’ ( )> (u(0)+eitH+,e—itHu(O))l/Q Yy y X Yy V-

ing the indecomposable states, which all have not fully diagonalizable non-Hermitian Hamiltonian

operators.

5 Summary

In this paper we have developed an approach to reveal all the possible solutions to the Yang-Baxter

equations defined on indecomposable representations at roots of unity. We have presented new
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integrable models with the symmetry si;(2), when ¢ = i. Like the ordinary XX model, these
models also can be presented as one-dimensional chain models with the two-dimensional (spin-
1/2) states at each site. The presented method can be extended for the another roots of ¢, as
well as for the chains with other disposition and structure of the site’s variables. It depends of
the chosen indecomposable representations Z' and Z” of the solutions of YBE with Rz/z#-matrix.
As example at ¢3 = +1 (here the finite dimensional non-reducible representations, arisen in the
fundamental irreps fusions are V5, V3, ZE 4)2} and Zg)l}) we have tensor products Vo ® V3 = ZEZ)Q}
and Igi)z} ® I{i)z} = [@ V} [@ I{?l}} {@ I{i)z}] It means, that having new solutions
(which are not the descendants of the solutions at general q) Rz,7, with Z; o = IS?Q} we can
construct new models on the chain with the states at the sites as A; = [V ® [V3]2i41.

The working with representations, specific for the exceptional values of deformation parameter
q, leads to the conclusion that we deal with pure ”quantum” /deformed objects, which have no
classical analogs. Some of the new solutions to Yang-Baxter equation have no regular point, where
R-matrix turns to unity (normalization condition). Other new solutions, which admit such point,
are not supplemented by unitarity condition. Another point is the drastic growth of the number
of solutions. As it is well-known at the exceptional values of ¢ the symmetry of the model or
the center of algebra is enlarged, the new Casimir operators appear. Although the values of the
extended center for the highest and lowest representations do not give new characteristics, but
the projection operators are closely related to Casimirs and appearance of the huge number of
projectors reflects the extension of the symmetry of the system. Another manifestation of the same
phenomena is the appearance of the rational (and exponential) solutions, which are not intrinsically
inherited from initially trigonometric solutions.

The large variety of the obtained Hamiltonians, only few of which were presented explicitly in

the manuscript, needs more thorough and detailed analysis, which we intend do perform further.

Appendix

Projection operators in case of degeneration in the Casimir operator’s spectrum

If the coincidence of the eigenvalues of the Casimir operator has a casual character and does not

accompanied with the isomorphism of the representation spaces (which is possible, when ¢ is a root
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of unity), then the set of the projection operators remains the same, and for determining them it
is enough to have an operator cn (or a well defined arbitrary cy = > co; P?, where cy; # coj), and
to put it into (1.24) instead of c.

When the representations with the same Casimir eigenvalues are isomorphic, the situation
changes. Inspection shows that in this case it is not possible to build all projection operators
by means of the one single operator’s polynomials. The reason is, that along with the custom
projection operators, here there are also operators Pfj which map the isomorphic spaces V!, W
with same eigenvalue ¢, of Casimir, one to another (see the previous section). Let us demonstrate

it for a case, when

S=VieVie oV c=c)_P).
=1

Then if one defines ¢ = 3, cl-jP,?j, and tries to express the projectors P as [1;(arc — hil), one
can see, that it is not possible to define the identical projectors P! = P > P! =1, in this way,
if ¢;j # 0, © # j, neither the projectors Py, Using the properties of the projectors (1.18) one
deduces [T (are — hil) = ZZJ Al-jPrij. For n = 2, we can see that, for any number p, we have
A — Aga = Ara(ern — ¢22)/c12 = Azi(ci1 — ¢22)/c21, so we can not demand A;; = §;;0;, for some
k, r.

We need at least two operators, which commute with the algebra generators and have no

1 . .
degenerated eigen-spectrum. One can define the first one as ¢n = > " | ¢L. P, taking not coinciding

)

n roots ¢ of ¢, (¢;)" = ¢, and second one as co = ), ¢ P and one can demand (cp)" = ¢,

too. By them we can construct
L n
cn = ZcfnPﬁ, co = Zcﬁ?Pﬁj, (A.1)
i=1 i#j

1
= k
) cn —crl . N
kti T r Cy

Another way is to define two operators containing ”upper/lower-diagonal” projectors P¥+1

(below the cyclic indexes i, j are defined by mod n):

Ci/n = Z Cz‘iilpiiil, (C}t/n)n =C = H Cii+1 = Cv, (A3)
7
Cli/ncli/n = cizrcini PV (A.4)
7
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1 1 1/n mit1s
ci/n q:/n — (Crkr1ckr1r)l piitl _ Plic /" _ cjt/"PZilZil (A5)

Pii — ’
Cii+1Ci+1i — Ckk+1Ck+1k Cii+1 Cii+1

ki

g j—1 y
if i<j P”:ﬁk prREFL if i>j PY= Pkk L (A.6)
=1

Generalization for the cases when there are also isomorphic indecomposable representations with

¢z, = c1; Or c1; = Cy;, is straightforward. Suppose, we have § = b Vie @Z Ty, and

n P p
SN SRS SRR o)
i=1 k=1 k=1
Then let us define
1 n ] p p
cnip = ZcmPﬁ + ZCIkPIk + Zc'IkPék,
i=1 k=1 k=1

C:
so that (cf,)"*? = ¢, and hence (c;,)"*P = (cg, )" = ¢, & = (ni’}) )C—I and the roots ¢,,, ¢z,

don’t coincide with one another. Obviously the projectors P’ Py, , PIk can be defined using

i
the formulas (1.24), taking ¢t instead of ¢. A second operator ¢y we must define in order to
determine the mixing projectors P , P%j , P’g. If the space V,. isomorphs to the proper subspace
U of Z, then there are possible the following projectors too, Pf{, and P’ ZJCI, with the following
properties Pg/ Vi = U, P Z‘EIZ/{”“ = V% on the other vectors they vanish. Here we suppose
TF =u* uu'*, and U* € U*, dim[U'*] = dim[U*] = dim[V"].

P

n p .
o= S S+ PR 30 P+ )

i#j i#£j i=1 k=1

The mixing projectors can be obtained by means of the ordinary ones and the operator ¢q as

. PiCOPJ . PicaPV . Pie o JY
i T rig _ 17900 7 ij _ 270 pj I 13
Py T P>z = — Py = T(PI P ) (A7)
Cy CI CI I
k i ) k
phi PICOP P,ik _ Pleog P AS
vV — ki ’ Vi — ik . ( : )
c c
TV VZ

Projection operators at ¢ = i: explicit form.

Choosing the vectors of the Indecomposable representations so, that the action of the algebra
generators look like as in (2.15), the defining function for the 32 projection operators will be the

following matrix

Pr = Z Y FAPL + Z S pary, (A.9)

i,J €M 1,J &M
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- d . d
pio— 4 p pi A (A.10)
T T
o= agr T
The projector operators are written by means of the states’ vectors
4)1
I£3?1}+ = {U+, o, V-, uO}}f— = (All)

{{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}", {0, —¢,—1,0,4,0,0,0,1,0,0,0,0,0,0,0}",
{0,0,0,-1,0,4,0,0,0,1,0,0,0,0,0,0}", %{O, 1—4,i—1,01+140,0,0,1—14,0,0,0,0,0,0,0}"},
IS?IQH = {vy,v0,v_,up}? = (A.12)
{{0,0,0,0,0,0,1,0,0,0,—:,0,-1,0,0,0}",{0,0,0,0,0,0,0,—:,0,0,0,—1,0,4, 1,0} ",
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1}7, £{0,0,0,0,0,0,0,1 — 4,0,0,0,—1 —i,0,4 — 1,1 — i,0}7},

Ig?i}_ = {/U+,'UO,'U7,UO}17 = (A13)

{{Oa 0, 15 0, _2Za 0, Oa Oa _1, O, Oa Oa Oa 05 05 O}Ta {Oa 0, Oa Z', Oa 2’ _Z” 0’ 0’ _Z” 0’ 0’ _Z” 0’ 0? O}Ta
{0, Oa 0’ Oa 0’ Oa 0’ _Z” 0’ 0’ 0’ 0’ Oa _Z” 0? O}T’ %{0’ Oa 0, 15 0, ia 4, O, Oa 25 _3Za Oa 15 05 05 O}T},
4)2
IE:S?I}? = {vy,v0,v_,ug}? = (A.14)
{{0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0}",{0,0,0,%,0,0,4,0,0,1,2,0,—4,0,0,0}",

{0,0,0,0,0,0,0,,0,0,0,2,0, —i,0,0}7, 1{0,0,0,4,0, -3, ~1,0,0,1, —,0, —2,0,0,0}" }.
as follows (below, as usual, ket- and bra-vectors |v), (v| = |v)™ are corresponding to the vectors in
column and row representations)

i APRY i o) (o |2 1 i . ujjul- .
pg, = Y ok o)l <€rvo><uo\g—§0'€—€'°§ervo><vo\g>, (A.15)

k=t,— (vrl22|og)  (vol2|ug) — (uolet|vo) volt 2|ug

j_ tlvo)(vol?
= %’ (A.16)
<U0|s€|u0>
i J i J i J i J
i Vo )\VU+ |z V_){Vo |z i Vo) \V— |z V4 )\Vo |z
g Lo)wslt | o)l _ Sl o) (ol (A1)

(illlvs)  (voltlluo)’ (v-[LZv-)  (volillug)
There is arbitrariness in the choosing of the state vectors due to the normalization of the vectors,

so all the vectors can be multiplied by some numbers, as well as, every vector |ug). can be shifted

by al|vg)® with arbitrary numbers al. The following transformations are possible |v}). = al|vg)L

(normalization), |uf)! = ct|ug)t + el|vg)l (the behaviour of the ug-vectors), with arbitrary numbers

[

al, ¢t el. It explains the richness of the arbitrary constants in the obtained YBE solutions.
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