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Abstract

We write down an explicit conjecture for the instanton partition functions in 4d N = 2
SU(N) gauge theories in the presence of a certain type of surface operator. These
surface operators are classified by partitions of N , and for each partition there is
an associated partition function. For the partition N = N we recover the Nekrasov
formalism, and when N = 1+ . . .+1 we reproduce the result of Feigin et. al. For the
case N=1+(N−1) our expression is consistent with an alternative formulation in terms
of a restricted SU(N)×SU(N) instanton partition function. When N = 1+ . . .+1+2
the partition functions can also be obtained perturbatively from certain W-algebras
known as quasi-superconformal algebras, in agreement with a recent general proposal.

1 Introduction

In [1] we argued that there is a general connection between instanton partition func-
tions in N = 2 gauge theories with a certain type of surface operator and a class
of W-algebras (see also the earlier work [2] which contains similar ideas). For the
SU(N) gauge theories both the surface operators and the W-algebras are classified by
partitions of N .

Surface operators in gauge theories are objects localised on two-dimensional sub-
manifolds and the precise type that is relevant here is conveniently described using the
6d (0, 2) theory formulated on R

4×C [3, 4], where the 4d N = 2 gauge theory lives on
R

4 and a 2d conformal field theory lives on the Riemann surface C. In this language the
surface operator arises from a 4d defect spanning a 2d submanifold of R4 and wrapping
C [5]. For the SU(N) theories such surface operators are classified by partitions of N ,
since the 4d defects of the 6d AN−1 (0, 2) theory have this classification [3].

The class of W-algebras that is relevant arises from affine Lie algebras via so called
quantum Drinfeld-Sokolov reduction [6–8]. For the case of the SU(N) gauge theories
the pertinent W-algebras appear by reduction from the affine slN algebra, and are
classified by partitions of N [9]. In the 6d language used above, the W-algebra may be
thought of as the symmetry algebra of the 2d conformal field theory living on C. This
harmonises nicely with the expectation that wrapping different 4d defects on C should
change the 2d CFT (and in particular its symmetry algebra).

The proposal in [1] is a natural generalisation of the various relations between 2d
conformal field theories and 4d N =2 gauge theories (with surface operators), that
have been discovered in the last year and a half.
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In particular, for the A1 AGT relation [10] (or its non-conformal version [11]) the
relevant W-algebra is the Virasoro algebra, and the instanton partition functions are
those of the N =2 SU(2) gauge theories without a surface operator (the absence of a
surface operator is conveniently thought of as a trivial surface operator). More generally
for the AN−1 AGT relation [12] (or its non-conformal version [13]), the relevant W-
algebras are the WN algebras, and the instanton partition functions are those of the
N =2 SU(N) gauge theories without a surface operator. For these cases the instanton
partition functions can be computed using the results of Nekrasov [14]1.

Another class of examples correspond to N = 1+ . . .+1 in the partition language.
For these theories the relevant W-algebras are the ŝlN (affine slN) algebras. Relations of
this type were first discovered in the non-conformal case in the mathematical literature
several years ago [15] (albeit using a different language). For the conformal theories,

the relation involving ŝl2 was found in [5] and further studied in [16]. The extension

to ŝlN was treated in [17]. For these cases the instanton partition functions can be
computed using the results in [18] (cf. [5, 16, 17]).

To study the proposal in [1] for cases involving general surface operators one would
need to be able to compute the corresponding instanton partition functions. The main
result of this paper is a conjecture which accomplishes this goal. Our conjecture is
a generalisation to general partitions of N of the results in [14] and [18] (which we
reproduce for the cases N = N and N = 1+ . . .+1, respectively). We subject our
conjecture to a variety of detailed tests and consistency checks.

The analysis of the consistency of our conjecture with the proposal in [1] is hampered
by the fact that theW-algebras corresponding to a general partition ofN are not known
in explicit form. However, for partitions of the type N =1+ . . .+1+2 the W-algebras
are known as quasi-superconformal algebras and were written down by Romans [19] (see
also [20] and section 5 in [21]). The representation theory of the quasi-superconformal
algebras was developed in [22]. Using these results we check that explicit W-algebra
computations lead to results that are consistent with our proposed instanton partition
functions.

For other partitions of N we do not know the proposed dual W-algebras explicitly.
However, when N = 1 + (N−1) there is another known way a surface operator can
arise. In the 6d language discussed above this type of surface operator arises from
a 2d defect spanning a 2d submanifold of R

4 and intersecting C at a point. Such
surface operators were first studied for the rank one case in [23] and correspond in
the dual 2d CFT to the insertion of a certain degenerate field. In [24] it was shown
that by combining the conjectures in [10] and [23] the instanton partition function
with a surface operator of this type can be related to an SU(N)×SU(N) quiver gauge
theory without a surface operator but with certain restricitions on the parameters of the
quiver theory. This is a powerful method that works for any rank and leads to closed
expressions using the results in [14, 25]. It was later realised [26, 27] that this type
of argument corresponds to a geometric transition in the topological string language
where the surface operator corresponds to a toric brane. Thus for N =1 + (N−1) we

1More precisely, the Nekrasov formalism in its present form can only be used for conventional gauge
theories, and not for the generalized quivers [3]. In this paper we only discuss conventional theories.
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have two types of surface operators: the ones that in the 6d language arise from 4d
defects and whose instanton partition function can be determined using the conjecture
in this paper; and the surface operators that arise from 2d defects and whose instanton
partition function can be determined from a (constrained) SU(N)×SU(N) theory using
the results in [24].

A priori it is not obvious that the instanton partition functions arising from these
two constructions should be related. But at least for theories where the gauge group has
a single SU(N) factor computations in [16,17] for N = 2 and in [1] for N = 3 indicate
that the instanton partition functions do in fact agree. The analysis in this paper for
general N lends further support to this idea (we find highly non-trivial agreement to
several orders in perturbation theory and for some infinite subsets of terms).

The case 3=1+2 studied in [1] belongs to both of the two classes mentioned above.
The equivalence of the W-algebra and restricted quiver descriptions was checked in [1].
Taken together with the results in this paper we now have three different descriptions
for this case which nicely illustrates all the interconnected conjectures.

In the next section we first recall some background material and introduce some
terminology before stating our main conjecture which determines the instanton par-
tition functions in SU(N) theories with a general surface operator. We also perform
various general consistency checks. Then in section 3 we treat the N = 1+ . . .+1+2
cases and in section 3 we discuss the N = 1 + (N−1) cases. We close with a brief
summary and a discussion of some open problems.

2 Preliminaries and statement of the main conjecture

In this section, after discussing some relevant background material and setting up
our notation, we write down a conjecture for the instanton partition function in an
N = 2 SU(N) gauge theory with a general surface operator of the type discussed
in the introduction. These surface operators are classified by partitions of N and for
each such partition there is an associated instanton partition function. (In general there
should also be perturbative contributions to the partition functions; such contributions
will not be discussed in this paper.)

The instanton partition functions should arise from integrals over (suitably regu-
larised) moduli spaces of instantons. In the presence of a surface operator the instantons
are “ramified instantons” that in a certain sense have both 4d and 2d contributions.
We denote the regularised instanton moduli spaces by M̃p;~k where p is a partition of

N and ~k = (k1, . . . , kn) denote the instanton numbers. Schematically the instanton
partition function is then given by

Zinst =
∑

~k

∏

i

ykii

∫

M̃
p;~k

ω , (2.1)

where ω depends on the matter content of the theory. Various examples of such
partition functions and moduli spaces have been considered in the literature (see
e.g. [14, 28, 15, 18, 29, 5, 16, 2]). For the cases that have been proposed to describe
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gauge theories with surface operators (as first clearly stated in [5]), the integrals are
well-defined as mathematical objects, but the physical interpretation is not yet com-
pletely clear. In this paper we follow [5, 16, 17, 1] and assume that the mathematical
objects discussed in [15,18,29,2] really describe instanton partition function for N = 2
gauge theories with surface operators (more precisely the surface operators that in the
6d language arise from 4d defects as described in the introduction). So far there are
no reasons to doubt this interpretation.

For a surface operator corresponding to a general partition of N the regularised
instanton moduli space should be an extension of the affine Laumon space considered
in [18] to the general parabolic case. In this case it appears hard to compute the
integrals directly, but on general grounds one expects the integrals to localise to a set
of isolated fixed points. In other words, it should be possible to write the instanton
partition functions in the generic form

Zinst =
∑

Y

Zk1,...,kn(Y )
∏

i

ykii , (2.2)

where the sum is over a certain set of fixed points collectively labelled by Y , the yi
are the instanton expansion parameters and the ki are the instanton numbers (that are
determined by Y ). The expressions Zk1,...,kn(Y ) depend on the various parameters of the
specific theory one considers such as the Coulomb parameters (a’s) and (if the theory
includes matter fields) the masses (m’s) and finally also on two deformation parameters,
ǫ1 and ǫ2 of the type used in [14] (see also [30]). Furthermore, one expects that the
Zk1,...,kn(Y ) can be determined from a certain character. The character associated with
a given fixed point takes the general form

χ =
∑

i

(±)ewi . (2.3)

The contribution to the instanton partition function from the given fixed point (denoted
Zk1,...,kn(Y ) above) is then given by the product over the weights wi, where the weights
coming from terms in (2.3) with a minus sign contribute in the denominator and those
arising from terms with a plus sign contribute in the numerator.

The basic building block used in computations is the character for a hypermultiplet
of mass m transforming in the bifundamental representation of SU(N)×SU(N), which
is of the general (schematic) form

χbif(a, ã, Y, Ỹ ,m) , (2.4)

where a, m refer to first SU(N) factor and ã, Ỹ refer to the second. From the expression
(2.4) one can obtain the character for other representations of interest: The character
for a matter multiplet of mass m transforming in the adjoint representation of SU(N)
is given by

χadj(a, Y,m) = χbif(a, a, Y, Y,m) , (2.5)

the character of the gauge vector multiplet of SU(N) is obtained via

χvec(a, Y ) = −χbif(a, a, Y, Y, 0) , (2.6)
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and the character for N hypermultiplets transforming in the fundamental representa-
tion of the first (or second) SU(N) factor, are obtained via

χN funds(a, Y, µ̃) = χbif(a, µ̃, Y, ∅, 0) ,
χN funds(ã, Ỹ , µ) = χbif(µ, ã, ∅, Ỹ , 0) . (2.7)

Here µ and µ̃ collectively denote the masses of the N fundamentals, whereas a and
ã denote the N Coulomb parameters. (Since the theory is SU(N) one should impose
the restriction that the sum of the ai is zero and similarly for the ãi’s, but it is of-
ten convenient to leave this restriction implicit.) The total character for an SU(N)
quiver gauge theory is determined by summing the characters for all the constituent
fields/representations of the theory.

Two cases where the above construction has been completed are known in the
literature. The first case is the original Nekrasov construction [14] (see also [31,28,32,
25]) which is valid in the absence of surface operators. In this case the fixed points
are labelled by a vector of N Young tableaux Y I

ℓ , where I = 1, . . . , N and ℓ label the
columns of the Young tableau Y I (with Y I

1 ≥ Y I
2 ≥ · · · ). There is a single instanton

expansion parameter, y, and the instanton number k is determined by

k =

N∑

I=1

∑

ℓ≥1

Y I
ℓ . (2.8)

The second previously known case corresponds to the surface operator labelled by
the partition N = 1+ . . .+1 (called a full surface operator in [5]). For this case the
fixed points and the character were determined in [18]. The fixed points are labelled
by a periodic set of N Young tableaux Y i

ℓ , with Y i+N = Y i. There are N instanton
expansion parameters yi (with i = 1, . . . , N) and the corresponding instanton numbers
ki are determined by

ki =
∑

ℓ≥1

Y i−ℓ+1
ℓ . (2.9)

Our goal is to write down a conjecture for the character for an SU(N) theory in
the presence of a general surface operator of the type discussed in the introduction.
Such surface operators are classified by partitions of N . A partition of N is a sum of
integers p1+ p2 + . . .+ pn = N , where n is the length of the partition and the ordering
is not important; in our conventions we always take p1 ≤ p2 ≤ · · · ≤ pn. It will be
convenient to view the partitions as being periodic with period n, i.e. pi ≡ pi+n.

We now describe our construction. Just as in the previously studied cases, we
assume that the fixed points are labelled by N Young tableaux. These Young tableaux
will be denoted Y i,Ii

ℓ , where ℓ ≥ 1 label the columns of Y i,Ii, i = 1, . . . , n and Ii =
1, . . . pi. To avoid cluttering the expressions we will usually drop the subscript on
Ii since the summation range should always be clear from the context. The Young
tableaux are considered to be periodic in i with period n i.e. Y i,Ii

ℓ ≡ Y
i+n,Ii+n

ℓ . The
N Coulomb parameters will be denoted using a completely analogous notation as aIii .

The Coulomb parameters are also considered to be periodic aIii ≡ a
Ii+n

i+n . The instanton
expansion parameters are denoted yi with i = 1, . . . n.
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In terms of these building blocks our conjectural expression for the character of a
bifundamental hypermultiplet of mass m in the SU(N)×SU(N) gauge theory with a
surface operator labelled by the partition N = p1 + p2 + . . .+ pn in each of the SU(N)
factors takes the form

χbif(a, ã, Y, Ỹ ,m) = e−m

n∑

i=1

pi∑

I=1

∑

ℓ̃≥1

p
i−ℓ̃∑

Ĩ=1

e
aIi−ãĨ

i−ℓ̃eǫ2(⌊
ℓ̃−i
n

⌋−⌊− i
n
⌋)

Ỹ
i−ℓ̃,Ĩ

ℓ̃∑

s̃=1

eǫ1s̃

+ (1−eǫ1)e−m

n∑

i=1

∑

ℓ≥1

pi−ℓ+1∑

I=1

∑

ℓ̃≥1

p
i−ℓ̃∑

Ĩ=1

e
aIi−ℓ+1

−ãĨ
i−ℓ̃eǫ2(⌊

ℓ̃−i
n

⌋−⌊ ℓ−i−1
n

⌋)

Ỹ
i−ℓ̃,Ĩ

ℓ̃∑

s̃=1

eǫ1s̃
Y

i−ℓ+1,I
ℓ∑

s=1

e−ǫ1s

− (1−eǫ1)e−m

n∑

i=1

∑

ℓ≥1

pi−ℓ+1∑

I=1

∑

ℓ̃≥1

p
i−ℓ̃+1∑

Ĩ=1

e
aI
i−ℓ+1

−ãĨ
i−ℓ̃+1eǫ2(⌊

ℓ̃−i−1
n

⌋−⌊ ℓ−i−1
n

⌋)

Ỹ
i−ℓ̃+1,Ĩ

ℓ̃∑

s̃=1

eǫ1s̃
Y

i−ℓ+1,I
ℓ∑

s=1

e−ǫ1s

+ eǫ1e−m

n∑

i=1

∑

ℓ≥1

pi−ℓ+1∑

I=1

pi∑

Ĩ=1

ea
I
i−ℓ+1

−ãĨi eǫ2(⌊−
i
n
⌋−⌊ ℓ−i−1

n
⌋)

Y
i−ℓ+1,I
ℓ∑

s=1

e−ǫ1s , (2.10)

where ⌊x⌋ denotes the largest integer smaller than or equal to x. In addition, the n
instanton numbers are given by (note that ki ≡ ki+n)

ki =
∑

ℓ≥1

pi−ℓ+1∑

I=1

Y i−ℓ+1,I
ℓ . (2.11)

As a first consistency check we now show that the above expressions reproduce the
known results [14] and [18] when N=N and N=1+ . . .+1, respectively.

For the N = 1+ . . .+1 case, n is equal to N and the I’s and their sums can be
removed (since in this case all the pi are 1 so all Ii only take one value). With these
observations (2.11) immediately reduces to (2.9). The above character (2.10) also
reduces to the result obtained in [18]. This is most easily seen using the form written
in [17] and some obvious manipulations involving the geometric series

Ỹ∑

s̃=1

eǫ1s̃ = eǫ1
1− eǫ1Ỹ

1− eǫ1
. (2.12)

For the N = N case, n is equal to 1 and we can drop the ⌊·⌋ as well as the i’s
and their sums (since i only takes the value 1). The periodicity is 1 and can also be
ignored. The expression (2.11) then directly reduces to (2.8). Furthermore, it is easy
to see that the character (2.10) can be written

χbif(a, ã, Y, Ỹ ,m) = e−meǫ1+ǫ2

N∑

I=1

N∑

Ĩ=1

∑

ℓ̃≥1

Ỹ I

ℓ̃∑

s̃=1

eaI−φ̃
Ĩ + e−m

N∑

Ĩ=1

N∑

I=1

∑

ℓ≥1

Y I
ℓ∑

s=1

eφI−ã
Ĩ

− e−m(1− eǫ1)(1− eǫ2)
N∑

I=1

∑

ℓ≥1

Y I
ℓ∑

s=1

N∑

Ĩ=1

∑

ℓ̃≥1

Ỹ I

ℓ̃∑

s̃=1

eφI−φ̃
Ĩ , (2.13)
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where

φI = aI − (ℓ− 1)ǫ1 − (s− 1)ǫ2 , φ̃Ĩ = ãĨ − (ℓ̃− 1)ǫ1 − (s̃− 1)ǫ2 . (2.14)

But this is precisely the usual form of the character [14, 31, 25] (with a particular sign
convention for the ǫi).

In the remainder of this section we will discuss some further aspects of the above
conjecture and perform some additional consistency checks for general partitions.

In all known cases there is a connection between the dimension of the regularised
instanton moduli space and the limit of the character when ai ãi, ǫ1 and ǫ2 are all taken
to 0. In this limit we find that (2.10) leads to the (conjectural) result

dimM̃
p,~k

=
n∑

i=1

[piki−1 + piki] . (2.15)

In the expression (2.10) terms with both positive and negative signs appear, but
for e.g. the pure N = 2 SU(N) theory, whose character is obtained using (2.6), one
expects that there should be cancellations so that only one sign appears. We have not
attempted to prove this is general but extensive perturbative computations lead us to
conclude that each power of yi in the instanton partition function for the pure N = 2
SU(N) theory with a general surface operator comes with a factor of the form

pi+pi+1∏

a=1

1

wa

. (2.16)

When N = 2 = 1+1 the result (2.16) agrees with the expression found in [16].
The special case when kn = 0 is of particular interest. One may view this limit

in various ways: In gauge theory language it is the limit when (in a certain sense)
4d instanton effects decouple, leaving only effects from “2d instantons”; in the CFT
language it is the limit in which only the pieces independent of the worldsheet variable
survive, and in which the W-algebra effectively reduces to its finite version2. For
example in the case corresponding to N=1+ . . .+1 with kN = 0 the character obtained
in [18] reduces to the character in [29] (see e.g. [17] for a discussion). In this example

the W-algebra is the ŝlN algebra and its finite version is the ordinary slN algebra.
If we set kn = 0 in the general case then it is easy to see from (2.11) that only the

following finite set of components of the Y i,I may be non-zero:

Y 1,I , . . . , Y 1,I
n−2 , Y

1,I
n−1

Y 2,I , . . . , Y 2,I
n−2

... p

p

p

(2.17)

Y n−1,I

This set of fixed points agrees with the result in [2], as do the expressions for the
remaining non-zero ki’s. Furthermore, when kn = 0 the dimension of the regularised

2For further information about finite W-algebras see e.g. [33] and the references in [2].
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moduli space (2.15) reduces to
∑n−1

i=1 ki(pi + pi+1) which also agrees with the result
in [2] (in this case the relevant regularised moduli space is a so called parabolic Laumon
space). These observations give further support to our conjecture.

In the kn = 0 limit the character can be written in a simplified form. After some
algebra we find

χbif |kN=0 = e−m

n−1∑

i=1

i+1∑

ℓ=1

pℓ∑

I=1

i∑

ℓ̃=1

p
ℓ̃∑

Ĩ=1

ea
I
ℓ−ãĨ

ℓ̃
e
ǫ1(Ỹ

ℓ̃,Ĩ

i−ℓ̃+1
−Y

ℓ,I
i−ℓ+2

+1) − eǫ1

eǫ1 − 1

− e−m

n−1∑

i=1

i∑

ℓ=1

pℓ∑

I=1

i∑

ℓ̃=1

p
ℓ̃∑

Ĩ=1

ea
I
ℓ−ãĨ

ℓ̃
e
ǫ1(Ỹ

ℓ̃,Ĩ

i−ℓ̃+1
−Y

ℓ,I
i−ℓ+1

+1) − eǫ1

eǫ1 − 1
. (2.18)

This expression generalises the result in [29] to arbitrary partitions (note that (2.18)
only depends on ǫ1 and not on ǫ2). It was shown in [29] that the instanton partition
function for the N = 2∗ SU(N) theory (the theory with an adjoint hypermultiplet)
with a N = 1+ . . .+1 surface operator and kN = 0 equals (up to a prefactor) an
eigenfunction of the quantum Calogero-Sutherland model. In a similar way, it is natural
to expect that the partition function for the N = 2∗ theory with a general surface
operator and kn = 0 is related to the eigenfunctions for some quantum integrable
system. Other connections between eigenfunctions of quantum integrable systems and
instanton partition functions (in the presence of surface operators) have been studied
e.g. in [36, 34, 5, 35]).

Finally, let us also mention a possible generalisation of our construction. The char-
acter for a bifundamental hypermultiplet in (2.10) involves the same surface operator
in both factors of the gauge group. It may also be possible to extend this expression
to the case when the surface operators in the two factors are different, but we will not
attempt to do so here.

3 The case of N = 1+ . . .+1+2 surface operators

In this section we test our conjectured instanton partition functions using the proposal
in [1]. According to this proposal it should also be possible to compute the instanton
partition functions for the N = 2 SU(N) gauge theories (with surface operators of the
type discussed in the introduction) from certain W-algebras.

For the case of the SU(N) gauge theories with surface operators corresponding to
partitions of the type N = 1+ . . .+1+2 the corresponding W-algebras arising from
the affine ŝlN algebra by quantum Drinfeld-Sokolov reduction are known as quasi-
superconformal algebras. These algebras were explicitly constructed by Romans [19]
(see also [20] and section 5 in [21]), allowing us to make detailed checks of our instanton
partition functions.

We start by reviewing various aspects of the quasi-superconformal W-algebras and
their representations. These algebras are generated by the energy-momentum tensor
T (z), together with the conformal dimension 3/2 fields GA(z) and ḠA(z), the dimension

1 fields JA
B(z) forming an ŝlN−2 current algebra, and a dimension 1 scalar currentH(z).
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In this section indices A,B, . . . take the values 2, . . . , N−1. The mode expansions of
the fields are the standard ones

L(z) =
∑

n

z−n−2Ln , GA(z) =
∑

n

z−n− 3
2GA

n , ḠA(z) =
∑

n

z−n− 3
2 Ḡn,A

JA
B(z) =

∑

n

z−n−1JA
n,B , H(z) =

∑

n

z−n−1Hn , (3.1)

and the commutations relations of the modes are

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn+m,0 , [Ln, Hm] = −mHn+m ,

[Ln, J
A
m,B] = −mJA

n+m,B , [Ln, G
A
m] = (

n

2
−m)GA

n+m , [Ln, Ḡm,A] = (
n

2
−m) Ḡn+m,A

[JA
n,B, J

C
m,D] = δCB JA

m+n,D − δAD JC
m+n,B + n (k+1)(δADδ

C
B − 1

N−2
δABδ

C
D) δn+m,0 ,

[JA
n,B, G

C
m] = δCBG

A
n+m − δAB

N−2
GC

n+m , [JA
n,B, Ḡm,C ] = −δAC Ḡn+m,B +

δAB
N−2

Ḡn+m,C ,

[Hn, G
A
m] =

GA
n+m

N−2
, [Hn, Ḡm,A] = −Ḡn+m,A

N−2
, [Hn, Hm] =

2k+N

N(N−2)
n δn+m,0 ,

[GA
n , Ḡm,B] = δAB

[
(k+1)(2k+N)

2
(n2− 1

4
)δn+m,0 − (k+N)Ln+m +

N

2
(k+1)(n−m)Hn+m

+
N(N−1)

2

∑

ℓ

:Hn+m−ℓHℓ :

]
+

2k+N

2
(n−m)JA

n+m,B +N
∑

ℓ

:Hn+m−ℓJ
A
ℓ,B :

+
1

2
(δACδ

D
B +

1

2
δABδ

C
D)

∑

ℓ

:
(
JC
n+m−ℓ,EJ

E
ℓ,D + JE

n+m−ℓ,DJ
C
ℓ,E

)
: (3.2)

where k is a parameter and : : denotes the standard normal ordering of the modes

: XnYm :=

{
XnYm if n ≤ m
YmXn if n > m

(3.3)

Finally, the central charge is

c =
−6k2 + k (N2−5N−5) +N(N−4)

k+N
. (3.4)

Note that our conventions differ slightly from the ones in [19]. When N = 3 we re-

cover the W(2)
3 algebra [7], that was studied in the present context in [1]. The quasi-

superconformal algebras are similar to the N = 2 superconformal algebra (which is the
reason for their name), and have both Ramond and Neveu-Schwarz sectors. We only
consider the Ramond sector, where n in the mode-expansions of GA(z) and ḠA(z) in
(3.1) are integers.

In the Ramond sector, the properties of highest weight (or primary) states, |λ〉, were
worked out in [22]. The primary states are labelled by a vector, λ, in the root/weight
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space of slN . In the convention where the root/weight space is embedded in R
N with

unit vectors uL (L = 1, . . . , N) we have

λ =

N∑

L=1

λL uL , (3.5)

where it is implicitly understood that
∑N

L=1 λL = 0. In this convention we find after
translating the results in [22] to our notation:

H0|λ〉 =
(
−λ1 + λN

N−2
− 1

2

)
|λ〉 ,

JA
0,A|λ〉 =

(
λA +

λ1 + λN

N−2

)
|λ〉 , (A = 2, . . . , N−1) ,

L0|λ〉 =
(〈λ, λ+ 2ρ− (k +N)θ〉

2(k +N)
− N−2

8

)
|λ〉 , (3.6)

where 〈·, ·〉 is the scalar product on the root space, ρ = 1
2

∑
L>M uL−uM is the Weyl

vector, and θ = uN − u1 is the highest root. In addition to (3.6) a highest weight state
also satisfies

Ln|λ〉 = GA
n |λ〉 = ḠA,n|λ〉 = Hn|λ〉 = JA

n,B|λ〉 = 0 (n = 1, 2, . . .) , (3.7)

and
GA

0 |λ〉 = 0 , JA
0,B|λ〉 = 0 (A > B) . (3.8)

The descendants of the primary state |λ〉 are obtained by acting with modes of the
form

GA
n , Ḡn,A , Hn , JA

n,B , Ln , (3.9)

where n can be any negative integer. When n = 0 we can also act with

Ḡ0,A , JA
0,B (A < B) . (3.10)

We are only going to discuss the W-algebra duals to non-conformal theories. For
these cases we need to introduce Whittaker states (vectors). These can be defined for
the quasi-superconformal algebras in a way completely analogous to the construction
in [15,2] (see also [1] and section 5 in [17]). We denote the Whittaker state by |~x, z;λ〉 ≡
|x2, . . . xN−1, z;λ〉 and demand that it should satisfy

G2
0|~x, z;λ〉 =

√
x2 |~x, z;λ〉 , Ḡ1,N−1|~x, z;λ〉 =

√
z

xN−1
|~x, z;λ〉 ,

J3
0,2|~x, z;λ〉 =

√
x3

x2
|~x, z;λ〉 , · · · JN−1

0,N−2|~x, z;λ〉 =
√

xN−1

xN−2
|~x, z;λ〉 , (3.11)

where all other modes that annihilate |λ〉 also annihilate |~x, z;λ〉. When N = 3 the
second line in (3.11) is not relevant and we recover the expressions in [1]. The norm

10



of the Whittaker state (sometimes known as an irregular conformal block) can be
expressed in terms of certain (diagonal) components of the inverse of the matrix of
inner products of descendants (i.e. the Gram or Shapovalov matrix). The following set
of descendants play a distinguished role in this construction

|~n;λ〉 = (GN−1
−1 )nN (JN−2

0 N−1)
nN−1 · · · (J2

0,3)
n3(Ḡ0,2)

n2|λ〉 . (3.12)

The norm of the Whittaker vector can then be obtained via

〈~x, z;λ|~x, z;λ〉 =
∞∑

n2=0

· · ·
∞∑

nN=0

X−1
λ (~n;~n) xn2

2

(
x3

x2

)n3

· · ·
(
xN−1

xN−2

)nN−1
(

z

xN−1

)nN

. (3.13)

where X−1
λ (~n;~n) denotes the diagonal component corresponding to (3.12) of the inverse

of the matrix of inner products of descendants.
From the proposal in [1] (see also [2]) it follows that the expression (3.13) should

equal (possibly up to a prefactor) the instanton partition function for the pure N =2
SU(N) theory with an N = 1+ . . .+1+2 surface operator insertion.

The subsets of terms in (3.13) that involve only one of the N variables (i.e. the terms
with only one of the nL non-zero) can easily be computed. For the descendants that
contribute to these terms the Gram matrix is diagonal and can trivially be inverted.
As in [17] we find

〈λ|(JA+1
0, A )m(JA

0,A+1)
m|λ〉 = (−1)mm! (λA−λA+1)m (A = 2 . . . , N − 2) . (3.14)

Using (3.2) together with (3.6)-(3.8) it can be shown that

m (λ1−λ2+
k
2
+N

2
+m−1)(λN−λ2−k

2
+N−2

2
+m−1)〈λ|(G2

0)
m−1(Ḡ0,2)

m−1|λ〉
= 〈λ|(G2

0)
m(Ḡ0,2)

m|λ〉 = m! (λ1 − λ2 +
k
2
+ N

2
)m(λN − λ2 − k

2
+ N−2

2
)m , (3.15)

where (X)n = X(X + 1) · · · (X + n− 1) is the usual Pochhammer symbol. Similarly,

〈λ|(Ḡ1,N−1)
m(GN−1

−1 )m|λ〉 = (−1)mm! (λN−1−λ1 − 3k
2
− N+2

2
)m(λN−1−λN − k

2
− N

2
)m .

(3.16)
When N = 3, (3.15) and (3.16) agree with the results in [1] after taking into account
differences in conventions.

The contributions to (3.13) from the above classes of terms are:

∞∑

m=0

1

m! (λA − λA+1)m

(
−xA+1

xA

)m

(A = 2 . . . , N − 2) ,

∞∑

m=0

1

m! (λ1 − λ2 +
k
2
+ N

2
)m(λN − λ2 − k

2
+ N−2

2
)m

xm
2 ,

∞∑

m=0

1

m! (λN−1−λ1 − 3k
2
− N+2

2
)m(λN−1−λN − k

2
− N

2
)m

(
− z

xN−1

)m

. (3.17)

Next we turn to the computation of the instanton partition function for the pure
N =2 SU(N) theory with an N = 1+ . . .+1+2 surface operator insertion. In the
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notation of section 2 we have n = N − 1, p1 = . . . = pN−2 = 1 and pN−1 = 2. From
(2.10) the terms with only one of the instanton expansion parameters yi non-zero can
easily be computed. For these cases the instanton numbers involving the non-zero
components of the Young tableaux are given by

kj = Y j,1
1 (j = 1, . . . , N − 2) , kN−1 = Y N−1,1

1 + Y N−1,2
1 ≡ t1 + t2 . (3.18)

The corresponding characters become (using the notation a1j ≡ aj (j = 1, . . . , N−2),
a1N−1 ≡ aN−1, and a2N−1 ≡ aN )

−(eaj+1−aj + 1)

kj∑

s=1

eǫ1s (j = 1, . . . , N − 3) ,

−(eaj+1−aj + eaj+2−aj + 1)

kj∑

s=1

eǫ1s (j = N − 2) ,

−(ea1−aN−1+ǫ2 + 1)

t1∑

s=1

eǫ1s − eaN−1−aN−t2

t1∑

s=1

eǫ1(s−t1) (3.19)

−(ea1−aN+ǫ2 + 1)

t2∑

s=1

eǫ1s − eaN−aN−1−t1

t2∑

s=1

eǫ1(s−t2) (j = N − 1)

These expressions translate into the following terms in the instanton partition function

∞∑

m=1

1

m! (ai+1−ai
ǫ1

+ 1)m

(
yi

(ǫ1)2

)m

(i = 1, . . . , N − 3) ,

∞∑

m=1

1

m! (aN−1−aN−2

ǫ1
+ 1)m(

aN−aN−2

ǫ1
+ 1)m

(
yN−2

(ǫ1)3

)m

(i = N − 2) , (3.20)

while for i = N − 1 we find

∞∑

m=1

m∑

t=0

1

t! (a1−aN−1+ǫ2
ǫ1

+ 1)t(
aN−aN−1

ǫ1
−m+ t)t

× 1

(m− t)! (a1−aN+ǫ2
ǫ1

+ 1)m−t(
aN−1−aN−t

ǫ1
)m−t

(
−yN−1

(ǫ1)3

)m

=
∞∑

m=1

1

m! (a1−aN−1+ǫ2
ǫ1

+ 1)m(
a1−aN+ǫ2

ǫ1
+ 1)m

(
yN−1

(ǫ1)3

)m

. (3.21)

The results (3.20) and (3.21) for the instanton partition functions agree with the cor-
responding W-algebra expressions (3.17) provided that we identify

λi − 1
2
(N − 2i+ 1) + 1

2
(k+N)(δi,1 − δN,i) =

aN−i

ǫ1
, k+N = −ǫ2

ǫ1
(3.22)

and
yi

(ǫ1)2
= − xN−i

xN−i−1
(1 ≤ i ≤ N−3) ,

yN−2

(ǫ1)3
= x2 ,

yN−1

(ǫ1)3
= − z

xN−1
. (3.23)
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Note that the first relation in (3.22) can also be written

a

ǫ1
= λ+ ρ− 1

2
(k+N)θ (where a ≡

N∑

i=1

aN−i ui) . (3.24)

Just as in the previous work [17, 1] it is also possible to study higher-order cor-
rections. For instance, the computations of ymi yi+1 terms with i = 1, . . . , N−4 are
completely analogous to the computations in [17] and the computation of terms of the
form ymN−2yN−1 is completely analogous to the computation in [1]. Terms of the form
yni yj with j 6= i, i± 1 can also be seen to have the right general structure. We will not
give any further details here.

We should also mention that most of the terms we discssed above (with the excep-
tion of those that in the W-algebra language depend on z) are covered by the proof
in [2], i.e. for these terms it has been proven that they agree with the integrals over
instanton moduli space. Thus for these terms our computation should be viewed as a
check that our combinatorial expressions really equal the values of the integrals.

In this section we focused on the quantities that on the gauge theory side correspond
to the (non-conformal) pure SU(N) theories. It should also be possible to consider con-
formal SU(N) gauge theories, but one would need to overcome the technical difficulties
discussed in [1].

4 The case of N = 1+(N−1) surface operators

In the previous section we discussed the dual W-algebra description for the class of
surface operators corresponding to the partitions N = 1+ . . .+1+2. Unfortunately, a
similar analysis is not possible in the general case since we do not know the relevant
W-algebras in explicit form, but as mentioned in the introduction when N=1+(N−1)
there is a construction involving an alternative type of surface operator that we can
compare our instanton partition functions to.

This alternative construction arises since from the 6d perspective it is also possible
to obtain surface operators using 2d defects spanning a submanifold inside R

4 and
intersecting C at a point (see [5] for a discussion). This construction was pioneered
in [10] and leads to a surface operator corresponding to the partition3 N = (N−1)+1.
Thus for such partitions there are two types of surface operators, those that (in the
6d language) arise from 4d defects and those that arise from 2d defects. These are
a priori distinct objects, but as mentioned in the introduction there are indications
that they lead to identical instanton partition functions, at least for some theories. In
particular, we expect agreement for the theories where the gauge group is SU(N). This
expectation is based on the computations in [16, 17] for N = 2 and in [1] for N = 3.
In this section we extend the analysis in [16, 17, 1] to general N .

To proceed we first recall the main facts about the construction of surface operators
using the 2d defects. It was argued in [23] that such a surface operator in an SU(2)

3So far this is the only case that has been treated using this setup. It is unclear to us if more
general surface operators can also be treated using this approach.
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gauge theory has a dual description in the Liouville theory in terms of the insertion
of a certain degenerate field localised at the point where the defect intersects C. In a
later development [24] it was shown that by combining the conjectures in [10] and [23]
one can obtain (conjectural) closed expressions for the gauge theory instanton partition
function in SU(N) theories with this type of surface operator (the method works for
both conformal and non-conformal theories). Further aspects have been studied e.g. in
[37,24,26,35,27,38]. In particular, there are interesting topological string constructions
but these will not be discussed here.

For simplicity we only discuss the method in [24] for the pure SU(N) theory, but
the extension to theories with matter is straightforward (see section 6 of [24] for more
details). The starting point is the instanton partition function for the SU(N)×SU(N)
theory with one bifundamental hypermultiplet. This partition function can be written

∑

Y,Ỹ

yk ỹk̃
N∏

I,J=1

∏

s∈Y I

[m−E(aI − ãJ , Y
I , Ỹ J , s)]

E(aI − aJ , Y I , Y J , s) [E(aI − aJ , Y I , Y J , s) + ǫ]

×
∏

t∈Ỹ I

[m+ E(ãI − aJ , Ỹ
I , Y J , t) + ǫ]

E(ãI − ãJ , Ỹ I , Ỹ J , t) [E(ãI − ãJ , Ỹ I , Ỹ J , t) + ǫ]
, (4.1)

where ǫ = ǫ1 + ǫ2, the Y sum is over all N -dimensional vectors of Young tableaux
(Y 1, Y 2, . . . , Y N), the instanton number k is as in (2.8), the aI are the Coulomb mod-
uli for the first SU(N) factor, and Ỹ , k̃, and ãI denote the corresponding quantities
referring to the second factor. Furthermore (in our conventions)

E(x, Y I ,W J , s) = x+ ǫ1LW J (s)− ǫ2(AY I (s) + 1) , (4.2)

where s = (j, ℓ) and j refers to the vertical position and ℓ to the horizontal position of
a box in the Young tableau Y I . In (4.2), LY J = (Y J)Tj − ℓ and AY I = Y I

ℓ − j, where
Y I
ℓ is the height of the ℓth column of Y I , and (Y J)Tj is the height of the jth column of

the transpose of Y J (i.e. the length of the jth row of Y J).
The next step is to impose the restrictions

m =
ǫ2
N

, ãI = aI + ǫ2 Λ1 , (4.3)

where Λ1 =
1
N
(N − 1,−1 . . . ,−1) is the first fundamental weight of the AN−1 Lie alge-

bra. These conditions are simply the translation of the degenerate field and degenerate
fusion results from the AN−1 Toda theory/WN -algebra to the gauge theory variables
using the AGT relation.

The expression (4.1) with the restrictions (4.2) gives a closed expression for the
partition function for the pure SU(N) theory with a N = 1+(N−1) surface operator
arising from a 2d defect. In particular, when k = 0 (i.e. Y is empty) it is easy to see
that only Ỹ 1 can be non-zero and furthermore can have boxes only in the first column
otherwise the expression (4.1) with (4.2) vanishes (similar arguments were used in [39]).
This implies that the partition function reduces to

∞∑

k̃=1

1

k̃!
∏N−1

I=1 (
aI+1

ǫ1
− a1

ǫ1
+ 1)k̃

(
ỹ

(ǫ1)N

)k̃

. (4.4)
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This result can also be understood from the Toda CFT point of view using the results
in [40] in the confluent limit where the NFN−1 hypergeometric function is reduced to

0FN−1 (see e.g. [17, 1] for similar discussions).
Next we consider the pure SU(N) theory with a N = 1+(N−1) surface operator

arising from a 4d defect using our conjectured instanton partition function (2.10). In
the special case k1 6= 0 but k2 = 0 it follows from (2.11) that we necessarily have
Y 2,I
ℓ = 0 and k1 = Y 1,1

1 with all other components of Y 1,I
ℓ vanishing. Then (2.10)

implies that for the pure N = 2 SU(N) theory the character corresponding to the
yk1 term in the instanton expansion becomes (here we have relabelled the Coulomb
parameters a11 → a1, a

I
2 → aI+1)

[
1 +

N−1∑

I=1

eaI+1−a1

]
k∑

s=1

eǫ1s . (4.5)

This result leads to the following terms in the instanton partition function for the pure
N = 2 SU(N) theory

∞∑

k1=1

1

(k1)!
∏N−1

I=1 (
aI+1

ǫ1
− a1

ǫ1
+ 1)k1

(
y1

(ǫ1)N

)k1

, (4.6)

which agrees perfectly with (4.4) if we identify (ỹ, y) = (y1, y2) and (k̃, k) = (k1, k2).
Similarly one can also analyse the terms with k1 = 0 (k̃ = 0). In both descriptions

it can be shown that the partition function becomes

∞∑

k2=1

1

k!
∏N−1

I=1 (
a1
ǫ1

− aI+1

ǫ1
+ ǫ2

ǫ1
+ 1)k2

(
− y2
(ǫ1)N

)k2

. (4.7)

In addition to the above two infinite sets of terms we have also performed several
perturbative checks for low ranks, finding highly non-trivial agreement between the two
descriptions. For instance for N = 4 we checked the agreement of the two constructions
up to total instanton number k1 + k2 = 4.

Note that although the quiver expression (4.1) with the restrictions (4.2) also arises
from a localisation problem, it is not true that the agreement with the result in section
2 is fixed-point by fixed-point; in other words it is only after summing up all terms with
given instanton numbers k1, k2 that the two expressions agree. Nevertheless, since we
have explicit formulæ in both cases it is possible that a proof can be found but it will
not be attempted here.

5 Discussion

In this paper three different interconnected conjectures have entered the analysis. The
first conjecture is the explicit formula for the instanton partition function in an N = 2
SU(N) gauge theory with a general surface operator encoded in (2.10). The second
conjecture is the proposal in [1] that instanton partition functions in SU(N) gauge
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theories with a general surface operator should also be computable from the corre-
sponding W-algebra. The final conjecture is the assumption that in an N = 2 SU(N)
gauge theory, the N =1 + (N−1) SU(N) surface operators which in the 6d language
are constructed from 4d or 2d defects lead to identical instanton partition functions.

We have found striking and highly non-trivial agreements between these conjectures,
nevertheless we should stress that none of these conjectures have been proven (with
the exception of the results in [2]) nor are their physical origin clearly understood.

It is important to study the general instanton partition functions further and clarify
their meaning. The special case kn = 0 may prove a useful testing ground. For the
cases without surface operators one does not just have the formulation in terms of
the combinatorial Nekrasov expressions, but there is also a formulation in terms of so
called LMNS contour integrals [30] (in the recent developments, this formulation was
for instance useful in [41]). One could ask if a similar formulation is also possible for
the cases with surface operators.

The classes of partitions/surface operators that we discussed in this paper are some-
what special. In the equivalent language of nilpotent orbits, we discssed the zero orbit
(1+ . . .+1), the minimal orbit (1+ . . .+1+2), the subregular orbit (1 + (N−1)) and
the principal orbit (N). In the Hasse diagram these orbits are the two entries on the
top and at the bottom. It would be interesting to also study some intermediate cases.

It is known that the instanton partition functions for the N=1+ . . .+1 case satisfy
certain differential equations. For the pure case this was established in [15]; see also [34].
For the case with matter the differential equation was proposed in the recent paper [42].
It seems plausible to expect that also the partition functions for other surface operators
satisfy interesting differential equations.

Acknowledgements
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