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1 Introduction

It is well known that Green’s functions in Quantum Field Theory (QFT) contain divergences
[1, 2]. Renormalization should be considered as one of important issue of QFT especially in
gauge theories which form a basis for formulating modern theories of fundamental interactions
(electromagnetic, weak, strong and gravitational). In the first papers by ’t Hooft and Veltman
[3,[4] devoted to solving the problem of renormalization in the Yang-Mills theories within Faddeev-
Popov quantization [5], this achievement required a great effort. In particular, it was necessary the
invention of construction of special gauges and also special technics to prove the gauge invariant
renormalizability. Later on, after deriving the Slavnov-Taylor identity [6], discovering BRST

symmetry [7] and presenting this symmetry in the form of non-linear unique equation (Zinn-
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Justin equation) [8], the proof of the gauge invariant renormalizability of Yang-Mills theories
became more simple [9] [10].

After discovering supergravity theories [11], 12], [13] it was realized that direct application of
the Faddeev-Popov answers leads in the case of these theories to an incorrect result; namely, the
violation of the physical S-matrix unitarity. The reason lies in the structure of gauge transfor-
mations for these theories. In this case, the invariance transformations for the initial action do
not form a gauge group. The arising structure coefficients may depend on the fields of the initial
theory, and the gauge algebra of these transformations may be opened by terms proportional to
the equations of motion. Moreover, attempts of covariant quantization of gauge theories with
linearly-dependent generators of gauge transformations result in the understanding of the fact
that it is impossible to use the Faddeev-Popov rules to construct a suitable quantum theory
[14, 15, 16]. Therefore, the quantization of gauge theories requires taking into account many new
aspects (in comparison with QED) such as open algebras, reducible generators and so on. It
was realized how to quantize them using different types of ghosts, antighosts, ghosts for ghosts
(Nielsen, Kallosh ghosts etc) [17 18 19} 20} 211, 22| 23], 24].

A unique closed approach to the problem of covariant quantization summarized all these at-
tempts was proposed by Batalin and Vilkovisky [25] 26]. The Batalin-Vilkovisky (BV) formalism
gives the rules for the quantization of general gauge theories. Now it is known that using new
concept of renormalizability (beyond the Dyson criterion [27, [28]) proposed in [29] this formalism
enables one to prove the gauge-invariant renormalizability of general gauge theories when all fields
under consideration are quantum ones. Later this point of view was supported by Gomis and
Weinberg [30] (see also [31], 32] for an extensive review and further references).

Renormalizations in curved space-time within the Dyson criterion are under intense investi-
gations beginning with paper by Utiyama and DeWitt [33] (see [34] 35, 36, 37, B8] and references
therein). In the present work we continue our recent investigation of gauge invariant renormal-
izability in curved space-time with the help of new concept of renormalizability [29]. In [39] it
was done in the framework of BV formalism [25] 26]. We have extended these considerations to
the case when the QFT is defined in the presence of external conditions, in particular in curved
space-time and proved that in this case the gauge invariant renormalizability is compatible with
preserving general covariance.

Except the BV formalism, there is an alternative approach for quantization of general gauge
theories, which is based on the principle of invariance under extended BRST symmetry including
BRST and anti-BRST transformations on an equal footing [40], 41, 42] (compare with alternative
approach [43]). We are going to consider the problem of gauge invariant renormalizability of
general gauge theories in the framework of Sp(2)-method, since it was not done before, and also
prove general covariance of renormalization in the presence of a gravitational background field.

The paper is organized as follows. In Section 2 a short exposition of Sp(2) quantization
approach in Lagrangian formalism for general gauge theories is given. Section 3 is devoted to the
proof of gauge invariant renormalizability of general gauge theories preserving extended BRST
symmetry. In Section 4 within Sp(2) formalism the general gauge theories in the presence of an
external gravitational field are considered. In Section 5 general covariance of renormalization in

the Sp(2) method is proved. In Section 6 concluding remarks are given.



We use the condensed notations as given by DeWitt [44]. Derivatives with respect to sources
and antifields are taken from the left, and those with respect to fields, from the right. Left
((l)?,

derivatives with respect to fields are labeled by the subscript The Grassmann parity of any

quantity A is denoted by €(A).

2 Gauge theories in Sp(2)-covariant method

In this section we present a very brief review of the Sp(2)-covariant formalism [40] 41}, 42], which
will be used in the rest of the paper to prove the gauge invariant and general covariant renormal-

izability of the quantum field theory on curved background.

2.1 Configuration space

To construct the Sp(2)-quantization for general gauge theory one needs in introduction of config-
uration space. To this end we consider the initial classical action Sp(A) of fields A*. This action

Sp(A) is assumed to have at least one stationary point Ay = {A}}
S0.i(A)]4, =0, (1)

and to be regular in the neighborhood of Aj. Equation (Il) defines a surface ¥ in space of
functions A’. Invariance of the action Sy(A) under the gauge transformations §A* = R’ (A)£* in

the neighborhood of the stationary point is assumed:
Soi(A)RL(A) =0, a=1,2...m 0<m<n, &) =ca (2)

Here £ are arbitrary functions of space-time coordinates , and Rf (A) (¢(R!) = &; + £4) are
generators of gauge transformations. We have also used DeWitt’s condensed notations [44], when
any index includes all particular ones (space - time, index of internal group, Lorentz index and
so on). Summation over repeated indices implies integration over continuous ones and usual
summation over discrete ones.

Then it is necessary to introduce the total configuration space ®4, which coincides, in fact,
with the total configuration space in the BV formalism [25] 26], but there is difference in arrange-

ment of the ghost and antighost fields:
d4 = (4!, Bolaas gelaoas g Lia;=1,2), (@) =ceq, (3)

where L denotes the stage of initial action reducibility. Auxiliary fields B*%1% and ghost
fields C'®l90as are symmetric Sp(2) tensors of corresponding ranks. The following values of the

Grassmann parity are ascribed to these fields:

E(Boc‘al"'as) = Eq, + s (mod2),
S(C0 ) = ey st (mod2), s=0,...L

together with the following values of the ghost number:

S S

gh(B®) =0, gh(B™7%) = (3= 2ay), gh(C%%)="(3-2ay).

s'= s'=



To each field ®4 of the total configuration space one introduces three sets of antifields
%, e(®%,) = eca+ 1 and P4,e(Pa) = c4. We know the meaning of antifields in the BV-
approach. They are sources of BRST transformations. In the extended BRST algebra, there
are three kinds of transformations; namely, BRST-transformations, antiBRST-transformations
and mixed transformations. The antifields ®%, form Sp(2) doublets with respect to the index a
and can be treated as sources of BRST- and antiBRST-transformations, while ® 4 are sources of

combined transformation.

2.2 Extended antibrackets

On the space of fields &4 and antifields ®* , one defines odd symplectic structures (, ), called
the extended antibrackets

SF  §G
) EPHDEE)
(F.O)" = 3 g~ (F 0 G) (-1 . (4)

As usually the derivatives with respect to fields are understood as acting from the right and those
with respect to antifields, as acting from the left.
The extended antibrackets (@) have the following properties:

e((F,G)*) =e(F) +¢(G) + 1,

(F,G)* = —(G, F)*(—1)EE+DEG)+)
(F,GH)* = (F,G)"H + (F, H)*G(~1)*(©=(1]),
((F, ) “ )b}(_l)(e(F)H)(e(H)H) + cycl.perm.(F,G,H) =0, (5)

where curly brackets denote symmetrization with respect to the indices a,b of the Sp(2) group:
Alepbh = gapb 4 pbae,

The last relations in (Bl are the graded Jacobi identities for the extended antibrackets. In

particular, for any bosonic functional S, £(S) = 0, one can establish that

((S, 9){e, )b = 0. (6)

2.3 Extended quantum master equations

In addition the operators V¢, A% are introduced

a al * 5 a 51 5
V= o, 3B, A" = (—1)5’45(}ﬁ5(1>2 ) (7)

where €% is the antisymmetric tensor for raising and lowering Sp(2)-indices
ab __ ba 612 -1 Egp = _Eab.

It can be readily established that the algebra of the operators (7)) has the form

Alealr — o Aleydt 4 yleatt — o yleytt — . (8)



The action of the operators (7l) on a product of functionals F' and G gives

AYF - G) = (AF) -G+ F - (AG) (1)) + (F, G)*(—1)s1), (9)

VYF,G)Y = (V°F, G)’— (—1)*F)(F,VeG)’ —
_Eab oF 5? _ 0G 5F (_1)€(F)(€(G)+1)
64 5pa 094 0 .

Therefore only the symmetrized form of V® acting on the extended antibrackets observes the

Leibniz rule
vier ¢ = (vier, ¢)% — (1)) (F, vieg), (10)
For any bosonic functional S we have
%v{a(s, S) = (viag, ), (11)
It is advantageous to introduce an operator A%
A% = A + %V“
with the properties
AleAY = 0. (12)
For a boson functional S = S(®, ®*, ®), we introduce extended quantum master equations
%(5, S) + VS = ihA®S (13)
with the boundary condition

P*=P=h=0

where Sy(A) is the initial classical action.
The generating equation for the bosonic functional S is a set of two equations. It should be
verified that these equations are compatible. The simplest way to establish this fact is to rewrite

the extended master equations in an equivalent form of linear differential equations
- i
A“exp{ﬁS} = 0. (15)

Due to the properties of the operators A® (IZ), we immediately establish the compatibility of the

equations.



2.4 Gauge fixing

The action S is gauge-degenerate. To lift the degeneracy, we should introduce a gauge. We
denote the action modified by gauge as Seyt = Sext (P, P*, <I>). The gauge should be introduced so
as, first, to lift the degeneracy in ¢ and, second, to retain the extended master equation, which
provides the invariance properties of the theory for Se.:. To meet these conditions, the gauge is

introduced as

exp{%Sext} = exp{—ihT(F)}exp{%S} (16)
where F' = F(®) is a bosonic functional fixing a gauge in the theory. The explicit form of the
operator T'(F) is

. 5F 6 ih 5§ 0F 6
) = 53753, T 25055, 507548 507, (1)

Due to the properties of the operators A%, it is not difficult to check the equality
A®exp {—z’hT(F)} = exp {—ihT(F)} Ac. (18)

Therefore, the action S.,; satisfies the extended master equations

A“exp{%Sext} =0. (19)

2.5 Generating functional of Green’s functions

We next define the generating functional Z(J) of Green’s functions by the rule

2(J) = / 4 exp {%[seﬁ(@) + JA<I>A]} , (20)

where

Sefr = Seat(P, D", ®)|pr—g—o- (21)

It can be represented in the form
i
h

_ §F 1 . O°F
e < L I -

Z(J) = /dcp d®* d® dX dr® exp{ <S(<I>, ", B) + P, +

where we have introduced a set of auxiliary fields 74, A4

e(m) =ea+1, e(M) =ce4.



2.6 Extended BRST symmetry

An important property of the integrand for J4 = 0 is its invariance under the following global

transformations (which, for its part , is a consequence of the extended master equation for Se,)

N 08 = a .
604 = w4, 0%, = Masga 0by =c¢ b,uafbAb,
oAt = —g®\A . A4 =0, (23)

where p, is an Sp(2) doublet of constant anticommuting Grassmann parameters. These trans-
formations realize the extended BRST transformations in the space of the variables ®, ®*, ®, 7
and .

2.7 Gauge independence of vacuum functional

The existence of these transformations enables one to establish the independence of the vacuum
functional from the choice of gauge. Indeed, suppose Zp = Z(0). We shall change the gauge
F — F 4+ AF. In the functional integral for Zp; aor we make the above-mentioned change of

variables with the parameters chosen as

i 0AF

Then we find
Zp = Zpiar (25)

and therefore the S-matrix is gauge-independent.

2.8 Ward identities

Let us now derive the Ward identities, which follow from the fact that the boson functional
S(p, ¢*, @) satisfies the extended master equations. To do this, we introduce the extended gener-

ating functional of Green’s functions
Z(J, 0, ®) = /an) exp {%[Sm(@, o D) + JA@A]} . (26)
From this definition it follows that

Z(J,®*, ®)

o —do = Z(J) (27)

where Z(J) has been introduced above.
We have,

/d(I) exp {%JACI)A} A%exp {%Sext(q)7 o7, i))} =0.

Integrating by parts, under the assumption that the integrated expression vanishes, we can write

this equality as

G°Z(J, 0%, D) =0, (28)



where

~a __ J ab 7 * J ~{a~b} _
W _<JA5(I)*Aa £ (I)Ab(S@A)’ W™ = 0. (29)

Eqs. (28) are the Ward identities for the generating functional of Green’s functions. For the
generating functional W(.J, ®*, ®) of connected Green’s functions we have
GW(J, ®*, ) =0, (30)

Finally, for the generating functional of vertex functions

(@, 8%, ) = W(J, 0", &) — J,04, o4
574

we obtain the Ward identities
1
§(F, N*+ver=o0 (31)

in the form of the classical part of the extended quantum master equations.

3 Extended BRST invariant renormalizability

Here we can prove the preservation of the extended BRST-symmetry under renormalization
within the usual assumptions on perturbation theory as well as on a regularization repeating
main arguments used in [29] to state the gauge invariant renormalizability in the BV formalism.
It will be shown that if

%(5, S)% + VS = ihA°S, (32)
%(r, )%+ VL =0 (33)

then the renormalized action Sk and the effective action I'g satisfy the same equations

1
5(5}{, Sr)* + V%Sk = ihA®Sk, (34)
1
§(FR, Fr)*+ Vg =0. (35)

(here and elsewhere we drop the index ext).

Let us represent S in the form
§ = WS = S) +hSuy + H2Sz) + -
n=0

Then we have the following recurrent equations to define S,y step by step beginning with S

1
550 S)* + V50 =0, (36)

2The action of A%-operators on local functionals is proportional to §(0). Usually they say that a regularization

(likes dimensional one) is used when §(0) = 0. Here we give a formal proof without using this assumption.



The S(1) and S(y) satisfy the following linear equations:

(S(o), 5(1))a + VGS(l) = iAaS(O).

(S0), S2)* + V4S9 = iA"S(g) — 5(S1), Sy)*-

In general

(S(O), S(n))a + VaS( )y — 1A® Sn 1) Z S(k S(n k , n = 1,2,3, (37)
k=1

l\’)l}—t

In papers [40, 41] the existence theorem for the equations (B@) has been proved in the form of
Taylor series in the antifields ®%,, ® 4. For the gauge theories discussed above the solution to

([B6) in the lower order in antifields can be presented as

S() = So(A) + A, RLC® + AR, B* — £ C’,,B* +
L
+ § : ( * Cas|aao...a5,1 + C_'as|a1...asBaS|a1maS o EabC;

aslar...as
asalag...as—1 B

salbai...as
s=1

S
_ - B* aslagay...as—1 _ _ab vk
s+ 1 oasag\al...asle € Casa\bal...asfl

Bas\tn.--as—l) 4. (38)

It is important to note that the functional Sy (B8) is by construction a local functional if one
operates with the gauge algebra underlying a given gauge theory described in terms of gauge
generators being local functions.

Equations (B7) can be presented in the form

WGS(n) =Fy, (39)
where
a 0S() o 1 950) 4 o
W= Seasen, TV 5 sen TV (40)
n—1
a . a 1 a
Fy o= iA S(n—l)_§Z(S(k)aS(n—k)) - (41)
k=1

The structure and properties of equations (39) formally coincide with ones used in [40, 4] to

prove the existence theorem. Indeed, operators W obey the relations
wiawth = (42)

as consequences of equations (B0 and the properties of V¢ (8). It follows from (39]) and (@2]) that
E? should satisfy the equations

wiepsh — . (43)
To prove these equations let us consider the identity (6) and rewrite it in the form

(2(8,9)le +vieg —inaleg st — (vieg —inales, S)P = o, (44)



or
(S, 1(8,9) (e + vies —inaleg)? 4 (vieg —inAteg, §)% =, (45)
Using properties of operators A% and vV (8), (II)) from (@5) one derives
(S, 1(S, )1 + vies —inAtag)tt L viafl(s, §)% 4 Vs —inAbS] -
—ihAL[L(S, )% + VP S — inAY S] = 0. (46)
Note that

1
5(S, S)* + VS —ihA*S = B (W*S(,y — F2) + O(h™H1), (47)
in the lower order in A we have

(S(0), WS — B9 4 view® s, — FY =, (48)
or

wie WS, — FP =0 (49)

that proves (43]). Repeating arguments given in [40), [41] one can state the existence of solutions
to the Egs. (39) and therefore to (82). We suppose that the action S is a local functional.

Now let us represent I' in the form

[ = 5+ h(Tl), + 1) + O(h?) = Sg) + AT, + T, + O(h2),

where fg}l)n = ngll)n + 5(1). Besides, F%i and Fgfll)n denote the divergent and finite parts of the
one-loop approximation for I.
The functional F%z) determines the counterterms of the one-loop renormalized action Sig

which is the local functional:
Sig =5 —nr')
and satisfies the equation
(S(oys Tn)" + VTl = 0.

Let us consider

1
§(S1R, Sir)* + VSig —ihA"Sig =

1 1
= 5(S, 8)" + VS —ihA"S — h(S, TG))* + 5h*(Tg), Tyil)* + iPATG) =

1 N a a
= (GO T+ AT — (S, TR ) + 0,
We find that S7p satisfies the master equation
1
5 (S1r, S1p)" + V Sig — ihA"S1p = R*ES + O(h*)

10



up to certain terms Ef

aivr Tain)” AT = (S), T)®

o 1
Ey = §(F(1)

of the second order in A.
Let us construct the effective action I'1p with the help of the action S;g. This functional is

finite in the one-loop approximation and satisfies the equation
1
§(F1R7 Ngr)*+ VT g = ﬁ2E§L + O(ﬁg).
Represent I'1 g in the form
Tip = S+HY), ++R3 T, +T7) + O(h®) =
= S +h0Y, + 4R, + T, + 0,

(2

Fin = Fﬁrm + S(2). The divergent part I'] L)m of the two - loop approximation for I'yg

where ff)

determines the two - loop renormalization for Sogr
Sam = Sir — F'T{,
and satisfies the equations

2 a a (2 a
(S)> D)+ Vere), = B3,

Let us now consider

1 o
§(S2R7 S2R)a + VaSQR — thA SQR =
_1
2
- ((Ffﬁ?,, L) + AT, = (S Tgi)* - (5(1>7T§,3m)“> +O0(h') =

(SiR, SiR)* — iRASig — B (S1g, T}, + iR AT), =

v

= WPE§ + O(hY).

We find that Syg satisfies the master equations up to terms Ff

a 1 2 a . a 2 1 a 2 a
Eg = (T4, TP )" +iATE, — (Se).TEN® — (Say.T')

of the third order in 4. Then the corresponding effective action I'sg generated by Ssg is finite in

the two - loop approximation
Top = S+h0%), + BT, + BT, +T8,) + O) =
= Sy + ALYy, + RT3, + B, + T8, + O(h)
and satisfies the equations

1
§(F2R, Tor)® + VTog = BPES + O(h*)

up to certain terms F3 of the third order in A.

11



Applying the induction method we establish that the totally renormalized action Sg

Sp=5- > 1T 4 (50)

n=1

satisfies the quantum master equations exactly:
1
5(53, Sr)* + V® =ihA"Sg, (51)

while the renormalized effective action I'g is finite in each order of A powers:

TR=S5+Y h"r,?_)wm — S(0) + Z hT™ i (52)

n=1

and satisfies the identities
1
E(FR’ FR)a + Vg =0. (53)

n)

Here, we have denoted by I‘gb_ (=)

1. div and I’ n—1.fin the divergent and finite parts, respectively, of
the n - loop approximation for the effective action which is finite in (n-1)th approximation and
is constructed from the action S(;,_1)g.

Thus, we have established the fact that the renormalized action Sgr and the effective action

I'r satisfy the quantum master equations and the Ward identities, respectively.

4 General gauge theories in curved space within Sp(2) formalism

Let us consider a theory of gauge fields A’ in an external gravitational field guv- The classical

theory is described by the action which depends on both dynamical fields and external metric,
So=50(4,9). (54)

Here and below we use the condensed notation g = g,,, for the metric, when it is an argument of

some functional or function. The action (54)) is assumed to be gauge invariant,
SoiR. =0, 6A"=R.(A, g\, X' =Xz) (a=1,2,..,n), (55)

as well as covariant,

550 550
5,5 = Sy Al +
950 SATTT T 5g

~——0g9uw =0, (56)

where A® are independent parameters of the gauge transformation, corresponding to the symmetry

group of the theory. The diffeomorphism transformation of the metric in Eq. (56]) has the form

5gg;w = _g,uaaug — Jva ,ué ag,uug
= _guavué — Jva ug = - ugu_vué,u' (57)

Here €% are the parameters of the coordinates transformation,

=) (a=1,2,....,d). (58)



The generating functional Z(.J, ®*, ®, g) of the Green functions can be constructed in the form

of the functional integral
201.0°,8,9) = [ d@exp {3 [S.l®.07,8.9) + Ja24] . (59)

Here &4 represents the full set of fields of the complete configuration space of the theory un-
der consideration and ®%,,®4 are antifields. Finally, Sey¢(®, ®*,®4,9) is the quantum action
constructed with the help of the solution S = S(®, ®*,® 4, g) to the master equations

Sr=H=H=0 — SO(A7 g) (60)

in the form given in Eqs. (I0), (I7). Note that S.,; satisfies the master equations

%(5, S VoS = iRATS,  S(®, 8%, g)

1
§(Sext7 Se:ct)a + VaSext = Z‘hAaSe:c:‘,- (61)

From gauge invariance of initial action (B3] in usual manner one can derive the BRST sym-
metry and the Ward identities for generating functionals Z = Z(®, ®*, ®, g), W = W (®, ®*, @, g)
and ,I' = I'(®, ®*, ®, g) in the form ], (B0) and BI)) respectively.

In what follows we assume the general covariance of S = S(®, ®*, @, g),

55 5S  4S
510 S o Phasgr + 5,099 = 0. (62)

5,5(®, ®*, B, g) = T
v

Let us choose the gauge fixing functional F' = F(®, g) in a covariant form
0gF =0, (63)
then the quantum action Sez¢ = Sept(®, @*, @, g) obeys the general covariance too
0gSext = 0. (64)
From the Eq. (64]) and the assumption that the term with the sources J4 in (B9) is covariant
Og(Ja®?) = (6,J4)04 + Ja(5,84) =0, (65)
it follows the general covariance of Z = Z(.J,®*, ®, g). Indeed,

_ . ) ex <I>7<I)*7(I)7 K} ox @7@*7@7
5gZ(J,<I>*,<I>,g)=1/d<I>[5 o, 0% t((gq)* L t(5 9)
Aa Guv

dgGuv +
5Sext((1)7 (I)*y i)y g)
d 4

Making change of integration variables in the functional integral, (G6l),

+6,P 4

U [Sear(®,0%,8,9) + Ja0 |} (66)

+ (5gJA)<I>A} exp { z

4 = oty 5,01, (67)
we arrive at the relation
* F o i 656:(:1& A 5Sext 5Sext 6Sext
8, 2(J, %, B, g) = h/d@[éw 5, @4 + 5,07 22t 3 + 6, ezt - Soluw +

HE )+ T 5,8 exp {1 [Sean(®,9,8,9) + 1404 )

- %/d<1> [%Semt + 5g(JA‘I>A)] exp{i

h[sem(ﬂb,@*,é,g) " JA<1>A” — 0. (68)

13



From (68) it follows that the generating functional of connected Green functions W (.J, ®*, ®, g))

W(J, 8%, ,g) = %an(J, %, 3, g) (69)
obeys the pr%operty of the general covariance as well

5, W (J,*,®,g) = 0. (70)

Consider now the generating functional of vertex functions I' = I'(®, ®*, ®, g)

[(®,®%,®,9) = W(J, ", D,9) — Ja®", (71)
where
SW(J,®*,®,g) ST(®, d*, @, g)
q>A _ ) ) Xy J — ) ) Xy ] 72
5Ja roA 5DA (72)

From definition of ®4 (72) and the general covariance of W (J,®*, &, g) we can conclude the

general covariance of J4®4. Therefore,

5,0 (@, 2%, @, 9) = §,W (J,®*,®, g) = 0. (73)

5 Covariant renormalization in curved space-time

Up to now we consider non-renormalized generating functionals of Green functions. We are going
to prove the general covariance for renormalized generating functionals. For this end, let us first

consider the one-loop approximation for I' = I'(®, ®*, ®, g),

I =8+h[rG) +T8 ] + 01, (74)

v

(1)

where T div and 1_“}12.)

,, denote the divergent and finite parts of the one-loop approximation for I'.

(1)
d

The divergent local term I';;) gives the first counterpart in one-loop renormalized action Sig

S Sp=S—nr (75)

.
From (64]) and (73]) it follows that in one-loop approximation we have

Sy T4 + T ] =0 (76)

and therefore F%z) and I‘S}Z)n obey the general covariance independently

5,TH =0, 5gr§}}n —0. (77)

)=
In its turn the one-loop renormalized action Sig is covariant
0g51R =10. (78)

Constructing the generating functional of one-loop renormalized Green functions Z;(.J, ®*, ®, g),
with the action S1g = S1gr(®,®*, ®,g), and repeating arguments given above, we arrive at the

relation

571 =0,  6,W1=0, §,T1=0. (79)
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The generating functional of vertex functions I'y = I';(®, ®*, ®, g) which is finite in one-loop

approximation

Ty =8+ + 2[00, + V) + o), (80)

,div

(2)

contains the divergent part I';"j. and defines renormalization of the action S in the two-loop

approximation
S — Sop = Sip — HT,, . (81)
Starting from (77), (78) and (79) we derive
2
59P§,2liv = O’ 69P§,])”2n = 0’ (82)

that means general covariance of the divergent and finite parts of I'; in two-loop approximation.

Therefore the two-loop renormalized action Sap = Sar(®,®*, @, g) is covariant
0gS2r = 0. (83)

Applying the induction method we can repeat the procedure to an arbitrary order of the loop

expansion. In this way we prove that the full renormalized action, Sk = Sg(®, ®*, @, g),
[ee]
Sp=5-> w0 (84)
n=1
which is local in each finite order in &, obeys the general covariance

0gSr = 0; (85)
and the renormalized generating functional of vertex functions, I'r = ['g(®, ®*, ®, g)),
Tp=8+> mTW (86)
n=1

which is finite in each finite order in A, is covariant
5,Tr = 0. (87)

Therefore, taking into account results of Section 5 we can state that in presence of an external
gravitational field the gauge invariant renormalizability can be arrived with preserving general

covariance of functional T' (8T).

6 Conclusions

We have considered the general scheme of gauge-invariant and covariant renormalization of the
quantum gauge theories of matter fields in flat and curved space-time. Using the Sp(2) formalism
we have proved that in the theory which admits gauge invariant and diffeomorphism invariant

regularization, these two symmetries hold in the counterterms to all orders of the loops expansion

15



together with extended BRST symmetry. To arrive at these results we have shown the gauge
invariant renormalizability of general gauge theories in the Sp(2) formalism without assuming
the use of regularization for which acting by A on a local functionals gives zero. This result has
required to find a new way to prove the gauge invariant renormalizability, which is different from
the previous considerations. The key point of the new method is that first one has to perform
the proof of the existence of solution of the master equation for the classical action. After that
one can prove the gauge invariant renormalizability of the effective action which is given as a
series of the the loop expansions. If one uses a regularization scheme when §(0) = 0 then from
the begining we have a sulution S(g) to the classical master equations (3€) (see [40]) and the
proof of Sp(2) gauge invariant renormalizability is given in the way proposed in Section 3 when
Sy =0,n=1,2,....
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