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Central simple superalgebras with superantiautomorphism of order
two of the second kind
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Abstract

Our main purpose is to develop the theory of existence of superantiautomorphisms of order two of
the second kind (which are caled superinvolutions of the second kind) on finite dimensional central simple
superalgebras A = My, (D), where D is a finite dimensional division superalgebra with nontrivial grading
over K, where K is a field of any characteristic. We determine which finite dimensional central simple
superalgebras posses a superinvolution of the second kind and put these results in the context of the Albert-

Reihm Theorem on the existence of involutions of the second kind.

Key word and phrases: Central simple superalgebras, Superantiautomorphisms, Superinvolutions, Brauer-
Wall Groups.

1. Introduction

An associative super-ring R = Ry + R; is nothing but a Z,-graded associative ring. A Zs-graded ideal
I = Iy + I; of an associative super-ring R is called a superideal of R. An associative super-ring R is simple
if it has no non-trivial superideals. Let R be an associative super-ring with 1 € Ry then R is said to be a
division super-ring if all nonzero homogeneous elements are invertible, i.e., every 0 # r, € R, has an inverse

1 . .
, necessarily in R, .

T‘Oz

An associative Zo-graded K-algebra A = Ag + A is a finite dimensional central simple superalgebra
over a field K, if Z(A)N Ay = K, where Z(A) ={a € A|ab=0baV be A} is the center of A, and the only
superideals of A are A and (0).

Finite dimensional central simple associative superalgebras over a field K are isomorphic to EndV 2
M, (D), where D = Dy + D; is a finite dimensional associative division superalgebra over K, i.e., all nonzero
elements of D,, a = 0,1, are invertible, and V = Vj + V4 is an n-dimensional D-superspace.

If Dy = {0}, the grading of M, (D) is induced by that of V = Vo + V1, A = M,,(D), p = dimp Vj,
g = dimp Vi, so p+ ¢ is a nontrivial decomposition of n. While if D; # {0} then the grading of M, (D) is
given by (M,(D))q = Mp(Dy), aa=0,1.

For completeness, we recall the structure theorem for Central simple associative division superalgebras.
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11



JABER

Theorem 1.1 (Division Superalgebra Theorem [8],[7]) If D = Dy+D; is a finite dimensional associative
division superalgebra over a field K then exactly one of the following holds where throughout £ denotes a finite

dimensional associative division algebra over K.

(i) D="Dy =&, and Dy = {0}.

(ii)) D=E @K Ku], v? =X € KX, Dy =€ ® K1, D; =€ ® Ku,

(iii) D = E or Ma(E), u € D such that u> = A € K/K? (A€ K/{a+a? | a € K} if Char(K)=2)
Dy = Cp(u), D1 = Sp(u), where Cp(u) = {d € D | du = ud}, Sp(u) = {d € D | du = u?d}, for some
quadratic Galois extension K[u] C D with Galois automorphism o. Moreover, in the second case, u = (g (1))

(u= (g }) if Char(K) =2) and K[u] does not embed in . O

Following [5] we say that a division superalgebra D is an even if Z(D) ND; = {0}, i.e., D is even if its form
is (i) or (iii), and that D is an odd otherwise, i.e., D is odd if its form is (ii). Also, if A = M, (D) is a finite
dimensional central simple superalgebra over a field K, then we say that A is an even K -superalgebra if D is
an even division superalgebra and A4 is an odd K -superalgebra if D is an odd division superalgebra.

In my work on the existence of superinvolutions of the first kind, which has yet to appear, I prove that
finite dimensional central simple division superalgebras of odd or even type with nontrivial grading over a field K
of characteristic not 2 have no superinvolutions of the first kind; these results were introduced in [7, Proposition
9], [8]. Moreover we introduce an example of a central simple superalgebra A = M, (D) over a field K of
characteristic not 2, where D; # {0}, such that .4 has no superinvolution of the first kind, but it is of order
2 in the Brauer-Wall group BW (K), which means that Albert’s Theorem does not hold for superinvolutions
and this is one of the reasons why one introduces a generalization for which it does. Therefore, if A is a finite
dimensional central simple associative superalgebra over a field K of characteristic not 2 such that A has a
superinvolution of the first kind, then A = M,,(D), where D is a division algebra over K.

In [7] M. Racine described all types of superinvolutions on A = M,;,(D). It appears that if * is a
superinvolution on A4 such that (Ao, ) is simple algebra, then p = ¢ and = is conjugate to the transpose
involution. Otherwise, * is conjugate to the orthosymplectic involution.

In [2] we proved that A = M, (D), where D; # {0} has a pseudo-superinvolution of the first kind if and
only if A is of order 2 in the Brauer-Wall group BW (K), where K is a field of characteristic not 2. But if K
is a field of characteristic 2, and A is a central simple associative superalgebra over K, then a superinvolution
(which is a pseudo-superinvolution) on A is just an involution on A respecting the grading. Moreover, if A is
of order 2 in the Brauer-Wall group BW (K), then the supercenter of A equals the center of A and ®x = R,
which means that A is of order 2 in the Brauer group Br(K). Thus, by theorem of Albert A has an involution
of the first kind, but since A is of order 2 in the Brauer-Wall group BW (K), A has an superantiautomorphism
of the first kind respecting the grading, therefore by [10, Chapter 8, Theorem 8.2] A has an involution of the first
kind respecting the grading, which means that .4 has a superinvolution ( which is a pseudo-superinvolution) of
the first kind if and only if A is of order 2 in the Brauer-Wall group BW (K).

Let K/k be a separable quadratic field extension over k with Galois group Gal(K/k) where Gal(K/k) =
{1,0} and 0% € k — k%, 0(9) = —0 (6% € k/{a+a? | a € k}, o(§) = 0+ 1 if Char(k) = 2). We recall a

theorem of Albert-Reihm on the existence of K/k-involution (involution of the second kind) which states that
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finite dimensional central simple algebra A over K has a K/k-involution if and only if the corestriction of A
splits over k. In [1] A. Elduque and O. Villa gave a much better exposition and motivation for the whole theory
of the existence of superinvolutions.

Throughout this paper we classify the existence of superinvolution of the second kind on A = M, (D),
where D is a division superalgebra over K with D; # {0}, and we show that D has a K/k-superinvolution
(superinvolution of the second kind) if and only if the corestriction of D splits over k, which implies that the

natural graded version of the classical AlbertRiehm Theorem holds.

2. Basic facts and definitions

Definition 1 A superantiautomorphism of an associative superalgebra A is a graded additivemap J: A — A
such that for a, € Ay, bg € Ap

J(aabg) = (=1)*7J (b5)J (aa).
A superinvolution of an associative superalgebra A is a superantiautomorphism * : A4 — A such that a** =«
for any a € A. If A is a finite dimensional central simple superalgebra over a field K, and * is a superinvolution
on A, then K* = K, so x is called a superinvolution of the second kind if x|k = o is a Galois automorphism

of order 2 on K.
Let A be any K -superalgebra, we define the map ¢ : A — A by

o(an) = (-1)%an Va, € Ay, and Va=0,1.
This map ¢ is a superalgebra automorphism, called the sign automorphism, since
(aabs)? = (~1)*Pagbs = afhf

for all aq € Ay and bg € Ag. The automorphism ¢ has order 2, if Char (K) # 2 (unless A; =0), and ¢ =id4
if Char (K) = 2.
If R = Ro+ R; is an associative super-ring, a (right) R-supermodule M is a right R-module with a
grading M = My + M; as Rp-modules such that myarg € Myqg for any mg € My, 13 € Rg, o, B € Zs.
An R-supermodule M is irreducible if MR # {0} and M has no proper subsupermodule.

Following [5] we have the following definition of R-supermodule homomorphism.

Definition 2 An R-supermodule homomorphism from M to N, where M and N are R-supermodules, is
an Rg-module homomorphism A : M — N, v € Zy, such that Myhy, C Noy, and

(marﬁ)hv = (mahv)r,@a Vma € Mo, 73 € Rg, a,0 € Zy.
Following [7] the commuting super-ring of R on M is defined to be C =Cy + Cy

where Cy:={cy € End\M | cyrq = (—1)*"rqcy Vra € Ra, a € Zs}.
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Definition 3 Let A = A+ A1, B = By+ B;1 be associative superalgebras. Then we define the graded tensor
product by

A&k B = [(Ao ® Bo) & (A1 @ B1)] & [(Ao ® Br) @& (A1 ® By)]

where the multiplication on A®gB is induced by
(aa (24 f)g)(c7 (24 d(;) = (71)’67&0‘07 (24 bgd(;, Ao € .Aa, Cy € ‘AW bg S Bﬁ, ds € Bs.
If A and B are associative superalgebras, then A® kB is an associative superalgebra.

The opposite super-ring R° of the super-ring R is defined to be R° = R as an additive group, with the

multiplication given by

bgocy = (-1)"e,bs bs € R, ¢y €R,.

So, if A is a central simple associative superalgebra over a field K, then one can easily show that A° is also a

central simple associative superalgebra over K, and by [5] A®A° = M, (K), where n = dimg(A).

Definition 4 Two finite dimensional central simple. superalgebras A and B over a field K are called similar
(A ~ B) if there exist graded K-vector spaces V = Vo @ Vi, W = Wy @ Wy, such that AQxEndgV =
BRkEndgW asa K -superalgebras.

Similarity is obviously an equivalence relation. The set of similarity classes will be denoted by BW (K) (the
Brauer-Wall group of K). If [A] denotes the class of A in BW(K) by using [5, Chap. 4, Theorem 2.3 (3)]
the operation [A][B] = [A®kB] is well-defined, and makes the set of similarity classes of finite dimensional
central simple superalgebras over K into a commutative group, BW (K'), where the class of the matrix algebras
Mp44(K) is a neutral element for this product.

We say that a central simple superalgebra A over K is similar to 1 (A ~ 1) or splits, if [A] = [K] in
BW(K).

3. The corestriction

In [7, Theorem 3] Michel Racine proved that finite dimensional associative central simple superalgebras
A = M, (D) over a field K are primitive superalgebras, and then he proved in [7, Theorem 7] that primitive
superalgebra A = M,, (D) has a superinvolution if and only if D has. Thus we have the following result.

Theorem 3.1 A finite dimensional associative central simple superalgebra A = M, (D) over a field K has a

superinvolution * if and only if D has. O

If A= M, (D) is a finite dimensional central simple super algebra over a field K , where D is a finite dimensional
division superalgebra with nontrivial grading over K, that is D; # {0}, then by Theorem 3.1, it is enough to
classify the existence of superinvolutions of the second kind on D to ascertain the existence of superinvolutions
of the second kind on A.
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The situation for superinvolution of the second kind is analogous to the ungraded case in the sense that
we can define a corestriction and prove that a superinvolution of the second kind exists if and only if the

corestriction is trivial (graded Albert-Riehm Theorem).

Let D be a central division superalgebra of any type with nontrivial grading over K. Let K = k() be
a separable quadratic field extension over k with Galois group Gal(K/k) = {1,0} and 6% € k— k2, o(0) = —0
(2 e k/{a+a®|ack}, o(f) =0+ 1 if Char(k) = 2).

A K /k-superantiautomorphism J of D is a superantiautomorphism on D which is K/k-smilinear, i.e.,
J(Ax) = o(A)J(x) for all A € K, © € D. Accordingly, a K/k-superantiautomorphism J is called K/k-
superinvolution (superinvolution of the second kind) if J2(x) = z for all z € D.

Let D be the superalgebra which is identical with D° as a super-ring but with the action of K twisted
by o, then D is called the conjugate K -division superalgebra of D.

Let A := DQxD, then A is an even central simple superalgebra over K. Let 7 : A — A be a map
defined as follows for all a, € Dy, bg € Dg we have a, ® bg — (—1)*’bs @ a,. We now define

AT ={ze A : n(x) =z}
Definition 5 The k-superalgebra A% is called the Corestriction of the superalgebra D, where A := D&gD.

Since A = AT + AT = A" @, K, we conclude that A" is an even central simple superalgebra over k. Of

course, if D = Dy, the corestriction A™ coincides with the usual ungraded corestriction (see [10, P. 308])

Example 1 Consider the quadratic superalgebra D = K[,/u] = K & Ku, with the relation u?=p €K,
and the grading Dy = K, D; = Ku. Then A = DD = Ay + A;, where Ay = Span{l ® 1, fu ® u}
and A; = Span{u®1+1®u, fu®1—1® 0u} (over K), is a graded quaternion algebra over K and since

At @, K = A, which is a graded quaternion algebra over K, then AT is a graded quaternion algebra over k,
with (A7) =Span{1® 1, fu@u}, (AT); =Span{fu®1+1Qu, du®1—1Q du}.

Next, we define a (right) A*-module structure on D when D possesses a K/k-superantiautomorphism. In

particular, if J is a K/k-superantiautomorphism, then we define a right action of A = D&xD on D :
e: A— EndgD

given by

Ty(aa @ bg) = 24(aa ® bg)° := (—1)7"J(aa)z,bg
for all ay € Dy, bg € 5/3, z € D,. The map e is an isomorphism (because A is a central simple superalgebra
and by dimension count).

We will often use the equivalences D has a K/k-superantiautomorphism if and only if K -central simple
division superalgebras D and D° are isomorphic if and only if A = EndgD ~ 1 in the Brauer-Wall group
BW (K). Since

At — A~ EndgD — End,D

we have a (right) A*-module structure on D.
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Lemma 3.2 Let J be a K/k-superantiautomorphism on D, where D is an even or odd central division
superalgebra over K with D1 # {0}, such that

J2 () = (=1)"%baz,b ",
where by € Dy, then AT ~ End 4+ D in the Brauer-Wall group BW(k) and
dimg(End 4+D) =4
and K C (End 4+ D)o, where A:=DXkD.
Proof. Using the supermodule isomorphism .J : D° 22 D, we get the supermodule isomorphism
EndgD = DRgD° = D&k D.

Since A* C DD we consider D as a AT -supermodule.

Now, by [7, Theorem 3] A" = M, (C), where C is the commuting super-ring of A% on I, where I is
a minimal right superideal in AT . Since D is a finite dimensional AT -supermodule, End 4+D = End 4+ M",
where M is an irreducible AT -supermodule of D. Since I is a minimal (right) superideal in AT, then I is

irreducible A*-supermodule and by [7, Proposition 4]
EndA+M = EndA+I = C,

and hence
End 4+D = End 4+ M"™ = M,.(C)

but M,(C) ~ M,(C) = A" in the Brauer-Wall group BW (k), therefore
EndA+D ~ .AJr

in the Brauer-Wall group BW (k).
Now, dimy End 4+ D = dimy, M,.(C) = r? dim;, C, and

dimk .AJF = n2 dimk cC = dimK D®K5
1
=[5 dimy M")?
2
1
= Zr2(dimk M)?, since M =1
= Zr2(dimk 1)?
1
= Zr2(ndimk C)?
1
= Zr2n2(dimk C)2.

Therefore, n?dim;C = %7"2712 (dimy, C)? which implies that 4 = 72 dimy, C, and hence dimy End 4+D = 4, thus

End 4+D has dimension 4 over k.
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For £ € K multiplication by £ is a A" -supermodule endomorphism on D. This gives an inclusion
K CEndy+D. |

4. Existence of superinvolutions of the second kind

In this section we investigate the existence of superinvolutions of the second kind on the division super-
algebra D, where D; # {0}. Then we generalize the method due to Riehm (see [4], [6]and [9]) which improves
on Albert’s original approach to the superalgebra case, to formulate the existence criterion of superinvolutions
of the second kind.

Remark 1 (1) For v € k* a 4-dimensional k-superalgebra with a trivial grading @ = Qo = K + Ku with
u? = v € k* and wru™' = T for all x € K, where a+ X = a — B\ Va,B € k (if Char(k) # 2) and
a+pBr=a+pA+1) Va,B €k (if Char(k) = 2), is a quaternion algebra over k which splits over & if and
only if v € N(K*). See [6, Theorem 8§].

(2) H= K+ Ku, with Hy = K, Hy = Ku and u? = v € k* and with uzu™! =7 for all z € K is a
quaternion division superalgebra over k, which does not split over k.

(3) By Lemma 3.2 End 4+D is either a quaternion central division superalgebra with nontrivial grading

or a quaternion central division superalgebra with a trivial grading over k.

If B a superalgebra and J is a superantiautomorphism on B, then J? = 1, for some bs € B if for any

ZTo € Bo
J?(x,) = (fl)a‘sbgazabgl.

Lemma 4.1 Let D be a division superalgebra over K of even or odd type with D1 # {0}, and let J be a

K /k -superantiautomorphism on D such that
T a) = (—1)*bsxaby !,

where bs € Ds, and let A:= DRxD. Then one and only one of the following cases occurs:

(1) Either J* = )y, with b € Dy. In this case AY ~ Q in the Brauer-Wall group BW(k), where
Q = Qo = K + Ku is a quaternion algebra over k with u* = J(b)b € k* and uru=' =7 for any v € K .

(2) Or J?> = 4y, with b € Dy. In this case At ~ H in the Brauer-Wall group BW(k), where

H =K+ Ku, Hy= K, Hy = Ku is a quaternion central division superalgebra over k.

Proof. We already know that End 4+ D is either a quaternion central division superalgebra or a quaternion

algebra with trivial grading over k. Let J? = 1)y, , with bs € Dy UD;. For any x4 € Da,

Tea) = J(T(2a) = J(~1)*bszab; ")
= ()M (I (bs) " T (@a) T (bs),
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but also J3(z4) = J2(J(za)) = (—1)*%bsJ (24 )5, s0

J(QZQ) = J(bg)bgj(xa)(;](bg)bg)il

Thus J(bs)bs € Z(D) N Dy = K, and it is fixed by J, therefore, J(bs)bs € k.

Now consider the k-linear map f : D — D given by f(z4) = (—1)*%J(24)bs for any x4 € D,. The map

f is even or odd according to bs being even or odd.

For any a € K, x4 € D,

flaza) = (=1)*° J(a)J (za)bs = (~1)* @J(2a)bs = f(za)

which implies that fa =af for all a € K, and

Pra) = f(f(a)) = FU(=1)*J(za)bs)
(1) f(J(za)bs)
(=1)°J(J (za)bs)bs

= (=12 J(bs)J*(x0)bs
(—1)°J (bs)bswaby 'bs
(—1)° T (bs)bsa

so f? = l(~1)s 7(b5)ps and the algebra over k generated by K and f is K+ K f, which is a quaternion ungraded

algebra if bs is even (6 = 0), or a quaternion superalgebra with even part K if bs is odd (6 = 1). It remains

to show that f € End4+D. For any homogeneous elements -, an, ¢g in D,

fay (@ ®es+ (-1)Pes @aa)) = F((=1)*7 T (@a)zse5 + (1) 7T (c5)25a0)
1)) (21)7 T (an ) 05)bs
1)V (T (e5)s00)b5)

—1)2(@ 748 ((—1)P@F) J ()T () T? (aa)bs
—1)*"J(aa)J (z+)J?(cs)bs)

—1)8( 1) (—1)BANTI 1(00) T (2, )byan
) (

)

)

+

O J(a) (@ )bscp)

—1)PO ) (T () ((—1)°7 T (24)bs)aa)
—1)*CH (J(aa)(—1)%7 I (z+)bs)cs)
f@y) - (1)*cs @ aa) + f(2y) - (a0 © cg)

f(ay) (aa®@cs + (-1)"Pcs @ aq).

+

Since the elements a, ® ¢z + (—1)*cs ® a, span AT, we conclude f is in End4+D, which implies

that K + K f = End 4+ D; and, since by Lemma 3.2, End 4+D ~ A", then K + Kf ~ AT".
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Next theorem is the generalization of Albert-Riehm Theorem to the supercase. Let D be a central division

superalgebra of any type with nontrivial grading over K. Let K = k() be a separable quadratic field extension
over k with Galois group Gal(K/k) = {1,0} and 0% € k—k?, o(0) = —0 (0* € k/{a+a? | a € k}, o(0) = 0+1
if Char (k) = 2). Then we get the following theorem.

Theorem 4.2 Let D be a central division superalgebra over K with Dy # {0}. Then D has a K/k-
superinvolution (a superinvolution of the second kind) if and only if AT ~ 1 in the Brauer-Wall group BW(k),
where A:=DRkD.
Proof. First we assume that J is a K/k-superinvolution on D. Clearly J? = ;. By Lemma 4.1, A ~ Q
in the Brauer-Wall group BW (k), where Q = Qo = K + Ku, with v? = J(1)1 = 1, but Q splits over k,
therefore AT ~ 1 in the Brauer-Wall group BW (k).

Conversely, suppose that A+ ~ 1 in the Brauer-Wall group BW (k). Then K ®; AT = D& D splits over
K, since At ~ 1 in the Brauer-Wall group BW (k). Hence D° = D. Let J be a K/k-superantiautomorphism
on D, since AT ~ 1 in the Brauer-Wall group BW (k), then by Lemma 4.1, J? = 1, where b € Dy. Moreover,
we may assume that J(b)b =1 (because the fact that AT ~ 1 in the Brauer-Wall group BW (k) implies that
there is an element A\ € K such that J(b)b = A\ and we may change b with A=1b). If b = —1, we have finished.
If b# —1, then the map I = ¢(144)-10J isa K /k-superinvolution on D. O

For central division superalgebra D of odd type we have the following easier criterion for the existence of

superinvolutions of the second kind than the general one in terms of corestriction.

Theorem 4.3 Let D = Dy + Dyv be central division superalgebra of odd type over K, where v € Z(D)ND;.
Then D has a K/k-superinvolution if and only if both Z(D) = K + Kv and Dy has K/k-superinvolutions.

Proof. If Z(D) = K + Kv has a K/k-superinvolution J; and Dy has a K/k-superinvolution (K/k-
involution) Js, then J; ® Js is a K/k-superinvolution on D = Z(D) ®k Dy .
Conversely, if J is a K/k-superinvolution on D, then J|p, is a K/k-involution on Dy and J|zp) is a

K /k-superinvolution on Z(D). O

Finally, the following example shows that D&xD ~ 1 in the Brauer-Wall group BW (K) (or equivalently
EndgD ~ 1 in the Brauer-Wall group BW (K)), where D is a central division superalgebra of odd type over
K, is not enough to say that D admits a K/k-superinvolution, but first we need the Skolem-Noether Theorem
for the supercase, which has been proven in my Ph.D. thesis. (See [3, Theorem 2.1.5]).

Theorem 4.4 (Skolem-Noether Theorem) Let B be a central simple superalgebra over the field K,
and let A be a finite dimensional simple subsuperalgebra over K and containing it. Then any superalgebra
homomorphism f of A into B can be extended to an inner automorphism of B if B is even. If B is odd

then f or f¢ can be extended to an inner automorphism but not both of them, where ¢ : B — B such that
¢(bg) = (=1)"bg. 0

Example 2 Let K = Q[i](v/2) and let D = K1, ® Ku, where u = ((1) (1)), so u?> =1. Let J : D — D be the
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map defined as follows:

u—iu and a+ V2 a— V2 Va,p e QJi].

J
Then a trivial computation shows that D =~ D° but D does not have a superinvolution of the second kind,
since if D had one (say ) then 3 «' = vu € D; such that

(a4 bu')* =a’ + b0/,

Now, *J is an automorphism on D, since D is odd, we have by the Skolem-Noether Theorem that *.J or ¢ J

is an inner automorphism but not both of them, where ¢ is the sign automorphism.

Case(1): +J is inner . So Jv, € D, such that
Va,b € K (a+bu')™ =v(a+bu vyt =a+b' =a+ b))’

and hence

(W) =u' = (yu)” =~"u’ = 5"iu = yu
thus, v7/i =~. If v = 2 +yv2 € Q[i](v/2) then
(x—yV2)i=z+yV2 so x(1—1i)=—yv2(1+1)

and therefore

ﬁ—ﬁemi]

(y # 0, because y = 0 implies that v/ =~ = i = 1), a contradiction.
Case(2): ¢+ J is inner. So Jv, € D, such that
Va,b€ K (a+bu)¢* = v, (a+ bt =a+bu' =a—bu)’

therefore

—() = = ~(yu)? = —y"u’ = —yTiu = yu

and so —y/i =, if v =2 +yv2 € Q[i](v/2) then (—x +yv2)i =z +yv/2. So x(1 +i) = yv/2(~1 +4) and
therefore

ﬁ—%emi]

(y # 0, because y = 0 implies that 4/ =y = i = —1), a contradiction.
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