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Abstract

Our main purpose is to develop the theory of existence of superantiautomorphisms of order two of

the second kind (which are caled superinvolutions of the second kind) on finite dimensional central simple

superalgebras A = Mn(D) , where D is a finite dimensional division superalgebra with nontrivial grading

over K , where K is a field of any characteristic. We determine which finite dimensional central simple

superalgebras posses a superinvolution of the second kind and put these results in the context of the Albert-

Reihm Theorem on the existence of involutions of the second kind.
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Wall Groups.

1. Introduction

An associative super-ring R = R0 + R1 is nothing but a Z2 -graded associative ring. A Z2 -graded ideal
I = I0 + I1 of an associative super-ring R is called a superideal of R . An associative super-ring R is simple
if it has no non-trivial superideals. Let R be an associative super-ring with 1 ∈ R0 then R is said to be a
division super-ring if all nonzero homogeneous elements are invertible, i.e., every 0 �= rα ∈ Rα has an inverse

r−1
α , necessarily in Rα .

An associative Z2 -graded K -algebra A = A0 + A1 is a finite dimensional central simple superalgebra
over a field K , if Z(A) ∩ A0 = K , where Z(A) = {a ∈ A | ab = ba ∀ b ∈ A} is the center of A , and the only

superideals of A are A and (0).

Finite dimensional central simple associative superalgebras over a field K are isomorphic to EndV ∼=
Mn(D), where D = D0 + D1 is a finite dimensional associative division superalgebra over K , i.e., all nonzero
elements of Dα , α = 0, 1, are invertible, and V = V0 + V1 is an n-dimensional D -superspace.

If D1 = {0} , the grading of Mn(D) is induced by that of V = V0 + V1 , A = Mp+q(D), p = dimD V0,

q = dimD V1, so p + q is a nontrivial decomposition of n . While if D1 �= {0} then the grading of Mn(D) is

given by (Mn(D))α = Mn(Dα), α = 0, 1.

For completeness, we recall the structure theorem for Central simple associative division superalgebras.

2000 AMS Mathematics Subject Classification: 16W10, 16W20, 16W50.
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Theorem 1.1 (Division Superalgebra Theorem [8],[7]) If D = D0+D1 is a finite dimensional associative
division superalgebra over a field K then exactly one of the following holds where throughout E denotes a finite
dimensional associative division algebra over K .

(i) D = D0 = E , and D1 = {0} .

(ii) D = E ⊗K K[u], u2 = λ ∈ K×, D0 = E ⊗ K1, D1 = E ⊗ Ku,

(iii) D = E or M2(E) , u ∈ D such that u2 = λ ∈ K/K2 (λ ∈ K/{α + α2 | α ∈ K} if Char(K) = 2)

D0 = CD(u), D1 = SD(u), where CD(u) = {d ∈ D | du = ud}, SD(u) = {d ∈ D | du = uσd}, for some

quadratic Galois extension K[u] ⊆ D with Galois automorphism σ . Moreover, in the second case, u =
(

0 1
λ 0

)

(u =
(

0 1
λ 1

)
if Char(K) = 2) and K[u] does not embed in E . �

Following [5] we say that a division superalgebra D is an even if Z(D) ∩ D1 = {0} , i.e., D is even if its form

is (i) or (iii), and that D is an odd otherwise, i.e., D is odd if its form is (ii). Also, if A = Mn(D) is a finite
dimensional central simple superalgebra over a field K , then we say that A is an even K -superalgebra if D is
an even division superalgebra and A is an odd K -superalgebra if D is an odd division superalgebra.

In my work on the existence of superinvolutions of the first kind, which has yet to appear, I prove that
finite dimensional central simple division superalgebras of odd or even type with nontrivial grading over a field K

of characteristic not 2 have no superinvolutions of the first kind; these results were introduced in [7, Proposition

9], [8]. Moreover we introduce an example of a central simple superalgebra A = Mn(D) over a field K of

characteristic not 2, where D1 �= {0} , such that A has no superinvolution of the first kind, but it is of order

2 in the Brauer-Wall group BW(K), which means that Albert’s Theorem does not hold for superinvolutions
and this is one of the reasons why one introduces a generalization for which it does. Therefore, if A is a finite
dimensional central simple associative superalgebra over a field K of characteristic not 2 such that A has a
superinvolution of the first kind, then A = Mp+q(D), where D is a division algebra over K .

In [7] M. Racine described all types of superinvolutions on A = Mp+q(D). It appears that if ∗ is a

superinvolution on A such that (A0, ∗) is simple algebra, then p = q and ∗ is conjugate to the transpose
involution. Otherwise, ∗ is conjugate to the orthosymplectic involution.

In [2] we proved that A = Mn(D), where D1 �= {0} has a pseudo-superinvolution of the first kind if and

only if A is of order 2 in the Brauer-Wall group BW(K), where K is a field of characteristic not 2. But if K

is a field of characteristic 2, and A is a central simple associative superalgebra over K , then a superinvolution
(which is a pseudo-superinvolution) on A is just an involution on A respecting the grading. Moreover, if A is

of order 2 in the Brauer-Wall group BW(K), then the supercenter of A equals the center of A and ⊗̂K = ⊗K ,

which means that A is of order 2 in the Brauer group Br(K). Thus, by theorem of Albert A has an involution

of the first kind, but since A is of order 2 in the Brauer-Wall group BW(K), A has an superantiautomorphism

of the first kind respecting the grading, therefore by [10, Chapter 8, Theorem 8.2] A has an involution of the first

kind respecting the grading, which means that A has a superinvolution ( which is a pseudo-superinvolution) of

the first kind if and only if A is of order 2 in the Brauer-Wall group BW(K).

Let K/k be a separable quadratic field extension over k with Galois group Gal(K/k) where Gal(K/k) =

{1, σ} and θ2 ∈ k − k2, σ(θ) = −θ (θ2 ∈ k/{α + α2 | α ∈ k} , σ(θ) = θ + 1 if Char(k) = 2). We recall a

theorem of Albert-Reihm on the existence of K/k -involution (involution of the second kind) which states that
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finite dimensional central simple algebra A over K has a K/k -involution if and only if the corestriction of A
splits over k . In [1] A. Elduque and O. Villa gave a much better exposition and motivation for the whole theory
of the existence of superinvolutions.

Throughout this paper we classify the existence of superinvolution of the second kind on A = Mn(D),

where D is a division superalgebra over K with D1 �= {0} , and we show that D has a K/k -superinvolution

(superinvolution of the second kind) if and only if the corestriction of D splits over k , which implies that the
natural graded version of the classical AlbertRiehm Theorem holds.

2. Basic facts and definitions

Definition 1 A superantiautomorphism of an associative superalgebra A is a graded additive map J : A → A
such that for aα ∈ Aα , bβ ∈ Aβ

J(aαbβ) = (−1)αβJ(bβ)J(aα).

A superinvolution of an associative superalgebra A is a superantiautomorphism ∗ : A → A such that a∗∗ = a

for any a ∈ A. If A is a finite dimensional central simple superalgebra over a field K , and ∗ is a superinvolution
on A , then K∗ = K , so ∗ is called a superinvolution of the second kind if ∗|K = σ is a Galois automorphism
of order 2 on K .

Let A be any K -superalgebra, we define the map ϕ : A → A by

ϕ(aα) = (−1)αaα ∀aα ∈ Aα, and ∀α = 0, 1.

This map ϕ is a superalgebra automorphism, called the sign automorphism, since

(aαbβ)ϕ = (−1)α+βaαbβ = aϕ
αbϕ

β

for all aα ∈ Aα and bβ ∈ Aβ . The automorphism ϕ has order 2, if Char(K) �= 2 (unless A1 = 0), and ϕ = idA

if Char(K) = 2.

If R = R0 + R1 is an associative super-ring, a (right) R -supermodule M is a right R -module with a
grading M = M0 + M1 as R0 -modules such that mαrβ ∈ Mα+β for any mα ∈ Mα, rβ ∈ Rβ, α, β ∈ Z2.

An R -supermodule M is irreducible if MR �= {0} and M has no proper subsupermodule.

Following [5] we have the following definition of R -supermodule homomorphism.

Definition 2 An R -supermodule homomorphism from M to N, where M and N are R -supermodules, is
an R0 -module homomorphism hγ : M → N , γ ∈ Z2, such that Mαhγ ⊆ Nα+γ and

(mαrβ)hγ = (mαhγ)rβ, ∀ mα ∈ Mα, rβ ∈ Rβ, α, β ∈ Z2.

Following [7] the commuting super-ring of R on M is defined to be C = C0 + C1

where Cγ := {cγ ∈ EndγM | cγrα = (−1)αγrαcγ ∀rα ∈ Rα, α ∈ Z2}.
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Definition 3 Let A = A0 +A1 , B = B0 +B1 be associative superalgebras. Then we define the graded tensor
product by

A⊗̂KB = [(A0 ⊗ B0) ⊕ (A1 ⊗B1)] ⊕ [(A0 ⊗B1) ⊕ (A1 ⊗ B0)]

where the multiplication on A⊗̂KB is induced by

(aα ⊗ bβ)(cγ ⊗ dδ) = (−1)βγaαcγ ⊗ bβdδ, aα ∈ Aα, cγ ∈ Aγ , bβ ∈ Bβ, dδ ∈ Bδ .

If A and B are associative superalgebras, then A⊗̂KB is an associative superalgebra.

The opposite super-ring R◦ of the super-ring R is defined to be R◦ = R as an additive group, with the
multiplication given by

bβ ◦ cγ := (−1)βγcγbβ bβ ∈ Rβ , cγ ∈ Rγ .

So, if A is a central simple associative superalgebra over a field K , then one can easily show that A◦ is also a

central simple associative superalgebra over K , and by [5] A⊗̂A◦ ∼= Mn(K), where n = dimK(A).

Definition 4 Two finite dimensional central simple. superalgebras A and B over a field K are called similar

(A ∼ B) if there exist graded K -vector spaces V = V0 ⊕ V1 , W = W0 ⊕ W1 , such that A⊗̂KEndKV ∼=
B⊗̂KEndKW as a K -superalgebras.

Similarity is obviously an equivalence relation. The set of similarity classes will be denoted by BW(K) (the

Brauer-Wall group of K ). If [A] denotes the class of A in BW(K) by using [5, Chap. 4, Theorem 2.3 (3)]

the operation [A][B] = [A⊗̂KB] is well-defined, and makes the set of similarity classes of finite dimensional

central simple superalgebras over K into a commutative group, BW(K), where the class of the matrix algebras

Mp+q(K) is a neutral element for this product.

We say that a central simple superalgebra A over K is similar to 1 (A ∼ 1) or splits, if [A] = [K] in

BW(K).

3. The corestriction

In [7, Theorem 3] Michel Racine proved that finite dimensional associative central simple superalgebras

A = Mn(D) over a field K are primitive superalgebras, and then he proved in [7, Theorem 7] that primitive

superalgebra A = Mn(D) has a superinvolution if and only if D has. Thus we have the following result.

Theorem 3.1 A finite dimensional associative central simple superalgebra A = Mn(D) over a field K has a
superinvolution ∗ if and only if D has. �

If A = Mn(D) is a finite dimensional central simple super algebra over a field K , where D is a finite dimensional

division superalgebra with nontrivial grading over K , that is D1 �= {0} , then by Theorem 3.1, it is enough to
classify the existence of superinvolutions of the second kind on D to ascertain the existence of superinvolutions
of the second kind on A .
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The situation for superinvolution of the second kind is analogous to the ungraded case in the sense that
we can define a corestriction and prove that a superinvolution of the second kind exists if and only if the
corestriction is trivial (graded Albert-Riehm Theorem).

Let D be a central division superalgebra of any type with nontrivial grading over K . Let K = k(θ) be

a separable quadratic field extension over k with Galois group Gal(K/k) = {1, σ} and θ2 ∈ k− k2, σ(θ) = −θ

(θ2 ∈ k/{α + α2 | α ∈ k} , σ(θ) = θ + 1 if Char(k) = 2).

A K/k -superantiautomorphism J of D is a superantiautomorphism on D which is K/k -smilinear, i.e.,

J(λx) = σ(λ)J(x) for all λ ∈ K , x ∈ D . Accordingly, a K/k -superantiautomorphism J is called K/k -

superinvolution (superinvolution of the second kind) if J2(x) = x for all x ∈ D .

Let D be the superalgebra which is identical with D◦ as a super-ring but with the action of K twisted

by σ , then D is called the conjugate K -division superalgebra of D .

Let A := D⊗̂KD , then A is an even central simple superalgebra over K . Let π : A → A be a map

defined as follows for all aα ∈ Dα , bβ ∈ Dβ we have aα ⊗ bβ 
→ (−1)αβbβ ⊗ aα . We now define

A+ = {x ∈ A : π(x) = x}.

Definition 5 The k -superalgebra A+ is called the Corestriction of the superalgebra D , where A := D⊗̂KD .

Since A = A+ + θA+ ∼= A+ ⊗k K , we conclude that A+ is an even central simple superalgebra over k . Of

course, if D = D0 , the corestriction A+ coincides with the usual ungraded corestriction (see [10, P. 308])

Example 1 Consider the quadratic superalgebra D = K[
√

μ] = K ⊕ Ku , with the relation u2 = μ ∈ K ,

and the grading D0 = K , D1 = Ku . Then A = D⊗̂KD = A0 + A1 , where A0 = Span{1 ⊗ 1, θu ⊗ u}
and A1 = Span{u ⊗ 1 + 1 ⊗ u, θu ⊗ 1 − 1 ⊗ θu} (over K ), is a graded quaternion algebra over K and since

A+ ⊗k K ∼= A , which is a graded quaternion algebra over K , then A+ is a graded quaternion algebra over k ,

with (A+)0 = Span{1 ⊗ 1, θu ⊗ u} , (A+)1 = Span{u ⊗ 1 + 1 ⊗ u, θu ⊗ 1 − 1 ⊗ θu}.

Next, we define a (right) A+ -module structure on D when D possesses a K/k -superantiautomorphism. In

particular, if J is a K/k -superantiautomorphism, then we define a right action of A = D⊗̂KD on D :

e : A → EndKD

given by
xγ(aα ⊗ bβ) = xγ(aα ⊗ bβ)e := (−1)γαJ(aα)xγbβ

for all aα ∈ Dα , bβ ∈ Dβ , xγ ∈ Dγ . The map e is an isomorphism (because A is a central simple superalgebra

and by dimension count).

We will often use the equivalences D has a K/k -superantiautomorphism if and only if K -central simple

division superalgebras D and D◦ are isomorphic if and only if A ∼= EndKD ∼ 1 in the Brauer-Wall group
BW(K). Since

A+ ↪→ A ∼= EndKD ↪→ EndkD

we have a (right) A+ -module structure on D .
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Lemma 3.2 Let J be a K/k -superantiautomorphism on D , where D is an even or odd central division

superalgebra over K with D1 �= {0} , such that

J2(xγ) = (−1)γαbαxγb−1
α ,

where bα ∈ Dα , then A+ ∼ EndA+D in the Brauer-Wall group BW(k) and

dimk(EndA+D) = 4

and K ⊆ (EndA+D)0 , where A := D⊗̂KD .

Proof. Using the supermodule isomorphism J : D◦ ∼= D , we get the supermodule isomorphism

EndKD ∼= D⊗̂KD◦ ∼= D⊗̂KD.

Since A+ ⊆ D⊗̂KD we consider D as a A+ -supermodule.

Now, by [7, Theorem 3] A+ ∼= Mn(C), where C is the commuting super-ring of A+ on I , where I is

a minimal right superideal in A+ . Since D is a finite dimensional A+ -supermodule, EndA+D ∼= EndA+M r ,

where M is an irreducible A+ -supermodule of D . Since I is a minimal (right) superideal in A+ , then I is

irreducible A+ -supermodule and by [7, Proposition 4]

EndA+M ∼= EndA+I ∼= C,

and hence
EndA+D ∼= EndA+M r ∼= Mr(C)

but Mr(C) ∼ Mn(C) ∼= A+ in the Brauer-Wall group BW(k), therefore

EndA+D ∼ A+

in the Brauer-Wall group BW(k).

Now, dimk EndA+D = dimk Mr(C) = r2 dimk C , and

dimk A+ = n2 dimk C = dimK D⊗̂KD

= [
1
2

dimk M r]2

=
1
4
r2(dimk M)2, since M ∼= I

=
1
4
r2(dimk I)2

=
1
4
r2(n dimk C)2

=
1
4
r2n2(dimk C)2.

Therefore, n2 dimk C = 1
4
r2n2(dimk C)2 which implies that 4 = r2 dimk C , and hence dimk EndA+D = 4, thus

EndA+D has dimension 4 over k .
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For ξ ∈ K multiplication by ξ is a A+ -supermodule endomorphism on D . This gives an inclusion
K ⊆ EndA+D . �

4. Existence of superinvolutions of the second kind

In this section we investigate the existence of superinvolutions of the second kind on the division super-
algebra D, where D1 �= {0}. Then we generalize the method due to Riehm (see [4], [6]and [9]) which improves
on Albert’s original approach to the superalgebra case, to formulate the existence criterion of superinvolutions
of the second kind.

Remark 1 (1) For γ ∈ k× a 4-dimensional k -superalgebra with a trivial grading Q = Q0 = K + Ku with

u2 = γ ∈ k× and uxu−1 = x for all x ∈ K , where α + βλ = α − βλ ∀α, β ∈ k (if Char(k) �= 2) and

α + βλ = α + β(λ + 1) ∀α, β ∈ k (if Char(k) = 2), is a quaternion algebra over k which splits over k if and

only if γ ∈ N(K×). See [6, Theorem 8].

(2) H = K + Ku , with H0 = K , H1 = Ku and u2 = γ ∈ k× and with uxu−1 = x for all x ∈ K is a
quaternion division superalgebra over k , which does not split over k .

(3) By Lemma 3.2 EndA+D is either a quaternion central division superalgebra with nontrivial grading
or a quaternion central division superalgebra with a trivial grading over k .

If B a superalgebra and J is a superantiautomorphism on B , then J2 = ψbδ for some bδ ∈ B×
δ if for any

xα ∈ Bα

J2(xα) = (−1)αδbδxαb−1
δ .

Lemma 4.1 Let D be a division superalgebra over K of even or odd type with D1 �= {0} , and let J be a

K/k -superantiautomorphism on D such that

J2(xα) = (−1)αδbδxαb−1
δ ,

where bδ ∈ Dδ , and let A := D⊗̂KD . Then one and only one of the following cases occurs:

(1) Either J2 = ψb , with b ∈ D0 . In this case A+ ∼ Q in the Brauer-Wall group BW(k) , where

Q = Q0 = K + Ku is a quaternion algebra over k with u2 = J(b)b ∈ k× and uxu−1 = x for any x ∈ K .

(2) Or J2 = ψb , with b ∈ D1 . In this case A+ ∼ H in the Brauer-Wall group BW(k) , where
H = K + Ku, H0 = K, H1 = Ku is a quaternion central division superalgebra over k .

Proof. We already know that EndA+D is either a quaternion central division superalgebra or a quaternion

algebra with trivial grading over k . Let J2 = ψbδ , with bδ ∈ D0 ∪ D1 . For any xα ∈ Dα ,

J3(xα) = J(J2(xα)) = J((−1)αδbδxαb−1
δ )

= (−1)αδ(J(bδ))−1J(xα)J(bδ),
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but also J3(xα) = J2(J(xα)) = (−1)αδbδJ(xα)b−1
δ , so

J(xα) = J(bδ)bδJ(xα)(J(bδ)bδ)−1.

Thus J(bδ)bδ ∈ Z(D) ∩ D0 = K, and it is fixed by J , therefore, J(bδ)bδ ∈ k× .

Now consider the k -linear map f : D → D given by f(xα) = (−1)αδJ(xα)bδ for any xα ∈ Dα . The map
f is even or odd according to bδ being even or odd.

For any a ∈ K, xα ∈ Dα ,

f(axα) = (−1)αδ J(a)J(xα)bδ = (−1)αδ aJ(xα)bδ = af(xα)

which implies that fa = af for all a ∈ K , and

f2(xα) = f(f(xα)) = f((−1)αδJ(xα)bδ)

= (−1)αδf(J(xα)bδ)

= (−1)δJ(J(xα)bδ)bδ

= (−1)δ+αδJ(bδ)J2(xα)bδ

= (−1)δJ(bδ)bδxαb−1
δ bδ

= (−1)δJ(bδ)bδxα

so f2 = l (−1)δJ(bδ)bδ
and the algebra over k generated by K and f is K +Kf , which is a quaternion ungraded

algebra if bδ is even (δ = 0), or a quaternion superalgebra with even part K if bδ is odd (δ = 1). It remains
to show that f ∈ EndA+D. For any homogeneous elements xγ , aα , cβ in D ,

f(xγ · (aα ⊗ cβ + (−1)αβcβ ⊗ aα)) = f((−1)αγJ(aα)xγcβ + (−1)(α+γ)βJ(cβ)xγaα)

= (−1)δ(α+γ+β)((−1)αγJ(J(aα)xγcβ)bδ

+ (−1)(α+γ)βJ(J(cβ)xγaα)bδ)

= (−1)δ(α+γ+β)((−1)β(α+γ)J(cβ)J(xγ)J2(aα)bδ

+ (−1)αγJ(aα)J(xγ)J2(cβ)bδ)

= (−1)δ(α+γ+β)((−1)β(α+γ)+δαJ(cβ)J(xγ)bδaα

+ (−1)αγ+βδJ(aα)J(xγ)bδcβ)

= (−1)β(α+γ+δ)(J(cβ)((−1)δγJ(xγ)bδ)aα)

+ (−1)α(δ+γ)(J(aα)((−1)δγJ(xγ)bδ)cβ)

= f(xγ) · ((−1)αβcβ ⊗ aα) + f(xγ) · (aα ⊗ cβ)

= f(xγ) · (aα ⊗ cβ + (−1)αβcβ ⊗ aα).

Since the elements aα ⊗ cβ + (−1)αβcβ ⊗ aα span A+ , we conclude f is in EndA+D , which implies

that K + Kf ∼= EndA+D ; and, since by Lemma 3.2, EndA+D ∼ A+ , then K + Kf ∼ A+ . �
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Next theorem is the generalization of Albert-Riehm Theorem to the supercase. Let D be a central division
superalgebra of any type with nontrivial grading over K . Let K = k(θ) be a separable quadratic field extension

over k with Galois group Gal(K/k) = {1, σ} and θ2 ∈ k−k2, σ(θ) = −θ (θ2 ∈ k/{α+α2 | α ∈ k} , σ(θ) = θ+1

if Char(k) = 2). Then we get the following theorem.

Theorem 4.2 Let D be a central division superalgebra over K with D1 �= {0} . Then D has a K/k -

superinvolution (a superinvolution of the second kind) if and only if A+ ∼ 1 in the Brauer-Wall group BW(k) ,

where A := D⊗̂KD .

Proof. First we assume that J is a K/k -superinvolution on D . Clearly J2 = ψ1 . By Lemma 4.1, A+ ∼ Q

in the Brauer-Wall group BW(k), where Q = Q0 = K + Ku , with u2 = J(1)1 = 1, but Q splits over k ,

therefore A+ ∼ 1 in the Brauer-Wall group BW(k).

Conversely, suppose that A+ ∼ 1 in the Brauer-Wall group BW(k). Then K⊗kA+ ∼= D⊗̂KD splits over

K , since A+ ∼ 1 in the Brauer-Wall group BW(k). Hence D◦ ∼= D . Let J be a K/k -superantiautomorphism

on D , since A+ ∼ 1 in the Brauer-Wall group BW(k), then by Lemma 4.1, J2 = ψb , where b ∈ D0 . Moreover,

we may assume that J(b)b = 1 (because the fact that A+ ∼ 1 in the Brauer-Wall group BW(k) implies that

there is an element λ ∈ K such that J(b)b = λλ and we may change b with λ−1b). If b = −1, we have finished.

If b �= −1, then the map I = ψ(1+b)−1 ◦ J is a K/k -superinvolution on D . �

For central division superalgebra D of odd type we have the following easier criterion for the existence of
superinvolutions of the second kind than the general one in terms of corestriction.

Theorem 4.3 Let D = D0 + D0v be central division superalgebra of odd type over K , where v ∈ Z(D) ∩ D1 .

Then D has a K/k -superinvolution if and only if both Z(D) = K + Kv and D0 has K/k -superinvolutions.

Proof. If Z(D) = K + Kv has a K/k -superinvolution J1 and D0 has a K/k -superinvolution (K/k -

involution) J2 , then J1 ⊗ J2 is a K/k -superinvolution on D = Z(D) ⊗K D0 .

Conversely, if J is a K/k -superinvolution on D , then J |D0 is a K/k -involution on D0 and J |Z(D) is a

K/k -superinvolution on Z(D). �

Finally, the following example shows that D⊗̂KD ∼ 1 in the Brauer-Wall group BW(K) (or equivalently

EndKD ∼ 1 in the Brauer-Wall group BW(K)), where D is a central division superalgebra of odd type over

K , is not enough to say that D admits a K/k -superinvolution, but first we need the Skolem-Noether Theorem

for the supercase, which has been proven in my Ph.D. thesis. (See [3, Theorem 2.1.5]).

Theorem 4.4 (Skolem-Noether Theorem) Let B be a central simple superalgebra over the field K ,
and let A be a finite dimensional simple subsuperalgebra over K and containing it. Then any superalgebra
homomorphism f of A into B can be extended to an inner automorphism of B if B is even. If B is odd
then f or fϕ can be extended to an inner automorphism but not both of them, where ϕ : B → B such that

ϕ(bβ) = (−1)βbβ. �

Example 2 Let K = Q[i](
√

2) and let D = KI2 ⊕Ku , where u =
(

0 1
1 0

)
, so u2 = 1. Let J : D −→ D be the
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map defined as follows:

u 
→ iu and α + β
√

2 
→ α − β
√

2 ∀α, β ∈ Q[i].

Then a trivial computation shows that D J≈ D◦
but D does not have a superinvolution of the second kind,

since if D had one (say ∗) then ∃ u′ = γu ∈ D1 such that

(a + bu′)∗ = aJ + bJu′.

Now, ∗J is an automorphism on D , since D is odd, we have by the Skolem-Noether Theorem that ∗J or ϕ ∗ J

is an inner automorphism but not both of them, where ϕ is the sign automorphism.

Case(1): ∗J is inner . So ∃vα ∈ Dα such that

∀a, b ∈ K (a + bu′)∗J = vα(a + bu′)v−1
α = a + bu′ = a + b(u′)J

and hence
(u′)J = u′ = (γu)J = γJuJ = γJ iu = γu

thus, γJ i = γ . If γ = x + y
√

2 ∈ Q[i](
√

2) then

(x − y
√

2)i = x + y
√

2 so x(1− i) = −y
√

2(1 + i)

and therefore
√

2 =
−x(1 − i)
y(1 + i)

∈ Q[i]

(y �= 0, because y = 0 implies that γJ = γ ⇒ i = 1), a contradiction.

Case(2): ϕ ∗ J is inner. So ∃vα ∈ Dα such that

∀a, b ∈ K (a + bu′)ϕ∗J = vα(a + bu′)v−1
α = a + bu′ = a − b(u′)J

therefore
−(u′)J = u′ = −(γu)J = −γJ uJ = −γJ iu = γu

and so −γJ i = γ , if γ = x + y
√

2 ∈ Q[i](
√

2) then (−x + y
√

2)i = x + y
√

2. So x(1 + i) = y
√

2(−1 + i) and
therefore

√
2 =

x(1 + i)
y(−1 + i)

∈ Q[i]

(y �= 0, because y = 0 implies that γJ = γ ⇒ i = −1), a contradiction.
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