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Riesz measures and Wishart laws

associated to quadratic maps

By Piotr GRACZYK and Hideyuki ISHI

Abstract. We introduce a natural definition of Riesz measures and
Wishart laws associated to an Q-positive (virtual) quadratic map, where
Q C R" is a regular open convex cone. We give a general formula for
moments of the Wishart laws. Moreover, if the quadratic map has an
equivariance property under the action of a linear group acting on the
cone {Q transitively, then the associated Riesz measure and Wishart law
are described explicitly by making use of theory of relatively invariant
distributions on homogeneous cones.

81. Introduction.

Riesz measures and distributions on convex cones form one of fundamental tools
of harmonic analysis and of the theory of the wave equation, cf. [4] in the case of
symmetric cones and [6], [II] for homogeneous cones. Moreover, exponential fam-
ilies generated by Riesz measures are composed of Wishart laws and are of great

significance in random matrix theory and in statistics.

Wishart laws are probability distributions on symmetric or Hermitian matrices
with very important applications in multivariate statistics. Their role in statistics
is due to two reasons:

— they are probability distributions of the maximum likelihood estimator(MLE)
of the covariance matrix in a multivariate normal sample ([20], [I]).

— in Bayesian statistics, Wishart laws form a Diaconis-Ylvisaker family ([3]) of
prior distributions for the covariance parameter in a covariance selection model
().

On the other hand, recent developments in random matrix theory of chiral Gauss-
ian ensembles containing Wishart laws, are intense and motivated by applications
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in mathematical physics, cf. [16] and references therein.

These numerous modern applications of Wishart laws make it necessary to de-
velop the theory of Wishart laws and Riesz measures on more general cones than
in the classical case of the symmetric cones of real symmetric or complex Hermit-
ian matrices. For example, in an r-dimensional Gaussian model X, if the marginal
variables X; and X; are known to be conditionally independent given all the other
variables, the statistical analysis of the covariance matrix of X must be done on
the cone P of positive definite symmetric matrices ¥ with Y;; = Y;; = 0 and on
its dual cone Q ([I9]). The cones P and Q are usually no longer symmetric. This
led to some important papers in recent statistical and probabilistic literature about
Wishart laws on more general cones: homogeneous cones ([1]) or cones related to
graphical models ([19]). In these papers, Wishart laws are introduced via their den-

sity functions (see Section 3.8).

In our paper we construct and study Riesz measures and Wishart laws on regular
convex cones via quadratic maps. For a regular open convex cone €2 C R™ and
an {)-positive quadratic map g : R™ — R", the Riesz measure associated to ¢ is
defined as the image of the Lebesgue measure dx on R™ by ¢. Wishart laws studied
in this paper are obtained from R™-valued normal random vectors X as the law
of Y := ¢(X)/2. This is a classical natural approach to Riesz measures ([4]) and

Wishart laws ([20],[4]) and we propose to extend it to a much more general setting.

In Section 2 of the paper we explain the details of the quadratic construction
of Riesz measures on regular convex cones and next we define the corresponding
Wishart laws. We compute their Laplace transforms, what is the starting point
to get formulas for their expectation, covariance and higher moments (Theorems
and [26]). More general Riesz and Wishart distributions associated to wvirtual
quadratic maps are introduced in Section 2.3. Moments formulas are generalized
(Theorem [2.9)). Group equivariance of Wishart laws is studied at the end of the
section.

Section 3 of the article is thoroughly devoted to the case when €2 is a homogeneous
cone and the quadratic map ¢ is homogeneous. A crucial role in the analysis of
these maps and of related Riesz measures and Wishart laws is played by a matrix

realization of any homogeneous cone, coming from [I4] and explained in Section 3.2.



It allows, among others, to define basic and standard quadratic maps in Sections
3.3 and 3.4. They play a role of generators for homogeneous quadratic maps ¢
needed to construct all Riesz measures and Wishart laws on ). Next we apply the
results of [I1] on Gindikin-Riesz distributions on €2 and on the orbit decomposition
of Q, the closure of . We explain the relation between Riesz measures related to
homogeneous quadratic maps and the Gindikin-Riesz distributions on €2 (Theorem
B9). In Section 3.7, we prove the Bartlett decomposition for the Wishart laws on
homogeneous cones (Theorems B.11] and B.13).

Families of Wishart laws that we construct and study in Section 3 comprise
Wishart distributions studied in papers [I] and [19] (homogeneous case) and are
significantly bigger: we describe all singular Wishart laws and many more abso-
lutely continuous Wishart laws than in papers [1] and [19]. For the symmetric cone
case, our Wishart laws cover the ones studied in [10] as well. All the results of

Section 2 apply to them, in particular the formulas for the moments.

Throughout the paper and from its very beginning all our concepts are illustrated
on important examples, including a non-homogeneous cone (Example 1 Section 2),
symmetric cones of positive definite real symmetric matrices I, (Example 2 Section
2), 4-dimensional Lorentz cone(Example 5 Section 3), and non-symmetric but ho-

mogeneous Vinberg cone and its dual(Example 3 Section 2).

Acknowledgement. We thank Professors Gerard Letac and Yoshihiko Konno for

discussions on the topic of the article.

§2. Riesz measure and Wishart law on a convex cone.

2.1. Regular cones and quadratic maps. In this paper, an open convex cone
Q) C R" is always assumed to be regular, that is, 2 N (=Q) = {0}, where Q denotes
the closure of 2. Then the dual cone Q* := {n € (R")*; (y,n) > 0 (Vy € Q\ {0}) }
is a regular open convex cone again in the dual vector space (R™)*, and we have
()" = Q. An R"-valued quadratic map ¢ : R™ — R" is said to be Q-positive if
(i) ¢(z) € Q for all x € R™, and (ii) q(x) = 0 implies z = 0. These (i) and (ii) are
restated in a single condition g(z) € '\ {0} (Vo € R™\ {0}). For the quadratic
map ¢, we define the associated linear map ¢ = ¢, : (R")* — Sym(m,R) in such a
way that

fzo(n)e = (q(x),n)  (n€R")", z€R™).



Then the Q-positivity of ¢ is equivalent to the following property of ¢:
(2.1) n € Q" = ¢(n) is positive definite.

Example 1. Let Q be the open convex cone in R? defined by

0 1 1 0
Q= tl 0 +t2 0 —|—t3 1 —|—t4 1 3 tl, tQ, tg, t4 >0
1 1 1 1
Y1
(2.2) = o | ER* ;41 >0, 42 >0, —y1 +y3 >0, —ya+y3 >0
Y3

If we identify (R3)* with R? by (y,n) := yim1 + vame + 303 (y,n € R?), we have

1 0 —1 0
= ti 10 +ta | 1| +13 0 +t4 | —1 ; 11, Lo, T3, T4 > 0
0 0 1 1
T
= m | €ERY ;s >0, m+m3 >0, m+n+mn>0, m+n>0 7,
13

0 1 1 0
qz) = (x)* [0 ] +(@)? [0 +(a3)* [ 1] 4+ (z4)?* | 1 (x € RY).
1 1 1 1

0 0
0 0
0 0 T + 12+ 13 0
0 T2 + 13

(n € (R?)").

Example 2. Let II, be the set of positive definite real symmetric matrices of size

r. Then II, is a regular open convex cone in the vector space Sym(r,R) of real

symmetric matrices. If we identify the space Sym(r,R) with its dual vector space

by the inner product (y,n) := tr(yn) (y, n € Sym(r,R)), then the dual cone II*

coincides with II,. We define ¢, : Mat(r, s;R) — Sym(r,R) by

¢s(r) =2z (x € Mat(r, s; R)).



Then ¢, , is II,-positive. We denote the (i,j) component of x € Mat(r,s;R) by
Tp(j—1)+i, S0 that Mat(r, s; R) is identified with R™. Then we have for € Sym(r, R)

o(n) = € Sym(rs,R),
Ui

where 71 is put s times. In this case, the map ¢ : Sym(r,R) — Sym(rs,R) is a
Jordan algebra representation, and ¢ is exactly the quadratic map associated to the
representation ([4, Chapter IV, Section 4]).

Example 3. Let Z be a subspace of Sym(r,R), and put P := Z N 1Il,. Then P
is a regular open convex cone in Z. Let Q C Z* be the dual cone of P. We shall
construct a Q-positive quadratic map gz : R" — Z* whose associated linear map
¢z : Z — Sym(r,R) equals the inclusion map. Let us define the surjective linear

map 7z« : Sym(r,R) — Z* by
(y,m2-(5)) :=tryS  (y€ 2, S€Sym(r,R)).

Then the quadratic map gz : R” — Z* is given by ¢z(z) := nz«(2'z) (z € R"). In
fact, for z € R\ {0} and y € P we have

(2.3) (y,92(7)) = tr (ya'z) ="vyz > 0

because y is positive definite. Therefore we get gz(x) € Q \ {0}, so that ¢z is Q-
positive. Keeping the natural isomorphism (Z*)* ~ Z in mind, we see from (23]

that ¢z(y) =y (y € Z). Soon later, we shall consider the cases

yu 0 0
(2.4) Z = 0y Y32 | €Sym(3,R); i1, Y2, Y32, Y33 € R
0 w32 wss
and
yin 0 s
(2.5) Z = 0 w22 ys2 | €Sym(3,R); i1, Yo1, Y31, Yoo, Y3z € R
Y31 Y32 Y33

as concrete examples. Actually, in the latter case (2.3]), the cones Q and P are called
the Vinberg cone and the dual Vinberg cone respectively, which are the lowest dimen-
sional non-symmetric homogeneous cones ([23]). We shall see another realization of
the Vinberg cone @ in (3.6) and the last paragraph of Section 3.3.



Let I = {iy, i9,...,i1} be asubset of {1,... 7} with 1 <i; <iy < -+ <1 <,
and define

(2.6) Rl:={zeR;z;,=0ifig¢ I}.

We denote by ¢% the restriction of ¢z to the space R C R". Clearly ¢% : R — Z*
is Q-positive. The associated linear map (;Sqé : Z — Sym(k, R) gives a submatrix of
elements y € Z, that is, ¢, (y) = (y;,,,), Which we denote by y;.

2.2. Riesz measures and Wishart laws associated to quadratic maps. For
a regular open convex cone €2 C R™ and an (2-positive quadratic map ¢ : R™ — R",
let 1, be the image of the Lebesgue measure dz on R™ by ¢. Namely, the measure

g on R™ is defined in such a way that

(2.7) . f(y) pg(dy) = - flq(x)) dx

for a measurable function f on R™. The Q-positivity of ¢ implies that the support
of p, is contained in the closure Q of the cone 2. By analogy to [4, Proposition

VIL.2.4], we call u, the Riesz measure associated to .

Lemma 2.1. Let ¢ : (R")* — Sym(m,R) be the linear map associated to q.
Then, for n € ¥, the Laplace transform L, (— f e~y (dy) of g equals
w2(det 6 7)) 1.

Proof. By definition, we have L, (—n) = [q.. e~ *"W%dz. Since ¢(n) is positive

definite, the assertion follows from a formula of the Gaussian integral. U

Definition 2.2. The members of the exponential family {v,¢}gec_q+ generated by
tt, are called the Wishart laws on € associated to q. Namely,
e(v:0)

(2.8) Yeo(dy) = (0

te(dy)  (y € R").

Remark 2.3. By (2.7), (2.8]) and Lemma 2.1 we have for a measurable function f

on R"

[ atdy) = w7 2(dens(=0)"2 [ fla@))e 0 da



Putting ¥ := ¢(—0)~! and replacing the variable z by 2/v/2, we rewrite the right-
hand side as

(271’) m/2(detz 1/2/ f /2) —tz¥- 1x/2d

Therefore, if X is an R™-valued random variable with the normal law N (0, ¢(—60)~1),
then -, is nothing else but the law of Y := ¢(X)/2. In particular, the classical

Wishart law as defined in [20, Definition 3.1.3] coincides with our -, in Example
2.

Proposition 2.4. Let Y be an R"-valued random variable with the Wishart law vq.6.
Then the Laplace transform L ,(n) = E(eY) of v, is given by

Ly, (1) = det(L + ¢(=0) "' ¢(—n)) "1/
forn e —0 —Q*.
Proof. By definition, we have L, ,(n) = L,,(0)"'L,,(n+ ). Thus the formula

follows from Lemma 2] and the observation that (det ¢(—60))~!det ¢p(—n — 0) =
det (¢(—0)""(¢(=0) + &(—n))) = det(Ln, + S(=0) "o (—n)). [

We shall consider the mean and the covariance of the Wishart law ~,¢. First
we fix a notation for the directional derivative of a function, and recall some basic
formulas. For a (vector-valued) function f on a domain U C RY, a point a € U
and a vector v € RY, we denote by D,f(a) the directional derivative of f at a
given by D, f(a) := (4)4—of(a + hv). Now we consider some functions and their
derivatives on the domain —II,,, in the vector space Sym(m,R). First we set f(x) =
logdet(—z) € R for # € —II,,. Then we have

(2.9) D,f(a) = —tr
Next we observe the case f(x

(
(2.10) Dy f(a) = (—a)”

Theorem 2.5. Let Y be an R"-valued random variable with the Wishart law ~q.
(i) Forn € (R™)*, one has

E((Y,n)) = tro(=0)""o(n)/2.
(ii) Forn,n" € (R™)*, one has

E(((Y.n) = M)((Y.') = M) = tr 6(—0) " d(n)o(—0) "6 (n') /2,
where M := E((Y,n)) and M' := E((Y,n')).

(—a)'v (a € —II,, veE Sym(m,R)).
) = (—z)~! € Sym(m,R) for z € —II,,. Then
(—a)™" (a € I, v € Sym(m,R)).



Proof. Since {7, }oc—q- is the exponential family generated by 1, it is well known
([18]) that the mean E((Y,n)) is given by the derivative D, log L, (#), while the co-
variance E(((Y,n) — M)((Y,n') — M')) equals D, D, log L,(6). Thus the formulas
follow from Lemma 1] ([29) and ([ZI0) because ¢(0) € —II,,,. O

Let us discuss higher moments of the Wishart law v,4. The computation is
reduced to the derivations of the Laplace transform L, (6) = 7™/2(det ¢(—0))~'/2.
Namely we have for ny,...,ny € (R")*

D

BN Yo . (Vo) = 2D Do Ly, (6)

Luq(é’)
On the other hand, if f(z) = det(—x)~? for x € —II,,, where p is a real constant,

the derivative D, D,, ... D,, f(a) (a € —Il,,, vy,...,vy € Sym(m,R)) is given in
[8, Lemma 5]. We review the formula briefly. For an element 7 of the symmetric
group Sy, we write C(m) for the set of cycles of 7. For y € II,,,, we denote by 7,(y)

the multilinear form of vq,..., vy given by
rr(y)(v1, ... UN) = H tr(H yvj>.
ceC(m) jEc
Then we have

DleU2 - 'Dva(a) - f(a') ' Z pﬁC(ﬂ)TW((_a)_l)(Ula cee >'UN)>

TeEGN

which is deduced from ([29) and (ZI0) by induction (see [§]). Making use of the

formula, we obtain

Theorem 2.6. Let Y be an R"-valued random variable with the Wishart law 4.
Formny, may...,nn € (R™)*, one has

BQYm) o) (Vo) = 32 (5)Dra(0(-0))(00m). 60m). . ()

TEGN
1
= Z (2)ﬂC H tr(Hﬁb 1¢ 77) )
TEGN ceC(m) j€c

2.3. Wishart laws associated to virtual quadratic maps. We shall consider
virtual quadratic maps, that is a formal linear combination’ of quadratic maps,
and the associated Wishart laws. First we introduce the notion of direct sum of
quadratic maps. Let ¢; : R™ — R" (i = 1,...,s) be Q-positive quadratic maps.
Then the direct sum ¢ = ¢ & ¢ b --- P ¢s is an R"-valued quadratic map on



R™ @ R™ @ --- & R™ given by
q(z) = q(z1) + g2(2) + - - + gs(z5) (x => @, € Rm>
=1

It is easy to see that ¢ is also Q-positive. If ¢y = ¢o = - - - = g5, then the direct sum
q is denoted by ¢°.

The linear map ¢ : (R")* — Sym(m,R) (m := Y ;_, m;) associated to the direct
sum g = > ¢; is given by

¢1(n) )
P21 nys
(2.11) o(n) = . (n € (R")).
s(n)

Conversely, if a symmetric matrix ¢(n) is expressed by ¢1(n), ..., ¢s(n) as above for
all n € (R™)*, then the corresponding quadratic map ¢ is the direct sum of ¢, . . ., gs.
In Example 1, the quadratic map ¢ : R* — R3 is the direct sum of 4 quadratic maps
¢ :R3x— 2%, eR® (i =1,...,4), where

0 1 1 0
vi: =10, vu=1(0], vy=1[1|, @u:=|1
1 1 1 1

In Example 2, we see that g, , : Mat(r, s; R) — Sym(r, R) is naturally identified with
qf?f . In Example 3 with Z given by (2.4]), we have gz = q:{Zl} & q:{ZZ’?’}, while we do
not have such a decomposition for the case (Z3]).

Let ¢; : R™ — R"™ (i = 1,2) be Q-positive quadratic maps, and ¢ the direct
sum ¢q; @ g2. Then it is easy to see that the measure j, equals the convolution
[qy * figy- Thus, for 0 € —Q* we have L, (0) = L, (0)L,,, (0) and 740 = V4,0 * Vgu.0-

In general, if we set ¢ = ¢ @ ¢5°* @ --- @ ¢* for Q-positive quadratic maps

gi: R™ — R" (i =1,2,...,t) and positive integers sy, Sa, ..., S, then we have
t
(2.12) Ly, (0) = [[ L. (0) (6 € —").
i=1

Now we remark that, even though s;’s are not positive integers, there may exist
a positive measure 1, on Q for which the relation [ZIZ) holds. In general, for real
numbers sy, . . ., s,, we shall call a formal sum q = ¢ © 5> - - - © ¢ a virtual Q-
positive quadratic map. The measure p, satisfying (2.12)) is called the Riesz measure
associated to q. By the injectivity of the Laplace transform, the associated Riesz
measure i, is unique if it exists. In this case, the Wishart laws v, (0 € —Q*) are

defined again as members of the exponential family generated by 1.



10

Proposition 2.7. Let ¢; : R™ — R™ (i = 1,...,t) be Q-positive quadratic maps.
Assume that there exists a measure ji, associated to the virtual quadratic map q =
@ @D g for certain si,..., s € R. Let Y be an R"-valued random variable
wzth the Wishart law ~qe. Then the Laplace transform L, ,(n) = E(e™) of the
law 4.0 is given by

t

Ly,o(n)= H L, ,(n)% = H det (L, + di(—0) " ps(—n)) =/

i=1 i=1

forn e —0 — Q.

Proof. We have L, ,(n) = L,,(6)""'L,,(n+ ) by definition, and the right-hand

side equals [T, (L., (0) ' Ly, (n+6))™ by @ID). Since Ly, ,(n) = L,,,(0) "Ly, (n +
0), we obtain the first equality. The second equality follows from Proposition24 [

Since we see immediately from ([2.12) that

t
log L, (0) = Z s;log L, (0)

the virtual versions of Theorem is given as follows:

Proposition 2.8. Under the same assumption of Proposition[2.7, one has
(i) BU(Y,n)) = Xoi_y sitr ou(—=0) " ¢i(n)/2 for n € (R™)",

(it) E(((Y,n) — M)(Yorr) — M) = 20 sitr di(—0) " di(n)di(—0) " ¢i(0) /2 for
n,n" € (R")*, where M := E({Y,n)) and M’ := E({Y,n')).

As for higher moments, we generalize the formula in Theorem as follows:

Theorem 2.9. Under the same assumption of Proposition[2.7, one has

E((K 771><Y7 7]2) ce <Y7 nN))

(2.13) - Z )i H){isﬁr(ﬂcbz )i m))}

TeGN ceC(m =1 Jj€c

formi, na, ...,y € (R™)*.

Theorem 2.9 easily follows from Theorem 2.6l when sy, ..., s; are positive integers,

that is, ¢ is a true quadratic map. Indeed, we can consider the associated linear
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map ¢ = ¢, in this case, and we have

tr(H o(—=0)""o(n; ) Zsztrﬂ_[ di(—0) " i m))

jec
by virtue of (ZI1]). To prove (2I3]) for general case, it is enough to verify that the
quantity E((Y,n1){(Y,n2) ... (Y,nn)) is a polynomial of sq,...,s,;. For this purpose,
we make some calculations involving the semi-invariants or the cummulants (cf.
[18]).
For n € (R")*, § € —Q* and a positive integer k, we denote by Si(0;7) the k-th
derivative of log L, () in the direction n:
dk
Si(bsm) = (D,)"log L, (6) = () 1og Ly, (6.4 hn).

Similarly to Proposition 2.8 we get

(2.14) S0 ) = F= ! Zsﬂr(@ o)

On the other hand, since the function L, (¢) is analytic, we have

log L,,, (0 + hn) = log L, (0) + Z FSk(G; n).

Taking the exponential, we have

L,,(0+hn)=L,,(0)exp (Z h_!Sk(9§ 77))
(2.15)

Let Y be an R"-valued random variable with the Wishart distribution ~,¢. Then

we have

By = Pl
so that
(2.16) Ly (04 i) = L, (0) > < E(Y.m)™).

Comparing the coefficients of 1"V in ([ZI5]) and (2I0), we obtain

N

1 N!
E(Y,m)") = il > mskl(e;ﬁ)skz(e;ﬁ) .Sk, (05 m).

/=1 kitkot-+ke=
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Substituting (2.14]) to the equality above, we obtain a formula for the higher mo-

ments.

Proposition 2.10. One has

(2.17)
N 4 t

B =5 Y e I T u o am)”).

/=1 k1+kot-+ko= Jj=1 =l
The moments E((Y, )Y, n2) ---(Y.nn)) (1,...,nn € (R™)*) can be obtained

now by polarization, so that it is a polynomial of sq,...,s;. Hence the proof of
Theorem is completed. We note that (2I3) with 7, = --- = gy = n becomes

(2I7), which means that Proposition 2.I0] together with the polarization process
also yields Theorem [2.9]

2.4. Group equivariance of the Wishart laws.  Let G(2) be the linear auto-
morphism group { g € GL(n,R); g2 = Q} of Q. For an Q-positive quadratic map
q:R™ = R" and g € G(Q2), the quadratic map goq : R™ — R" is again {2-positive.

It is easy to see that the Riesz measure fi4o, is the image of p, by g, that is,

(2.18) Hgoq(A) = p1g(g7" A)

for a measurable set A C R". Let us discuss the Wishart laws 7,54 for 0 € —Q*.
For n € (R™)*, we denote by g*n the linear form nog € (R™)*. If n € QF, then
g*n € Q* because (y,g*n) = (gy,n) > 0 for y € Q\ {0}. We observe

(2.19) L,.(g"0) :/ o((@),970) g0 — / e(9°4(@).0) 1, — Ly,.,(0).

Therefore, denoting by 1,4 the characteristic function of a measurable set A C R",

we have
1 o
Vgoq.0(A) = m/ la(go q(x))ew a(2):0) ]
(220) l‘goil
= T 1,1 <q(x)7g*9>d — . _1A .
L,,(g%0) /Rm gala(x))e T =Y5470(9 )

We restate ([2:20) as follows.

Lemma 2.11. Let g be an element of G(). If a random wvariable Y obeys the
Wishart law g0, the law of gY 18 Ygoq, (9-1)<0-

Let ¢; : R™ — R™ (i =1,...,t) be Q-positive quadratic maps, and ¢ the virtual
quadratic map ¢ @ --- @ ¢ with s1,...,s, € R. Then we define g o ¢ to be the
virtual quadratic map (g o q1)®" @ --- @ (g o q)¥*.
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Proposition 2.12. If the Riesz measure i, exists, then the Riesz measure [i40q €x15ts

and equals the image of p, by g. Moreover Ygoq (g-1y+0 15 the image of v,9 by g.

Proof. Let y be the image of u, by g. For § € —Q*, we have
(2.21) LM/(Q) — / €<y’€>,u/(dy) _ / e<gy’9>uq(dy) — / 6<y’g*€>uq(dy) — L, (g70).

By (1) and (ZI9), the last term equals [[_, L,.(¢*0)% = [['_, Ly, (0)%. Thus
we get L (0) =[], Lyjiyoq, (0)*" which means p' = ig0, by 2.12).

Let ' be the image of 7,9 by g. Similarly to (2.2I)), we have L./(n) = L,_,(g™n)
for n € —(g71)*0 — Q*, while Ly go1yee(M) = Ln, o(g"n) by Lemma 2TTl On the
other hand, we see from Proposition 2.7 that

t

t
L'Yq,Q (g*n> = H L“/qi,e (g*n)sl = H LVquiy(gfl)*g(TI)& = L“/goq7(gf1)*9(77)'
i=1

i=1
Thus we get L./(n) = L, . (971)*9(77), so that 7' = 74eq,s-1)¢ by the injectivity of

the Laplace transform. O]

Let Aut (2, q) be the set of pairs (g1, g2) € G(2) xGL(m, R) for which g;0q = gogs.
Then Aut (£, ¢) forms a Lie subgroup of GL(n,R) x GL(m,R), and we have a group

homomorphism
pri s Aut(§2,q) 3 (g1, 92) = g1 € G(Q).

The condition (g1, g2) € Aut(€2, q) is also equivalent to

(2.22) Gq(gin) = "gadg(n)g2 (0 € (R™)).
Then we obtain
(2.23) det ¢4(gin) = Cdet g4(n) (n € (R™)")

with C' = (det g2)?, which means that det ¢,(n) is a relatively invariant polynomial
on (R™)* under the contragredient action of pri(Aut(€2,¢q)). The following proposi-
tion describes a transformation rule of the family of the Wishart laws {v,¢}ge_q-

under the group pri(Aut(€2, q)).

Proposition 2.13. For a measurable set A C R™ and (g1, g2) € Aut(€,q), one has
(i) qu(gl_lA) = [gr0q(A) = | det g2|_1:uq(A);
(ii) Vq,gfe(A) = %,9(9114)-
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Proof. (i) Because of (218]), we only have to show the second equality. By
definition, we have

o) = [ Lalgroa@)do = [ 1a(gogula)) da

m

Putting 2’ = gox, the last term equals

IMM*/LMWWWﬂ®mPMW7

whence (i) follows.
(i) By ([220), we get for y € R™

e(gly7€>

WNQ1OQ(gldy)a

Ya,g:0(AY) = Ygr0q.0(91dy) = 7
Hgqoq

Since fig,0 = | det ga| ', by (i), the last term equals
elg1v,0)
‘ det g2|_1L“q

Hence (ii) is verified. O

G | det go| g (91dy) = Yy 0(g1dy).

83. Homogeneous Case.

3.1. Homogeneous quadratic map. An Q-positive map ¢ : R™ — R" is said
to be homogeneous if, for any y, y' € €, there exists (g1, ¢92) € Aut(€2,q) for which
g1y = y'. In other words, ¢ is homogeneous if pri(Aut(g, 2)) acts on Q transitively.
In this case, §2 is clearly a homogeneous cone, that is, a linear group on R" acts on
the cone () transitively. Then the dual cone Q* C (R™)* is also a homogeneous cone
on which the group pri(Aut(q,(2)) acts transitively by the contragredient action
([23]). We see from (2.1]) and (2.22) that the quadratic map ¢ is homogeneous if and
only if the associated linear map ¢, : (R")* — Sym(m,R) is a representation of the
dual cone ©Q* in the sense of Rothaus [22] (see also [15]).

A typical example of a homogeneous cone is 11, C Sym(r,R). For A € GL(r,R),
we denote by p(A) the linear map on Sym(r,R) defined by p(A)y := AytA (y €
Sym(r,R)). Then the group p(GL(r,R)) acts on II, transitively. Moreover, the
linear automorphism group G(II,) equals p(GL(r,R)). We see that the quadratic
map ¢.s : Mat(r,s;R) — Sym(r,R) in Example 2 is homogeneous. Indeed, we
have a surjective homomorphism GL(r,R) x O(s) 3 (A, B) — (p(A), 7.5(A, B)) €
Aut(IL,, ¢, 5), where 7, s(A, B) is a linear map on Mat(r, s; R) given by 7, s(A4, B)x :=
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ArB~' (z € Mat(r,s;R)). Thus we have pri(Aut(g.s,I1,)) = p(GL(r,R)), which
acts on II, transitively.

For a subset I C {1,...,r}, we denote by ¢’ the restriction of ¢.; : R —
Sym(r,R) to the space R C R" defined in (Z6). The map ¢’ coincides with
qL in Example 3 with Z = Sym(r,R). Let us observe that ¢’ is homogeneous in
general. Let P be the linear group consisting of A € GL(r,R) for which AR = R”.

For example, if r = 3, we have

ai; a2 a3

(31) P{l} = A = 0 922 a923 3 A S GL(?),R) y
0 as as
a1y 0 0

(32) P{2’3} = A= 91 Q22 A23 3 A S GL(?),R)

a31 32 33

Since we have a homomorphism P! 3 A — (p(A), A) € Aut(Il,, ¢'), it is enough
to show that p(P!) acts on II, transitively. Put k := #I and take a permutation
matrix wy € &, C GL(r,R) sending RU=F+1-7} onto R!. Then we have P! =

P{T—k—i—l ----- 0 (Al 0 ) . Ay € GL(]{?,]R), Ay € Mat(r —k+1, k’7R) .
Ay Az) 7 Ay e GL(r—k+1,R)

acts on II, transitively. Therefore p(P?) = p(wq)p(PIr—F+1-

II, transitively, so that ¢’ is homogeneous.

Coming back to the examples (B.1)) and [3.2), we note that ¢ = ¢t} @ ¢{>3} is not
homogeneous as IIs-positive quadratic map, while both ¢{"} and ¢*? are. Indeed,
the image of ¢ generates the space Z C Sym(3,R) in (24). Thus, if (¢1,92) €
Aut(Ils, q), then g; must preserve both Z and Il3. Let us take y € 113\ Z. Then ¢,
does not send I3 € I3 to y because I3 € Z. Thus the action of pri(Aut(g, Il3)) on
II5 is not transitive.

On the other hand, if we regard ¢ as a map from R @ R¥3} to Z, then ¢
is a homogeneous P-positive quadratic map, where P := Z N1l,.. In fact, since
(p(A), A) € Aut(qt P) N Aut(¢t?3,P) for A € P N P23} we have p(A) €
pri(Aut(q,P)). Therefore pri(Aut(q, P)) contains a group p(P{ N P123}) which

acts on P transitively.
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In Example 1, the quadratic map ¢ : R* — R? is not homogeneous because £ C R*
in (2.2)) is not a homogeneous cone ([13]).

3.2. Matrix realization of homogeneous cones. In this section, we shall dis-
cuss a homogeneous cone realized as Py = 2y N 1ly with 2, C Sym(N,R) con-
structed from an appropriate system V = {Vj;} of vector spaces in a specific way
explained below, following [I4], section 3.1]. The investigation of such cones is fun-
damental because all homogeneous cones are linearly equivalent to some Py, due to
[14, Theorem D].

Let us take a partition N = ny + ng + --- + n, of a positive integer N, and
consider a system of vector spaces Vi, C Mat(n;, ng; R) (1 < k <1 < r) satisfying
the following three conditions:

(V) AeVy, BeVy,yj=ABeV,;, (1<j<k<i<r),
(V2) AeV;, BeV,,=ABeV;, (1<j<k<li<r),
(V3) AeVyp=A"AecRl, (1<k<li<r).

Let Zy be the subspace of Sym(N,R) defined by

Yip oy oor Yy
=z Yor Yoo Yo Yik = Yirln,, v €ER (E=1,...,7)
L T I Y eVe (1<k<l<r)

Yoo Yo - Y,

We set Py, := Zy, N1ly. Then Py is a regular open convex cone in the vector space
Zy. Let Hy be the group of real lower triangular matrices with positive diagonals,

and Hy a Lie subgroup of Hy defined by

Tn
I T Ty Ty Tk = tolng, te >0 (K=1,...,7)
R 3 Thevn Q<k<I<r)
Trl Tr2 Trr

If T'e Hy and y € Zy, then p(T)y = Ty'T belongs to 2y thanks to (V1)—(V3).
Moreover p(Hy) acts on the cone Py C 2y simply transitively (cf. [I4, Proposition
2.1]).

Keeping (V3) in mind, we define an inner product on the vector space Vi (1 <
k <1 <) by the equality

(3.3) A = (A|A)L, = ||A|*L, (A€ Vy).
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For y,y' € 2y, we set

(3.4) Z Yk, + 2 Z (Yl Vi),

1<k<i<r
where yy and Yy (respectively y;, and Y}}) denote the components of y (respectively
y'). Note that the inner product is not equal to tryy’ unless ny = --- = n, = 1.
By this coupling, we identify the dual space Z;, with Zy,. Let us observe that Iy
belongs to the dual cone P;; of Py, that is,

O<<y7IN>:y11+"'+yrr (yE§V\{0})

Indeed, since each yyy, is a diagonal entry of the non-negative matrix y € Py, \ {0},
we have yg, > 0. Suppose >, Yk = 0. Then yy; = - =y, = 0 and try =
> i kYrr = 0. This together with the non-negativity of y implies y = 0, which is
a contradiction.

For T' € Hy, define p*(T') € GL(Zy) by (y, p*(T)n) = (p(T)y,n) (y, n € Zv). By
[24], we have Py, = { p*(T)In; T € Hy }. Moreover, the map Hy 3T +— p*(T)Iy €
Py is a diffeomorphism. For ¢ = (04,...,0,) € C", we define the one-dimensional
representation y, : Hy — C* by x,(T) = (t11)**...(t,,)*" (T € Hy). Note
that any one-dimensional representation y of Hy is of the form x,, so that x is
determined by the values on the subgroup Ay C Hy consisting of diagonal matrices.

Let us give some examples. When ny = ny = --- = n, = 1 and V, = R for
all 1 < k < [ < r, the conditions (V1)—(V3) are clearly satisfied, and we have
Zy = Sym(r,R) and Py, = II,. For the case r = 3, ny = ny = ng = 1, Vo = {0}
and V31 = V33 = R, the space 2y equals Z in (Z3).

Let usset r=3,n1 =2, no =ng =1,
Vglz{(v 0);UGR}, Vglz{(() v);veR},
and V3o = {0}. Then we have

yiiu 0y O
0 yu 0 w3

35 Z - ; ) ) ) 3 ER
(3.5) v Yor 0 4o O Y11, Y22, Y33, Y21, Y31
0 yn 0 s
and
Py ={y € 2y ; y is positive definite }
(3.6)

={veZv;yn >0 yiyrn— (21)> >0, ynyss — (y1)> >0},
which is exactly the Vinberg cone [24].
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Set r =2, ny =m >1,ny =1 and Vy; = Mat(1,m;R). Then

Y11 U1
2y = - "y, Yoo, U1y, Um ER B
Y11 Um
U1 o Um Y22
(3.7) Pv={y€Zy;yin >0, yriysr — (v1)> — -+ — (v)* >0},

so that we obtain the Lorentz cone of dimension m + 2.

3.3. Basic quadratic maps. Let Wi, (i =1,...,r) be the subspace of Mat(N, n;; R)

consisting of matrices x of the form

On1+~~~+m71,nz‘

Xii Xii = viily,, vy €R
: Xpe€V (l=i+1,...,1))
Xri

For example, when 2y, is the one in ([3.5]), we have

( T11 O
0 zn
W\% = 2o 0 ) T11, Ta1, T3 € R 5
L 0 a3
(/0 0
2 0 3 0
WV: Lo ;I’QQER , WV: 0 ;l’ggER ,
\ 0 T33
while for the case that 2y is the space Z in (2.5)), we have
T11 0
W\% = 0 s, v31 ER 5 W5 = Tog | 3 a2, w32 €ER 5,
T31 T32
0
WS = 0 ; r33 € R
T33

For T € Hy and € Wy, we see from (V1) that Tz € Wy, which defines a
representation 7; : Hy — GL(WJ,). Since W3, C Mat(N,n;; R), we can consider the
restriction ¢, of the IIy-positive quadratic map gy, : Mat(N, n;; R) — Sym(N, R)
in Example 2 to the space W3,. Thanks to (V2) and (V3), we have ¢,(z) = 'z € 2,
for z € Wi,. Then the quadratic map ¢, : Wy, 3 z — z'z € Z, is Py-positive. On
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the other hand, we observe
(3.8) ay(r(T)z) = (T2)(Tx) = p(T)ay(z)  (x € Wy, T € Hy),

which yields the group homomorphism Hy > T +— (p(T),7(T)) € Aut(Py, ¢,). It
follows that the quadratic map ¢, is homogeneous. We call ¢),, . . ., ¢, basic quadratic
maps for Py. Recalling the inner product on Vy, given by ([B.3]), we define an inner
product on the space Wy, via the natural isomorphism

(3.9) Wp=Re Y Vi

I>i

Taking an orthonormal basis of WY, with respect to the inner product, we identify
Wi with R™ | where m(i) := dim Wy,. Then we consider the linear map ¢i, :
2y = 2} — Sym(m(i),R) associated to the quadratic map ¢j,. Note that, if we

write ny; for dimV;,;, we have m(i) = 14 >, ;.

Proposition 3.1. (i) One has
det 7i(T') = Xm@2(T)  (T' € Hy),

where m(i) = (0,---,0,1, 0414, ...,0) €Z".
(ii) Forn = p(T)" In € Py, with T € Hy, one has

det ¢3,(n) = Xum(i) (T).
In particular, (t..)? = det ¢},(n).

i) For 1 <1 < r, there exist integers ci414, - - ., Cr; Such that
( ) ) g +1,2 )

(ti)* = det @, (n) - (det @Y (1)) - - (det ¢, (1))
(n=p"(T)Iy € Py, T € Hy).

(iv) One has Py, = {n € Zy; det¢di,(n) >0 (i=1,...,7) }.

Proof. (i) Since Hy > T +— detr;(T) € C* is a one-dimensional representa-
tion, it is sufficient to check the equality for diagonal matrices T' € Ay. In this
case, the isomorphism ([B9) gives the eigenspace decomposition of 7;(T"), where R
and V); correspond to the eigenvalues t; and t; respectively. Therefore we have
det 7i(T') = tii [ I 1" = X 2(T)-

(ii) Thanks to ([B3)), we have (z|z) = (¢}, (x), Iy), which implies ¢}, (In) = Lng).
Thus we get det ¢},(n) = det ¢}, (p(T)*In) = (det 7:(T))* = Xm(i)(T) by Z22) and
(i).

(iii) We see from (ii) that (¢;;)? = det ¢,(n) - (tir1,i401) " 2"+1 - - - (¢,) "2"%, whence we
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can deduce (iii) recursively.

(iv) It is known ([23, Chapter 3, Section 3] and [6], Section 1]) that a homogeneous
cone is described as the subset of the ambient vector space consisting of points
at which all relatively invariant (appropriately normalized) functions are positive.

Thus the assertion follows from (iii). O

Example 4. Let Py, be the Vinberg cone, that is, Zy is as in (3). Then we have

. T 721 731 , s
dp(n) = ma1 m2 0 |, ou(n) =m0, %1n)=1nss
31 0 ;33

forn € 2. If n = p*(T)1, for T' € Hy,, we have

(t11)*(t22)*(ts33)* = det oyy(n),  (t22)” =ma2,  (ts3)” = 133,

so that

(e = SV _ ) ()

T1227)33 722 7133
On the other hand, we have by Proposition 3] (iv)

Py = {TI € Zy; munaenss — M33(m21)” — n22(n31)” > 0, M2z > 0, 133 > 0 } .
Therefore, if Z is the space in (2.5), the linear isomorphism

mi 0 ma 0O

ms 0 M3
L:Zy > 0 0 s =l 0 M2 na | €2
m1 0 ma 0
M31 721 M

0 731 0 733
gives a bijection from Py, onto P = Z N 1l3. The adjoint map * : Z2* — Z = 2y

gives the matrix realization of the Vinberg cone Q as the homogeneous cone P),.

3.4. Standard quadratic maps and H-orbits in P,. We call the maps g (€
{0,1}", ¢ # (0,...,0)) standard quadratic maps. They are of particular importance
among the virtual quadratic maps ¢ = (¢p)® @ -+ @ (¢,)®* (s = (s1,...,8,) €
R"). Let us denote by I(g) the set {1 <i<r;g =1} We identify ¢}, with a

direct sum Y o 1(2) @ on the space Wy, := i 1(e) Wi Recalling (B.3), we have the
isomorphism W5 ~ S0 1o RS S, Vi), which enables us to describe y = g5;(z) €

Zy (x € W5) as the matrix composed of the blocks

(3.10) Yie= Y XXy (1<k<I<r),

i<k, i€l(e)
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where X;; 1= x;;1,,, for i € I(g). For the case | = k, we have Yy, = yyil,, and
(3.11) Ykk = Z 1

i<k, icI(e)
thanks to (33), where we put || X;|| := |z;|. For each x € W5, let T, € Mat(N, R)
be a lower triangular matrix whose (k,7)-block component is Xj; for k& > i with

i € I(g), and other components are zero. Then we have
(3.12) gy (z) =T, 'T,.

For example, if » = 3 and ¢ = (1,0, 1), then an element = of W5, = W @ W is of

the form

X1 0 X =xnly,, Xsz = x3315,
r=|Xau|®| O :
Xa1 X33 T11, 233 € R, Xo1 € Vo1, X31 € V34
and we have
Xn
I, =|Xan 0 € Mat(N,R).
X3 0 Xs3

For ¢ € {0,1}", let E. be the element of V given by

e1ly,
b, = ,
. erlp,
and O, the Hy-orbit p(Hy)E, C 2y through E.. In particular, the orbit O, .. o
is the origin {0}, while On 1y = p(Hy)Iy equals the cone Py. It is shown in [11],
Theorem 3.5] that the Hy-orbit decomposition of the closure Py, is given as
Pv= || o-
ee{0,1}"

Proposition 3.2. If ¢ # (0,...,0), the image of the quadratic map g5, equals the
closure O. of the orbit O..

Proof. Let W5 be the subset {x € W5; 25 >0 (i € I(g))} of Wy. For y =
p(TVE. = TE.'T € O. with T € Hy, we take a unique » € W5 for which 7,
equals TE.. Then we have y = ¢j(x) by (312). Conversely, for any x € W§’+, we
put T :=T,+1— E. € Hy so that ¢,,(z) = TE.*T' € O,. Therefore we obtain O, =
¢;(W5 ™). On the other hand, putting W™ := {x € W ; 2 #0 (i € I(g)) }, we
see easily that ¢5(Ws™) = ¢5(W5™). Since W5™ is an open dense subset of W3,

the orbit O, is dense in the image of the quadratic map ¢5,, which is necessarily
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closed. Indeed, introducing the projective imbedding ¢y of a vector space V' by
w:Vaoym—[ly e PV:i=RxV\{00)})/R* we can extend ¢, : Wy, — 2y
to the map ¢, : PW5; 3 [t, 2] = [t%, ¢5,(z)] € P2y because ¢5(x) # 0 for x # 0. The
image gy (PW5) is compact, so that ¢5,(W5) = 1z (G5(PW5)) is closed. O

Remark 3.3. In the proof of Proposition 3.2, we see that the quadratic map gy, gives
a surjective map from W5’+ onto O.. The map is also one-to-one thanks to [I1]
Lemma 3.3 (ii)], while the map g5, : Wy,™ — O, is 2#()_to-one. Actually, a large
part of the content of this section is presented in language of normal j-algebra in
[11], Sections 3 and 4].

We define the representation 7. : Hy — GL(W5;) as the direct sum of the repre-
sentations (7;, W7,) of Hy for i € I(g). Then we have by (B.8)

(3.13) w(1e(T)x) = p(T)agy(x)  (x €Wy, T € Hy),

which implies that ¢3; is homogeneous.
The open set W™ C W5 is preserved by the action of 7.(Hy). We put

Ri(e):={u=(uy,...,u,) ER";u; =0 (if; =0), u; >0 (ife;=1)}.

For u € Ry (g), let M; be the measure on W™ given by

R 2(xy)* i dy Xy
Migas) = TT {2 i“(ui) - 'IHWZ}

1€l(g) >q
[Licrie (@)™
3.14 == d e Wy
( ) FQ(H) £ (l’ % )7
where T'.(u) = rim W5/2 Hiel(é) 1;(—57_3 When u = £/2, the measure M;z equals a

constant multiple of the Lebesgue measure, that is, Mi/z(dx) = 9H(e) p—dimWy/2 5
We define p(e) := (p1(g), p2(g), - - -, pr(€)) by

Pk(i) = Z EMNyk.

Lemma 3.4. (i) For a measurable set A C W™, one has
ME(T(T)A) = Xurpe)2(T)MG(A) (T € Hy).
(ii) One has

(3.15) / e 17I* ME (da) = 1.
wo " -
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Proof. (i) If ' = 7.(T)x € W™ with x € W5, we have @/, = t;z;; for i € I(g).
Thus
(3.16) [T @™ = xuep (D) T (@)™
i€l(e) i€l(e)
On the other hand, we observe that
dr' = | det 7.(T)|dx = ( I det Ti(T))dx,

i€l(e)

and the last term equals (Hze 1) Xen(i)/2(T ))dx by Proposition Bl (i). Since

> m(i) =) em(i) = £ +ple),

i€l(e)
we have dr’ = Xc/a4p()/2(T)dx, which together with (B.16) implies (i).
(ii) By definition, we have
ol = = {wa)® + 3 I1xul2}.
i€l(e) >
Thus the left-hand side of (B15) equals
2 /oo _( __)2 2u;—1 11X 112 XmZ
e ()T d ey e~ IXul —}
Zy@){F(ul) 0 g Vi =

Therefore we obtain (B15]) from fvl, e~ IXul® g X, = /2 and 1 e~ i) ()2 dapyy =
;) /2. 0

Remark 3.5. Lemma B4 tells us that e~ l«I” M (dx) is a probability measure on
W™, Actually, we see from the proof that if X% is an W5 -valued random vari-
able with the law eIl Mi(dm), then its components are independent and satisfy
V2Xit~ N(0,1,,), and (v2X3)? ~ x2(2u;), where x?(u) denotes the chi-square law
with the density 27%I'(u/2)~te™#/2t"~! (¢t > 0). We shall see later that any Wishart
law associated to a homogeneous quadratic map is the image of this measure by an

appropriate quadratic map.

3.5. Gindikin-Riesz distributions. Forg = (0y,...,0,) € C", we denote (o, ..., 01)

by o*. Let A} be the function on the cone Py; given by
(3.17) AL (p"(T)In) = xo+(T) (T € Hy).
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By Proposition B.1] (ii) and (iii), A} (n) can be expressed as a product of powers of
the polynomials det ¢i,(n). Putting

771]n1
EQ = e S ZV
777"[”7‘

for n = (n,...,n) € RL,, we have
(3.18) A (Ey) = (m)7 ()" ()7
For each g € C", Gindikin ([6], [7]) constructed a tempered distribution R, € S'(Zy)
whose Laplace transform Lz, (6) = R,(e®?) is given by
(3.19) Lz, (0) = A" ,.(—0) 0 —=Py).

We call R, the Gindikin-Riesz distribution on the homogeneous cone Py. The
support of R, is contained in Py, and R, is relatively invariant under the action of
p(Hy), that is,

(3.20) Ro(f o p(T)) = X-o(T)Re(f)
for T € Hy and f € S(Zy).

Proposition 3.6. For non-zero ¢ € {0,1}" and u € R (g), put 0 := u +p(e)/2.
Then Ry is the image of Mg by the standard quadratic map -

Proof. By (819), it is sufficient to show that
/ @D AE (dg) = AT, ()
wet B B
for 6 € —Py;. Take T € Hy, for which § = —p*(T")Iy. Then the left-hand side is

/ e~ 50 (DIN) A2 () = / e~ TN IN) A ()
W§'+ = u

£,+
WV

by (B13), and it is equal to

X—(u+p(e)/2) (1) /
Wi

‘%a
by Lemma B4 (i). Since (g5(x), In) = ||z]|* by BII), we see from Lemma B (ii)
that

+

/W . elav(@).0) M (dr) = X—(uip(e)/2)(T) = A7 . (—0).

v
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E) ={ac=u+pe)/2;ue R (e)}
={ceR";0,=pi(e)/2 (if&; =0), o, >pi(e)/2 (ife;=1)}.

If ¢ # (0,...,0) and ¢ € E(g), then R, is a positive measure on the orbit O, by

Proposition 3.6l For the case ¢ = (0,...,0), we have Z(0,...,0) = {(0,...,0)} and
R(o,....0) is the Dirac measure at the origin {0}. It is proven in ﬂ_ﬂﬂ that they exhaust

all the cases that R, is a positive measure.

Theorem 3.7 (|11, Theorem 6.2]). The Gindikin-Riesz distribution R, is a positive
measure if and only if 0 € == || .c (o, E(€). Moreover, if o € E(g), then R, is a

measure on O,.

The parameter set = is also described as

H= {Zgz(oa 7O7uiani+l,i/27"'7n7“i/2);gi S {071}7 Us >0 (Z: 1)'-->T)}'
=1

3.6. Riesz measures and Gindikin-Riesz distributions. Let us investigate a
relation of the Riesz measures ji, associated to homogeneous Py-positive quadratic

maps ¢ and the Gindikin-Riesz distributions on Py,.
Proposition 3.8. Fori=1,...,7, one has ji; = T ORR )
Proof. ;jFrom Lemma 2.1l and Proposition B (ii), we have
(821) Ly, (0)= a2 det ¢f,(—0) 7 = 7AYo 0(—0) (0 € =Py,

which implies the statement. U

Assume that there exists the Riesz measure I, associated to a virtual quadratic
map ¢ = (¢)%' @ - @ (¢},)™*. By (212) and (B.2I)), we have for § € —P5;

T

Ly, 0) = [T (7207 0 a(—0))

i=1
We put

T 1 T
(3.22) o= sm(i)/2= 5 > 500, 0,1 nig ).
=1 i=1

Then the equality above can be rewritten as
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where [g| := o1+ -+0,. Thus pg equals ml?'R,, so that ¢ belongs to Z(g) for some
e € {0,1}" owing to Theorem Bl The converse argument is also valid. Therefore

we obtain

Theorem 3.9. For a virtual quadratic map ¢3; = (q) 5 ®- - - @ (¢},) ", there exists
the associated Riesz measure iz if and only if o = Yoi_y sim(i)/2 belongs to =.
In this case pgz = T2 R,, and there exist ¢ € {0,1}" and uw € R, (g) for which
oc=u+p()/2. Ife #(0,...,0), g 1s the image of the measure 7T|Q|Mi on W5 by

the standard quadratic map gs,.

Let ¢ : R™ — Z,, be any homogeneous Py,-positive quadratic map. As is noted in
Section 3.1, the group pri(Aut(Py, q)) acts on the cone Py, transitively. Assume first
that pri(Aut(Py,q)) contains p(Hy). Then the polynomial det ¢,(n) is relatively
invariant under the action of p(Hy) by ([2.23). Namely, for each 7" € Hy,, there exists
cr > 0 such that det ¢, (p*(T)n) = cr det o,(n) (n € (R™)*). It is easy to see that the
correspondence Hy 3 T +— ¢y € Ry is a one-dimensional representation, so that we
have ¢ = xm(T) for some m € R". Thus det ¢,(p*(T)1,) = xm(T) det ¢,(Iy) for
T € Hy, which means that det ¢,(n) = CA; .(n) for n € P}, where C' := det ¢y (In).
By (818)), we have

det ¢q(EQ> =C(m)™ ... (n)",
which gives a practical way to determine m;. Indeed, we see from this formula
that m; are non-negative integers. Comparing the degrees of both sides, we obtain

m =my + -+ -+ m,. Similarly to Proposition B8 we have
(3.23) pry = C V2R .

Let us consider the virtual quadratic map ¢®°. The associated Riesz measure exists

if and only if sm/2 € =, and in this case
fgos = 0_8/27r5m/2728m/2.

As for the general case, we have the following result.

Proposition 3.10. Let g : R™ — 2y, be a homogeneous Py -positive quadratic map.
Then there exist go € G(Py), m € Z", and C > 0 for which

det ¢q((go ')'n) = CAL.(n) (0 € Py).

The Riesz measure figes associated to the virtual quadratic map ¢®° exists if and only

if sm/2 € E. In this case, pges equals the image of C~*/>m*™/2R .15 by go.
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Proof. We note that pri(Aut(Py,q)) acts on the cone Py transitively, and that
the identity component of pri(Aut(Py,q)) equals the identity component of an al-
gebraic group (cf. [I5, Theorem 2]). It follows that an Iwasawa subgroup (max-
imal connected split solvable subgroup) H of pri(Aut(Py,q)) acts on Py simply
transitively ([23] Chapter 1]). Since H is also an Iwasawa subgroup of G(Py), it
is conjugate to another Iwasawa subgroup p(Hy) C G(Py). Namely, there ex-
ists go € G(Py) for which g;'Hgo = p(Hy). Let ¢ be the P-positive quadratic
map g5l oq : R™ — Zy. We have ¢y (n) = ¢,((g5")*n) for n € (R™)* because
g () = (d'(x),n) = (a(x), (g51) 1) = wdg((g5 ') n)a for x € R™. It is easy to
see that

Aut(PV7q,) = { (9619190792) S GL(ZV) X GL(Rm)7 (g17g2) S Aut<PV7q) } .

Then pri(Aut(Py,q)) = gy pri(Aut(Py, q))goDg; ‘Hgo = p(Hy). Thus we can
apply the argument preceding Proposition B0 for ¢/, so that we have

det ¢q((90_1)*77> = det ¢y (n) = CA*m* (n)

with some C' > 0 and m € Z". Moreover pi nes equals C=*/275m/2 R, s if sm /2 € =.
Since ¢®% = gg o (¢')®*, we get the last statement from Proposition 2121 O

Proposition states that the Riesz measure p, associated to a homogeneous
q is equal to some Gindikin-Riesz distribution up to a linear transform on G(Py).
On the other hand, Theorem tells us that if a Gindikin-Riesz distribution is
a positive measure, then it equals a Riesz measure associated to the virtual sum
@ = (qp) @ - -D(q},) ¥ of basic quadratic maps up to a constant multiple. For ex-
ample, let us recall the homogeneous II,-positive quadratic map ¢ : Rf — Sym(r, R)
with I C {1,...,r} and the permutation matrix wy € &, C GL(r,R) in Sec-
tion 3.1. Putting gy := p(wg), we have ¢/ = gy o ¢r=F+brt (k= 41I), while
gk} i exactly the basic quadratic map q{,‘kﬂ for 2, = Sym(r,R). There-
fore, the Riesz measure ji(,ryes exists if and only if (0,...,0,5/2,...,5/2) € E, that

AR

k
is, s € {0,1,...,k =1} U (k — 1,400). In this case, j ) equals the image of

7T8/2R(O,...,078/2,...,8/2): M(q;7k+1)@s by go-

Let ¢; : R™ — Zy, and ¢ : R™ — Z,, be two homogeneous Py-positive quadratic
maps. As we have seen in Section 3.1, the direct sum ¢ @ ¢ is not necessarily ho-

mogeneous. Let us assume that the group pri(Aut(Py, ¢1)) N pri(Aut(Py, ¢2)) acts
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on Py transitively. In this case, we see easily that ¢; & ¢» is homogeneous. As in
Proposition BI0, we can take go € G(Py) for which gop(Hy)gy " C pri(Aut(Py, q;))N
pri(Aut(Py, g2)). Then we have det ¢g, ((g95")*n) = C1A%, (n) and det ¢y, (g5 ')*n) =
CoAy i (n) for n € (R™)* with some C, Cy > 0 and m/, m" € Z". Now we consider
a virtual quadratic map ¢ = ¢V*" @ ¢5°>. We see that the associated Riesz mea-
sure (i, exists if and only if sym’ + sem”/2 € =, and in this case, p, is the image
of 0581/202_82/27r(81m1+52m2)/27€(31m/+32m~)/2 by go. Obviously, the same argument is

valid for general quadratic maps ¢ = ¢ © ¢5% @ - - - @ ¢°*".

3.7. Bartlett decomposition of the Wishart laws. Let ¢ : R — 2, be a
homogeneous P)-positive quadratic map. Then the Wishart law v, (60 € —P5) is
the image of the normal law N (0, ¢(—60)~!) on the vector space R™ by the quadratic
map ¢/2, see Remark 2.3]

However, this description of the Wishart law does not permit us to determine its
support in general. In this section, we shall give another construction of the Wishart
random matrices , which is a generalization of the Bartlett decomposition ([2], [20],
Theorem 3.2.14]) and has the advantage of controlling the support of the underlying
Wishart law. Moreover, the result is valid for virtual quadratic maps.

First we consider the virtual quadratic map ¢ = (g3,)®' @ -+ @ (¢,)®* whose
associated Riesz measure y,2 exists. Then o = > iy sim(i)/2 belongs to = and we
have p,s = 79 R, by Theorem Moreover, we have Luq% (0) = wlelAx . (—0).
Therefore we obtain from (2.8)) that

(3.24) Teo(dy) = eYIAL(=0)R,(dy)  (y €R).

We remark that distributions of this type are considered in [10] for the case when
Py is a symmetric cone. Assume that Va0 is not the Dirac measure. Then
g # (0,...,0), so that we can take a non-zero ¢ € {0,1}" and u € R, (g) for which
0 = u+p(e)/2. Recall the standard quadratic map g5, : Wy, — 2y and the subset
W™ c W introduced in Section 3.4. As noted in (B:I2), each element z € W5™
is identified with a lower triangular matrix 7}, for which ¢y(z) = T, *T,. Thus, the
W§’+—Valued random variable X* in the following theorem can be regarded as a
triangular random matrix, similarly to the Bartlett decomposition of the classical
Wishart distribution.

Theorem 3.11. Let ¢ = u+ p(e)/2 and X* be an Wy -valued random variable
whose components are independent and satisfy (X)* ~ x*(2u;) and Xj; ~ N(0, I,,,,)

7
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foriel(e) andl > 1.

(i) The Wishart law s _r, s the law of Y = ¢y (X™)/2 and is supported by O.
(ii) For 0 = —p(T)"In € =Py with T € Hy, the Wishart law v, o is the law of
Y' = p(T) ' o g (X™)/2 and is supported by O..

Proof. For a measurable function f on Zy, we see from ([3.24) and Proposition B.6]
that
FWvg—re(dy) = [ Fly)e N R,(dy) = Flgp(x))e™ W@ ME (da).
Zy Zy

wy "
Since (g5;(z), In) = ||z]|?, by the change of variable of x by z/v/2, we rewrite the
last term as

fay(x)/2)e 12 ME(dz/2).

£+
Wy

Keeping the Remark in mind, we see that the law of the random variable X™ is
e~ ll=l?/2 M (dz/2). Hence (i) holds. To show (ii), it suffices to check that 7, 5 is
the image of 7, _;, by p(T)~!. Since Voo —1x (dY) = e~ WINR,(dy), we have

Vot (P(T) dy) = e POPNIR, (p(T) dy) = e x4 (TR, (dy)
by ([B3.20). Therefore ([3.24) together with ([3.I7) leads us to the assertion (ii). O

Now we consider the Wishart distribution 7,es g, where ¢ is a general homoge-
neous Py-positive quadratic map. First we show a refinement of the first part of
Proposition B.10.

Lemma 3.12. Let g : R™ — 2y, be a homogeneous Py-positive quadratic map, and
0 an element of —Py,. Then there exist go € G(Py), m € Z" and C > 0 for which

(3.25) det ¢q((go')'n) = CAL(n)  (n€Py)

and g30 = —Iy.

Proof. 1t is shown in the proof of Proposition that there exists ag € G(Py)
for which agp(Hy)ag' C pri(Aut(Py,q)). Since —ajfl € Py, we take Ty € Hy
for which p*(Ty)Iy = —aid. Put go := agp(To)~' € G(Py). Then gop(Hy)gy' C
pri(Aut(Py, q)) and g30 = p*(Ty) 'aifd = —Iy. Similarly to Proposition B.I0, we see
that gy together with an appropriate m and C' > 0 satisfies the required properties.

O

Assume that there exists the Riesz measure ji40: associated to a virtual quadratic

map ¢¥°, and that p,es is not the Dirac measure. Then we can take non-zero
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e €{0,1}" and u € Ry (g) such that sm/2 = u + p(g)/2 as in Theorem Using
these data together with gg in Lemma [3.12] we obtain the Bartlett decomposition
of the Wishart distribution ~,es 4.

Theorem 3.13. Let sm/2 = u+p(e)/2 and X* be the Wi " -valued random variable
in Theorem [T I1. Then the Wishart law ~y,es g is the law of Y = go 0 ¢5,(X%)/2.

Proof. Put ¢ := gy o ¢®. As is seen in the proof of Proposition B.I0, the
Riesz measure iy yes equals C=3/2psm/ *Rsm/2. Thus, similarly to the proof of The-
orem B.IT (i), we see that ygnes —ry(dy) = e”®INR ., 5(dy), and that ygnes 1y
is the law of Y = ¢5(X")/2. Since ¢®* = gy o (¢')®*, Theorem follows from
Proposition 212 O

We have seen that Riesz measures and Wishart laws associated to a homogeneous
quadratic map are obtained (up to linear transforms as in Proposition and
Theorem B.13) as the ones associated to a virtual quadratic map ¢, = (gp)%*' &

- @ (¢},)®*, that is, a virtual sum of basic quadratic maps. However, it does
not mean that every homogeneous quadratic map is equal to a direct sum of basic
quadratic maps. The structure of homogeneous quadratic maps is more rich than

the maps generated by basic quadratic maps. Let us study the following example.

Example 5. Let Herm(2,C) be the vector space of Hermitian matrices of size 2,

and ©Q C Herm(2, C) the subset of positive definite matrices. Then we see that

+1
2= { (yg gliy4 y3 Y y4> i e 07 Y1Y2 — (y3)2 - (y4)2 >0 } ,

so that Q is the 4-dimensional Lorentz cone. Recalling ([B1), we have the linear

isomorphism
. v 0 ys
¢t : Herm(2,C) > < o s 2y4) =10 o €2y
Y3 + 1Y Y2
Ys Ys Y2

which gives a matrix realization of 2. Let us consider the quadratic map ¢ : C* >

z +— z'z € Herm(2, C), which is clearly Q-positive. We have a group homomorphism
GL(2,C) 3 A (5(A), A) € Aut(, ),

where p(A) € GL(Herm(2,C)) is defined by p(A)(Z) := AZ'A (Z € Herm(2,C)).
Since p(GL(2,C)) acts on 2 transitively, the quadratic map ¢ is homogeneous.

Keeping the natural isomorphism C? ~ R* in mind, we define the quadratic map
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q:R*— Zy by
B AR S ¥ 2
a(w) =roq <x3 + ix4)
_, (21)% + (22)? (2123 + w214) — i(T174 — T273)
(x123 + Toy) + i(x124 — ToT3) (w3)? + (14)?
(21)? 4 (22)? 0 T1T3 + TaTy
= 0 (1’1)2 + (1’2)2 T1Xy — T3

T1T3 + Ty 1Ty — Toxy  (@3)% + (24)?

Then we have
m 0 m3 m
10 m —moms
Y=y o 0
ne nz 0 M

for n € Zy. It is easily checked that the map ¢, o ¢ : Herm(2,C) — Sym(4,R) is a

Jordan algebra representation. For n € 2* we have

(3.26) Ly, (—n) = 7°(det ¢y(n) % = 7 (mmz — (13)* — (n1)*)~"

by Lemma 211 On the other hand, the basic quadratic maps ¢}, : W), — 2y (i =
1,2) are given by

T 0 (1'1)2 0 13 0 0 0 0
w0 = 0 (1) L9124 , @&lo]l=(00 o0 |,
T3 X4 T1T3 T124 (%’3)2 + ($4)2 i) 0 0 ($2)2

so that we have for n € Z};

. T 73 T4 )
opm)=1m m 0|, &N =n.
ny 0 1

Thus we obtain

(8:27) Ly, (=) = m*2(m2) ™2 = (1) = (00)*) %, Ly (=) = 72 () 72

for n € Pj. Comparing B.20) and B.27), we see that 11y = fi(1)@26(42)e(-2 , Whereas
the quadratic map ¢ is by no means equal to the virtual quadratic map (g;)®* &
(g3)®?. We see also from ([B28) and B2T) that freg2)e> = fi(g1)e2, whereas the
two (true) quadratic maps ¢ & (¢)®* and (gy,)®* do not coincide even up to linear
transforms gy € G(2), as the domains of these maps are different.

Therefore two different quadratic maps may correspond to the same Riesz mea-

sure.
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3.8. Density function for the non-singular case. Since the orbit O, =
p(H)E;. is contained in the boundary 0Py of the homogeneous cone Py unless ¢ =
(1,...,1), the Gindikin-Riesz distribution R, is a singular measure for ¢ € Z(g)
with € # (1,..., 1) thanks to Proposition 3.6l On the other hand, if ¢ € Z(1,...,1),
that is,

o >pi/2 (i=1,...,r),

where p; := pi(1,...,1) = > ., n, then the Gindikin-Riesz distribution is an ab-
solutely continuous measure with respect to the Lebesgue measure, and the density
function is given explicitly in [6] as follows.

Noting that the group Hy acts on Py simply transitively, we define the function
Ay, : P — C* for o = (01,...,0,) € C" by A,(p(T)In) := x.(T) (T € Hy).
For y = p(T)Iy = T*T € Py, we can express A,(y) as a product of powers of
principal minors of y (cf. [4, p. 122]). Define d = (di,...,d,) € Z"/2 by dy =
L4 (D ok Mk + 2 icp ki) /2. Then A_g(y)dy gives a G(Py)-invariant measure on P
([6, Proposition 2.2]). Take o € Z(1,...,1). We see from [0l Theorem 2.1] that the

integral
PPV (g) = / 6_<y7]N>Ag_d(y) dy
Py

converges and equals (4™ 2 ="/2TT"_ T'(0; — p;/2). By [6, Proposition 2.3], we see
that

As—a(y)
Ip, (s)

Owing to ([B.24) and (B.28]), we conclude the following proposition.

(3.28) Ro(dy) = dy  (y € Py).

Proposition 3.14. Let q3;, = (q))% @ -+ @ () be the virtual quadratic map
such that o =37, s;m(i)/2 belongs to 2(1,...,1), that is, o; > p;/2 (i =1,...,r).

Then one has

WA (~0)Asaly)

(3.29) Ve 0(dy) = T ()

y (y € Py).

Note that the formula ([8:29) served as a definition of a Wishart law in [IJ.
Example 6. Let 2y, be the space defined in (3.0). If y = p(T)Iy =TT € Py with
T € Hy, then we see easily that

vy = (k)% ynyee — (W21)? = (11)%(ta2)?,  yiiyss — (y31)? = (t11)?(t33)?,
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so that A, (y) = (t11)* (t22)*2(t33)*°3 equals

o3

(y11)7 727 (y11ya2 — (¥21)*) 2 (Y11ya3 — (Y31)?)

On the other hand, we have (p1, p2, p3s) = (0,1,1) and (dy, do, ds3) = (2, 3/2, 3/2).
Thus we have by (3.28)

R (dy) = (Y1) =7 (ynyee — (y21)*) 7 (yuyss — (ys1)*) d
(o1,02,03) QY 7TF(O’1)F(0'2 — 1/2)1—‘(0-3 _ 1/2) Y

if oy > 0,00 > 1/2 and 03 > 1/2. Let us consider the Wishart laws associated

to the virtual quadratic map (g,)®, where ¢y, : W), — 2y, is the basic quadratic
map. Since m(1) = (1, 1, 1), we observe that sm(1)/2 € Z if and only if s €
{0,1} U (1,+00). If s = 0, the associated Wishart law is the Dirac measure. If
s = 1, the associated Wishart law Va0 (0 € —P5;) is described as the image of the
normal law N (0, ¢3,(—6)~") on W = R® by the quadratic map ¢;,/2, where ¢1,(—6)
is given in Example 4 after Proposition Bl

If s > 1, then sm(1)/2 = (s/2, s/2, s/2) belongs to =(1,1,1). Since

* s 5/2 *
Asm(l)*/2(77) = det ¢11;(77) /2= (771177227733 — 133(1121)* — 7722(7731)2) (n € Py),

we have for 0 = —n € =Py,

2 s/2

B e~ wm (771177227733 — n33(121)° — M2 (7731)2)
Vahree, oY) = o (5 = 1)) (s — 1)/2)

X (y11) 2 (ynnyae — (¥20)?) 2 (yyss — (y21)) 2 dy  (y € Py)

by Proposition [3.14
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