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Abstract

A discrete quantum process is defined as a sequence of local states
pe, t=0,1,2, ..., satisfying certain conditions on an Lo Hilbert space
H. If p = lim p; exists, then p is called a global state for the system.
In important cases, the global state does not exist and we must then
work with the local states. In a natural way, the local states generate a
sequence of quantum measures which in turn define a single quantum
measure p on the algebra of cylinder sets C. We consider the problem
of extending p to other physically relevant sets in a systematic way.
To this end we show that u can be properly extended to a quantum
measure j; on a “quadratic algebra” containing C. We also show that a
random variable f can be “quantized” to form a self-adjoint operator f
on H. We then employ f to define a quantum integral [ fdgu. Various
examples are given

1 Introduction

This section presents an overview of the paper. Detailed definitions will be
given in Sections 2, 3 and 4. The main arena for this study is a Hilbert
space H = Ly(Q, A, v) where (£, A,v) is a probability space. We think of
) as the set of paths or trajectories or histories of a physical system. It is
unusual to consider paths for a quantum system because such systems are
not supposed to have well-defined trajectories, so paths are considered to
be meaningless. However, paths are the basic ingredients of the histories
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approach to quantum mechanics [1} 3, 4, [, [10] and they appear in Feynman
integrals and quantum gravity studies [1} [4, [14]. Our attitude is that we
are not abandoning the usual quantum formalism, but we are gleaning more
information from this formalism by allowing the consideration of paths.
If p is a density operator (state) on H we define the decoherence functional
D, Ax A— C by
Dy(A, B) = (pxs; Xa)

where Y4 is the characteristic function for A € A. We then define the
quantum measure p,: A — RT by p,(A) = D,(AA). If f: Q — R is
a random variable with f € H we define the “quantization” of f to be a
certain self-adjoint operator f on H. The quantum integral of f is defined as

~

fdp, = tr(pf)

Properties of D,, u, and [ fdpu, are reviewed in Section 2.

A sequence of states p;, t =0,1,2,..., on H that have certain properties
is called a discrete quantum process and we call p; the local states for the
process. If p = lim p; exists, we call p the global state for the process. For
important cases, the global state does not exist and we must then work
with the local states. In a natural way, the local states generate a sequence
of quantum measures which in turn define a single quantum measure p on
the algebra of cylinder sets C. It appears to be impossible to extend u to
a quantum measure on 4. An important problem is to extend u to other
physically relevant sets in a systematic way. We say that a set A € A is
suitable if lim (p;x 4, xa) exists and is finite. We denote the collection of
suitable sets by S and for A € S we define

f(A) = lim (prxa, Xa)

It is shown in Section 3 that § is a “quadratic algebra” that properly contains
C and that ;1 is a quantum measure on S that extends pu. It is also shown
that the quantum integral extends in a natural way.

Section 4 considers finite unitary systems. Such a system is a set of uni-
tary operators U(s,r), r < s € N on a position Hilbert space C™. The
operator U(s,r) describes the evolution of a finite-dimensional quantum sys-
tem in discrete time-steps from time r to time s. We call the elements of
S =4{0,1,...,m — 1} sites and we call infinite strings v = yoy1--+, 7 € S
paths. The path space € is the set of all paths and the n-path space €2, is



the set of all n-paths v = 7971 -+ vn. The n-events are sets in the power
set A, = 2. Given an initial state ¢» € C™, the operators U(s,) define a
decoherence functional D,,: A, x A, — C in a natural way. The decoherence
matriz is the m" ' x m™T! matrix with components

D”(fyv fy/) = DTL ({fy} ) {fy/}) ’ Y5 f}/ € Qn

We can think of this matrix as an operator lA)n on the n-path Hilbert space
H, = (C™®+D | Tt is shown that D, is a state on H,, and the eigenvalues
and eigenvectors of D, are computed.

Section 5 shows how a finite unitary system can be employed to construct
a discrete quantum process. Place the uniform probability distribution on S

and form the product measure on {2 = S x S x --- to obtain a probability
space (€2, A,v). The path Hilbert space becomes H = Lo(2, A,v). It is
shown that the states Dy, t = 0,1, 2,..., generate a discrete quantum process

pi- We demonstrate that the event A =“the particle visits the origin” as
well as its complement A" are elements of S . C. An example of a two-site
quantum random walk is explored and it is shown that the particle executes
a periodic motion with period 4. R

Section 6 considers quantum integrals. The operator f can be complicated
and the expression (pf) can be difficult to evaluate. The eigenvalues and
eigenvectors of J? are found for a two-valued simple function f. These are
then employed to treat arbitrary simple functions. The quantum integral of
an arbitrary random variable may then be computed by a limit process.

2 Quantum Measures and Integrals

In a certain sense a quantum process is a generalization of a classical stochas-
tic process. Moreover, quantum measures and integrals are generalizations of
classical probability measures and classical expectations. For these reasons
we begin with a short review of classical probability theory and then present
a method of “quantizing” this structure.

A probability space is a triple (2, A, v) where Q is a sample space whose
elements are sample points or outcomes, A is a o-algebra of subsets of (2
whose elements are events and v is a measure on A satisfying v(€2) = 1. For
A€ A, v(A) is interpreted as the probability that event A occurs. We denote
the set of measurable functions f: 2 — C by M(A). The first quantization



step is to form the Hilbert space

H = Ly, A 1) = {feM(A): /|f|2du<oo}

with inner product (f,g) = [ fgdv and norm ||f| = (f, Y2 We call real-
valued functions f € H random variables. If f is a random variable, then by
Schwarz’s inequality we have [ |f|dv < || f| so the expectation E(f) = [ fdv
exists and is finite. In general probability theory, random variables whose
expectations are infinite or do not exist are considered, but for our purposes
this more restricted concept is convenient.

The characteristic function x4 of A € Ais arandom variable with ||y 4| =
v(A)/? and we write Yo = 1. For A,B € A we define the decoherence
operator D(A, B) as the operator on H defined by D(A, B) = |xB){xal.
Thus, for f € H we have

D(A,B)f = (xa. [)x5 = / fdvxs

Of course, if v(A)v(B) = 0 then D(A, B) = 0. If v(A)v(B) # 0, it is easy to
show that D(A, B) is a rank 1 operator with ||D(A, B)| = v(A)?v(B)"2.
For A € A we define the ¢-measure operator ji(A) on H by i(A) = D(A, A).
Hence, for f € H we have

AN = (o, F)xa = /A fdvxa

In particular, u(Q)f = E(f)1. If v(A) = 0, then pu(A) = 0 and if v(A) #
0, then fi(A) is a positive (and hence, self-adjoint) rank 1 operator with
I17(A)|| = v(A). Moreover, if v(A) # 0, then

o) = )

is an orthogonal projection.
The map D from A x A into the set of bounded operators B(H) on H
has some obvious properties:

(1) If AN B =, then D(AU B,C) = D(A,C) + D(B,C) for all
C € A (additivity)



(2) D(A,B)* = D(B, A) (conjugate symmetry)

(3) D(A,B)?=v(AN B)D(A, B)

(4) D(A, B)D(A, B)" = v(A)u(B), D(A, B)*D(A, B) = v(B)u(A)
Less obvious properties are given in the following theorem proved in [§].

Theorem 2.1. (a) D: A x A — B(H) is positive semidefinite in the sense
that if A, € A, c; € C,1=1,...,n, then

Z D(AZ, Aj)CiEj

1,j=1

is a positive operator. (b) If Ay C Ay C -+ is an increasing sequence in A,
then the continuity condition

lim D(A;, B) = D(UA;, B)
holds for every B € A where the limit is in the operator norm topology.

It follows from (1), (2) and Theorem 2II(b) that A — D(A, B) and
B+~ D(A, B) are operator-valued measures from A to B(H).

The map i: A — B(H) need not be additive. For example, if A, B € A
are disjoint, then

A(AUB) =D(AUB,AUB) = |xaus)(XauB| = |xa + x5){xa + x5

= [xa)(xal + [xs) (sl + [xa) (sl + [xs) (xal
= 1(A) + i(B) + 2Re D(A, B)

Thus, additivity is spoiled by the interference term 2Re D(A, B). Because
of this nonadditivity, we have that j1(A’) # [(2) — i(A) in general, where A’
is the complement of A. Moreover, A C B need not imply j1(A) < fi(B) in
the usual order of self-adjoint operators. However, i does satisfy the grade-2
additivity condition given in the next theorem which is proved in [§].

Theorem 2.2. (a) u satisfies grade-2 additivity:

pAUBUC) = (AU B) + p(AUC) + u(BUC) = (A) — u(B) — i(C)



whenever A, B,C € A are mutually disjoint. (b) 1 satisfies the continuity
conditions

lim 11(A4;) = 1(UA4;)
lim fi(B:) = (A

in the operator norm topology for any increasing sequence A; € A or decreas-
ing sequence B; € A.

If p is a density operator (or state) on H we define the decoherence func-
tional D,: A x A— C by

D,(A, B) = tr[pD(A, B)] = (pxB, X4)

We interpret D,(A, B) as a measure of the interference between A and B.
The next result follows from Theorem 211

Corollary 2.3. (a) A — D,(A,B) is a complex measure on A. (b) If
Ay, ..., A€ A, then the n x n matriz D,(A;, A;) is positive semidefinite.

For the density operator p on H we define the g-measure y,: A — R* by

po(A) = tr[pu(A)] = (pxa, xa)

It can be shown that p,(€2) < 1 and that Theorem 2.2l holds with i replaced
by 1, [8]. We interpret 11,(A) as the g-probability or propensity of the event
A in the state p [0, 1T, 2] 13].

We next introduce the second quantization step. Let f be a nonnegative
random variable. The quantization of f is the operator f on H defined by
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It easily follows that Hﬂ) < |If] so ]?is a bounded self-adjoint operator on

Lemma 2.4. If fi, fa are nonnegative random variables with disjoint support,
then fif2 = faf1 =0 and

|

~ ~

fi+ fo :maXHﬁ

Y

2l



Proof. For every g € H we have by Fubini’s theorem that

GEow =5 [ [ win (0. 260 sto)ivt)| )

= [win (s, 51 { [ min (o). £ o)t} )

= / { / min [f1(2), f1(y)] min [f5(2), f2(2)] dV(Z)}g(x)dV(x)
=0

where the last equality follows from fi(z)f2(2) = 0. The second statement
now follows. O

If f is an arbitrary random variable, we have that f = f* — f~ where

fT(z) = max|[f(2),0] and f7(z) = —min[f(2),0]. Then f*, f= > 0,
#+f~ = 0 and we define the bounded self-adjoint operator f by f = f+/ —

f~". Tt follows from Lemma [2.4] that Hf” = max[||fT],]|f7]|]. The next

result summarizes some of the important properties of f [§].

Theorem 2.5. (a) For any A € A, Xa = |xa){xa| = 1(4). (b) For any
aeR, (af)) = af (¢) If f >0, then f is a positive operator. (d) If 0 <
Ji < fa < -+- is an increasing sequence of random variables converging in
norm to a random variable f, then lim f; = f in the operator norm topology.
(e) If f, g, h are random variables with disjoint supports, then

(f+rg+h) = +g) " +(f+h)"+(@g+h' —F-G—h

Let p be a density operator on H and let p,(A) = tr(pp(A)) be the
corresponding g-measure. If f is a random variable we define the g-integral
(or g-expectation) of f with respect to 1, as

/fd,up = tl"(p]?)
As usual, for A € A we define

/Afdupzfofdup

The next result follows from Theorem
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Corollary 2.6. (a) For every A € A, [xadp, = u,(A). (b) For every
a€R, [afdu,=a [ fdu, (¢) If f >0, then [ fdu,>0. (d) If f; >0 is

an increasing sequence of random variables converging in norm to a random
variable f, then lim [ fidu, = [ fdu,. (e) If f,g,h are random variables
with disjoint supports, then

[+ g mdi = [+ 9+ [ (74 Wy + [ (g4 B,

—/fdup—/gdup—/hdup

The next result is called the tail-sum formula and gives a justification
for calling [ fdu, a g-integral [3, 8]. The classical tail-sum formula is quite
useful in traditional probability theory [5].

Theorem 2.7. If f > 0 is a random variable, then
[ tdna= [ o 1) > 2pix
0

where d)\ denotes Lebesgue measure on R.

It follows from Theorem 2.7 that if f is an arbitrary random variable,
then
/fd,up :/ pp{x: f(z) > A}dA —/ pp{z: flz) < =A}dA
0 0

3 Discrete Quantum Processes

Let (€2, A,v) be a probability space and let A, C A, t = 0,1,2..., be an
increasing sequence of g-algebras such that A is the smallest o-algebra con-
taining UA;. We then say that A4, = 0,1,2..., generates A. Let v, be the
restriction of v to A4;. We think of the probability space (2, A, 14)as a classi-
cal description of a physical system until a discrete time ¢. A corresponding
quantum description takes place in the closed subspace H; = Lo(Q, Ay, 1)
of H = Ly(Q, Av) t = 0,1,2.... A sequence of density operators p;
on Hy, t = 0,1,2,..., is consistent if D, (A, B) = D, (A,B) for every
A, B € A;. In particular, we then have that y,,,, (A) = p,,(A) forall A € A,
t=20,1,2,.... We call a consistent sequence p;, t = 0,1,2,..., a discrete
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g-process and we call p; the local states for the process. If each A; has finite
cardinality, we call a consistent sequence p; a finite q-process. Notice for a
finite g-process that each of the subspaces H; is finite-dimensional.

Let p;, t =0,1,2, ..., be a discrete ¢g-process. We then have an increasing
sequence of closed subspaces Hy C H; C Hy C --- C H. We now extend p;
from H; to a state on H by defining p,f = 0 for all f € Hf. If lim p; exists
in the strong operator topology, then the limit p is a state on H. In this case
we call p the global state for the g-process p;. If the global state p exists,
then for every A, B € A; we have

D,(A,B) = 7111_):(1010 D, (A, B)=D,(A,B) (3.1)
We call D, and p1,, the global decoherence functional and global g-measure for
the g-process, respectively. Equation (B.1]) shows that D, and 1, extend all
the D,, and pu,, from A, to A, t =0,1,2, ..., respectively. It follows from the
work in [2, [7] that lim p, may not exist in which case we would not have a
global state and hence no global decoherence functional or global g-measure.
Moreover, we would not have a global integral [ fdu,. In this case we are
forced to work with the local states p;, ¢ = 0,1,2,..., and this is what we
now explore.

A collection Q of subsets of a set X is a quadratic algebra if ), X € Q
and if A, B,C € Q are mutually disjoint and AU B, AUC,BUC € Q,
then AU BUC € Q. Of course, an algebra of subsets of X is a quadratic
algebra. However, there are examples of quadratic algebras that are not
closed under complementation, union or intersection [7]. A general g-measure
is a nonnegative grade-2 set function p on a quadratic algebra Q. That is,
w: @ — Rt and if A, B,C € Q are mutually disjoint with AU B, AUC, BU
C € Q, then

w(AUBUC) = p(AUB) + p(AUC) + w(BUC) — p(A) — w(B) — u(C)

Let p;, t = 0,1,2,..., be a discrete g-process. Defining C(2) = UA,, it
is clear that C(2) is an algebra of subsets of Q. For A € C(Q2) we have that
A € A, for some t € N and we define p1(A) = pu,, (A). To show that 1 is well-
defined, suppose that A € A;NAy. We can assume without loss of generality
that A, C Ay. Hence, p,, (A) = p,,(A) so p is well-defined. It easily follows
that p: C(Q2) — RT is a g-measure. It appears to be impossible to extend p
to a g-measure on A in general. In fact, it is shown in [2| [7] that in general p
cannot be extended to a continuous ¢g-measure on A. However, we can extend
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i to a g-measure on a larger quadratic algebra than C(€2) and this quadratic
algebra contains physically relevant sets that are not in C(2). A set A € A
is suitable if limtr(p,x4) exists and is finite. We denote the collection of
suitable sets by S(§2) and for A € S(Q2) we define i(A) = lim tr(p;xa).

Theorem 3.1. S(02) is a quadratic algebra that contains C(S2) and p is a
q-measure on S(2) that extends fu.
)

Proof. If A € C(
all ¥ > t we have

then A € A, for some t € N. Since p,,(A) = u,,(A) for

lim tr(pyXa) = tr(pXa) = pp (A) = p(A)

Hence, A € §(Q2) and u(A) = u(A). We conclude that C(Q2) C S(§2) and
@ extends p to S(2). To show that S(Q2) is a quadratic algebra, suppose
A, B,C € §() are mutually disjoint with AU B,AUC,BUC € §(Q).
Applying Theorem [2.5](e) we obtain

lim tr(p X aupuc) = limtr [p(xa + x5 + X))
= lim tr(p;Xau) + lim tr(ps X auc) + lim tr(p X Buc)
— limtr(p;Xa) — limtr(p,Xp) — limtr(pxa)

We conclude that AUBUC € §(Q2) and that g is a g-measure on S(§2). O

~

A random variable f € H is integrable for p, if limtr(p,f) exists and is
finite. If f is integrable we define

[ #dii=tim (o)
Notice that if A € S(€2) then y 4 is integrable and
/XAdﬁ = 11(A)

The proof of the next result is similar to the proof of Theorem B.I]and follows
from Corollary

Theorem 3.2. (a) If f is integrable and o € R, then af is integrable and
[afdn=a [ fdi (b) If fis integrable with f >0, then [ fdp > 0. (c) If
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f, g, h are integrable with disjoint support and f+gq, f+h, g+h are integrable,
then f + g + h is integrable and

/(f+9+h)d/7=/(f+g)dﬁ+/(f+h)dﬁ+/(g+h)dﬁ
—/fdﬁ—/gdﬁ—/hdﬁ

4 Finite Unitary Systems

Finite unitary systems and their relationship to finite g-processes have been

studied in the past |2, [7]. They are closely related to the histories approach

to quantum mechanics [9, 10] 12} [14]. In this section we study finite unitary

systems and in Section 5 we employ them to construct finite g-processes.
Let C™ be the m-dimensional Hilbert space with elements

f:{0,1,.... m—1} - C

and inner product

3

-1

(fr9)=> [f(1)ag(d)

J

We call C™ the position HIlbert space and denote the standard basis on C™
by eg, €1, ..., em_1. A finite unitary system is a collection of unitary operators
U(s,r), r<s &N on C™such that U(r,r) = I and

Il
o

U(t,r)=U(t,s)U(s,r)

forr <s<teN. IfU(s,r), r <s €N, is a finite unitary system, then we
have the unitary operators U(n + 1,n),n € N such that

U(s,r)=U(s,s —1)U(s—1,s—2)---U(r+1,r) (4.1)

Conversely, if U(n+ 1,n),n € N, are unitary operators on C™, then defining
U(r,r) = I and for r < s defining U(s,r) by (41 we have that U(s,r), r <
s € N, is a finite unitary system. A finite unitary system U(s,r) r < s € N
is stationary if there is a unitary operator U on C™ such that U(s,r) = U*™"
for all r < s € N. In this case U(n+ 1,n) = U for all n € N.
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We call the elements of S = {0,1,...,m — 1} sites or positions and we
call infinite strings v = yoy172 -+, Vi € S, paths or trajectories or histories.
The path or sample space is

Q= {y: ~ apath}
We also call finite strings vov1 - - - v n-paths and
Q, = {vy: v an n-path}

is the n-path space on n-sample space. Notice that the cardinality [€2,| =
m"t1. We call the elements of A,, = 2% n-events.

A finite unitary system U(s,r) describes the evolution of a finite-dimen-
sional quantum system and the projections P(i) = |e;)(e;|,7 =0,1,...,m—1,
describe the position. The n-path v € €, is described by the operator C,, ()
on C™ given by

Cu(7) = P(y)U(n,n—=1)P(yn-1)U(n—1,n—=2) - -- P(1)U(1,0)P(70) (4.2)
Defining b(~y) by

b(y) = <e%, U(n,n — 1)6%71><e%71, Un-—1,n— 2)e%72>
e <6'Y1> U(la 0)6’%) (43)

Equation (4.2)) becomes

Cn(7) = b(7) e, ) (ex] (4.4)
Lemma 4.1. For:=0,1,...,m — 1 we have
S b=} => {p)P:m=1i}=1
’YEQn ’YEQn

Proof. The result follows from

‘b(f}/)ﬁ = ‘<€’yn7 U(nvn - 1)€’Yn—1>‘2 ‘<€’Yn717 U(n - 1,77, - 2)6“/n—2>‘2
T |<6’Yl> U(la O)e’yo>|2

and calculating the designated sums. O
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If v € C, ||¢|| = 1, we define the amplitude of v € Q, by ay(vy) =
b(7)¥ (7). We interpret |ay(7)|* as the probability of the path ~ with initial
distribution . The next result shows that these probabilities sum to 1.

Corollary 4.2. For the path space (), we have

D lay()F=1

’YEQn

Proof. By Lemma [4.1] we have

Yo laPF =" Y0 lasMIF =D [(w)* Y ()

YEQR Y0 Yrsee 1

It is interesting to note that

ay(7)
={(ey, @ Ry, Unn—1)@ - @U(L0) @I, , ® - ® ey @)

and when the system is stationary with evolution operator U we have
ap(y) = <e% Q- Qey, U RIe,, @ Qe ®w>

The operator C,(7)*C,() describes the interference between the two
paths v,7 € Q,. More precisely, C,(7')*C,(v) describes the interference
between two particles, one moving along path v and the other along path +'.

Applying ([@4]) we see that
Cn(V/)*Cn(V) = b('yl)b(’y)}ew()xe'y() }5%“% (4'5)
For A € A, the class operator C,(A) is

Co(A) =) Cu(v)

yEA

It is clear that A — C,(A) is an operator-valued measure on A,, satisfying
Cn(Q,) = U(n,0). Indeed, by (£3)) and (4.4]) we have

Cul@) = Y Culn) = 3 (e U, 0)es) e, ) (0| = U(n, 0)

YEQ, YEQn
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The decoherence functional D, : A, x A, — C is defined by

Dn (A, B) = (Co(A)" Co(B)Y, )

where ¥ € C™, ||| = 1, is the initial state. It is clear that A — D, (A, B)
is a complex-valued measure on A, with D, (,,£,) = 1. It is well known
that for any A;,..., Ay € A,, D,(A;, A)) is a positive semidefinite matrix
[, [T, [12].

The g-measure p,: A, — R" is defined by u,(A) = D, (A, A). It is well
known that u, indeed satisfies the grade-2 additivity condition required for
a g-measure [4] [11], [12].

The n-distribution given by

Pn(i) = pn ({7 € Qu: yn = i})

is interpreted as the probability that the system is at site ¢ at time n. The
next result shows that p, (i) gives the usual quantum distribution.

Theorem 4.3. Fori=0,1,...,m we have

2
=2 @0

= [{ei, U(n, 0)9)/’
Yn=1

Proof. Letting A ={vy € Q,: v, =i} we have by (43]) that
Pu(i) = Dn(A4, ) (Cu(A)°C (AW )
= {CE) CO ) vy =10 =i}

ZZ{ (MY )Y(v0) P (75) : %Zvn:i}
=) b)) =D asy)

Tn=1 Tn=t

Applying (43) gives
> b)) = Z (ei, U(n,0)e5) 8 (70)

Tn=1

= Z n O el’e’m><6’yo>w>
= <ei, U(n,0))

The result now follows. O
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Corresponding to an initial state v € C™, |[¢|| = 1, the n-decoherence
matriz is D,(v,7) = D, ({~v},{7'}). We have by (4.5 that

Dy (7,7") = (Co(7)* C ()0, 0) = b(y)b(7" )0 (70) 1 (76) O 1,
= Qy (V)% (7/)5%,% (4'6)

Notice that
2
tn(7) = Dn(v,7) = lay(v)]

> t(y) =1

’YEQn

and by Corollary [4.2]

We also have

tin ({7:7'}) = b () + pn(7') + 2Re Dy (7, 7')

Finally, notice that

D,(A,B) = Z {D,(v,7):v€ A, € B}
=3 {e)a)8,, 1 v € A+ € B

and hence,

pn(A) = Dn(A,A) = D Du(r,7) = D ap(Mas(3)0y, ., (47)

7Y €A 7Y €A

Define the n-path Hilbert space H, = (C™)2("*+1)  We associate v € €, with
the unit vector in H,, given by

e'Yn ® 6*}/”,1 ® e ® e'YO

We can think of H,, as the set {¢: 2, — C} with the usual inner product.
Then v € €2, corresponds to x(,} and the matrix with components D, (v,v’)
corresponds to the operator

(Da6) () = 32 Dal1,7)0(7)

Theorem 4.4. The operator lA)n 1s a state on H,.
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Proof. 1t follows from (Z6) that D, is a positive operator [7]. By Corol-
lary [4.2] we have

(Do) =Y Da(r1) = Y law) =1

YEQ, YEQ

~

Hence, D, is a trace 1 positive operator so lA?n is a state on H,,. O
For every A € A, we have the vector |xa) =>_ {v: v € A}.
Lemma 4.5. The decoherence functional satisfies
DA, B) = tx (|x) (x4l Do)

Proof. For A, B € A,, we have

tr (Ixs) (xalDn) = 3= (Ixs) (xalDur )

YEQ,
=y < Dy, [xa) XB|7> Z<Dn%x,4>
YEQ, yEB

:Z{<f)n%7’>: v € B,y GA}
=> {Du(7,7):¥ € AyeB}=D,(A,B) O

The next result characterizes the eigenvalues and eigenvectors of the op-
erator D,. Let 4% 41, ..., 7™t € Q, be the n-paths given by’ = 00- - - 04,
1=0,1,...,m—1.

Theorem 4.6. The nonzero eigenvalues of D,, have the form

A=Y () = i}

fori=0,1,...,m — 1 and corresponding eigenvectors u' € H, have entries

16



Proof. For 1 =0,1,...,m — 1 we have

Y EQn

= ap(Map(1)dy, 0y () ay(7)6in,
v EQn
A ,

= ay()ay(1)0in, Y lap(y'] diy,

v EQ
> {las()P = 50 =3} w'()
= [ v = ] w')
0

This shows that v, ¢ = 0,1,...,m — 1 are eigenvectors of D,, with corre-
sponding eigenvalues );. By Corollary and the fact that p,(Q,) = 1

we have that > \; =1 = tr (ﬁn) Hence, Ao, ..., \,_1 include all nonzero

eigenvalues of D,. O

Assuming that u* # 0 in Theorem 6], i = 0,...,m — 1, let v; = u"/ ||u’|]
be the corresponding unit eigenvectors. We then have the spectral resolution
D, =" \;P,, where P, is the projection onto the subspace spanned by v;,
1=0,1,...,m—1.

Corollary 4.7. For the eigenvalues \; of D,, we have for every A € A, that

2

m—1
pn(A) =N D (X i)
=0 veEA

Proof. By Lemma and Theorem we have

m—1

pin(4) = tr (1) (xal D) = 3 e (xa) (xal P

1=0

m—1 m—1
= Z Ai |<XA,Uz'>|2 = Z Ai Z <X{~/},Uz'>

i=0 i=0

vEA

2
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5 Finite Unitary Processes

This section shows how a finite unitary system can be employed to construct
a finite unitary g-process. As in Section 4, let S ={0,1,...,m — 1} be a set
of sites and let 2 =5 xS x --- be the set of all paths. Place the discrete
topology on .S and endow €2 with the product topology. Then €2 is a compact
Hausdorff space. Let A be the o-algebra generated by the open sets in ()
and let C be the algebra of cylinder sets

Ag X Ay X -+ XA, X S xS x---

A; €S, 1 =0,1,...n. Let pg be the probability measure on S given by
po(A) = |A| /m, A C S and p; be the probability measure on C given by

pl(AO X Al X oo X An XS xS8x-- ) :p0(A0>pO(A1) o pO(An>

Then p; is countably additive on C so by the Kolmogorov extension theorem

p1 has a unique extension to a probability measure v on A. We define the
path Hilbert space by H = Lo(Q2, A, ).

Example 1. Let A € A be the event “the system visits the origin.” Then
we have that

A={weQ:w=ww; +, w;=0for somei=0,1,...}

Define B={1,2,...,m—1}, By = BXxSXxSX---, By = BXBXSxXSx---.
Then B; € C, By D By O --- and A’ = NB; € A is the event “the system
never visits the origin.” Now for ¢ = 1,2, ..., we have

v(A') = v(NB;) = limy(B;) = lim (mT_l) =0

Hence,

Hence, v(A) = 1. We will show later that the g-measure of A is also 1.
Let U(s,r),r < s € N be a finite unitary system on C™ and as in Section 4,
let H, = (C™)®*D be the n-path space. According to Theorem E4, the

~

operators D, are states on H,, n = 1,2,..., where we identify H, with
{¢: Q, = C}. Then {x{}: 7 € 2} becomes an orthonormal basis for H,,.

18



For v = 4071+ - v € €, define the cylinder set cyl(7y) as the subset of
given by
eyl(y) ={vw} x{m}px- x{m}xIxSx---

Then

7= m D i)

is a unit vector in H and we define U, X,y = 7. Extending U, by linearity,
U,: H, — H becomes a unitary operator from H, into H. Letting P, be
the projection of H onto the subspace U, H,, we have

Pn.f = Z <:}/\> fﬁ = n+1 Z /.chyl('y dVXCyl(’Y
¥ YEQ,
In particular, for A € A we have

Poxa=m"™ " v AN eyl(7)] Xeyiy)

’YEQn

P,1= Z Xeyl(y)

YEQ,

It is also clear that p, = UnﬁnU;Pn is a state on H and also on U, H,,.
Let A; be the algebra of all time-t cylinder sets

A=Ay x - XA xSxSx---

Hence,

where A; € S, i =0,1,...,t. Then A; C A, t =0,1,..., is an increasing
sequence of g-algebras generating A. As in Section 3, let 14 be the restriction
ofvto Ay, t =0,1,.... Then U, H, is isomorphic to Ls(2, As, 1), t =0,1,.. .,
and forms an increasing sequence of subspaces on H.

Theorem 5.1. The sequence of states p;, t = 0,1,..., is consistent.

Proof. Let D,, be the decoherence functional on H,, given by D, . To show
that p; is consistent we must show that

Duyi(Ax S, B x S) = D, (A, B) (5.1)

for every A, B C €,,. Using the notation vj = voy1 - - - 77, (B.1)) is equivalent
to

m—1 m—1
Du(v,7) = > Dupa(viY'k) = Du(74,7'5) (5.2)
7=0

J,k=0
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for all v,+" € §,,. Since

Z <U(TL +1, n)e’yim 6j><em U(n + 1, n)e'Yn> = 5’Yn7’ﬂl

J

it follows that

D b)) = b)),
for all v,~" € €,,. Hence,

> Dua(v4:7'9) = Z ay (V) ay (V']

— Z b(v7)b(v'3)% (70) ¥ (70)

J j J
= b( )6(Y) Y (10)¥(10) = apay(7')dy, 4,
= Du(7,7)
so (5.2)) holds. O
We call the consistent sequence p;, t = 0,1, ..., a finite unitary process.

It follows from Theorem [3.1] that the quadratic algebra S of suitable sets
contains C and g is a ¢g-measure on S that extends the natural ¢g-measure p
on C. We now consider some sets in S \. C.

If v =71+ - € Q, letting A,, = cyl(7071 + - - 1) we have that {v} = NA,.

Hence,

<m>mwmpmm;L:0

n—oo m(ntl)
It follows that () = 0 as an element of H so

lim (enX (31, X)) = 0

We conclude that {7} € § and 1z ({y}) = 0. Since {7} ¢ C we have that S
is a proper extension of C. More generally, if B is a countable subset of €2,
then B € A and v(B) = 0. Hence, B € S and u(B) = 0. Moreover, since
v(B') =1, xp = 1 a.e.[v]. Since u,(2,) = 1 we have that

(enxm Xm') = (enl, 1) = <Unf)nU;;Pn1, 1>
<lA? U,1,U, 1> <ﬁnxgn,xgn>
fn($2n) =

20



Hence, B’ € S and p(B') = 1.

Let A € A be the event “the system visits the origin” of Example 1.
Then A’ is the event “the system never visits the origin” and we showed in
Example 1 that v(A’) = 0. Hence A" € S\ C and u(A’) = 0. Thus, the
g-propensity that the system never visits the origin is 0. Since v(A) = 1,
x4 = 1 a.e.[v]. As before we have that A € S and pi(A) = 1. Of course, the
origin can be replaced by any of the sites 1,2,...,m — 1.

As another example, let B; be the event “the system visits site j for the
first time at t.” Letting

C=1{0,1,....5—1,j+1,....m—1}
we see that B; € C and
Bi=CxCx- - xCx{j}x8SxSx---

where there are ¢ factors of C. We have that

v(By) = (L_l)t r M

m

m mt+1

Since B; € C we have that

fi(BY) = (1) = (Dixs xan)

which depends on U.
We close this section with an example of a two-site quantum random walk
or a two-hopper [7, 13]. The unitary operator

1 (1 ¢
U=—|.
V2 |i 1
generates a stationary unitary system on C2. We think of this system as
a particle that is located at one of the two-sites S = {0,1}. We assume
that the initial state is ey so the particle always begins at site 0. In this

case, we can let Q@ = {0} x S x § x --- and we obtain a finite unitary
process on H = L,(Q, A, v). Let p, be the g-measure on A,, = 2% given by

~

tn(A) = <DnXA7 XA>- Let C; be the event “the particle is at site 1 at time
t.” Then C; € C and we have

C,={0}xSx---xIx{l} xSx§---
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Letting £, = {0} xS x---xSx {1} we have that E;, € A; and 1(C}) = py(Ey).
We now compute g (E;) fort =1,2,....

Of course, 1 (E;) = 1/2 for t = 1,2,..., which is the usual classical
result. As we shall see, the quantum result is somewhat surprising. This
result suggests a periodic motion with period 4. To compute p,(E;) we shall
employ Corollary A7l We see from the form of U that p, ({0}) = 1/2"
for every v € Q,. Hence, by Theorem [1.6] D,, has eigenvalues 1/2 with
multiplicity 2 and eigenvalues 0 with multiplicity 2" — 2. For v € Q,, v
is the binary representation for a unique integer a € {0,1,...,2" —1}. We
then identify €2, with {0,1,...,2" — 1}. Let ¢(vy) be the number of position
changes (bit flips) in v. Applying Theorem 4.7 of [7], the unit eigenvectors
corresponding to 1/2 are ¢, ¥} given by

. 0
cn (0
i 0( ) jen()
ien(2) 0
| 0 .1 ien(3)
vy = 2(n—1)/2 . ’ L7 9(n-1)/2 0
Z’Cn(20"—2) (3)
L _ 7;cn(2n—1)

In order to compute 9§, 1} the following lemma is useful.
Lemma 5.2. [7]. ForneN, j=0,1,...,2" —1, the function c,(j) satisfies
1 (27 =1 = 5) = cu(j) +1

We employ the vector notation ¢, = (¢,(0),cn(1),...,¢,(2" —1)). Ap-
plying Lemma [5.2] since ¢y = (0) it follows that ¢;(0,1), co = (0,1,2,1) and
c3=1(0,1,2,1,2,3,2,1). Hence,

a-f] o p

1 0
1 0 1 i

2 _ - 2 _ _~
0 )
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e -
0 )

-1 0

5_ 110 g 1| i
%—5 R %—5 NE
0 —1

-1 0

L 0_ L /Z:_

Applying Corollary 7] we have that po(Fo) = 0 and

p(Br) = ({11) = 4 [Ocay 60+ 3 [ Ocay o) |
— 1/
pa(Ez) = 12 ({1,3}) = & | (xay vd) + (xesy )|

+ 3Oy 98 + (e )|
LR B S L
2 |2 2|

In general, we have

2t—1
pe(Er) = pu ({1>3a-~ - 1} Z<X{y}>w1
2
2t—1
- Z i
j I
Letting
2t_2 2t—1
t) — Z Z'Ct(j)’ G(t) Z jet()
i 'ezven j.o_dd
we have

m(Br) = 5 |G
Notice we have shown that G(0) =0, G(1) =i, G(2) = G(3) = 2i.
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Lemma 5.3. For j =0,1,2,3 and m € N we have G(dm+7) = (—4)"G(j).

Proof. Applying Lemma [5.2] we have that G(t) = G(t — 1) +iF(t — 1) and
F(t)=F(t—1)+1iG(t — 1). Hence,

G(t) =Gt —1) +i[F(t —2) +iG(t —2)] = G(t — 1) — G(t — 2) + iF(t —2)
—G(t—1)— Gt —2) +i[F(t—3) +iG(t — 3)]
Gt —1)— Gt —2) — G(t —3) +iF(t — 3)

Continuing this process we have

Gt)=G(t—-1)—-Gt—2)—---—G()+1iF(1)
=Git-1)—-Gt—-2)—---—G()+1i
Hence,
Gt)=G(t—-2)—Gt—3)—---—G)+1
—-Gt—-2)—-G(t—-3)—---—G(1)+1
=2[G{t—-3)—-G(t—4)—---—G(1) + 1
—2[G(t—4) -Gt —5)—---—G(1) +1
—2[G(t—4) + Gt —5) 4 -+ G(1) — i
= —4G(t —4)

Letting t =4m + 7, 5 = 0,1, 2,3 we have

G(t) = —4G(4(m — 1)+ j) = =4 [-4G(4(m — 2) + j)]
= (—4)*G(4(m — 2) + j)
Continuing this process gives our result O

Applying (B3] and Lemma 5.3 we have for t = 4m + j, 7 = 0,1,2,3 and
m € N that

1 , 1 .
il ) = s GG = o5 1G0)P

This shows that pu(E;) is periodic with period 4. The first few values of
w(Ey) are 0,1/2,1,1/2,0,1/2,1,1/2,0,....

Let F; be the event “the particle is at site 0 at time ¢.” Then F; € C and
we have

F,F={0} xSx---xSx{0}xSx§---
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Again, setting
Gy={0} x S x---x S x{0}

we have that G; € A; and u(Fy) = w(Gy). Of course, Gy = E; and
we have computed p(E;). It does not immediately follow that u,(G;) =
1 — py(E;) because py is not additive. However, as in (5.3) we have that
1 (Gy) = 278 |F(t)]> where F(0) = 1, F(1) = 1, F(2) = 0, F(3) = —2.
As in Lemma B3 for j = 0,1,2,3 and m € N we have that F(4m +
j) = (=4)™F(j). We conclude that in this case, u:(Gy) = 1 — i (Ey).
Thus, p(Gy) is periodic with period 4. The first few values of 1, (G;) are
1,1/2,0,1/2,1,1/2,0,1/2, - -

Finally, let f; be the random variable that gives the position of the particle
at time t. Thus, for v € Q, v =ym -+, fi(y) = 7. Then f = x¢, and we
have

[ fedii =) = ) = 5 1G (O

which we have already computed.

6 Quantum Integrals

Let p;, t = 0,1,2,..., be a discrete g-process on H = Ly(£2, A,v). As in
Section 3, a random variable f € H is integrable if lim(ptf) exists and is
finite, in which case [ fdju is this limit. If a global state p exists, it is also
of interest to compute the integral [ fdup = tr(p f) The operator f can

be complicated and the expression tr(p f) difficult to evaluate. This section
considers the case in which f is a simple function. A general random variable
can be treated using Corollary 2:6(d). We first find the eigenvectors and
eigenvalues for two-valued random variables.

If f has the form f = aya, a € R, then f = a4 and

t/szu@ﬂ:ammwm

The next result treats nonnegative random variables with two nonzero values

Theorem 6.1. If f = axa + yvxp where AN B = (), v(A)v(B) # 0 and
0 < a < f then f has two nonzero eigenvalues

av(A) + (B j:\/ou/ (B)]? + 2020(A)v(B)
B)

Ao = o
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with corresponding eigenvectors
g+ = Xxa+bixs
where by = [Ax —v(A)] /v(B).
Proof. We first treat the case in which f has the form
f=xa+Bxs

where ANB =0, v(A)v(B) #0 and § > 1. For g € H we have

0)= [ min (7o), £(6)) ow)dv(y)

/ F(@)g(y)dv(y) + / FW)gw)dr(y)  (6.1)
{y: fly)>f(x)} {y: fly)<f(x)}

Letting C'= (AU B) = A'N B’ it follows from (G.I]) that:
If x € C, then (fg)( )=

If x € A, then (fg () = fAUBg dl/( )

If x € B then (fg (x) = ﬁfBg +ng(y)d1/(y)
We conclude that

Foe)= [ it {5 [ stwavw)+ [ g(y)dv<y>] w (62)

If g L xa and g L xp then J?g = (0. Thus,

Range(f) = span {xa, X5}

It follows that eigenvectors corresponding to nonzero eigenvalues have the
form g = axa + bxg, a,b € C. Assuming that g has this form and fg = Ag,

applying (6.2) gives

(f9)(x) = [av(A) + bu(B)] xa + [Bb(B) + av(A)] x5
=alxa + bA\xs

Hence,
aX = av(A) + bv(B), bA = pbv(B)+ av(A)
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Notice that a # 0 since otherwise b = 0 which contradicts g # 0. We can
therefore assume that a = 1. Then b = [\ —v(A)] /v(B) and b [\ — fv(B)| =
v(A). Eliminating b from these two equations gives

A2 — [W(A) + Bu(B)] A+ (B — 1)v(A)w(B) =0

Applying the quadratic formula we have the two solutions

LA+ puB \/ B)? + 20A()v(B)

and corresponding eigenvectors are

g+ = Xa+bixs

where by = ’\iu_(g()A). Since the original f satisfies
f=a [XA + lXB]
o
letting = v/« and multiplying A+ by « gives the result. O

The eigenvectors g+ need not be normalized but this can easily be done.
Theorem [6.1] treats random variables with two positive values. The remaining
case for two-valued random variables is one of the form f = ax 4+ B xp where
ANB =0, v(A)v(B) # 0 and a > 0, 8 < 0. This case is easy to treat because
we can write f = axa — (—f)xp so that

~

f=aXa— (=B8)Xs = alxa){xal + Blxz){(xsl

Hence, the nonzero eigenvalues of f are av(A), fv(B) with corresponding
unit eigenvectors v(A)~2y4, v(B)"/?xp. We can thus find the eigenval-
ues \; and normalized eigenvectors v;, ¢ = 1,2, for an arbitrary two-valued
random variable f. If p is a state and 1, the corresponding g-measure, we
have

/fdup = tr(pf) = <pfv1,v1> + <pfvz,v2>

= Ai{pv1, v1) + Aa{pua, vg)
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Now suppose f = axa + Bxs + 7Xc is a three-valued random variable
where «, 3,7 € R are distinct and A, B, C' are mutually disjoint. By Theo-
rem [2.5)(e) we have

~

f=(axa+ Bxzs+vxe)"
= (axa+ Bxs)" + (axa +vxe)" + (Bxs +vxe)" — axa — BXs — 7Xc
(6.3)

The right side of (6.3) contains the quantization operators for three two-
valued random variables. Letting A\i, A} be the eigenvalues of the ith operator
with corresponding unit eigenvectors v}, vs, i = 1,2,3 we have

/fdﬂp :tr(pf)
32

> Xipvt vy — alpxa, xa) — Bxs, x8) — Y{pXC XCO)

i=1 j=1

Continuing by induction we have for f = >""  a;xa, that

n

f = Z (OéiXAi + anAj)A - (n - 1) ZaiS(\Ai
; =1

1<j=1

Using a similar notation as before gives

/fdup = tr(pf)

n(n—1)/2 n

2
SN v vl — (n = 1)) ailpxaxa,)
j=1

1=1

1=1
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