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1 Introduction

Over the past ten years, local fractional calculus [1-8] played a part in fractal mathematics
and engineering, especially in nonlinear phenomena. More recently, Newton iteration
method based on local fractional calculus was presented in ref.[6]. A procedure for the
Newton iteration method is not easy enough for an engineer to master it. In order to
express the generalized Newton iteration method, this paper proposes operators on real
line numbers on a fractal space. Taking the definition of local fractional derivatives and
local fractional integrals into account and using generalized local fractional Taylor series,
it is easy to understand the generalized Newton iteration method.

This paper is organized as follows. In section 2, operators on real line numbers on a
fractal space are investigated. Generalized local fractional Taylor series are derived from
local fractional calculus in section 3. Generalized Newton iteration method is discussed in

section 4. The conclusions are in section 5.

2 Operators on real line numbers on a fractal space

At first, we start with operator on real line numbers.



Definition 1
Let R be real number. There exist responding real line numbers on a fractal set E with

fractional dimension « , noted by R .

Definition 2

A metric for a fractal set E with fractional dimensiona ,0 < a <1, is a map

p, -ExE — R7suchthat forall x*,y*,z“ €E.
(1) p, (X, y*) = Owith equality if x* = y*;

@) p. (¥, ¥ )= £, (v x7);

@) p, (X 2°) < p, (X, ¥y )+, (¥ 2).

The pair (E, p,) is a generalized metric space.

Remark.1 R ={numbers on a fractal set E withar =1}.

Remark. 2 LetE =R .

Pa,z(X“'y“){i(Xi —yi)z"’j;

o

isa metricon R, where x* :(x1 ,xza,...,xn“)eR‘jand

Y = (%Y e Yo ) ERE.

Similarly, if E =R =R7 xR}, we have

Pur(212,° )= (Z”:(Z” o) ]2

is a metric on complex space R}, where
a __ a a a a a a a a a
A —(21,1 1215 s 2y )e R and z, _(2211 1Zy5 ser Ly )e R,

a

There is a simple example that for 2% = x* +i“y* (2| = /x> +x,° is referred [9].

n

——
Remark.3 In special case of @ =1it follows that both R}, = R xR x...x Rand R are

n

classical complex spaces and that both R} = RxRand R} =R} xRy x...xR; are
classical complex spaces.

If a“,b“,c“ belong tothe set R of real line numbers, then

(1)a” +b“anda”b” belong to the set R“;



(2)a“ +b“ =b*+a“ =(a+b)" =(b+a)";

(3)a“ +(b* +c*)=(a" +b")+c”;

(4)a“b” =b“a® =(ab)” =(ba)";

(5)a“ (b“c*)=(a"b”)c;

(6)a“ (b” +c)=a“b” +a“c”;

(Mma“+0“=0"+a“ =a” anda”-1“ =1"-a”" =a“”.

The above is operators on real line numbers on a fractional space.

3 Generalized local fractional Taylor series

3.1 Review for local fractional derivatives and local fractional
integrals

Definition 3

A non-differentiable function f :R >R, x— f (x) is called to be local fractional

continuous, when
(%)= (%)< O

with|X —X,| < & fore,5 > 0ande,6 e R. If f(x)is local fractional continuous on the
interval (a,b), we denote f (x)eC, (a,b).

Definition 4

The local fractional derivative of f (X)of ordera atx =X, is defined [6-9]

)= i ML o

dx”
where A“( (x)—f (%)) =[(1+a) A f (X)— (%))

Forany X e (a, b), there exists £l (x) -D @ (x) , denoted by

X

f(x)e DX(“)(a,b).

Definition 5

Local fractional integral of f (X) of order« in the interval [a,b] is defined [6-9]

L ()= () ==t $ (1)) ®



where At =t,, —t;, At =max{At, At,,At;,..}and [t t ], j=0,..,N-1.t; =aty=b, is a
partition of the interval[a,b].
Here, it follows that

L F(x)=0 ifa=band 1, f(x)=—,1,f(x) ifa<b.
Forany x € (@,b), there exists,, 1,/ f (), denoted by f (x) e 1, (a,b).
Remark 4. If f (x) € D, (a,b), . 1) (a,b), we have f (x)eC, (a,b).

Remark 5. Above definition is deferent from Jumarie [10] and Kolwankar[1,4].

Meanwhile, « is fractal dimension and there exist the following relations
a“+b” =(a+hb)”
and
a”-b* =(a-h)".

Taking into account, we have the equality

ﬁﬁ(dt)“ B F(l::—a) J.cy(dt)a " F(1+ a) J.:(dt)a '

which provides

1
I(1+a)

(y-x)" =
In this case we have the following relation

(y=x)"=(y-c)"+(c-x)".

F(l+a)(y_c)a "

Furthermore,
(y+x)" =(y-c) +(c+x)".
Whenc =0, we can find that
(y+x)" =y +x, (4)
It follows from (4) that
(y+x) =y“=x"=(y+x-y)",

Hence
(xty) =x"+y”. (5)
3.2 Generalized local fractional Taylor series

Lemma 1 (Generalized local fractional Taylor theorem)

Suppose that f (et (x) eC,(a,b), fork =0,1,....n ,0 <& <1, then we have[11]



(ka) ((m+1)ar)
f(X)=§rf(1+(kX(';))(x—xo)k" +r(f1T+(f)EL)<X‘X°)(M)a (6)

k+1 times

witha < X, <& <x<b,Vxe(a,b), where f (cs2)) (x)=D,..D f ().
Theorem 2 (Generalized local fractional Taylor series)

Suppose that f (et (x) eC, (a,b), fork =0,1,....n ,0 < <1, then we have

w f(ka)
f(x):zf (Xo)(x—xo)k“,0<a£1 @)

k+1 times
witha < X, < &£ <x<b,vxe(a,b), where f“? (x) =D, .0, f (x).

X X

Proof. Frorm (6), taking the limitn — oo we have the result.
As a direct result, we have the local fractional MC-Laurin’s series
o f(ka) (0)
f(x)=) ——2x* 0<a<1. 8
()= 2 i) ©

4 Generalized Newton iteration method

In this section, iteration method via the local fractional derivative for a non-
differential function is called generalized local fractional iteration method. This method is

to solve the local fractional equation.

Suppose thatp : R - R, x* > ¢, (X), is ath continuously non-differentiable

function, forO < & <1. There exists £ € [x*, XH] such that

X —x%|=|gp (X*)—go (% ) :—(p(a)(g) ‘(x*—xk )a <L|x*—x “ 9)
Kk a a -1 F(l+a) -1 - k-1 |*
We have the inequality
X=X < L‘x* —xk_l‘a <’ ‘x* —X,| << ‘x —X,| =L X —x,"
(@) (x
where|-2 (x) <L <1foranyxe[a,b].
(1+a)
Therefore X, — X ask —> .
For any positive integer p we can find that
X 5| P Kept | TPopt Hepz [0 Hoea" X (10)
SLP—l )q(ﬂa _Xka +LP—2 )<K+la_)q(a S +)q(+la _)q(a =( LP—1+LP—2+ ..... +l) XkJrla_XKa




It follows from (10) that

* 1
X=X £—<‘xk+1“ -X“| as p—>o,
1-L
Hence, there exists a local fractional iteration process
X =0, (%), (11)

which converges the root of ¢, (x)=0.

Notice: Both¢g, (x)and ¢, (x)are local fractional continuous functions. Hence, from

(12) we obtain the new fixed point.

5 Remarking conclusions

In present paper, the expression that a new iteration method via the local fractional Taylor
series with local fractional derivatives, generalized local fractional iteration method, is
proposed. This new method is to solve the equations of non-differential functions defined
on fractal sets. Real line numbers on fractal sets are investigated and it may be a new
subject on fractal geometrics. As classical iteration method, there may be a new fixed
point method in a fractal space. It is to say, existence for a generalized fixed point on

generalized metric spaces may take place.
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