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Abstract. Mathematical models and computer algorithms are developed to calculate dynamic
stress concentration and fracture wave propagation in a reinforced composite sheet. The
composite consists of a regular system alternating extensible fibers and pliable adhesive
layers. In computer simulations, we derive difference algorithms preventing or minimizing
the parasite distortions caused by the mesh dispersion and obtain precise numerical solutions
in the plane fracture problem of a pre-stretched sheet along the fibers. Interactive effects of
microscale dynamic deformation and multiple damage in fibers and adhesive are studied.
Two engineering models of the composite are considered: the first assumes that adhesive can
be represented by inertionless bonds of constant stiffness, while in the second one an
adhesive is described by inertial medium perceived shear stresses. Comparison of results
allows the evaluation of facilities of models in wave and fracture patterns analysis.

1 INTRODUCTION

Since fiber-reinforced sheets have a wide range of applications they may be required to
endure intense dynamic loadings ([1-5]). A set of dynamic problems has been studied on the
basis of the homogenization approach averaging local properties of microstructure (see e.g.
[6]). Within such an approach, features inherent in impact processes are, as a rule, explored
by analytical methods and models of solid dynamics that are well developed and intended for
analysis of a long-wave spectrum, where microstructure peculiarities play a secondary role.
At the same time, the significant rise in influence of microstructure on the wave picture
essentially restricts capabilities of analytical modeling in dynamics; gaps of wave fronts and
high-gradient components responsible for dynamic stress concentrations and fracture
propagation in composite structures have not yet been adequately examined and remain a
subject of contemporary research (see e.g. [8 - 10]). These processes are strongly significant,
notably in fracture dynamics of reinforced structures where breaking a unit fiber can result,
due to wave reflections, in the appearance of multiple wave fronts and high-frequency
oscillations.

There exists a set of numerical approaches intended for computer simulations of wave and
fracture propagation in homogeneous structures and composites [7 - 9]. A review of new
software upgrades that extend the digital advantage in the composites marketplace can be
found in [10]. The main usage of calculation devices based on finite differences, finite
elements or spectral elements techniques and their applications to simulation of wave
propagation and fracture dynamics in inhomogeneous solids and composite structures are
described.

The use of any numerical techniques is advantageous in the case when the specific effects
caused by discretization are separated from the expected solution of the original problem, or
their influence has been minimized. However, those requirements to preventing numerical
errors are not always sufficiently performed in designing of the algorithm. In contemporary
literature devoted to the numerical solution of initial-boundary problems, the three main types



of numerical errors are considered (see, e.g., [11]): the amplitude error (caused by mesh
diffusion and instability), the phase error (mesh dispersion), and the Gibbs error (caused by
using a finite representation of a continuous function). To this set the approximation error is
to be added inherent to any discretization procedure. If the latter can be somehow estimated
in advance, and the stable numerical solution can be justified by the known condition, the
numerical diffusion responsible for spreading discontinuities and the numerical dispersion
together with Gibbs effects identified as the emergence of ‘parasite’ oscillations in
discontinuity or high-gradient areas remain the main obstacle in preventing sufficient
computations on the basis of explicit algorithms. These obstacles turn out be notably
significant in simulation of fracture dynamics in reinforced composites: breaking of fibers
and cracking of adhesive result in the appearance of multiple wave fronts and high-frequency
oscillations. Below the above—mentioned mesh effects are not presented separately (since
they have similar reasons and similar consequences) and are all called — Mesh Dispersion
(MD).

The purely mathematical aspects related to the MD minimization problem has a half-
century history beginning, probably, from the pioneering works [12 - 14]. Subsequent studies
that treat the emergence of MD as a consequence of the Gibbs effect can be found, e.g., in
[15 - 18]. In the last decades, a great amount of studies has been devoted to various spatial
and temporal discretizations of differential operators to minimize the MD in computation of
elastic waves [19, 20], transportation processes [21], and electromagnetic waves [22-24]. The
problem of separation of MD oscillations and physical high-frequency oscillations inherent
dynamics of heterogeneous solids has not yet been adequately examined and remain a subject
of contemporary research (see e.g. [24 - 26]).

Among means for preventing MD, we note computational algorithms built on the basis of
the so-called Mesh Dispersion Minimization (MDM) technique. The idea behind MDM is to
properly adjust the domains of dependence determined by continuous and corresponding
discrete models. The MDM algorithms possess the possibility to obtain numerical solutions
of transient problems with the same (high) accuracy for low-frequency and high-frequency
components. The method initially proposed in [7] was applied to the simulation of fracture
dynamics in reinforced fiberglass materials [27, 28]. However in the MDM version used
therein, the parasitic effects of MD have not been completely eliminated. The MDM
technique upgraded in [29] has been used in diverse practical problems: high-speed
penetration of metal-fabric composite shields [30], impact indentation of a rigid body into
solids [32], and resonant excitation of lattice structures [33]. While in 1D problems MD is
completely eliminated by the MDM technique, such a result has not yet been achieved for
multidimensional processes.

In this work we present a version of MDM intended for a precise calculation of 2D wave
and fracture processes in pre-stretched reinforced composite sheets.

2 MECHANICAL AND MATHEMATICAL MODELS

2.1 Physical Assumptions
We consider in-plane elastic waves and dynamic fracture in a thin plate modeled by a
periodic structure shown in Fig. 1.

The elastic plate of a unit width consists of an unbounded periodic system of high
strength fibers, which alternate with pliable adhesive layers. Parameters of fibers: width, 4,
Young modulus, E, and density, Prs the adhesive has width, H, shear modulus, G, and

density, p, . The axis x is directed across the fibers, and the axis y — along them. At infinity

(v ==00), fibers are stretched along the axis y by constant tensile stress o, .



The mechanical model assumes that fibers function in tension-compression, while the
adhesive is under shear stress. The assumption that in fibers exist only normal stresses while
in the adhesive only tangential stresses — is often used in studying the static and dynamic
equilibrium of unidirectional composites (see, e.g., [34, 35]) having a wide range of practical
applications (for example, in aircraft and ship engineering). Although the stress state of
structure components is, in fact, more complex, such an approach correctly expresses the
concept of the efficient performance of a reinforced material: high strength fibers are oriented
along the tensile stress lines, while the adhesive facilitates a more uniform distribution of
these loads between fibers, preventing stress concentrations.

The following problem formulation is considered. At time ¢ <0 all fibers are stretched
along the axis y by a constant tensile stress o, applied at infinity (x ==2o0). Let one of the

fibers (say fiber m=0) be suddenly fractured in a cross section (say in x=0) at zero
moment of time, t = 0 — see Fig. 1(b). As a result, the initial split increases with time — Fig.
1(c). The problem is to describe the dynamic concentration of stresses, subsequent fracture
process occurring with time and to reveal the “trauma” area after the (possible) fracture
arrest.
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Fig. 1: Schematization of the problem. (a) The plate generated by units
consisting of a thin fiber and a thick adhesive layer (their geometrical and physical
parameters are shown). The plate is pre-stretched by tensile stresses (¢ < 0);

(b) At t =0 the fiber m =0 is suddenly broken in a cross-section y =0; (¢) Then,

at ¢>0, the initial slit, as well as shear stresses at the fiber-adhesive interface
increase, unloading the fiber m =0 and overloading neighboring fibers m =1 and
m=-1.

We assume s << H and introduce a local coordinate X varied in the interval 0< X < H ,
thus x=mH + X , (m=0+122,...). Displacements and stresses in the fibers are denoted by
u, (y,¢) and o, (), in the adhesive — v,, (X, ¥,1) and 7, (X,y,t). The initial stressed
state of the fibers is 0, =c, (¢#<0). It was also assumed that initial tensile stresses in the
fibers are less than the given critical value: o, <o..1f o, ( y,t) > 0., the initial fracture can

excite a consequence breaking of fibers. In addition, we introduce the critical value of shear
stresses in the adhesive, 7.: if 7, > 7., the shear crack appears in the corresponding point of

adhesive and it can propagate away from the area of the initial fracture.



At t>0, the physical pattern of the process can be developed due to the following
scenario:

— at =0, two free boundaries appear in the fractured cross-section: o, (+0,¢)=0 and

o, (—O,t) =0. At >0, the unloading wave begins propagating in the fiber, and its free
ends move along the axis y in opposite directions;

— along with unloading, the broken fiber pulls the adhesive adjacent to this area. Under the
condition that the adhesive does not reveal resistance to normal stresses, the line y =0 in

adhesive begins to open freely: a transverse crack appears in the adhesive between fibers
m=—1 and m =1, and the splitting area increases with time resulting in the intensification
of shear waves in the adhesive, see Fig. 1(b);

— the shear waves reach fibers m = +1 nearest to the broken fiber m =0, overload them (i.e.
in addition to o, ) and involve them in motion. In turn, fibers m =+1 excite shear waves

in the adhesive that propagate upward to the next fibers, and backward to the broken one.
Shear waves reflected from the first intact fibers reach the broken one and decelerate it,
while the next intact fibers begin to overload. Together with this, free ends in fibers
m = =1 and shear cracks in the nearest adhesive can appear if normal and shear stresses
are to exceed critical values o, and 7., respectively. These boundaries surround a domain

associated to the trauma despite the fact that in some cases such trauma is not continued
but can be formed from a set of alternative fractured and intact domains.

— the dynamic process is developed with time farther on according to the described scheme,
more and more fibers neighboring the broken one are being fractured and involved into the
motion, while the intact ones get an additional load. At some particular moment of time,
energy of the initial fracture is completely spent on tension-compression waves in the
fibers and shear waves in the adhesive propagated away of the initial impact area. After
that, strains and displacements of the composite reach a new static state, and the dynamic
process is finished. As a result, a trauma remains in this new static state.

The used model of the fiber dynamics describes the one-dimensional wave process in a
thin rod embedded into the adhesive, while two models are considered for the adhesive:

(1) Model 1. This model is a simplified one. It is designed under the assumption that the

adhesive can be represented by inertionless bonds of constant stiffness K = G/H . Note

that the inertia of bonds can not be taken into account due to continuous distribution of
the bond mass along the fiber in each fiber-adhesive layer.

(i) Model 2. This model is more precise. The adhesive is described by inertial bonds
perceived shear stresses, while tension-compression stresses in bonds are neglected. Such
a theoretical treatment of the nature of the components performance is partially justified
by the fact that the shear modulus of the adhesive is hundreds of times less than that of
the fiber (see e.g. [1-4]), while their stretches have roughly the same level due to the
cohesion of the fibers and the adhesive.

In Model 1, the motion of the composite is completely described by displacements of
fibers, while displacements of adhesive is calculated from the linear dependence on X:

v, (X, y.t)=u, (y,t)+(X/H)[um+1 (v.t)-u, (y,t)].

The following patterns can be realized in the considered models depending on the
strength of the conditions:
— the composite remains intact: maximal stresses reached in the fibers and the adhesive do
not exceed critical limits: o, <o., 7, <7.. These conditions are used to calculate the

parameters of stress concentration in the intact fibers and the adhesive associated to them,;



— fibers are fractured, while the adhesive remains intact: o, > 0., 7, <7.;
— adhesive is fractured, while the fibers (with m # 0 ) remain intact: o, <o., 7, 27,;

— both fibers and adhesive are fractured: o, > 0., 7, >7..

2.2 Mathematical Formulation
In the mathematical sense, we are dealing with a non-linear hyperbolic problem possessing
non-classical boundary conditions. Due to the symmetry, a quarter of the plane x,y can be

considered in the calculation algorithm (let it be x>0, y > 0) with the symmetry condition in
mind. Displacements and strains of the composite at the intact static state (¢ < 0) are

u,(V)=yo,/E,ore, (y)=0,/E; v,(X,y)=0 (m = 0,+1,£2,... ), (1)
where &, (y)=0u,, /0y is the strain in m” fiber (m =£1,%2,...), and the fracture event of the
fiber m =0 at =0 changes (1) by adding condition &,(0,¢)=0:

&0)=0; &,(»)=0,/E (m # 0,y # 0), v, (X,y)=0 (m = 0,£1,£2,... ). (2)

Let us reformulate the problem for the additional dynamic state. For this we subtract the
static strains (1) from (2). Then boundary conditions for strains in fibers are the following:

y=0: £(0,0)=-0,/E, ¢,(0,0)=0 (m = 0). 3)
The motion of fibers is described by the 1D wave equation
Bt —Ehazu’“rf( )7, (), m = 0,+1,+2 )
or ¥ 8y2 Ay ), , 1L, £2,... .

where 7, and 7, correspond to reactive shear forces at the fiber-adhesive interface on the
right and the left, respectively. Their expressions in Model 1 are:

T(;':—To_zK(ul—uo) (sz), r;,:K(umH—um), T,;:K(um—umfl) (m>0), (5)

while in Model 2 (recall, here adhesive is considered as a array of inertial bonds), reactive
forces are the following:
Ty =—T, = G(&fvo/&X)‘

. 7, =G(0v,/oX)| . 7,=G(dv, /oX) _ (m>0). (6)

X=0 X=0

and displacements in adhesive described by wave equations

2 2
0<X<H: va(X,y,t)zcjﬁvm(X,y,t)’ (ca=,/G/pa), m=0,1,2,... (7)

or’ ox?
with the following boundary conditions:
vnt(o’y’t):un1(y9t)7 (Vm(HﬂyJ):umH(y’t)' (8)

Then we add fracture conditions to the system (3) — (8) as follows. If in the current cross
section j of m™ fiber at the moment of time 7 =7, tension stress o, () reaches the critical

value o, , this cross section breaks, and new boundaries appear resulting in the following
conditions for equations (4):

o, (3t)z o =0 =6 t>1,: am(}+o,t)=am(}—0,t)=o. (9)



In the case of the fiber-adhesive splitting, we, in addition to (7), have the additional
expressions for reactive forces in equations (4) and boundary conditions for v (0,y,#) and

v, (H,y,t):
n(& ) za s, =6 >0, 5 (£ 00)=0, 0u(£00) fax =0, (10)

where &"=0, & = H, and indices “+” at ¢ denote right and left interfaces, respectively.

It is evident fact that each possible scenario of wave-fracture pattern described above in
Subsection 2.1 and 2.2 is saturated by reflected waves and discontinuities that appeared due
to fiber rapture snaps and adhesive delaminating. Our goal is to calculate such processes as
precise as possible. Below we present the principle and practical devices of the MDM
technique allowing this goal to be reached.

3 MDM CALCULATION ALGORITHMS

To calculate the system (3) — (10), we use the explicit finite difference algorithm. Let
temporal and spatial steps of the difference mesh be Az, Ax and Ay. Let also values E, p ., h

be measurement units (then ¢, = /E / p, is the velocity unit).

Calculation algorithms for a discrete analog of system (3) — (10) are constructed on the
basis of the mesh dispersion minimization (MDM) technique elaborated in [7] and upgraded
in [29]. Simple examples presented below allow the main principle of the MDM to be
elucidated.

3.1 A Free Fiber

First, we consider the classic wave problem for a semi-infinite straight elastic fiber subjected
to the step tensile stress, which affects the free end. Below we have presented the equation of
motion with the step boundary condition at the free end y = 0, (11.1), the plane wave solution
for free waves in the fiber and the dispersion relation, (11.1), the d'Alembert’s solution for
the stress propagating along the fiber, (11.3):

i=u" (u=0/0t, u'=0/0y), o(0,t)=u'(0,t)=0,H (1), (11.1)

u(y,t):U-exp[iq(ct—y)} = c=w/q=c, = |E/p,=I, (11.2)

O'(y,t)zaoH(t—y), (11.3)
where H(z) is the Heaviside step function, U — const, ¢ is the wave number

(g=2x/l, I is wavelength ), i = J-1, and ¢ is the phase velocity (below for simplicity o, =1is
taken). We also postulate zero initial conditions.

Dispersion relation c¢=1 proves the well-known fact — the dispersionless wave
propagation in this system: the phase velocity is independent of the wave length. The domain
of dependence of (y,¢) is bounded by the line (or characteristics) y =1.

Discrete analogues of equations (11.1) and (11.2) built on the basis of the explicit
difference scheme (of the cross type) are:

ui™ = 2uf +uy = A7 (u(’]fﬂ = 2u +uy )’ u’y =uy + Ay, (12.1)

ut =U-exp|iq(kAt—jAy)| = c=(2/qAt)arcsin| Asin(qAy/2)], A=At/Ay, (12.2)



where indices k£ and j are current numbers of temporal and spatial steps within the mesh
y=JjAy, t=kAt; j,k=0,1,2,..., so that u(y,t) = u(jAy,kAt), A is the Courant number.
Below Ay is taken as the length unit: Ay =0, then 1 = At.

One can see from (12.2) that phase velocity ¢ = c(q, At,Ay) is not constant in the discrete

model — waves possess the dispersion caused by the discretization: parameters of length and
time are appeared in equations of problem (12) contrary to the continuous problem (11) of no
parameters. This phenomenon is called the mesh dispersion that has no physical nature.
Besides, due to the periodicity of arcsin, the characteristic equation (12.2) possesses infinite
number of modes (contrary to the continuous case with the unit mode). Note that in the
longwave spectrum (! = o0, ¢ = 0), the asymptote of the phase velocity coincides with that
obtained in the continuous model. With decrease in /, the divergence in velocities rises and
reaches maximum at /=2 (q = 72') , 1.e. at the minimal wavelength described by the

difference model.

It turns out, however, that if we set A =1 (the limiting value of the Courant stability
criterion: A <1) characteristic equation (12.2) is the same as that in the continuum model:
¢ =1, and domains of dependence coincide (we mean the first mode for the discrete model).

Dispersion properties of (12.2) are illustrated in Fig.2 (a): the straight line, ¢ = 1, is
related to the continual problem (11), as well as to the discrete one (12) at A =1. For A4 >1
(phase velocities forg > g. are complex), the difference problem becomes unstable. The
dispersion curve for 4 =0.01 is practically the same as that in the case of the simple spatial
discrete (but temporally continuous) model of a linear mass-spring chain (below, the chain):
inertial particles linked by inertionless springs. If natural parameters of such a system are
taken as nmeasurement units, its characteristic equation is the following:
c(q) =2sin(q/2)/q, c(x) =2/ .

Note, that we did not succeed in obtaining a closed analytical solution of Eqn. (12.1) for
an arbitrary 1. However, in the ‘dispersionless’ case A =1, Eqn. (12.1) simplifies to the
following: )" =u}, +u’, —u", u’ =u)+1. Its solution is obtained by the mathematical
induction is:

ol =H(k-i), (12.3)

which coincides with the d'Alembert’s solution (11.3) in mesh nodes and integer values of
time (recall that ¢, =1, o, =1 and Ay=1 are taken, the difference k—; is the discrete

analog of the characteristics y —c,). Similarly to this, any loading form in problem (11) will

be accurately described as the d'Alembert’s solution by the difference scheme (12) with
A =1 in integer points along the x axis.

In Fig.2 (b) and (c), analytical and computer solutions are compared in mesh nodes at
different loadings. If A =1 they coincide, otherwise computer solutions possess pronounced
parasite oscillations caused by the MD.
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Fig. 2: Free waves and unsteady processes in problems (11) and (12):
(a) — dispersion curves (numbers 1, 2, 3, 4, 5, 6 and 7 correspond to 4 =0.1,
0.5,0.9,0.99, 1.00, 1.01 and 1.05), phase velocities become complex at g > g _;

(b) and (c) — stress o versus x (or j) at r=100: (b) — the Heaviside step
loading, &(0,¢) = H (¢), (c) — the Dirac delta loading, &(0,¢) = 5(¢).

In the latter example, these oscillations do not allow to approach the Dirac delta. Using
solutions for wave propagation in the chain [33], the following asymptotes (A — 0 and
t(k) — o) are proved for the two mentioned types of loading:

cos(zr+r3)dr,

1. O-(O’t):H(t):O-(yat)~|:%_]7.Al(Z)dZ:|’ 77: kﬂ—l 1]‘2

L Aiz)=—
(ka/3)" =7
2 O'(O,t):5(t):>0(y,t)NWAi(n), (13)

where Ai(z) is the Airy function. A comparison shows that the maximal divergence between
computer solutions depicted in Fig. 2 (b) and (¢) at A =0.01 do not differ from asymptotes
(13) more than the curve thickness. Asymptote I in (13) describes the propagating wave in
which a quasi-front of constant magnitude equal to 1/3 moves (instead of the step with
magnitude equal to 1), high-frequency oscillations move behind it with decreasing magnitude
and increasing frequency. Asymptote 2 proves a decreasing solution with time (as ¢°)
instead of the constant pulse. The wave package spreads with time as ¢/*. All these
peculiarities of the numerical solution disappear at the MDM equality, A =1, eliminating
parasite MD effects.

3.2 A System: Single Fiber Inside the Adhesive Layer

The second example, which has been directly related to the considered dynamic problem, is
calculation of wave propagation process in a single semi-infinite fiber upon an elastic
foundation: the problem formulation presented above is reduced to the motion of 0™ fiber,
while neighboring fibers are at rest: u, (y,1)=0, m#0. To describe the dynamics of this

system, we use Eqns. (4) and (5) of the Model 2. It is enough to add to (11) the ‘elastic
foundation’ with stiffness 2K to receive the following equation of motion of the considered
system together with the boundary condition:

i=u"+gu, o(0,t)=u'(0,1)=H(1); (u(y,t)zuo(y,t)), g=2kK. (14)



Substituting { =1g - 2, y=yg /2 into the differential equation (14), we rewrite it as
follows (below dashes are omitted):
Uu=u"+u, (15)

and using the standard plane wave solution obtain the dispersion relation

c=y1+1/q> . (16)

It determines the physical dispersion of free waves propagated along the system. The
domain of dependence for Eqn. (15) remains the same as that in (11.1) — x =¢, the wave
front is formed as a sum of short-length waves at ¢ — oo (I > 0).

The aim of the MDM procedure is to build a difference scheme possessing a dispersion
relation that is maximally close to (16) and results in the coincidence of domains of
dependence. As above, in the discrete model we use the explicit scheme of the cross type.
The conventional difference analogue of (13) is the following:

uf“ - 2uf + u;?_l = kz(ufﬂ - 2uf + uf_l) +(Ar)? uf , A=Ay/At, (17)
while the dispersion equation is
A 2
c=iarcsin ﬂ\/sinzﬁer . (18)
qAt 2 4

The latter postulates the stability condition of (17) — the existing real values only of the
phase velocity — as

< ay/ 1+ (av) /4, (19)

which is in contradiction with the MDM requirement to coincidence of dependence domains,
A=1.

To overcome this contradiction, we use the following three-point-approximation (TPA)
(proposed in [27]) of the non differential term in (15):

u ~(1/4)(u,k+1 +2uf +u1k71). (20)
Then the discrete equation (17) has the following form

k+1 ko k=l _22( k ko, k 2(, k ko, ok
uj+ —2uj +u; =A (uj+1—2uj+uj_l)—|—k (uj+1+2uj+uj_1)/4_ (21)

It is easy to see that the order of difference approximation for equations (17) and (21) is

the same ~ (At )2 + (Ay)2 , while the dispersion relation for (21) is the following:

2 (&)
¢ =——arcsin )u\/sin2 9, Lcosz a4, (22)
qAt 2 4 2

In contrast to the conventional approximation u ~ uf resulting in the stability condition

(19), in the TPA case, (20), the stability condition remains the same as in the above-
mentioned dispersionless model (11): A <1, and the MDM requirement A =1 results in the
dispersion relation

c:zarcsin \/sin21+lcos21 . (23)
p 242




From the entire interval 0 < A <1 in relation (18), the phase velocity (23) corresponding
to A=1 is maximally close to the that received in continual case (16) at entire discrete
spectrum, 0<¢g < 7. Along with this, waves of the shortest length, allowed by the discrete

model, (g = 7 ), propagates with phase velocity ¢ =1, which corresponds to infinitely short
waves in the continuous model: g — o (/1 - O). So domains of dependence of continual,

(15), and discrete, (20), models coincide if setting A =1.

Note that because of the inconsistency of spectral media in the two considered models,
MD is not completely prevented, but, as it is shown below, its effect becomes minimal in its
main part, which manifests itself in the front zone that is eliminated.

In Fig 3 (a), dispersion curves at various A are depicted. Here A.=0.894427 is the
Courant number: the stability lost occurs at 4 > 1. and ¢ > ¢, . Bold curves — the analytical
solution of (16) and MDM solution of (21) at A =1, thin curves — the solution of
conventional equation (18) at A =A.. The curves corresponding to the continual solution
(16), and the MDM solution (A =1) are maximally close to each other.
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Fig. 3: Free waves and unsteady processes in a fiber upon an elastic foundation. (a) —
dispersion curves for several models and A: bold curves — the analytical solution of
(16) and MDM solution of (21) at A =1, thin curves — solutions of equation (18) for
several A (A, =0.894427 is the Courant number), two bold curves are the analytical
solution of (16) and the solution of (23). (b) and (c¢) — stress o versus y (orj) at t =10:
(b) — the Heaviside step loading, o(0,7)=H (t) , (¢) — the Dirac delta loading,

In Fig. 3 (b) and (c), unsteady stress distributions in the fiber along the axis y (at 1 =10)
are depicted (Ay=0.01). The loadings correspond to (b) the Heaviside unit step,

o(0,t)=H(t), and (c) pulse, o(0,1)=H(10-¢). Calculation results obtained with the
conventional discrete model (17) and A=A, are shown by thin curves, while bold curves

correspond to analytical solutions near the front that can be found in [33] and coinciding with
it the MDM-solutions of (21) and A =1. In the case of the Heaviside loading, the above-
mentioned analytical solution is as follows:

G(y,t):JO( (tz—yz))H(t—y), t~y, (24)

where J, (z) is the Bessel function of the first kind and zero order.



Comparing calculation results obtained for unsteady problems, we conclude that the
MDM solution of (21) with the TPA and A =1 coincide with the analytical representation at
the front zone. Probably, this solution plays the role of the analytical one in discrete spatial
and temporal coordinates. As to computer results obtained with the conventional scheme
(16), the main conclusion is that this model is not suitable to calculate wave processes with

fronts and high-frequency vibrations. The corresponding results obtained at 2> 4., that

determines the best approximation to continual case, prove this assertion.

The results of computer simulations of wave and fracture propagation in the considered
fiber-reinforced composite sheet which we have obtained with the use of MDM-algorithms
are presented below.

4 RESULTS OF COMPUTER SIMULATIONS

In Model 1, the MDM calculation algorithm is proved in the case when ¢ A7 = Ax in (4) and
the shear deformations in adhesive, (5), is approximated by the following TPA model (20):

umﬂ—umz(l/4)[(ul+l+2u +ul )m+1 (ul+1+2u +ul )m} (25)

As to Model 2, the following approximation results in the MDM algorithm (Az =1) are
obtained:

Ay=c,, Ax=c, (yszy,XziAx) Eqn.(7) =00 =vp v =V

m/l m,j,i+1 m,j,i-1 m,j,i’

Eqn.(4) = ult =ub vl L~ 421 (0 +0h ). (26)
f=GH[(Ehy), ,u:hpfAy+Hpan.

Some results of computer simulations conducted on the basis of MDM algorithms (25)
and (26) are presented below. Parameters of the fiber are measurement units: 2=1, E=1,

P, =1 (¢, =1); adhesive parameters are H =5, G=0.025, p, =0.4. We set also o, =1,
and At =Ay =1, Ax =c, within the MDM algorithm.

4.1 Model I
Here we discuss Model 1. In Fig. 4, stresses vs. time are depicted for the case in which the

composite remains intact at 1 >0: o and 7 are less than corresponding maximal values
reached after the initial fracture at #=0. They are observed in the cross-section y=0:

(o)), =1.482, (z’o)max =0.073. Note, if #>25H/c,, stresses are close enough to their
static limits: (o) =4/3, (7, )St =0.053, which are analytically obtained in [34]. Below, in

calculation of fracture problems, the obtained intervals between maximal and static values are
used in order to set ¢ and 7.
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Fig. 4: Model 1. Stresses vs. time in intact composite at > 0

Fracture development with time is shown in Fig. 5. One can observe processes of
propagation and arrest of normal cracks — (a) and (b), and shear cracks — (c).
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Fig. 5: Model 1. (@) and (b) — fracture of fibers, o =1.1, 7 >7

7" =0.055 . Stresses vs. time in fibers are shown beginning with

(c) — fracture of

max ?

adhesive, ¢ >0

max ?

m =24, fibers with m >39 remain intact (fiber numbers are bold); (b) — propagation
and arrest of the normal crack in fibers; (c¢) — the same for the shear crack in adhesive.

4.2 Model I1
Together with results corresponding to wave and fracture dynamics in the considered
structure having an independent significance, we use them to identify the scope of the
applicability of Model I.

The pattern shown in Fig. 6 is calculated in the case when composite remains intact at
t > 0. The gap of shear stresses, initially equal to 0.1, doubled after the first reflection from
intact fiber m=1 and remains equal to 0.2 in the whole process. After next reflections,
duration of the gap decreases, and influence of gaps to normal stresses decreases, as well. As



comparison shows, the maximal and static stresses in fibers are practically the same as those
obtained for Model 1. But the significant difference in maximal shear stresses (~ 3 times) will
result in different fracture processes.

Thus, Model 1 can be used at the initial, pre-fracture stage, where a stress concentration
pattern is calculated, while fracture propagation processes saturated by front gaps are to be
computed with Model 2. The latter could be used, for example, within computer simulators
allowing optimization problems to be explored.

Let, for example, limit o  be constant, while limit 7z~ is varied within the interval

(t,,7,,.) - Our aim is to find such a value of 7", for which the volume of breaking fibers, n"
(or, that is the same, the normal crack length equal to 2m"H ), is less than the given value M .

In the table below, we present some related results obtained in the case o =1.2 and
M =10; in the two lower rows we set the amount (its half due to symmetry) of fractured

fibers, m", and lengths of shear cracks in adhesive, " / h . One can see that the required result

is - =0.1. Note that in the presented example, shear cracks are observed only in the layer
m=0.

el o (00) () ()
| | | 02f b
1.4
43 x =
01 Ao
12 L\
—— ) 1.10 )(_: ._,Q; ----.i—\-':_
s 10 15 10,0 20 "2 4 6 seAD

Fig. 6: Model 2 (intact composite at ¢ > 0); (a) — normal stresses in fibers, (b) — shear
stresses in adhesive (layer m =0) at interfaces X =0and X = H .

Table 1

" 0.07 0.075 0.08 0.085 0.1 0.15 0.25
m 0 0 5 7 9 13 13
y'/h o 208 65 23 11 3 0

The features of fracture propagation in the case o =1.2 and 7" =0.1 are shown in Fig.7.
After the initial rupture of 0" fiber at 7 =0, the fracture in the adhesive occurring at the fiber-
adhesive interface possesses a high-speed avalanche-like pattern; the speed of fracture
propagation decreases with time and the adhesive fracture is stopped at ¢ =30. Adhesive
layers with m # (0 remain intact. Fracture of fibers occurs at y =0 and propagates with a

practically constant speed up to t =63 H / ¢, , then the fracture is arrested.
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Fig. 7: Model 2. Fracture of fibers and adhesive vs. time (o =1.2, 7 =0.1)
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