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ON THE VERLINDE FORMULAS FOR SO(3)-BUNDLES

DEREK KREPSKI AND ECKHARD MEINRENKEN

ABSTRACT. This paper computes the quantization of the moduli space of
flat SO(3)-bundles over an oriented surface with boundary, with prescribed
holonomies around the boundary circles. The result agrees with the general-
ized Verlinde formula conjectured by Fuchs and Schweigert.

1. INTRODUCTION

Let G be a compact, connected Lie group, ¥ a compact oriented surface of genus
h with r boundary components. Given conjugacy classes Cy,...,C, C G, denote by

(1) M(,C,...,C)

the moduli space of flat G-bundles over ¥, with boundary holonomies in prescribed
conjugacy classes C;. The choice of an invariant inner product on g defines a
symplectic structure on the moduli space. Under suitable integrality conditions
the moduli space carries a pre-quantum line bundle L, and one can define the
quantization

(2) QM(S,Cy,....C)) EL

as the index of the Spin_-Dirac operator with coefficients in L. (It may be necessary
to use a partial desingularization as in [16].) Choosing a complex structure on X
further defines a Kahler structure on the moduli space. If G is simply connected,
Kodaira vanishing results [20] show that the above index coincides with the dimen-
sion of the space of holomorphic sections of L. It is given by the celebrated Verlinde
formula [22, 21, 7, 19, 5]. For symplectic approaches to the Verlinde formulas, much
in the spirit of the present paper, see [11, 10, 12, 6, 2].

Much less is known for non-simply connected groups. For surfaces without
boundary (r = 0), and taking G = PU(n), Verlinde-type formulas were obtained
by Pantev [17] in the case n = 2 and by Beauville [4] for n prime. For more general
compact, semi-simple connected Lie groups, Fuchs and Schweigert [9] conjectured
a generalization of the Verlinde formula, expressed in terms of orbit Lie algebras.
Partial results on these conjectures were obtained in [2].

In this article, we will establish Fuchs-Schweigert formulas for the index (2)
for the simplest case G = SO(3). We will use the recently developed quantization
procedure [15, 14] for quasi-Hamiltonian actions with group-valued moment map [1].
In order to apply these techniques, we present the moduli spaces (1) as symplectic
quotients of quasi-Hamiltonian G-spaces for the universal cover G = SU(2). In more
detail, let D; C SU(2) be conjugacy classes, and consider the quasi-Hamiltonian
SU(2)-space

M =D x --- x Dy x SU(2)*"
1
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with moment map the product of holonomies,

S

h
i)(dl,...,ds,al,bl,...,ah,bh):H H jbja; b !

Put M = M/T, where I' C Z**2" is the subgroup preserving M C SU(2)**t?" and
®. Then M is a quasi-Hamiltonian SU(2)-space, and all connected components of
moduli spaces (2) are symplectic quotients M/ SU(2) for suitable choices of D; (see
Section 2.3). Our first main result gives necessary and sufficient conditions under
which the space M admits a level k pre-quantization [13]. Using localization, we
then compute the corresponding quantization Q(M) € Ry (SU(2)), an element of
the level k fusion ring (Verlinde ring). These results are summarized in Theorem
3.7. We reformulate the result as an equivariant version of the Fuchs-Schweigert
formula (Theorem 4.1); the non-equivariant formula (see (16) in Section 4) is then
obtained from a ‘quantization commutes with reduction’ principle.

Using the results of [14], it is also possible to compute quantizations of moduli
spaces for non-simply connected groups of higher rank. However, the determination
of the pre-quantization conditions and the evaluation of the fixed point contribu-
tions becomes more involved. We will return to these questions in a forthcoming
paper; see also the author’s abstracts in Oberwolfach Report No. 2011/09.

2. PRELIMINARIES

The following notation, consistent with [15], will be used in this paper. For the
Lie group SU(2) let T be the maximal torus given as the image of

72 U1) = SUR), 4(2) = (§2)-
Let A = kerexpy C t denote the integral lattice and A* C t* its dual, the (real)

weight lattice. Let p € A* be the generator dual to the generator dj(27i) € A. We
will use the basic inner product on su(2),

£ €= ou(Ee), ¢ enu2)

to identify su(2) = su(2)*. Under this identification, ||p||* = 3, and A = 2A* with
generator 2p. The following two elements of SU(2) will play a special role in this
paper:
ue=(%0), te=1(52%)

Observe that t. = exp(p/2), with square ¢ = exp p the non-trivial element in the
center Z := Z(SU(2)) = Zy. The element u, € N(T') represents the non-trivial
element of the Weyl group W = N(T)/T = Zs. Both u,,t. are contained in the
conjugacy class D, C SU(2) of elements of trace 0. Note that D, is the unique
conjugacy class in SU(2) that is invariant under multiplication by Z. The quotient
C. =D./Z 2 RP(2) is the conjugacy class in SO(3) consisting of rotations by .

2.1. The fusion ring R;(SU(2)). We view the representation ring R(SU(2)) as
the subring of C*°(SU(2)) generated by characters of SU(2)-representations. As
a Z-module, it is free with basis xo, x1, X2, .., where x,, is the character of the
irreducible SU(2)-representation on the m-th symmetric power S™(C?). The ring
structure is determined by the formula

XmXm/ = Xm+m/ T Xm4m'=2 + -+ X|m—m/|-
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For k=0,1,2,... let I;(SU(2)) be the ideal generated by xx+1 and let

R(SU(2)) = R(SU(2))/1x(SU(2))
be the level k fusion ring (or Verlinde ring). As a Z-module, Ry (SU(2)) is free, with

basis 19,71, ..., 7% the images of xo, X1, .., X% under the quotient homomorphism.
Let ¢ = e®2 be the 2k + 4-th root of unity, and define special points
(3) tr=j(g™), 1=0,...,k

Then I;(SU(2)) C R(SU(2)) has an alternative description as the ideal of characters
vanishing at all special points (3). Hence, the evaluation of characters at the special
points descends to evaluations R (SU(2)) — C, 7 — 7(&).

The product in the complexified fusion ring Ry (SU(2)) ®z C can be diagonalized
using the S-matriz, given by the Kac-Peterson formula

-1 . 7(I+1)(m~+1
(4) Sma = (5 +1)7% sin (HEG),
forl,m =0,1,...,k. The S-matrix is orthogonal, and the alternative basis elements

T = g S0,19m.1Tm
m

satisfy 7, (t;) = 0,1, hence
7~-7717»;771’ = 5m,m’7:m-

The basis elements {79, ..., 7} are expressed in terms of the alternative basis as
—1 ~
Tm =2, SO.,l S 171

2.2. Quasi-Hamiltonian G-spaces. We recall some basic definitions and facts
from [1]. Let G be a compact Lie group with Lie algebra g, equipped with an
invariant inner product, denoted by a dot -. Let 8%, 87 denote the left-invariant,
right-invariant Maurer-Cartan forms on G, and let n = 56~ - [6%, 6] denote the
Cartan 3-form on G. For a G-manifold M, and £ € g, let & denote the generating
vector field, defined in terms of the action on functions f € C*(M) by (&#f)(z) =

% tzof(exp(—t{).:z:). The Lie group G is itself viewed as a G-manifold for the

conjugation action.

Definition 2.1. A quasi-Hamiltonian G-space is a triple (M, w, ®) consisting of a
G-manifold M, a G-invariant 2-form w on M, and an equivariant map ®: M — G,
called the moment map, satisfying:

(1) dw+ ®*n =0,

(2) tesw + 2@ ((0F +6%) - €) =0 for all € € g,

(3) at every point x € M, ker w, Nkerd®, = {0}.

The fusion product of two quasi-Hamiltonian G-spaces (M7, w1, ®1) and (Ma, wa, P2)
is the product M7 x Mo, with the diagonal G-action, 2-form

(5) w = priw; + pryws + spri @0 - pry®@30~,

and moment map ® = ¢, P».

The symplectic quotient of a quasi-Hamiltonian G-space is the symplectic space
M//G = & !(e)/G. Similar to the theory of Hamiltonian group actions, the group
unit e is a regular value of ® if and only if G acts locally freely on the level set
®~1(e), and in this case the pull-back of the 2-form to the level set descends to a
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symplectic 2-form on the orbifold ®~1(e)/G. If e is a singular value, then M//G is
a singular symplectic space as defined in [18].

The conjugacy classes C C G are basic examples of quasi-Hamiltonian G-spaces.
The moment map is the inclusion into G, and the 2-form w is given on generating
vector fields by the formula

(6) wy(C*(9),€5(9)) = 5(€ - AdyC — ¢ - Adgd).

Together with the double D(G) = G x G, equipped with diagonal G-action and mo-
ment map ®(g,h) = ghg~'h~!, these are the building blocks of the main example
appearing in this paper. As shown in [1], the moduli space of flat G-bundles over a
compact, oriented surface ¥ of genus h with s boundary components, with bound-

ary holonomies in prescribed conjugacy classes Cj, j = 1,...,s, is a symplectic
quotient of a fusion product:
(7) M(%,Cy,...,Cs) =C x --- x Cs x D(G)"//G.

If the group G is simply connected, then the fibers of the moment map for any
compact, connected quasi-Hamiltonian G-space are connected. In particular, (7)
is connected in that case. If G is non-simply connected, the space (7) may have
several components.

To clarify the decomposition into components, we use the following construction.
Suppose p: G — G is a homomorphism of compact, connected Lie groups, with
finite kernel Z. Then Z is a subgroup of the center of G, and G = G/Z. For any
quasi-Hamiltonian G-space (N, w, ®), let N denote the fiber product defined by the
pull-back square

(®)

b
—_—

N G
l;DN lp
N—2>¢G

Then (N , 0, <i>) is a quasi-Hamiltonian G-space, for the diagonal G-action on N C
N x @, and with the 2-form @& = pj;w. Simple properties of this construction are:

Proposition 2.2. (i) We have a canonical identification of symplectic quo-
tients
N//G = N//G.

(i) For a fusion product N = Ny X --- X N,. of quasi-Hamiltonian G-spaces,
the space N is a quotient of N1 X --- x N, by the group {(c1,...,¢r) €
Z"| H;Zl c; = e}. )

(iii) If ®: N — G lifts to a moment map ®': N — G, thus turning N into a
quasi-Hamiltonian G-space (N,w,®"), then

N=NxZ
as a fusion product of quasi-Hamiltonian G-spaces. Here Z is viewed as a

quasi-Hamiltonian G-space, with trivial action and with moment map the
inclusion to G.

Proof. (i) By definition of N, the level sets ®~'(¢) and ®~'(e) are identified, and
the pull-backs ofvthe 2-forms to the lvevel sets coincide. Since central elements in G
act trivially on N, the orbit spaces ®~1(¢)/G and ®~1(e)/G are identified as well.
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(ii) Think of the spaces N; as submanifolds of N; x G. The canonical map
Nl X X N’r _)Nv (Ilaglaa?Qang"'v'rTagT) = (Ila"'v'rragla"'ag’l“)

is exzvauctly the quotient map by {(c1,...,¢) € Z7| [[j_, ¢; = e}, and it preserves
the G-actions and 2-forms.
(iii) The map NxZ — N, (z,¢) — (x, ®'(x)c) is the desired diffeomorphism. O

2.3. The moduli space example. Our main interest is the moduli space of flat
SO(3)-bundles with prescribed boundary holonomies, i.e. (7) with G = SO(3). In
the notation of the previous Section, we will describe the quasi-Hamiltonian SU(2)-
space N associated to the quasi-Hamiltonian SO(3)-space

N =C; x ---x Cs x D(SO(3))".

Choose conjugacy classes D; € SU(2) with p(D;) = C;, and define a quasi-Hamiltonian
SU(2)-space

(9) M =D x --- x Dy x D(SU(2))".
Put
(10) M = M/T,

where I' C Z5+2" consists of v = (71, .., Vss2n) With the properties H;Zl v, =e
and v;D; = D; for j < s. (Equivalently, v; = e for all D; # D,). The conditions

guarantee that v acts on M, preserving the 2-form and moment map which hence
descend to M = M/T. Let C, = RP(2) be the SO(3)-conjugacy class consisting of
rotations by m. It is the unique SO(3)-conjugacy class whose pre-image in SU(2)
is connected. This pre-image is the SU(2)-conjugacy class D, = S? of matrices of
trace 0.

Lemma 2.3. With N as above, we have

MxZ if ¥Yj:C;#C..
Proof. The moment map D(SU(2)) — SU(2) (given by Lie group commutator) is
invariant under the action of Z x Z, hence it descends to a lift D(SO(3)) — SU(2)
of the commutator map for SO(3). Thus
D(SO(3)) = D(SO(3)) x Z.

If C; # C,, the map D; — C; is a diffeomorphism, and defines a lift of the moment
map C; — SO(3). Hence

C;j=D;xZ
in that case. On the other hand, the conjugacy class C, satisfies
C.=D..
With these ingredients, the claim follows from Proposition 2.2. O
We may choose the labeling of the conjugacy classes Cy,...,Cs in such a way

that C; = C, for j < r and C; # C, for j > r. The space (10) is then a fusion
product

(11) M =M xD,y1 % - x Dy x D(SO(3))",
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where D(SO(3)) is viewed as a quasi-Hamiltonian SU(2)-space (using the canonical
lift of the SO(3) moment map, as in the proof of Lemma 2.3), and where

M' = (Di x -+ xD,)/T’

with r factors, and with IV = {(y1,...,7) € Z"| [Iv; = e}. Let us describe
the 2-form w’ of the space M’, in terms of its pull-back &’ to the universal cover
M = Dy X --- x D,. Since the 2-form on D, is just zero, only the fusion terms
contribute. By iterative use of the formula (5) for the fusion product, one obtains

(12) @' =3 gro" - Ady,,, g, (9;07),

i<j

where g;: M — D, C SU(2) denotes projection onto the i-th factor.

3. QUANTIZATION OF THE MODULI SPACE OF FLAT SO(3)-BUNDLES

In this section we use localization to compute the quantization of the space
M = (D; x --- x D, x D(SU(2))")/T, as an element of the level k fusion ring
Ri(SU(2)).

3.1. Pre-quantization. Recall that we fix the inner product - on su(2) to be the
basic inner product. Then n € Q3(SU(2)) is integral, and represents a generator
x € H3(SU(2);Z) = Z. The condition dw + ®*n = 0 from the definition of a quasi-
Hamiltonian space says that the pair (w, ) defines a relative cocycle in Q3(®), the
algebraic mapping cone of the pull-back map ®*: Q*(G) — Q*(M). Let k € N.

Definition 3.1. [13, 15] A level k pre-quantization of a quasi-Hamiltonian SU(2)-
space (M,w,®) is an integral lift « € H3(®;Z) of the class k[(w,n)] € H3(®;R).

A necessary and sufficient condition for the existence of a level k pre-quantization
is that for all smooth singular 2-cycles ¥ € Zs(M), and all smooth singular 3-chains
C € C5(@G) such that 9C = ®(%),

k(/EaH—/Cn)eZ.

We list some basic properties and examples of level k pre-quantizations.

(a) The set of level k pre-quantizations is a torsor under the torsion group
Tor(H?(M,Z)) of isomorphism classes of flat line bundles.

(b) The level k pre-quantized conjugacy classes of SU(2) are exactly those of
the elements exp(%p) with m =0,...,k [15, Proposition 7.3].

(¢) The double D(SO(3)) (viewed as a quasi-Hamiltonian SU(2)-space) admits
a level k pre-quantization if and only if k is even [15, Proposition 7.4].

(d) If M; and M are pre-quantized quasi-Hamiltonian SU(2)-spaces at level
k, then their fusion product M; x Ms inherits a pre-quantization at level
k. Conversely, a pre-quantization of the product induces pre-quantizations
of the factors. See [13, Proposition 3.8].

(e) A level k pre-quantization of M induces a pre-quantization of the symplec-
tic quotient M// SU(2), equipped with the k-th multiple of the symplectic
form.

(f) The long exact sequence in relative cohomology gives a necessary condition
k®*(z) = 0 for the existence of a level k pre-quantization. If H?(M;R) = 0,
this condition is also sufficient [13, Proposition 4.2].
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(g) The existence of the canonical ‘twisted Spin,-structure’ [15, Section 6] on
quasi-Hamiltonian SU(2)-spaces (M, w, ®) implies that 2®*(x) = W3(M),
the third integral Stiefel-Whitney class. Since this is a 2-torsion class,
4®*(z) = 0. In fact, there is a distinguished element 8 € H?(®;Z) whose
image in H3(SU(2);Z) is 4x. If H?(M,R) = 0, this element gives a distin-
guished level 4 pre-quantization.

Given a level k pre-quantization of a quasi-Hamiltonian SU(2)-space (M, w, ®)
the construction from [15] produces a quantization Q(M) € Ri(SU(2)), an element
of the level k fusion ring. It is obtained as a push-forward in twisted equivariant
K-homology, using the Freed-Hopkins-Teleman theorem [8] to identify Ry (SU(2))
with the equivariant twisted K-homology of SU(2) at level k£ + 2. This is the
quasi-Hamiltonian counterpart of the Spin, quantization of an ordinary compact
Hamiltonian SU(2)-space, which produces an element of R(SU(2)) as the equivari-
ant index of a Spin_-Dirac operator with coefficients in an equivariant pre-quantum
line bundle. The quantization procedure for quasi-Hamiltonian G-spaces satisfies
properties similar to its Hamiltonian analog. These include

(1) compatibility with products, Q(M; x Mz) = Q(M;)Q(Mys); and

(2) the ‘quantization commutes with reduction’ principle, Q(M //G) = Q(M)%.

Here Ry (G) — Z, 7+ 7 is the trace defined by 75 = 6,0

3.2. Pre-quantization of M. Let us now consider level k pre-quantizations of the
quasi-Hamiltonian SU(2)-space

M = (D; x --- x Dy x D(SU(2))")/T
from (10).

Theorem 3.2. The quasi-Hamiltonian SU(2)-space M carries a level k pre-quantization
if and only if the following conditions are satisfied:

(i) The conjugacy classes D; are of the form SU(2).exp(ZLp) with m; €
{0,...,k},
(i1) if h > 1, then k € 2N,
(i) if the number of D.-factors is r > 3, then k € 4N.

Note that if at least one D,-factor appears, then the first condition requires that
k € 2N since D, = SU(2). exp(3p).

Proof. Since a level k pre-quantization of M induces a level k pre-quantization of
the universal cover M, it is a necessary condition that all D; be pre-quantizable.
That is, D; = SU(2). exp(“Zp) with m; € {0,...,k}.

Let us enumerate the conjugacy classes in such a way that D; = ... =D, = D,.
Using the decomposition (11) and the known pre-quantization conditions (b),(c)
for the conjugacy classes D; and the double D(SO(3)), together with the fusion
property (d), the proof is reduced to the case h = 0, s = r. We may thus assume
M = (D, x---xD,)/T with r factors. If r = 1 then M = D, which is pre-quantized
at level k if and only if k is even. Suppose r > 1. The non-trivial element ¢ € Z
acts on H%(D,;R) = R as multiplication by —1. Hence, I' acts on H?(M;R) = R"
by componentwise sign changes. In particular, the I'-invariant part is trivial. Since
T" acts freely, it follows that

H*(M;R) = H*(M;R)" =0.
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Hence, by Property (f), a level k pre-quantization exists if and only if k®*(x) = 0.
If r = 2, so that M = (D, x D.)/Z2, Poincaré duality gives that H3(M;Z) = Zs;
therefore 20*(z) = 0. Hence the condition k € 2N is also sufficient if r = 2.

It remains to consider the case r > 3. By Property (g), the condition k& € 4N
is sufficient. Let us show that it is also necessary. Observe that the non-identity
component of the normalizer, the circle Tu, = N(T)—T, is a single conjugacy class
inside N(T). Since u, € D, it follows that Tu, C D,. Let X C M = D, x---x D,
be the 2-torus given as the image of the map

TxT — M, (hl,hg) — (hlu*,hgu*,hlhgu*,u*,.. .,u*),

and denote by X its image in M. Let wx,wx be the pull-backs of the quasi-
Hamiltonian 2-forms on X, X. Since Tu, = u.T, we have ®(X) = ®(X) C Tu,".
Since the generator € H3(SU(2),Z) pulls back to zero on this circle (for dimension
reasons), the existence of a level k pre-quantization of M requires that & | ywx €Z.
Since the projection X — X is a 4-fold covering, fX wx = %IX wx. Hence it is
necessary that k [y ox € 4Z.

Let 6 € QY(T,t) be the Maurer-Cartan form for 7. From the general formula
(12), and using (hu.)*0F = —h*0, (hu.)*6% = h*6, we obtain

wx = %( - hI@ A\ h;e + hI@ AN (hlhg)*e - h;ﬁ A (hlhg)*e) = %h’{ﬁ A\ h;@

Writing elements of T in the form h = j(e?™™), we may take v € [0,1] as the
coordinate on T' = R/Z. Since the lattice A is generated by 2p, we find hj6 =
2dv; ® p, hence

wx = 2||p||2 dvy A dvs = dvy A dug
integrates to 1. This gives the condition k € 4N. ]

3.3. Fixed point components. Suppose M is a level k pre-quantized quasi-
Hamiltonian SU(2)-space, and let Q(M) € Ry(SU(2)) be its quantization. By
[15, Theorem 9.5], the numbers Q(M)(¢) with t = ¢;, | = 0,...,k are given as a
sum of contributions from the fixed point manifolds of ¢:

) Ch(Lp, t)'/?
(13) Z / D]R VFth) : '

FcMt

The ingredients of the right hand side will be described below, and explicitly com-
puted in the context of our main example (10). The quantizations of SU(2)-
conjugacy classes and of the double D(SO(3)) (viewed as a quasi-Hamiltonian
SU(2)-space) were computed in [15].

For the remainder of this section, we therefore focus on the case h =0, s =r > 2,
ie. M = (Dy x---xD,)/T.

3.3.1. Fized point sets of M. We need to determine the components F' C M? of the
fixed point manifold for t = ¢;, { =0, ..., k, and describe various aspects of F' and
its normal bundle vp. Consider first a general regular element ¢t € T7°¢. Define the
following two submanifolds of D, labeled by the elements of the center Z = {e, ¢}
as follows:

Y =D,NT = {t.,t.7'}, Y =Tu,.
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Thus Y(¢) is the fixed point set of Ad(t,), while Y(¢) consists of elements satisfying
Ad(t.)(g) = cg. Note that both are Z-invariant. For v = (y1,...,7.) € I', consider
the I'-invariant submanifold

F(’Y) — Y(’Yl) NEEED ' Y(’Y'r‘)'

and put F() = 1:"(7)/1". Let 1(y) be the number of +,;’s that are equal to ¢. Then
F® is a disjoint union of 2"~') tori of dimension I(). Let ¢ = (e, ..., e) denote
the group unit in I'. If v # €, then I" acts transitively on the set of components of
F®. Hence FO) is a (connected) torus, and since || = 2", it follows that the
projection restricts to a 2'(¥)~1-fold covering on each component of FO)_If ¥ =g,
F(©) consists of 2" points, and hence F(©) consists of two points.

Proposition 3.3. The fized point set of t € T8 in M is

A Fe) if t¢ {te,t.71),
C\ILer FO i te{tnt. M)

Proof. An element (g1,...,g,) € M maps to a point in M* if and only if there
exists v = (V1,...,7) € T with Ad(t)g; = ¢iyi, for i = 1,...,r. If v = e,
this condition gives g; € T, since t is regular. If 7; = ¢, the condition says that
Ad(g; 1)(t) = ~;t. Since t is regular, this happens if and only if ¢ € {t., t.~'}, with
gi € N(T) representing the non-trivial Weyl group element. O

3.3.2. The symplectic volume of the components of the fized point set. Each F(V) ¢
M? is a quasi-Hamiltonian T-space, with moment map the restriction of ®. (See
e.g. [14, Proposition 3.1].) In particular, they are symplectic.

Lemma 3.4. The symplectic volume of each component of FO) s equal to 1. Thus
Vol(F('V)) — 9l-1(m).

Proof. The construction from [3] associates to any quasi-Hamiltonian G-space (with
G compact, but possibly disconnected) a Liouville volume, in such a way that the
volume of a fusion product is the product of the volumes. If G = T, so that the
space is symplectic, the Liouville volume coincides with the symplectic volume. For
a G-conjugacy class C = G/Gy, the Liouville volume is given by the formula [3,
Proposition 3.6]

vol(G)

vol(Gy)’

involving the Riemannian volumes of G and of the stabilizer group G4. The spaces
Y (®) for z € Z can be viewed as conjugacy classes for the group N(T'), of elements
t. if z = e and wu, if z = ¢. Application of the formula gives

2 ifz=
vol(Y(z)):{ ne=e

volC = [detq (1 — Ady)['/?

1 ifz=c¢’

This is obvious for z = e, while for z = ¢ (so that g = u., N(T)y = Z4) we have
|det((1 — Ad,,)|"/? = /2 (since Ad,, acts as —1 on t), vol(N(T)) = 2vol(T) =
2||a|| = 2v/2, and vol(N(T'),) = 4. It follows that

vol(FO) = T vol(y 01)) = 271,
=1
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Since the moment map for the quasi-Hamiltonian N (T')-space F(7) takes values in
T', this coincides with the symplectic volume. Since 27=1") is also the number of
components of F'() it follows that each component has volume 1. O

3.4. Fixed point contributions. In this Section, we assume that M = (D, x---x
D..)/T carries a level k pre-quantization. Thus k € 2N if r = 2 and k € 4N if r > 2.
Our aim is to compute the fixed point contributions to Q(M)(t), as described in
formula (13), for t =¢;,,1=0,...,k.

If t # t., Proposition 3.3 shows that M?* = F() consists of just two points,
covered by the set M* = F(¢) (consisting of 2" points). The fixed point contribution
of F©) is just that for F(), divided by |I'| = 2"~'. Hence

Q(M)(t) = 2""Q(M") = 27" Q(D.)" (1),
with Q(D.) = 73,2 [15, Proposition 11.2] .
If t = t., Q(M)(t,) is a sum over the contributions from all F() ~ € T.

The contribution from F() is 2'="(Q(D,)(t.))", as before. Calculation of the
contributions from F = F(Y), ~ # ¢ requires more work:

Proposition 3.5. The contribution of the fized point manifold F = F() ~ # ¢
to Q(M)(ts) is

/ A(F) Ch(Lp, t)'? 1, (5 +1) 072 )
F DR(VF;t*) 2

where the scalar @) = ppe) (te) € U(1) is the action of t. on the pre-quantum line
bundle over F(V).

Proof. Since F = F() is a torus, A\(F) = 1. To compute the Dg-class, note that the
normal bundle of T'u, in D, is an orientable real line bundle, hence it is trivializable.
Consequently, the normal bundle vz, to FO) in M is trivializable, and thus the
normal bundle vp = vj(,, /T to F in M is a flat Euclidean vector bundle of rank
2r — (). The element t, acts by multiplication by —1 on the fibers of vp, since
Ad(t.) has order 2 and cannot act trivially. By definition of the Dgr-class (see [2,
Section 2.3] or [14, Section 5.3]), it follows that

)

(v
D(vp, t,) = i 0r)24et /(1 — (—1)) = (2i) 2 .

By [15, Proposition 9.3], the restriction TM|p inherits a distinguished Spin,.-
structure (depending on the choice of level k pre-quantization), equivariant for the
action of t.. The line bundle Lr — F' is the Spin, -line bundle associated to this
Spin,-structure, and

Ch(Lrp, t.)"? = o(LF) () ? exp(3e1(LF))

is the square root of its equivariant Chern character, with o(Lr)(t.) € U(1) the
action of t, the Spin_-line bundle. As discussed in [2, Section 2.3] (see also [14,
Section 5.3]), the sign of the square root is determined as follows. Since ® restricts
to a surjective map F — T, the fixed point set F meets ®~1(e). Pick any = €
F N ® 1(e). Observe that w is non-degenerate at points of ®~1(e), and choose
a t.-invariant compatible complex structure to view T,M as a Hermitian vector
space. Let A € U(T,M) be the transformation defined by t, and A/? its unique
square root for which all eigenvalues are of the form ™ with 0 < u < 7. Then

o(Lr)(t)Y? = pMdetc(AY?).
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Since t, acts trivially on T}, F and as —1 on the normal bundle, the transformation
A2 acts trivially on T, F and as i on the normal bundle. Thus detc(A'Y/?) =
i"~'™/2 which cancels a similar factor in the expression for the Dg-class.

It remains to find the integral [, exp(3c1(Lr)). To this end, we interpret Ly as
a pre-quantum line bundle. By the same argument as in Property (g) of Section 3.1,
(see also [15, Section 11.1]), the level k pre-quantization and the canonical twisted
Spin,-structure on M combine to give an element of H?(® ;Z) at level 2k +4. Since
H?(M ;R) = 0, this element defines a pre-quantization at level 2k + 4. Pull-back
to F defines a level 2k + 4 pre-quantization of F', with Lp as the pre-quantum line
bundle. Hence ¢;(Lp) is the 2k 4+ 4-th multiple of the class of the symplectic form
on F'. It follows that

/ exp(Ler(Lr)) = (k+ 2) O vol(F) = 21710/2 (& 4 1)!)/2
F
where we have used Lemma 3.4. O

The phase factors ¢ depend on the choice of pre-quantization. Recall again
that the set of pre-quantizations of a quasi-Hamiltonian SU(2)-space is a torsor
under the group of isomorphism classes of flat line bundles. In our case this is the
group

Tor(H?(M ;7)) = Hom(T', U(1)).
The homomorphism v: ' — U(1) defines the flat line bundle M xp Cy, where C,,
is the 1-dimensional I'-representation defined by ¢. Changing the pre-quantization
by such a flat line bundle changes () for F = F() to 4(v)p("). By Property (g)
of Section 3.1, and since H?(M;R) = 0, there is a distinguished pre-quantization
at any level k € 4N. Hence, the inequivalent pre-quantizations at level & € 4N are
labeled by Hom(T", U(1)).

Lemma 3.6. If r > 3 and k € 4N, the phase factor for the pre-quantization labeled
by ¢ € Hom(T", U(1)) is given by

o) = (—1) T/,

Proof. The phase factor () for the distinguished pre-quantization at level 4 is
given by detc(A) = (—1)""')/2in the notation from the proof of Proposition 3.5.
For the distinguished pre-quantization at level k € 4N, we have to take the %—th
power of this number, and changing the pre-quantization by i we have to multiply

by (7). U

If r = 2, there are |I'| = 2 distinct pre-quantizations at all even levels k € 2N,
related by elements ¢ € Hom(T', U(1)). Aside from the discrete fixed point set (%),
there is a single non-discrete fixed point component F() of ¢,, given by v = (c, c).
The non-trivial homomorphism ¢ € Hom(I',U(1)) & Z. satisfies ¢(c,c) = —1,
hence the weight ¢(7) is equal to 1 for one of the pre-quantizations and —1 for the
other.

3.5. Quantization of M. We are now ready to summarize our computation of
Q(M) for M = (D x --- x D,)/T. Assuming that k is even, recall that D, has a
unique pre-quantization at level k, and Q(D.) = 7j/5. Define an element

X=To—Ta b a— e (—1) 27 € Ry(SU(2)).
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By the orthogonality relations for R;(SU(2)), this element satisfies x(t.) = (4 +1)
and x(t) =0 for t = t;, | # k/2. Hence we may write the sum over the fixed point
contributions as follows:

. , I(y)/2—1
oM)(t) =2 (repp () +x(0) Y. (5+1) 77 )
yel\{e}
Theorem 3.7. Consider the quasi-Hamiltonian SU(2)-space M = (D, x---xD,)/T
with v > 2 factors, where T C Z" consists of all v = (y1,...,7) with [[\_, v = e.

(1) If r > 3, the space M is pre-quantized at level k if and only if k € AN. The
different pre-quantizations are indexed by the elements 1» € Hom(T', U(1)),
and the corresponding level k quantization is given by the formula,

E Bt
Qu(M) =2 ((mya) +x Y. w(N(E+ ) F (D)3,
yer\{e}

(2) If r = 2, the space M is pre-quantized at level k if and only if k € 2N.
At any such level, there are two distinct pre-quantizations indexed by the
action +1 of t, on the pre-quantum line bundle over FY), for v = (¢,c).
The corresponding level k quantizations of M are

Q4+ (M) = ! ((Tr2)* £X) -

2
3.6. Multiplicity computations. Being elements of R (SU(2)), the coefficients
of Q(M) in its decomposition with respect to the basis 7o, ..., 7, must be integers.

In this Section, we will compute these multiplicities for small r.

3.6.1. » = 2 factors. Assume k € 2N, and let Q4 (M) be the quantizations corre-
sponding to the pre-quantizations labeled by +1. The multiplication rules for level
k characters give

(Tkp2)’ =T0+ T2+ ...+ T
Hence, if k € 4N we obtain
Qr(M)=19+714+ ...+ Tk,
QO (M)y=7m+76+ ...+ Thk_2,
while for k € 4N — 2,
O-(M)=10+Ta+ ...+ Th_2,
Q (My=m+716+...+ 7.
3.6.2. r =3 factors. Let Qy (M) denote the level k € 4N pre-quantization indexed

by ¥ € Hom(T',U(1)). Since r = 3, I(y) = 2 for any v # € and the quantization
formula simplifies to:

1
Qu(M) =7 (7-23771 + X Zwm).
v#e
For the trivial homomorphism 3 = 1, we have Z'y 4e () = 3, while for a non-
trivial homomorphism ¢ # 1, > _1(v) = —1. We have,

(Tk/g)s =70+312+...+ (% + )72 + .o+ 3Th—2 + Tk



ON THE VERLINDE FORMULAS FOR SO(3)-BUNDLES 13

We therefore obtain
Qu(M) = (10 +2ma+ 375 +...3Th—8 + 27j—a + T%)
+ (16 + 270+ .-+ 27k—10 + Tk_s) ifop =1,
Qu(M) = (10 +74a+278+ ...+ 3Th—g + 2Tk—a + T&)
+ (T2 + 276 +3T0+ ... +3Th_10 + 27h6 + Th_o) if Y # 1.
Note that the coefficients are symmetric about the midpoint g of the interval [0, k].

In closed form, Q4 (M) = foo a2;To;, where

- %(2j+1.+(45¢71—1)(—1)j) N 2]:§k/2,
1(k =27+ 1+ 40y —1)(=1)7) : 2j = k/2.

3.6.3. r = 4 factors. If r = 4 we have |I'| = 8. There is a unique element 7' € T
with I(y') = 4, and I(y) = 2 for v # +/,e. Hence we may write the quantization
formula for levels k € 4N as:

1
Qu(M) = = (rd+ () (5 +1) + (DY 3~ w()x).
I(7)=2
One finds that there are 4 homomorphisms ¢ with 37\, ¥(y) = 0, ¥(y') = -1
and 3 homomorphisms with » ), ¥(7) = =2, 1(7') = 1. Of course, 37,y _, ¥(7) =
6, ¥(y") =1 for ¢ = 1. Therefore, we have

L+ (6D + (5 +1)x) = w=1
Qy(M) = % 7'13/2 - (% +1) X) : Zm):z P(y) =0
L+ CED T (B41)x) ¢ Y b() = =2
with
k/2
(Tey2)* =Y (5 +1 257+ jk)7;.
J=0

One may verify that the multiplicities of 7; in Qy (M) are integers, as required.

4. FUCHS-SCHWEIGERT

The formulas appearing in Theorem 3.7 may be rewritten in terms of the so-
called S-matrix. For z € Z, define Sr(;?l by

- 1 ifz=c¢
SQl_{

m Smy ifz=e.

In the terminology of [9], st?l is the S-matrix of the orbit Lie algebra associated
to the central element z. (This interpretation may seem obscure for SU(2), but
becomes natural for higher rank groups.) Consider once again the space M = M /T
from (10). Recall that I' consists of elements v = (71, . .., Vsy2n) € Z°T2" such that
[[;—17 = e and v; = e for all j < s with C; # C.. In particular [T = 22+~
if » > 1, while |T| = 22" if »r = 0. To write the Fuchs-Schweigert formula, it is
convenient to use the following notation. For v € I'; let 21(7) denote the full sum
Zf:o if all 7; = e, and consisting of the single term | = g if at least one v; # e.
(For higher rank groups, this becomes a sum over level k weights that are fixed
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under the action of all 7; € Z on the set of level k weights.) We will prove the
following equivariant analogue to the Fuchs-Schweigert formula:

Theorem 4.1. Suppose the quasi-Hamiltonian SU(2)-space
M = (D1 x -+ x Dy x D(SU(2))")/T
is pre-quantized at level k. Then

1 ™) S(Vl)l .. S(%)l
14 M) = — / mi, Mms,t ~
( ) Q( ) |F| ’;SO (7); (S011)5+2h Tl

where ¢’ () € U(1) are phase factors depending on the choice of pre-quantization,
with ¢'(e) = 1.

An explicit description of the phase factors ¢’ () will be given during the course
of the proof.

—~—

Proof of Theorem 4.1. The space M is a fusion product of the space (C.)", conju-
gacy classes D; # D, and h factors of D(SO(3)) (viewed as a quasi-Hamiltonian
SU(2)-space). Since the fusion product in the basis 7, is diagonalized, we may
verify the formula separately for factors of these three types.

We begin with the case h = 0,s = r, with r > 3 (thus necessarily k € 4N). We
re-write the right hand side of (14), separating the term v = ¢ from the sum over
terms v # e. The right hand side of (14) becomes

1/, (Sky2,0)" . v (Skjakse) ') )
(15) QO = (#6e) > T L O G )
The sum over [ is just (7;/2)". The element x € Rx(SU(2)) considered in Section
3.5 satisfies x(t;) = (£ +1)8; 42 for { =0,...,k, hence

=~ _(k -1
r=(5+1)"x
Furthermore, by definition of the S-matrix,

So,k/2 = (% + 1)7%7 Sk/2,k/2 = (% + 1)7%(_1) .
Equation (15) becomes

QM) = 2}_1 (w’(s)(m)’“ + 3@ () () FCTON(E 1)@*5()
v#e

which agrees with Theorem 3.7 for ¢'(y) = ¥(v)(—1)

The calculation is similar for the case h = 0,s = r = 2, k € 2N. Here, |['| = 2,
and the generator v = (¢, c¢) € I" has I(y) = 2. We hence obtain

(M) = 5 (e, )(ma)" + (e )x)

which agrees with Theorem 3.7 if we put ¢'(e,e) = 1, and ¢'(¢,c) = 1. If
h=0and s =r =1, k € 2N, then I = {e}, and the formula becomes Q(M) =
¢’ ()7 2, which is the correct expression for Q(D.) for ¢'(e) = 1. Similarly, if
h=7r=0, s=1so that M is a conjugacy class D; # D,, the formula reduces to
QM) = Tm; = Q(D;).

Consider finally the case h = 1, s = 0 so that M = D(SO(3)). Pre-quantizability
of this space requires k € 2N, and as shown in [15] the distinct pre-quantizations

e

El(v)
8
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are indexed by ¢ € Hom(I", U(1)), with I' = Z x Z. Separating off the term (e, ¢),
(14) becomes

Q(M)=i(<p’<e)2%ﬁ+ > ).
l

, v#(ese) 0.k/2

We have

QD(SUE) =372 Z St 252

where we use the symmetry and orthogonality of the S-matrix. Thus the formula
may be re-written

1
o) = 7 (¢ (©QDEURN + Y. () x).
v#(e.€)
This agrees with the formula for Q(D(SO(3)) given in [15, Section 11.4] if one puts
¢'(e;e) =1 and ¢'(v) = (=1)*/2p(y) for v # (e, e). D

By combining this result with the ‘quantization commutes with reduction’ theo-
rem for quasi-Hamiltonian spaces [15, Theorem 10.1], and since the coefficient of 7
in 7 is S ;, we obtain the Fuchs-Schweigert formula [9] for the SO(3) moduli space
M(E,Cq,...,Cs), where ¥ is of genus h with s boundary components. Recall that
this moduli space has up two 2 connected components, of the form M/ SU(2) for
suitable choice of lifts D;. We have,

™) S(’Yl)l .. S(’Ys)l
(16) Q(M// SU(2 P Z Z o

Remark 4.2. The above Fuchs-Schweigert type formula computes the quantization
of the moduli space of SO(3)-bundles interpreted as the indez of a pre-quantum line
bundle, while the original conjecture in [9] concerns the dimension of the space of
conformal blocks. It is expected that, just as in the case of simply-connected groups,
the space of conformal blocks can be re-interpreted as the space of holomorphic
sections, and that a Kodaira vanishing result can further identify its dimension
with the index considered here. We are not aware of a reference addressing such
questions in generality for non-simply connected groups.

REFERENCES

[1] A. Alekseev, A. Malkin, and E. Meinrenken, Lie group valued moment maps, J. Differential
Geom. 48 (1998), no. 3, 445-495.

[2] A. Alekseev, E. Meinrenken, and C. Woodward, The Verlinde formulas as fixed point formu-
las, J. Symplectic Geom. 1 (2001), no. 1, 1-46.

[3] A. Alekseev, E. Meinrenken, and C. Woodward, Duistermaat-Heckman measures and moduli
spaces of flat bundles over surfaces, Geom. and Funct. Anal. 12 (2002), 1-31.

[4] A.Beauville, The Verlinde formula for PGL(p), The mathematical beauty of physics (Saclay,
1996), Adv. Ser. Math. Phys., vol. 24, World Sci. Publishing, 1997, pp. 141-151.

[5] A. Beauville and Y. Laszlo, Conformal blocks and generalized theta functions, Comm. Math.
Phys. 164 (1994), no. 2, 385-419.

(6] J.M. Bismut and F. Labourie, Symplectic geometry and the Verlinde formulas, Surveys in
differential geometry: differential geometry inspired by string theory, Int. Press, Boston, MA,
1999, pp. 97-311.

[7] G. Faltings, A proof for the Verlinde formula, Jour. of Algebraic Geometry 3 (1990), 347-374.



16

DEREK KREPSKI AND ECKHARD MEINRENKEN

[8] D. Freed, M. Hopkins, and C. Teleman, Loop Groups and Tuwisted K-Theory I,

arXiv:0711.1906.

[9] J. Fuchs and C. Schweigert, The action of outer automorphisms on bundles of chiral blocks,

Comm. Math. Phys. 206 (1999), 691-736.

[10] L. C. Jeffrey, The Verlinde formula for parabolic bundles. J. London Math. Soc. , 63 (2001)

754-768.

[11] L. C. Jeffrey and F. C. Kirwan, Intersection theory on moduli spaces of holomorphic bundles

of arbitrary rank on a Riemann surface, Ann. of Math. (2) 148 (1998), no. 2, 109-196.

[12] L. C. Jeffrey and J. Weitsman, Bohr-Sommerfeld orbits in the moduli space of flat connections

and the Verlinde dimension formula. Commun. Math. Phys. 150(1992), 593-630.

[13] D. Krepski, Pre-quantization of the moduli space of flat G-bundles over a surface,

J. Geom. Phys. 58 (2008), no. 11, 1624-1637.

[14] E. Meinrenken, Twisted k-homology and group-valued moment map, arXiv:1008.1261.

[15]

, Quantization of ¢-Hamiltonian SU(2)-spaces, Preprint, June 2008, to appear in:
‘Geometric aspects of analysis and mechanics’, in honor of Hans Duistermaat.

[16] E. Meinrenken and R. Sjamaar, Singular reduction and quantization, Topology 38 (1999),

699-763.

[17] T. Pantev, Comparison of generalized theta functions, Duke Math. J. 76 (1994), no. 2, 509—

539.

[18] R. Sjamaar and E. Lerman, Stratified symplectic spaces and reduction, Ann. of Math. (2)

134 (1991), 375-422.

[19] A. Szenes, Verification of Verlinde’s formulas for SU(2), Internat. Math. Res. Notices (1991),

no. 7, 93-98.

[20] C. Teleman, Borel- Weil-Bott theory on the moduli stack of G-bundles over a curve, Invent.

Math. 134 (1998), no. 1, 1-57. MR 1646586 (2000b:14014)

[21] A. Tsuchiya, K. Ueno, and Y. Yamada, Conformal field theory on universal family of stable

curves with gauge symmetries, Integrable systems in quantum field theory and statistical
mechanics, Adv. Stud. Pure Math., vol. 19, Academic Press, 1989, pp. 459-566.

[22] E. Verlinde, Fusion rules and modular transformations in 2d conformal field theory, Nuclear

Phys. B 300 (1988), 360-376.

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCMASTER UNIVERSITY, HAMILTON, ON
E-mail address: Derek.Krepski@math.mcmaster.ca

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ON
E-mail address: mein@math.toronto.edu



