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1 Introduction

In recent years, supersymmetric Chern-Simons (CS) gauge theories have attracted
a great deal of attention due to the correspondence AdS;/CFTj3 between CS matter
field theories (CSM) and M-theory on AdSy x S” (the ABJM model [I]). It is expected
that a superconformal CSM theory with a large number of supersymmetries be useful to
describe, at low energies, the worldvolume theory on multiple membranes (M2-branes) in
M-theory. However in Ref. [2], it was argued that these theories have not the required
supersymmetries. Moreover from the construction of a model with A/ = 8 supersymmetry
[3] (the BL model) a lot of work has been developed in different directions (for instance
see [4] and references therein). On the other hand, it has been constructed a large class
of N =4 CSM theories by a method that enhances N' = 1 supersymmetry to N = 4 [,
and has been proved that with some suitable conditions these theories are equivalent to
the model building in [3]. By using group representation theory, from N'=1to N/ =8
CSM theories were constructed systematically [6], and the equivalence of these models
has been described for AV =5 in [7].

In Ref. [§] it is studied the quantum properties of the theory of Bagger and Lambert
(BL) where it is analyzed the perturbative shift in the CS coupling constant. They use
a Yang-Mills action as regulator in the spirit of [9], and find that there are a one-loop
correction in the coupling k — k + 2sgn(x). They conjecture that, although the BL
theory and the model proposed in [1] for A/ = 6 are equivalent classically, they may not
be equivalent at the quantum level. Another study in the context of quantum properties
of CSM models for N' = 2 is performed in [10]. So the quantum properties of CS theories
with supersymmetry are interesting.

Perturbative studies of Chern-Simons theories have many motivations. Historically
they arise from the quest of new topological invariants order by order in perturbation
theory [I1]. From a seminal paper [12], it is a known fact that the requirement of in-
variance of the Chern-Simons Lagrangian under finite gauge transformation leads to the
quantization of the coupling constant. This quantization is also valid in the noncommuta-
tive version as it was shown in [I3], 14], 15]. Nevertheless if one couples Yang-Mills theory

in three dimensions with the Chern-Simons theory it was recognized that a shift of the



coupling constant is found due to quantum corrections, kK — k+c,, where ¢, is the Casimir
of the underlying group. This shift is found through the analysis of the renormalization
of the coupled theory [11], [16].

Supersymmetric YM-CS theories arise also from some configurations of D3-branes
and (p, q)-fivebranes in Type IIB superstring theory. These theories has been described
in [I7] for which is placed a D3-brane between NS5-branes and D5 branes. In [I8] [19]
it was constructed the brane configuration which describe supersymmetric YM-CS and
the conditions under which is breaking the supersymmetry. There were reproduced the
results obtained by Witten by computing the index [20].

For N' = 3,2, 1 supersymmetric theories the quantum corrections for YMCS theory
are nice computed in by Kao, Lee and Lee in Ref. [9]. They found a shift in the coupling
constant only for N' = 1. In the present paper we construct a noncommutatve version
of Kao, Lee and Lee model. We find some no-trivial correction to the Chern-Simons
coefficient in terms of the non-commutative parameter ©, which is an analytical function
of this parameter. This would be relevant in order to find a noncommutative version of
the the AdSy/CFTs. The field theory version would involves a noncommutative YM-
CS theory of the form considered in this paper or in general grounds a noncommutative
version of the BLL model or the ABJM model. Some recent proposals in this direction
are found in [2I]. To construct the noncommutative theory we will consider only spatial
noncommutativity to avoid causality problems [22]. The noncommutativity is introduced
as usual, by through the Moyal star product (for a review, see [23], 24]). As it is known
the noncommutativity changes the algebra of the gauge group to the universal enveloping
algebra of the group. As we will shown this change can be summarize in a new ©
dependent functions of structure.

In the context of noncommutative supersymmetric Chern-Simons theories, recently
there have been some studies shown the consistency an finiteness of this kind of theories
by using superfields formulation [25] 26], 27, 28, 29].

The paper is organized as follows. I Section II we review the supersymmetric YM-
CS theory and build the noncommutative version. Section III is devoted to study the

Ward-Slanov-Taylor identities. In section IV we analyze the one-loop renormalization



of our model. In section V we compute the noncommutative shift to the Chern-Simons

coefficient. In section VI the final comments are presented.

2 Noncommutative Supersymmetric Yang-Mills-Chern-
Simons

We start from the AV = 3 supersymmetric YM Lagrangian with gauge group G [9] with

a explicit symmetry O(3). In this Lagrangian we have the gauge multiplet, consisting of

a massive vector A,, three Majorana Fermions J),, three neutral scalar bosons C, and

one Majorana fermion of opposite helicity x. This Lagrangian can be obtained from the

dimensional reduction for a pure supersymmetric N' = 2 YM theory in four dimensions
[30]. The Lagrangian is given by

1 1 , 2 . 1 _
Lyn = ?Tr {—§FWF“ + D, C.D"C, + (Dy)” + iXe P Na + XX
i C - 20l G - [ GGG} (1)

where D, = 0, —i[A,,], a,b,c = 1,2,3 y D, are auxiliary fields. The auxiliary fields
are absent when we consider the Lagrangian on-shell. The generators of the gauge group
satisfy [T™,T"] = i f'™T" and TeyT™T™ = §™" /2 with f'™ being the structure constants
of G. The fields belong to the adjoint representation and A, = AJT™. The quadratic
Casimir ¢; of the gauge group G in the adjoint representation is given by f¥™m fimn = ¢ ;¢

012 — £012 = 1. The gamma matrices are purely

The metric is written as (1,—1,—1) and ¢
imaginary and satisfy the relation: /4" = nt — gt~
Now the N = 3 supersymmetric Chern-Simons Lagrangian which is obtained and

given in [30]

) _ .
ECS::KTT{é”p(AM&J%——giAW&J%)-—Aa&f+xx—%26LLu—k%5@J%K%,CJ},
(2)

where x is the coupling constant also termed the Chern-Simons coefficient.

The system to be considered in this paper comes from the addition of both Lagrangians

L=Lyy+ Lcs. (3)
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The N = 3 supersymmetric transformations are given by

0A, = —iQgYuAas
Ao = iBag — eape(Dyae — iPCya.) +i[Ca, Colau,

ox = —iPC.aq — Doty + 0| Ch, Cclav, )
0Ce = —EabeOpAc + AaX,

5Da = iaabcdbﬂ)\c + iO_éa,ZX + i[C_kb)\a, Cb]
—i[app, Co| + t[ag Ny, Cp] — t€ancti[x, Cel,

where B¥ = et"PQ,A,,.
Using field equations for the auxiliary field D, + kg*C, = 0, derived from £ we can

eliminate the auxiliary fields D, to obtain in this way, the total on-shell Lagrangian reads

1 1 _
L = ETr{—§FWFW+(Duoaf+¢AMDMAG+¢X7“DMX

_ . 1
+ Z.gabc/\(z[)\ba Oc] - 2i/\a[X7 Oa] - é[oav C’b} [Cb7 Ca]}

2 _
+ KTy {gw (AM(?VAP - ngMA,,Ap> — kG202 — Aoha + XX
1
- ggabcCa[Cln Cc]} . (5>

If we scale the gauge field by A" — gAJ', we can see that the expansion parameter is g,
which has mass dimension.

We must add the fixing gauge term and the Faddeev-Popov one for the ghost fields

L= —%(amz% (6)
Lpp = —2Tr[7(0" Dy)n). (7)

These terms complete the commutative theory.
We are interested in analyzing the one-loop corrections of the noncommutative theory.
The spatial noncommutativity of space is introduced by changing the usual product of

smooth functions by the Moyal star product. After defining m = kg?> and adding all



Lagrangians we have

L= T {1 (0,4, — 0,A, —i[A,, A),) (0" A” — 0¥ A" — i[ A", A”),)

2 |2
+(0,Cq — 1[A,, Coli) (0" Cy — i[AF, Coly)
+i5\a7uau/\a + S‘a'YM [Au: )‘a]* + iXWMGMX + X" [AM, X]*

Viguehalh, Ol = 203l Cul, = 5[0, Gl [y, Cul.
+metP (AN&,AP - %A# A, A,,]*) —m?C2 — mAu e + mYX
? 11 _ o

GO Clf = SR AL — R — O Al (9
where we have omitted explicitly one star product according to the properties of it [23] 24].
We must remark that this is a noncommutative non-abelian theory. It is well known that
when the noncommutativity is introduced in an abelian theory, the effect is, to turns out
the commutative theory into non-abelian one, with gauge symmetry being described by
a universal enveloping algebra of the gauge Lie algebra [14], 26], 311, 32 33 [34. 135, 136 [37].

Now it is necessary to see how the commutator algebra changes for the noncommuta-

tive gauge theories. We know that the star commutator of two fields is
A A=A, * A, — Ay x Ay, (9)

as we are working in the adjoint representation A, = A7T™, with the explicit calculus

we have
(A Ay = APT™ % AVT" — AT 5 ATT™
1 1
= AT AL ([T T (T T = DA ([0, T + T, 1))
= ARO[ T + (T, T

i

S AT TOT (T T (T ), (10)

Recall that the structure constants totally antisymmetric f¥™ and the totally symmetric

d™ of the gauge group G = U(N) are given by the next relations [38] [39]

[Tl,Tm] — ifklmTk, {Tl,Tm} — dklmTkJ (11)



and we can rewrite as
= —
5.0 5.8
[A,, A, = i AT cos (Tﬁ> AL frn T + AT sin <Tﬁ A" dpn T (12)
In the momentum space the last expression takes the form

[Ap, Av]i = /p . A} (p) [COS (—%) FimnT" + sin (—%) dlmnTli| AP (g)el e,

(13)
where p A ¢ = p©*Pqs. Thus we can define a new structure functions as follows
Fionn(q A D) = fimn cos (q/\p) + djpn SIn (q/2\p> : (14)
Then we can write the commutator in a simplified form by
(A AL = | AL AL @)iFan(a n p)e 70" (15)
p,q

where as we mentioned earlier, we are working with the universal enveloping algebra of
the gauge group [40], 41, 42| 43, 44], [45] [46]. The new structure function have the following
property

Firn(p A @) = =Frun(q A p). (16)

Consequently the free Lagrangian is given by

T 1 my
Ly = 2—92A K {(aQﬁuu - aual/) - mglﬂfpap + 28/‘8”} A
1 2 2 Ly o Y (7
+33Ca(=0" = mh)Cut 5 52 = m)Na+ 5 X+ m)x
_i_ﬁm(_a2>77m7 (17)



while the interacting Lagrangian is written as
1 .
Lr = — / {ikluArTﬂkl)A"“(kg)At”(kS)Fnrm(kzz A keg)e ik thatha)e
9" Jk

1
= AL (Rn) A7 () A% (ig) A" (Ki) P (k1 A big) Fagm (kg A g™ Bttt hale
+— 6 5“VpAm(k1)An(k’2)Ar(k’3) nrm(kZ A\ k‘g) —i(k1tkatks)z
—zkmCm(kl)A”“(kQ)C’"(k:g) Fppn (kg A keg)e™ U thatha)e

+2A2(k1)07"(k2) Frrm (k1 A ko) A% (k3)CL (ky) Fypm (k3 A ky)e™ (k1+ko+ks+ka)z
+;>\Zn(k ) uAn<k2>)‘Z(k3)Fm"m<k2 A kg)€7i(k2+k3*k1)x
z
2
1
— 5 ()N (82)C (k) Frp (A i)k ho

X" (k)" AL (ko) X" (K3) Frrm (k2 A ks3)e —i(ka+hs—k1)z

+)\ZL(]€1) (kQ)CT(]gS) mm(kQ Ak ) —i(kot+ks—k1)z
1 .
5 G (k)G () G5 () Co () (ki) B (ki A Ko) Fr (ks A g™ttt
1
5 mEac Oy (k) CF (k) CL (k) Frron (o A g™ 1Rl }
+ /kZk!fﬁm(kl)Az<k2)nr(k3>Fnrm<k2 Ak ) —i(katks— kl)z (18)

Now we are in position to calculate the Feynman rules for the theory (see Appendix A).

Let us write here only the propagator for the gauge field by

g9’ 2 Buky

Auy(k') = m(kuk’y — k2nulj - im{‘:uypk'p)

(19)

In order to avoid infrared divergences we will take the Landau gauge i.e. £ = 0.

3 The Ward-Slanov-Taylor identities

In the ordinary gauge field theory the Ward-Slanov-Taylor identities play a very im-
portant role in the renormalizability of the perturbative theory. For renormalizable gauge
theories these identities essentially represent the manifestation of the gauge invariance
with the regularized or renormalized action with counterterms included. Conversely, by
verifying the Ward-Slanov-Taylor identities we can check the renormalizability and the

gauge invariance of the renormalized theory. The same is valid for the noncommutative
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theories [I4]. In this section we comment on the conditions that Ward identities must be
fulfilled in order to verify the gauge invariance.
Due to the symmetry of the system, we can factorize the self-energy as

1 .
I, (p) = E(éwpz — pupv) e — i€ 0" . (20)

Contracting II,,, with g}% and i%fp we obtain II, and II, respectively. The kinetic term

in the effective action for the gauge boson leads to

AL (p) = Doy (p) + M (p), (21)

where II,,, is the self-energy of the gauge boson, and the subindex ( stands for the bare

propagator. In the same way, the ghost propagator is corrected in the next form

~ 1
Alp) = = , 22
0 =5 (22)
where
Z(p) =1+1I(p). (23)

The part of the action that is similar to the classical Lagrangian can be written in
terms of the renormalized fields and their respective parameters according to the standard
normalization [47, [48]. Thus we obtain the relation between the renormalized fields and

bare fields, for instance
Al = N Z3AL (24)

o= N (25)

Consequently the interaction between the ghost fields and the gauge field must be the

identity after the renormalization by the Ward identities, then we have
Zy =272 (26)
Let us define now Z,, = 1—-11,(p)/k [9], and the renormalized Chern-Simons coefficient
is
Foren = KZuZy= ZnZ >
= % (1 - %Ho(p) + 2ﬁ(p)) . (27)



4 One-loop renormalization

In here we calculate the one-loop self-energy of the gauge field, for which there are
seven diagrams, but according to decomposition did in , we have that for the odd
part II, of the self-energy only contribute three diagrams, which are those that have a
term with a factor ¢#”?. For the even part of the self-energy Il, it is necessary to take
into account all diagrams.

As we seen in the previous section, to calculate the correction to the Chern-Simons
coefficient only is necessary to find the odd part of the self-energy of the gluon and the
self-energy of the ghost field. Let us first calculate the self-energy of the ghost field.

4.1 Self-energy of the Ghost Field

Using the Feynman rules shown in Appendix A, the term that result after contracting

the indices and taking the trace of the structure functions is given by

N B im 1 B p2k:2—(p'k’)2
M) = mgleart Cd)/ (27m)? k2(k? — m?)(p + k)?

mm 1 A3k cos(pk)(p*k?* — (p- k)?)
+%_292§(Cf - Cd)/ (2m)? k2(k* —m?)(p+ k)*

where pk = p,©"k, and cf, cq are the quadratic Casimirs of the structure constants

(28)

antisymmetric and symmetric respectively. To obtain this factorization, in the process of
using the Feynman rules we must take into account the properties of the algebra in the

new O-dependent structure function as is shown as follows

Tr[Fts'r(p A k)Fusr(p A k)] = Tr { |:fts7" coS (%) + dysrsin <%>}

51 .
|:fusr COos (%) + dUSTsin (%)] }
= Tr |:ftsr fusr COSQ <p?k> + dtsr dusrsin2 (p?k)

+ (ftsr dusr + fusr dtsr) COS (%) SiIl (%)] ) (29>

which can be simplified by using the Jacobi identity [T, {T", T™}]+ cyclic permutations

= 0. Thus we obtain

fklo dmno + fmlo dnko + fnlo dk:mo =0. (30)

10



For our particular case we have

ftsr dusr + fusr dstr + fssr dtur = 07

ftsr dusr + fusr dstr = 0. (31)

After substitution of Eq. in obtain finally that

Tr[Fior(p A k) Fuor(p A k)] = Tr[frsr fusr] cos® (%k) + Tr[dssp dysy]sin? (%) . (32)

where it is defined the quadratic Casimir as

Tr[ftsrfusr] = Cy Tr[dtsrdusr] = (4. (33>

Using some trigonometric properties we obtain the desired form (28)).
In Eq. we can see that the planar and non-planar contributions for this diagram

are separated. For computing the integrals we use the Feynman parametrization

1
d 34
abc / :c/ a(l —z —y) +bx + cy]>’ (34)

in which if we take a = k?, b = (k + p)? and ¢ = k? — m? we get

1—x 1
e A M e e e

Making the change of variable
K =Fk+uxp M? = ym? — (1 — 2)p?, (36)

we can rewrite Eq. as the planar and non-planar contributions

where

d3k/ 2k12 (p~k')2
IL,(p) = cf+cd / dx/ / ERTCSYEE (38)

o) = 25 (es — c / da / dy / dF cos(pk)(p 22’“ ]@’ K0 a)

and

11



It is convenient to reduce this integral into a simpler form, for which we use the property
[dPkk k" f(k*) = [dPkk*f(k?)" and make a Wick’s rotation by taking ko = ik,
then k% = —k? and dPk = idPkp. Therefore we write the planar part asﬂ:

- d3k‘ 2
IL,(p) = —ﬁ—ng (cr +ca) dﬂC dy S EE VR (40)

It is convenient use spherical coordinates such that d*k = dQk?dk. Integration over the

angles and using the definition of the beta function and its properties we find

~ m1 1 ! o 1
I,(p) =——=—(cr+c /d:c/ d : 41
o) =~ garCerted [ do [y (41)
The non-planar part (39)) after Wick’s rotation is expressed as
~ d®k  k? cos(pk)
IL,,(p) = ——= cf —cq / dm/ dy/ e YRIER (42)
Defining a new variable /p2k, = z, one can rewrite Eq. as
~ m 2 22 cos(z - 2% cos(z - p)
II,,(p) = d dy | &z , 43
p(P) /<;3(27r / a:/ y/ [2+aP (43)

where we defined a? = M?p? and p = /p?. The last integral in the previous expression

can be rewritten as

2 2 =
I(a) = % {% - 61“;2] /dgz%(zazp), (44)
where p is the unit vector along p. The integral arising in Eq. can be done by
choosing, without loss of generality, z5 in the direction of p [49]. For the integration we
use the functional form of the modified Bessel function [50]. Thus one finally gets for I(a)
the following form

272

I(a) = —=—(a® — 3a)e " (45)

8a?

Finally the non-planar correction of the ghost fields is

ﬁnp(p) = TZ; (Qi / dx/ dy— a® —3a)e™®, (46)

or in terms of M we have

. mpl 1 1—x 3 o
M, (p) = 2L = (¢ — 1= 2 )M, 4
wl0) =gt =) [do [ a1 ) e (47)

3From now on we will omit the apostrophe in k except that it does not cause confusion.
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4.2 Self-energy of the gauge field

As was mentioned above, we are interested in noncommutative corrections to the
renormalization of the Chern-Simons coefficient, for this reason in what follows we consider
only the odd part of the self-energy of the gluon.

There are seven one-loop diagrams that contribute to the gauge field self-energy, but
for the odd part II,, only the diagrams that have a gluon loop and two of them that
have a fermion loop do contribute (see Appendix B). Due to supersymmetry the self-
energy for the gauge field have not UV divergencies and do not be necessary to regularize.
Moreover, in [25], 26] 27, 28] 29] it was shown that the noncommutative supersymmetric
Chern-Simons is indeed finite. The contribution to the term II, will be divided into a
bosonic part ITZ(p) for which only the ghost loop diagram contribute, and a fermionic part
I1Z(p) where everything else contribute. In both parts there are planar and non-planar

contributions. Thus we have for the bosonic part

11 (p) = 15, (p) + 115, (p). (48)
where
B, iml &k [k*p? — (k- p)?][5k? + bk - p + 4p* — 2m?]
i) = 55360+ [ G e R )
and
B oy iml [ Ak cos(Pk)[F*p? — (k- p)?|[5k* + 5k - p + dp® — 2m?]
) = 550D [ G e P O
The fermionic contribution is given by
Iy (p) = Ty (p) + 115, (p), (51)
where
e ) = L 1o )/ &k 2 (52)
R L ()
and
. _iml .. 3k cos(pk)2p?
N5 0) = =55 5061 =) | ooy s g7 < il = 9

For simplicity we first calculate the planar part . Using the Feynman parametrization
fo aHb wri—sp and making &' =k — ap and M} =m?—z(1—x)p? 1' is simplified

K 1
pr() —im(cy + cq) / da:/ NI YEIER (54)




Making a Wick’s rotation and integrating in spherical coordinates this integral becomes

m 11 ! da
1o S(Cf + Cd)/o [m? — (1 — z)p?]'/? (55)

The non-planar part, after Feynman parametrization and Wick’s rotation, is written

d*k' cos(pk’)
anp( ) Cf — Cd / d.T/ k/2 +M2] (56>

where we have defined \/p?k, = z, and a? = M?p?, like in the previous section, we have

oy (p) =

as

cosp 2)
Gy 0) = mtsstes —ca [ o [ 2202 (57)

The second integral in this equation reads

1 d cos(p - z)
I = PP 58

(@) 2ada/ - 22 + a? (58)
Following a similar procedure in the computation of the integral in the non-planar case

for the ghost field we obtain

La)=" Z_a. (59)

Finally the non-planar contribution is given by

1 pMy
m p e
e — d .
onp(P) = 1 27r( 7 Cd)/o x o, (60)

For the bosonic part the procedure is completely analogous though a bit more involved.

Using the Feynman parametrization

1 1 1—x l-w—2x 1
— =3/ d d d 61
abed /0 w/o :13/0 y[ayer:zc+c1u+d(1—w—az:—y)]47 (61)

the planar part (49) reads

2im 1 ! K K*p?[5E? + p? (5u? — bu) + 2m?]
2 (p) = 31=—= dw dx d 62
) =35 3(er v [ duandy [ 505 &7 — BT ()

where &' =k —up, M3 = (w+y)m? —u(l —u)p? and u =z + y.
Making the Wick’s rotation as in the previous cases and integrating out in spherical

coordinates we obtain

2m 1 ! 15 1 5
Me(p) = ——o dw dz dy | ——
on(P) 3 2<Cf+cd)/ o y[1627r [(w+ g)m? — u(1 — u)p?] 7

31 p5u’ —5u) —2m® (63)
16 27 [(w + y)m? — u(l —u)p?]3/2 |

14



The non-planar part after parametrization and Wick’s rotation is given by

2m 1 ! d*k 5k* cos(pk)
By = —312 (0, — dw d d
Hony () gl Cd)/o o y{/(zw)s k2 + M3

o o ) d®k  cos(pk)k?
— [p*(5u® — bu) — 2m ]/ 2n)? [1{52+M22]4}'

We make the same change of variables that in the previous cases and we get

2m 5p 1 ! ztcos(p - 2)
M8 () — g2 o 1, dw de dy | [ @220 2)
onp(p) 3 3 (27T)3 2(Cf Cd)/() w ax y{/ < [22+CL2]4

— PP (5u? — Bu) — 2m?] / 8,00 )2 } . (65)

[22 4+ a?]*

The last integrals in each term can be written as

1 [a& 34  3d ztcos(p- 2)
I ==+ =— P =" 66
2(a) 48a? {dag’ wd? @ da} / Tava (66)
1 [& 34  3d cos(p - z)z*
I = — — = P 67
3(a) 48a? {daﬁ a da? * a? da} / Tt (67)
Similarly than the previous situations we can compute these integrals and this yields
2 2
L(a) = 487;3 (a* + 156° + 15a%)e ™, (68)
272 —a
I3(a) = 48?(a2 —3a—3)e . (69)
Finally we obtain that the correction is given by
omp 1 ! 15 _
I, = ——F—(¢;— dw dx d My + 15+ ——— | ¢ P2
1 3 3
20k 2 2 —pM:
— S5u” — bu) — 2m — — e P25 70
Wi )= (PM2 (pMI,)? (pM2>3) } )

5 Shift of &

In order to calculate the shift of the k coefficient we will expand the contributions
to the self-energy of gluon, and the contribution of the ghost fields and integrate over

Feynman parameters obtaining in this way that

= ¢g , mp(cy — ca)
11 ~ — 1
c mp(cy — ca)
Mmp) ~ —L — 72
o (P) 47|k 8 ’ (72)
Tc
s = 73

15



We can see that for the bosonic part of the self-energy that comes from the gluon
there is not correction due to noncommutativity. The value obtained is the same that
the obtained for the commutative case with p = 0. The terms that have not as common
factor p in the fermionic and ghost contributions are precisely those that correspond to
the commutative usual case. The other terms are due to the non-commutativity.

Finally applying the equation

1 -
Kren = K (1 — %Ho(p) + ZH(p)) , (74)
we obtain the result
5 o
Kren = K (1 + Eg O(cs — cd)p) . (75)

For finding the shifts for the N' = 2 theory it is necessary to consider that C; = Cy =
A3 = x = 0, but as in the fermionic contribution to the ghost self-energy, the contribution
of )\, is canceled by the contribution of y. Then we have that for the N’ = 2 theory the
shift is the same. Nevertheless for the N' = 1 theory we can obtain the contributions
from the N/ = 2 theory by considering that C3 = 0 and Ay = 0 so the contribution to the
fermionic part of the self-energy is one-half of the result presented here. In this way we

find that for the N' = 1 theory we have

ren = 1 —g“O(cy — . 76
tron =0 (14 G5 4 1200y — (76)

6 Final Comments

In the present paper a noncommutative version of the supersymmetric YM-CS theory
is studied. This theory constitutes a Moyal deformation of the theory considered in [9].
For this noncommutative deformation we calculated the shifting to the Chern-Simons
coefficient due to noncommutativity in the limit of small moments. This calculation was
done in the context of perturbative N = 1,2, 3 supersymmetric YM-CS gauge theory in
three dimensions with compact gauge group U(N). It was found that this shift have a
dependence of noncommutative parameter © and the momenta p (see Eqs. and ([76))).

This correction, nevertheless vanishes in the limit © — 0 which is expected.
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Although we explore noncommutative gauge theories in the perturbative context it
is known that the analyticity properties of the obsevables of the theory with respect to
the noncommutative parameter has information about non-perturbative properties of the
system [51] and there were computed different nonperturbative quantities as the Witten
index [20]. It is known that that Witten’s index is compatible with a one-loop quantum
correction to the Chern-Simons coupling « in the Yang-Mills-Chern-Simons gauge theory.
Given our result from Egs. and it would be very interesting to explore if there
will be a modification introduced by the noncommutative theory and make a comparison
with the result in [51]. We are currently exploring these issues and intend to report some
progress elsewhere.
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A Feynman rules

The propagator for the gauge bosons A, is

the propagator for each A, is given by

5mn92
— D™ (k) = ,
k K —m
the propagator for the fermion y is
5mn92
- D" (k) = ,
2 (k) k +m
the propagator for the bosons C, is
2
g
©000000O0COO 6 k ==_—-—_——m
R A CE et

the propagator for the ghost fields is n son

=V
P>

3
S
=

|

The Feynman rules for the vertex are:

(kuku - kQT/uV - imguupkp) + 925

Kk,
g

(77)

(78)

(79)

(80)

(81)

m, p
T —Z v v v . 1
> q = ?[(p — 7)™+ (r —)"n"" + (g —p)’'n" — ime"?| Fum(q A p), (82)
l, v
k, u n, o
. 2 [ Fame(r A 8) Fige(p A @) (0#90”° — nto*)
p
q = A Fuclg A s)Fne(p Ar) (0 — p0?)
l " m, p +Fnkc<p A S>lec(q A T’) (77“”77p6 - UWUWS) )
, V !
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1
> = 59" bl Fioe(5 A @) Fime(7 D) + Fina(5 A 2) Foe(7 1)

r
—1
ka /J“ D q - 2_927’YMFklm(q/\p)5aba
la
m
7’/ .
—1
k = — YF m A )
M '\a?\/\q 292,7 kim (4 A\ D)
\
[
m
7'4'
k?, ) ’\a»v q = _Z.T#Fklm(q /\p)a
Py
y
m,b
o L.,
k, i ~ s = — " Frim(q A p)Sab,
P e g
l,a
ku ,LL n7b
S °o°°
r°°°,
I, v °m,a
k’aoooooo< gcbaFklm(q/\p)
s — L B taAp)s
@ P \q TP kim\q /\ P)Oab,
\
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(86)

(87)

(89)



m,c

o
o
o

or 1
k‘,CL °°°]°7°°°°° q = Egachklm(p A q)7
b
k.a n,d
g Frime(r A 8) Fype(p A q)(6%¢5%4 — §945%¢)
¢ = Pulg A ) Foaelp A (0% — 5005
°°o° r °°°° +Fnkc(p A S)lec(q A 7,) (5ab(56d _ 5ac§bd> ,
Lb m,c

(91)

(92)

where the indexes a, b, ¢, d run from 1 to 3 and refer to C, y A\, and k, [, m,n refer to the

group algebra indexes.

B One loop diagrams

20



References

[1]

2]
3]

[10]

[11]

O. Aharony, O, Bergman, D. L. Jafferis, J. Maldacena N' = 6 superconformal Chern-
Simons-matter theories, M2-branes and their gravity duals, JHEP 10, (2008) 091.

J. H. Schwarz, Superconformal Chern-Simons theories, JHEP 11, (2004) 078.

J. Bagger and N. Lambert, Comments on multiple M2-branes, JHEP 02 (2008) 105,
larXiv:0712.3738|; Gauge symmetry and supersymmetry of multiple M2-branes, Phys.
Rev. D 77 (2008) 065008, [arXiv:0711.0955]; Modeling multiple M2s, Phys. Rev. D
75 (2007) 045020, [hep-th/0611108].

N. B. Copland, arXiv:1012.0459 [hep-th].

D. Gaiotto, E. Witten Janus configurations, Chern-Simons couplings, and the 0-angle

in N' = 4 super Yang-Mills theory, JHEP 06 (2010) 097.

Paul de Medeiros, Jose Figueroa-OFarrill, and Elena Mendez-Escobar, Superpoten-
tials for superconformal Chern-Simons theories from representation theory, J. Phys.

A 42, 485204 (2009).

Fa-Min Chen and Yong-Shi Wu, Superspace formulation in a three-algebra approach
to D = 3, N = 4,5 superconformal Chern-Simons matter theories, Phys. Rev. D.
82, 106012 (2010).

J. Bedfor, D. Berman A note on Quantum Aspect of Multiple Membranes, Phys.Lett.
B668 (2008) 67, [arXiv:0806.4900]

H.-C. Kao, K. Lee, T. Lee, The Chern-Simons Coefficient in Supersymmetric Yang-
Mill Chern-Simons Theories, Phys. Lett. B373 (1996), 94.

M. S. Bianchi, S. Penati, M. Siani Infrared stability of N' = 2 Chern-Simons matter
theories, JHEP 05 (2010) 106.

W. Chen, G. W. Semenoff, Y.-S. Wu, Two-loops Analysis of Non-Abelian Chern-
Simons Theory, Phys. Rev. D46, (1992), 5521.

21


http://arxiv.org/abs/0712.3738
http://arxiv.org/abs/0711.0955
http://arxiv.org/abs/hep-th/0611108
http://arxiv.org/abs/1012.0459
http://arxiv.org/abs/0806.4900

[12]

[13]

[14]

[15]

[16]

[18]

[19]

[20]

[21]

S. Deser, R. Jackiw, S. Templeton, Topologically Massive Gauge Theories, Annals of
Physics 281, (2000),409.

V. P. Nair, A. P. Polychronakos, On Level Quantization for the Noncommutative
Chern-Simons Theory, Phys. Rev. Lett. 87 (2001), 030403.

G.-H. Chen, Y.-S. Wu, One Loop Shift in Noncommutative Chern-Simons Coupling,
Nucl. Phys. B593 (2001) 562.

M.M. Sheikh-Jabbari A note on Nocommutative Chern-Simons Theories, Phys. Lett.
B510 (2001), 247.

R. D. Pisarski, S. Rao, Topologically Massive Chromodynamics in the Perturbative
Regime, Phys. Rev. D32, (1985), 208]1.

N. Ohta, P. K. Townsend, Supersymmetry of M-branes at Angles, Phys. Lett. B418
(1998), 77.

T. Kitao, K. Ohta, N. Ohta, Three Dimensional Gauge Dynamic from Brane Con-
figuration with (p, q)-Fivebrane, Nucl. Phys. B539 (1999), 79.

O. Bergman, A. Hanany, A. Karch, B. Kol, Branes and Supersymmetry Breaking in
3D Gauge Theories, JHEP 10 (1999), 036.

E. Witten, “Supersymmetric index of three-dimensional gauge theory,” larXiv:hep-
th/9903005; “Supersymmetric index in four-dimensional gauge theories,” Adv.

Theor. Math. Phys. 5, 841 (2002) [arXiv:hep-th/0006010].

M. Axenides and E. Floratos, JHEP 0902, 039 (2009) [arXiv:0809.3493 [hep-th]];
J. DeBellis, C. Saemann and R. J. Szabo, J. Math. Phys. 51, 122303 (2010)
larXiv:1001.3275 [hep-th]]; T. Curtright, X. Jin, L. Mezincescu, D. Fairlie and
C. K. Zachos, Phys. Lett. B 675, 387 (2009) [arXiv:0903.4889 [hep-th]]; I. A. Bandos
and P. K. Townsend, JHEP 0902, 013 (2009) [arXiv:0808.1583 [hep-th]]; H. Nastase
and C. Papageorgakis, SIGMA 6, 058 (2010) [arXiv:1003.5590 [math-ph]]; A. Gus-
tavsson, JHEP 1011, 043 (2010) [arXiv:1008.0902 [hep-th]]; D. Tomino, Nucl. Phys.
B 844, 164 (2011) [arXiv:1007.3090] [hep-th]].

22


http://arxiv.org/abs/hep-th/9903005
http://arxiv.org/abs/hep-th/9903005
http://arxiv.org/abs/hep-th/0006010
http://arxiv.org/abs/0809.3493
http://arxiv.org/abs/1001.3275
http://arxiv.org/abs/0903.4889
http://arxiv.org/abs/0808.1583
http://arxiv.org/abs/1003.5590
http://arxiv.org/abs/1008.0902
http://arxiv.org/abs/1007.3090

[22]

[24]

[25]

28]

[29]

[30]

[31]

N. Seiberg, L. Susskind and N. Toumbas, J. High Energy Phys. 06 (2000) 044; J.
High Energy Phys. 06 (2000) 021; R. Gopakumar, J. Maldacena, S. Minwalla and
A. Strominger, J. High Energy Phys. 06 (2000) 036; J.L.F. Barbon and R. Zwicky,
J. High Energy Phys. 05 (2001) 057.

R. J. Szabo, Quantum Field Theory on Noncommutative Spaces, Phys. Rept. 378
(2003) 207, [hep-th/0109162].

M. R. Douglas, N. A. Nekrasov, Noncommutative Field Theory, Rev. Mod. Phys. 73,
(2002), 977, [hep-th/0106048].

E.A. Asano, L.C.T. Brito, M. Gomes, A.Yu. Petrov, A.J. da Silva Consistent Inter-
action of 241 Dimensional Noncommutative Chern-Simons Field, Phys. Rev. D71
(2005), 105005.

A. F. Ferrari, H. O. Girotti, M. Gomes, A. Y. Petrov, A. A. Ribeiro, A. J. da Silva, On
the Consistency of the Three-dimensional Noncommutative Supersymmetric Yang-

Mills Theory, Phys. Lett. B601 (2004), 88.

a.F. Ferrai, M. Gomes, A.Yu. Petrov, A.J. da Silva Supersymmetric non-Abelian
noncommutative Chern-Simons Theory, Phys. Lett. B638 (2006), 275-282.

A.F. Ferrai, M. Gomes, A.C. Lehum, A.Yu. Petrov, A.J. da Silva Perturbative finite-
ness of the three-dimensional Susy QED to all orders, Phys. Rev. D77 (2008), 065005.

A.F. Ferrai, M. Gomes, J.R. Nascimento, A.Yu. Petrov, A.J. da Silva, E.O. Silva On
the finiteness of the noncommutative supersymmetric Mazwell-Chern-Simons theory,

Phys. Rev. D77 (2008), 025002.

H.-C. Kao, K. Lee, Selfdual Chern-Simons Systems with an N=3 FExtended Super-
symmetry, Phys. Rev. D46 (1992), 4691.

N. Caporaso, L. Griguolo, S. Pasquetti D. Seminara, Non-Commutative Topologically
Massive Gauge Theory, [hep-th/0409109)

23


http://arxiv.org/abs/hep-th/0109162
http://arxiv.org/abs/hep-th/0106048
http://arxiv.org/abs/hep-th/0409109

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[40]

[41]

[42]

[43]

A. A. Slanov, Consistent Noncommutative Qunatum Gauge Theories?, Phys. Lett.

B565 (2003) 246.

L. Bonora, M. Salizzoni, Renormalization of Noncommutative U(N) Gauge Theories,

Phys. Lett. B504 (2001) 80.

A. Armoni, Comments on Perturbative Dynamics of Non-Commutative Yang-Mills

Theory, Nucl. Phys. B593 (2001) 229.

I. L. Buchbinder, V. A. Krykhtin, One Loop Renormalization of General Noncom-
mutative Yang-Mills Field Model Coupled to Scalar and Spinor Fields, Int. J. Mod.
Phys. A18 (2003) 3057.

G. Barnich, F. Brandt, M. Grigoriev, Seiberg-Witten Maps and Noncommutative
Yang-Mills Theories for Arbitrary Gauge Groups, JHEP 08 (2002), 023.

H. Grosse, T. Krajewski, R. Wulkenhaar, Renormalization of Noncommutative Yang-

Mills Theories: A Simple Example, [hep-th/0001182].

M. Soroush, BRST Quantization of Noncommutative Gauge Theories, Phys. Rev.
D67 (2003), 105005.

H. Garcia-Compean, P. Paniagua, A Noncommutative Deformation of Topological

Field Theory, Gen. Rel. Grav. 37 (2005), 723.

M. Chaichian, P. Presnajder, M. M. Sheikh-Jabbari asnd A. Tureanu, Nocommutative
Gauge Field Theories: A No-Go Theorem, Phys. Lett. B526 (2002) 132-136.

J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge Theory on Nocommutative
Space, Eur. Phys. J. C16 (2000) 161-167.

B. Jurco, S. Schraml, P. Schupp and J. Wess, Enveloping Algebra Valued Gauge Tran-
formations for Non-Abelian Gauge Groups on No-commutative Spaces, Eur. Phys. J.

C17 (2000) 521-526.

B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Construction of Non-Abelian
Gauge Theoriers in Noncommutative Spaces, Eur. Phys. J. C21 (2001) 383-388.

24


http://arxiv.org/abs/hep-th/0001182

[44]

[45]

[47]

[48]

X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, The Standard Model
on Non-Commutative Space-Time, Eur. Phys. J. C23 (2002) 363-376.

R. Jackiw, S.-Y. Pi, Covariant Coordinate Tranformations on Noncommutative

Space, Phys. Rev. Lett. 88 (2002) 111603.

F. Lizzi, R. J. Szabo, A. Zampini, Geometry of the Gauge Algebra in Noncommutative
Yang-Mills Theory, JHEP 0108 (2001) 032.

B. W. Lee, J. Zinn-Justin, Spontaneusly Broken Gauge Symmetries. I. Preliminaries,

Phys. Rev. D5 (1972), 3121.

B. W. Lee, J. Zinn-Justin, Spontaneusly Broken Gauge Symmetries. 1I. Perturbation
Theory and Renormalization, Phys. Rev. D5 (1972), 3137.

Y. Liao, On FEwvaluation of Nonplanar Diagrams in Noncommutative Field Theory,

Nucl. Phys. B713, (2005) 235.

I. S. Gradsheyn, I. M. Ryzhiik Table of Integrals, Series, and Products, Academic
Press, 1980.

L. Alvarez-Gaume and J. L. F. Barbon, Nucl. Phys. B 623, 165 (2002) |arXiv:hep-
th/0109176].

25


http://arxiv.org/abs/hep-th/0109176
http://arxiv.org/abs/hep-th/0109176

	1 Introduction
	2 Noncommutative Supersymmetric Yang-Mills-Chern-Simons
	3 The Ward-Slanov-Taylor identities
	4 One-loop renormalization
	4.1 Self-energy of the Ghost Field
	4.2 Self-energy of the gauge field

	5 Shift of 
	6 Final Comments
	A Feynman rules
	B One loop diagrams

