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GLOBAL WELL-POSEDNESS AND SCATTERING FOR SKYRME
WAVE MAPS

DAN-ANDREI GEBA, KENJI NAKANISHI, AND SARADA G. RAJEEV

ABSTRACT. We study equivariant solutions for two models ([13]-[15], [I]) arising
in high energy physics, which are generalizations of the wave maps theory (i.e.,
the classical nonlinear ¢ model) in 3 + 1 dimensions. We prove global existence
and scattering for small initial data in critical Sobolev-Besov spaces.

1. INTRODUCTION

The classical nonlinear o model of nuclear physics ([7], [8], [9]), which describes
interactions between nucleons and 7 mesons, is characterized by the action

1 1 -
S = 5/9‘“’SW dg = 5/9’” 00" 0, hij(9) dg, (1.1)

where ¢ : (RY3 g) — (S®,h) is a map from the Minkowski spacetime, with g =
diag(—1,1,1,1), into the unit sphere of R?, endowed with the induced Riemannian
metric, and Sy, is the pullback metric corresponding to ¢. A priori, solutions for
the associated Euler-Lagrange system (named also wave maps) have the following
energy norm conserved:

1

B0 = 5 [ 10 + 9.0 ds (12

One of the most interesting questions with respect to the wave maps system is
whether smooth initial data of finite energy evolve into global regular solutions.
Shatah [12] gave a negative answer to this question by constructing a blow-up solu-
tion (later found by Turok and Spergel [17] in closed-form formula) in the category
of degree-1 equivariant maps, i.e.,

o(t,r,1,0) = (u(t,r),,0), u(t,0) =0, u(t,00) =,
which is given by taking

u(t,r) = 2arctan % (1.3)

This certifies the physical intuition of the nonlinear o model which says that, due to
the attractive nature of the forces between m mesons, degree-1 configurations would
shrink to a point, a degree-0 configuration, leading to a singularity formation.

The models we are investigating, proposed by Skyrme [13]-[15], respectively Ad-
kins and Nappi [1], are generalizations of the wave maps theory, which try to prevent
the possible breakdown of the system in finite time. This is achieved, for example, in
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the case of the Adkins-Nappi model, by introducing a short range repulsion among
the m mesons, which is, in turn, accomplished by making the 7 mesons interact with
an w vector meson.

Therefore, from a mathematical point of view, one can predict for these problems
that finite energy regular configurations are global in time (for a general discussion of
this aspect, see [I1]). In proving such a claim, the standard approach has two major
independent steps: the energy doesn’t concentrate and small energy implies global
regularity. Motivated also by the profile of blow-up solutions for wave maps, we focus
our attention to degree-1 equivariant maps corresponding to the two models. In this
case, non-concentration of energy has been established for the 3 + 1 dimensional
Adkins-Nappi model [3, 4[|, In this article, we address the global issue.

We proceed next to introduce:

1.1. The Skyrme model. This theory is described by the Lagrangian
1 1% a2 uv Nz 2 (1 4)
L = _59 SW + 1 (S SHV - (9 Sw/) )v :

where S, is defined as in (IL1]) and a is a constant having the dimension of length. A
degree-1 equivariant ansatz leads to the following nonlinear wave equation satisfied
by the angular variable u:

2 2 «jn2 2 in?2 i 02
<1 L 20 s;n u) (g — 1) — 2, + sm2u [1 e <u? e sin u)} o
r r r

The energy associated with (LH) is given by

et = [ * [<1+ 2“2““2“) uitup  sntu ol 51“4“] dr. (L6)
0

72 2 r2 214

In recent work addressing the stability of the static solution, Bizon et al. [2]
provided numerical support for a finite energy global regularity claim. Also, at
the time of our submission, we have learned of independent work of Li [I0], which
establishes global well-posedness for large H* data.

1.2. The Adkins-Nappi model. As mentioned before, this theory describes the
interaction of m mesons, represented by the classical nonlinear ¢ model, with an w
meson, which comes in the form of a gauge field A = A,dx*. The action of this
model is

S = / (%g’“’SW + iFWFW) dg — / A, dt dz, (1.7)

where F,, = 0,A, — 0,A, is the associated electromagnetic field, and j is the
baryonic current

j* = ce™" 9,¢" 0,9’ 0s 0" €35, (1.8)

1Using similar methods, energy non-concentration has also been established for a 2 + 1 dimen-
sional Skyrme model [6], while current work in progress [5] investigates it for the problem in 3 + 1
dimensions.
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with € being the Levi-Civita symbol and ¢ a normalizing constant. The equivariance
assumption for ¢ and A (see [3]) yields, after scaling out some constant,

2 sin 2u u —sinucosu)(1l — cos2u
U — Upp — —Up + D) + ( 4)( ) = 07 (19)
r r r
for which the conserved energy is
9] 2 2 102 : 2
B uj +u; sin®u  (u—sinuwcosu)’| ,
Elul(t) = /0 [ st + o r2dr. (1.10)

We make now the following important

Remark 1. ([3], [5]) Finite energy smooth solutions of (IH) and (IL9) are uniformly
bounded with

[ul| e, < C(E]u)(0)), (1.11)

where C(s) — 0 as s — 0.

2. PRELIMINARIES

We start this section by discussing what are the natural candidates for spaces
where we should study the global well-posedness of the two problems. Usually, for
equations that have a scaling associated to them, this is predicted by norms which
leave the size of the initial data invariant.

Both of our equations are not scale-invariant. However, if we take advantage of
Remark [l and impose size restrictions on u, we can write formal asymptotics for
certain expressions and obtain the following scale-invariant approximations for (L3,

respectively (L9):

20%u? 2 2u of o o u?
(]_‘l‘ 2 ) (utt—urr)—;ur+r—2 |i].‘|‘0é (ut —ur+ﬁ)} :O, (21)
2 2 5
U = Urp — St + g+ = 0. (2.2)
r r r
A simple scale analysis given by
tr
u(tr) = A5 5) O lgee = N, (23
for (21)) and
tr
u(tr) = NP5 %) Ol = [00) ey, (24)

for (2.2)), suggests a small data global well-posedness result in H52(R3) for the
Skyrme model and H?(R3) for the Adkins-Nappi theory, where the homogeneous
Sobolev norms are defined using the Fourier transform:

[Jul Hs(Rm) = '3 a(@”Lg(Rn)-

We make the remark here that the energy in (LO) and (LI0) are bounded in
H™* N HY(R?), respectively in H%3 N H'(R?), hence the above argument suggests
that both equations are supercritical with respect to the energy.



4 DAN-ANDREI GEBA, KENJI NAKANISHI, AND SARADA G. RAJEEV

Next, we use the classical substitution v = rv in order to transform (L5]) and
(T9) into semilinear wave equations for v on R which will be our main object of
study from this point on. Thus, (L5 becomes

T

4
Vg — Vpr — —Vp + hy (1, 0) 02 + ho(r, w) v° 4 ha(r, u) v3o, + hy(r, u) v(vf —0?) =0,
r

(2.5)
where
in 2u — 2 2 in 2u (sin? u — u2
) = SRRy = SO
(1 + 2a :én u)ug (1 + 2c j;n u)u5 (2 6)
4o sinu (sinu — u cos u) a?sin 2u '
hg(’l“, u) = 2 w2 ) h’4(/ra u) 3 5
(1_‘_20‘5#)1;) (1_|_2a sin? u)u
while (LL.9) changes to
4
Ui =ty — T+ B0 fu® = 0, (2.7
with
s () = sin 2u — 2u’ ho(u) = (u —sinwucosu)(1 — cos 2u)‘ (2.8)

u3 ud

We can now state our main results that address the small data global well-
posedness and scattering for both (Z3]) and (2.7]).

Theorem 1. There exists § > 0 such that for any radial intial data (v(0, 1), (0, 1))
decaying as r — oo and satisfying

||av(0a ‘)||B§{12QL2(R5) < 5a (2.9)
the equation (Z3) admits a unique global solution v satisfying

dv € C(R; By)? N L(R%) N LA(R; BYY' 1 By (R%)) (2.10)
and for some vy solving the free wave equation,

100 = v) ()l gg/2rpomsy = O as ¢ — Fo0. (2.11)

Theorem 2. There exists § > 0 such that for any radial intial data (v(0, 1), 0w(0,7))
decaying as r — oo and satisfying

[0v(0, )l frer2s) < 6, (2.12)
the equation (Z1) admits a unique global solution v satisfying
dv € C(R; H' N LA(R%)) N L*(R; By N By (RY)) (2.13)
and for some vy solving the free wave equation,

18(v = v2) ) sr2sy = 0 as ¢ — Foo. (2.14)
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In both results, B;,q(]R"), for s € R, 1 < p,q < 00, denotes the homogeneous
Besov space whose norm is defined using a dyadic decomposition, i.e.,

=Y S\(Vu,  |u

g2z

1/q
Bg  (RY) — (Z ()‘S||SA(V)U||LP(Rn))q> , (2.15)

A2z

where S\(V) := F1x(A7'€)F is the Fourier multiplier on R™, with a fixed radial
X € C3°(R™) satisfying

suppx C {1/2 < [¢] <2}, D x(AE) =1, (VEA0.
g2z

Remark 2. We note that the Sobolev norms in the above theorems simply translate
to the ones for u = rv on R3, while the Besov norms should be adjusted. Precisely:

[0l s sy ~ lullgsqesy, N0l sy ~ ||T_1/2u||B§,T,(R3)' (2.16)
Remark 3. The global well-posedness in both theorems matches the one predicted by
the formal asymptotics. The presence of two regularities in formulation is motivated
by the fact that our equations are not scale-invariant and we want to work with

homogeneous Spaces.

Note 1. In what concerns the notation for norms, from this point on, we usually
work first on a fixed time estimate and only in the final stages we account also for
the time variable. This will be clear from the context too.

3. MAIN ARGUMENT

We start by recording uniform bounds for the coefficients of the nonlinearities
appearing in (23] and (27). Using the notation

2

(1 4 20%sin “) hi(ru), 1<i<4,
2(“) = "
hi(w) 5<i<6,

(3.1)

straightforward computations lead to:

Lemma 3. h; (1 <i <6) are all analytic functions of u € R; also, all are even with
the exception of hs, which is odd. Moreover, hy = hs <0, hg > 0, and

[ ()| + 105ha ()| S (w) ™2, 10 ha (w)] + |0ha(w)] S {u) ™, (3.2)

[@iha(u)] S ()™, [8he(u)] S ()™ (3.3)
for all j >0, with {(u) = (1 + u?)"/2.

We prove first Theorem [2], as the structure of the nonlinearities for (2.7) is consid-
erably simpler than the one for (2.5]), needing only a standard Strichartz analysis.
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3.1. Proof of Theorem [2l As we are using Strichartz estimates for the free wave
equation on R5*! it is sufficient to bound the nonlinearities in L} (H' N L?),. We
begin by estimating the L'L? norm. Relying on the Sobolev embeddings

Byy c I, H*cC B}, c L™, (3.4)
we obtain
10?2 S ollzeero [0l Z2s S N0l pee e 0112, e
L B
(3.5)
[0°[| iz S Noll7ee o 1072000 S 110G HU||L233/47

which, combined with the uniform bounds of Lemma B for ks and hg, prove that
hs(u) v® and he(u) v are bounded in L'L?.
Next, we treat the L' H* norms. For the main term, hg(u)v®, we have

(he(w)o®), = oo, [5 ho(u) + u ()] + '~ [u () (3.6)
which, based on ([B.3]) and Hardy’s inequality, leads to
1o (rv)o® [l S 10 lzs (loell prors + v/7 ]| rors) S ol zaol|vpl pros. (3.7)
Using the Sobolev embeddings H? C H10/3 C B3/fo and B}, C L?, together with
3/4 f35/4

the real interpolation (B4,oo, oo

J1/21 = B471, we deduce first

1/2 1/2
lellzo < ol s llvl e (3.8)
which further implies
[he(rv)v 5||L1H1 S ||UT||LOOL10/3||U||iQBZ/; S HUHioonHUHizBi/;' (3.9)

In what concerns the subcritical term hs(u)v®, we proceed as above to derive the
fixed time estimate

1hs () v* [l gn S N0?lpallopllza < Nollpolloll Laoss]lop ] oo (3.10)
Sobolev embeddings (e.g., H™/* ¢ L*/3) allow us then to conclude that
s ()l S M0l e gora ol e o0 2y, (3.11)

The rest of the proof is nothing but a standard fixed point argument, in which
one applies Strichartz estimates to the Duhamel formula.

3.2. Proof of Theorem [l In this case, the nonlinear terms are estimated in
L%(Bg’/l2 N L?), and we start by investigating the L'L? norm. The cubic and quin-
tic terms can be dispensed with immediately by the previous proof, as |h;(r, u)| <
|h;(w)|. Also, using |hs| < 1/|u| (due to (B.2)) and Hardy’s inequality, we deduce

1hs(r, u)vvrllr2 S llollze [onllZs, (3.12)
which, based on the Sobolev embedding BS,/E C L*, gives
Ps(rs w) o orll e S 10l e vz 100159 - (3.13)

The last term is treated identically.
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The most intricate part of this article is the analysis of the LlBg’{f norms. This
is mainly due to the nonlinearities involving derivatives of v, which require a finer
argument using spaces that can handle low regularity for high dimensional wave
maps.

We notice first that the cubic and quintic terms can be treated simultaneously
as we control the [|v||ze norm through Bg/f C L*>. Next, taking advantage of the
L'H' analysis done in Theorem [ and the real interpolation (H*, H?);; = Bg’{f,
we reduce this analysis to the study of

2 2 -1
o (14255 Yo

For the L'L? norm, we use the elementary inequality

and  ||hy (7, u)v?|| 11 e (3.14)

L2

: J 2 32
Ul L2 <<, (3.15)
r r
together with (B.2]), to derive
2a2sin?u\ " 4 v? v?

which implies

2 (32 -1
Oy ((1 + 2078y s;n u) ) hy (u) v
T

For the L'H? norm, a similar argument yields
2 2

v v
|02 (hy(r,u)v®)| < (1 +0?) <r_2 + 7\%\ + \v|vf) + (1 + |v))v?|vp|. (3.18)

S (1 ol gz ) 1001225 - (317)

L2

Only the last term is not covered by previous estimates, being estimated as

I+ )l € 0+ Wl olonlblimsee
3.19
S (U 1ol gy 01y 190 e

which concludes the discussion of the cubic and quintic nonlinearities.
In what concerns the last two terms, we can no longer use the same approach
because, in estimating their L' H? norm, we would have to deal with v,,.., for which

we do not have good bounds. For hs(r, u)v3v,, we estimate its LlB;/f norm directly.
We derive first

ool g2 S Tolizellonll gare + 107l gz, lvrllee, (3.20)
which, based on the Sobolev embeddings 321 C L° and B5/ ’C B%i,) 1 C L%, leads
to

3 3
0%l gy S ol 100 gy (321)
Finally, we employ interpolation to deduce

1/3 2/3 1/3 2/3
loll gors < Mlvllg, + ol oz S ] /5/2 oIl g it vl 7ol /1/4, (3.22)
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allowing us to conclude

S ol

ol e <

(B2, [v ||L2 BIAABYA), (3.23)
We claim that the coefficient h3(r, u) doesn’t complicate things inside the norm and
leave the details for the interested reader.

All which is left to analyze is the critical term

Ny(r,v) := hy(r,mv) v (v} — v2), (3.24)
which distinguishes itself from the others by the presence of the null form,
Q(v,v) = v —v? = —0(v?*/2) + v0v, (3.25)
where 00 = —82 + 92 + 20, is the radial wave operator. We are/exactly at the critical
55/2

level of regularity for wave maps in 5+ 1 dimensions (i.e., B,| ), and so we need to
work with spaces which take into account (3.23]).

Following Tataru [16], we introduce the space F' for v as a function of (¢, x) € R"*.
Let x € C*(R) be a smooth cutoff satisfying

supp x C (1/2,2) and Z X(A7ts) =1, (V)s # 0. (3.26)
g2z

For each A € 2%, define A(D) and By (D) to be the Fourier multipliers in spacetime
given by

AND) = F XA ONF, Ba(D) = F  x(A Tt = [€P1/1(T,€)) Fo (3.27)

where F denotes the Fourier transform in (¢, z) € R"™'. A, and By are smooth pro-
jections to the spacetime frequencies situated at distance A from (0, 0), respectively
the light cone |7| = |£|. Consider also

Z By-ix(D (3.28)

The function space F' on R"! is defined by the norm

|UHF Z)\n/2 |A)\ UHFA, FA:X1/2+Y)\,

g2z
lullxe = > wlIBu(D)ullzz,  lully, = lullzers + A 0w g2, 20
pue2r
with O = —9? + A,. In [16], for n > 4, the following estimates were proved:
100| oo gnsz-1 S ([00(0)[| grasz—1 + [|[Dvl|or,
lowl[r S lollrllwllr,  llvwlor S [lvllFllwlos, (3.30)
o7 = 1VolPllor S vl
where OF C L'By}*™" is defined by
lullor = > A AN(D)ullor, OFy = MX 2 4+ L'L?). (3.31)

Ae2Z
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In order to obtain v € L°(H™? N H™?>™1),, we perform the iteration argument
in the function space

Z:={veS R v=utz)=0vtr), |v|rwF < oo}, (3.32)
where |V|F is defined by
lulljorr = Y A" AND)ullr, (3.33)
re2z

Since three of the nonlinear terms have already been estimated in LY(H™*1 N
H" 272y, only a discussion of N, remains. More precisely, we need

INillarwior < llvlZ (3.34)

for small v € Z. To take advantage of (3.30), we can rewrite Ny as:

% sin 2u 1
4 (Ut UT) r 1 —I— 2a2:;n2u ( )
. . 3.35
2 2j+1 : 2k
5 o9 (—=1)7(2u)* p [(osinu

for small ||v||p~. Also, we will need the following
Lemma 4. Ifn > 5, then for any radial functions v = v(t,r) and w = w(t,r),
[rowlz S lvllzllwllz. (3.36)
Forn >4 and general functions, v = v(t,x) and w = w(t, ),
lowlliwir S vllwiplwle,  llvwllivor S llolliviellwlor. (3.37)

B37) together with (B:30) implies that F' N |V|F is a Banach algebra, while the
same is true for rZ, due to (3.30). Therefore, for small ||v|| 7, we have that both sinu
and the series in j from (B30) are bounded in rZ, while the series in k is bounded
in F'N |V|F. It follows that N, is bounded in OF N |V|OF, which completes the
contraction estimate in Z (i.e., (8:34))) and so the proof of Theorem [Il Hence, we
are left with

Proof of Lemmal[j In order to gain the r~—! decay in ([3.306), we employ the radial
Sobolev inequality in the sharp dyadic form. Using stationary phase estimates, we
obtain

Ir D285 (V) gl S A2l e, (3.38)

for any radial ¢ € L2, where S\(V) is the dyadic decomposition in z used in (Z.I5).
This implies, after relying on interpolation and Sobolev embeddings, that

[P0 (V)0 S A=W ], (3:39)

~Y

holds for all radial functions ¢ € LP, 0 < a <n —1, and 2 < p < q. Next, if one
combines the Strichartz estimates in F) (see Theorem 4 in [16])

n

__ntl
[ollzzz + AT ol a0 S ol (3.40)
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with ([3.39), it follows that
Mlrvllzg, + A2 rvllze S X2 0]l (3.41)

We note that, in bounding the L2L> norm, we need n > 5, as one applies (3.39) for

a:%gn—l.

The rest of the proof follows in the same spirit with the one in [16] for (B.30).
Since all spaces use ¢! summability over the dyadic decomposition, it suffices to
prove our estimates for single dyadic pieces, which are denoted v, = A, (D)v and
wy = Ax(D)w, for u, A € 2Z.

In proving (3.36]), we may assume that p < A\ by symmetry. We use the decom-
position

wy = wit + wit, wi* = B,(D)wy. (3.42)
The support of F(v,wy*) is contained in the region
I+l S A TP = 1P S p (3.43)
which is not changed by multiplication with z. If v is radial, then (3.41]) implies
lzvaws¥ (e, S lrvallerse gl ez S ™2 vull s, ws ]l 2y (3.44)

where we have relied also on the fact that B,,(D)A(D) is bounded on L*L? (see the
proof of Theorem 3 in [16]). Using the above information on the Fourier support,
we deduce

lzvaws xS 12 Hvulle, lwa g, (3.45)
The other component, w; #is nonzero only if u < \. Therefore, if we multiply
it by v,, this does not essentially change the Fourier distance from (0,0) and from

the light cone of w;*. We may further decompose

wif = Y, wi+ul, (3.46)

24p<r <A

such that wY is supported in ||7|*> — |]?] ~ v\ and
03, ~ 3 ekl s + sl (3.47)
Again, by Theorem 3 in [16], we have
lwllzze S e Hlwslls - (3.48)

The X component of zv,w;" is estimated using ([3.41]) by

oo, S wfllxe S S v 2 rvakllie, < Irvullzgs 30 2 e,
14 14 v

(3.49)
S 1 vl g lwall -
The Y component is bounded by
levaulllvy S lroullos lwdll sz + A [O@v,09) o122 550

S 1 o, s+ A B ) = w0, Ol oz
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where the last term is controlled, due to (3.41l) and (3.48]), by

A ol e ol e S 127 Hloal g llwlvs. (3.51)
Putting together (3.45)), (3.49), and (3.50), we obtain
lzv,wsll e S g2 2+ A2 o 5 [wa| sy (3.52)

whose summation over p, A finishes the proof of (B.30]).

For (B:3T), it is enough to check the high-high interaction p ~ A, since otherwise
the proof would follow from the corresponding versions without |V|, already proved
in [16].

If 1 ~ A, the support of F(v,w,) is in the region |7| + [£| < i, and, as before, we
deduce

lowallzz, S lvallzers lwallzeore S p="2542 - p 27 o, | g A" [wall ey (3.53)

which is bounded in £}, (v™"/ 241X }/?). Similarly, using the OFy C A% L}, embed-
ding, we obtain

S /Ln/2_1/2)\3/2

[opwallirz S vallzzzeellwallz vl 7, lwxllor,

(3.54)
< T P, | A lwa g,

which is bounded in €} (v="/***(L'L?),). Thus, we conclude the proof of GB_:E)D
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