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EQUILIBRIUM WITH EXPONENTIAL UTILITY AND
NON-NEGATIVE CONSUMPTION
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ETH ZURICH

ABSTRACT. We study a multi-period Arrow-Debreu equilibrium in a heteroge-
neous economy populated by agents trading in a complete market. Each agent
is represented by an exponential utility function, where additionally no nega-
tive level of consumption is permitted. We derive an explicit formula for the
optimal consumption policies involving a put option depending on the state
price density. We exploit this formula to prove the existence of an equilib-
rium and then provide a characterization of all possible equilibria, under the
assumption of positive endowments. Via particular examples, we demonstrate
that uniqueness is not always guaranteed. Finally, we discover the presence of

infinitely many equilibria when endowments are vanishing.

1. INTRODUCTION

The approach dedicated to asset pricing by equilibrium analysis has gained an
extensive attention over the past decades from both a theoretical and a practical
perspective. This theory carries ambitious objectives such as complete derivation
of consumption allocations and pricing kernels in terms of primitives of a given
economy. The key questions in this field are mainly concerned with the existence,
uniqueness and a description of market equilibria. We refer to Chapter 12 in Cvi-
tanic and Zapatero (2004) and Chapter 4 in Karatzas and Shreve (1990) for a
detailed exposition of these issues. For more applied aspects of this theory, we refer
the reader to Shoven and Whalley (1992).

The study of Arrow-Debreu equilibrium with exponential preferences in one period
models was first introduced in Biithlmann (1980). A subsequent paper, Bithlmann
(1984), extends the results to existence for general utility functions. Further works
by Mas-Colell (1986), Duffie (1986), Karatazas, Lechovsky and Shreve (1990),
Karatazas, Lechovsky and Shreve (1991) Mas-Colell and Zame (1991), Dana (1993a)
and Dana (1993b) are devoted to the study of existence and uniqueness issues for
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rather abstract multi-period models including both discrete and continuous time
settings. Malamud and Trubowitz (2006) study existence and provide examples of
non-unique equilibria in an infinite time horizon context.

We revisit and explore a variation of the classical problem of equilibrium asset pric-
ing for heterogeneous investors represented by exponential utility functions. We
mend a prominent drawback in the classical paradigm of exponential utility by
restricting it to the positive real half line. The economic significance of this modifi-
cation is obvious, it prevents the individual from the possession of a negative level
of consumption.

Roughly speaking, an Arrow-Debreu equilibrium in a complete market is a situation
where the supply is equal to the demand under an optimal performance of each in-
dividual. The solution to the classical problem with exponential utility functions is
rather simple and enjoys properties as uniqueness and a full characterization of the
equilibrium state price density. Furthermore, all the corresponding parameters in
equilibrium are, in a certain sense, smooth. In contrast to the classical setting, as-
suming that no negative consumption is allowed, the situation becomes much more
delicate, due to the absence of certain regularity conditions (e.g. Inada’s condition
is no longer valid). Nonetheless, existence and a comprehensive description of the
equilibrium is still available. This is in effect one of the few examples where exact
formulas can be obtained, unlike the case of power utility functions, where usually
only a rather abstract description of the pricing kernel can be established. On the
other hand, the lack of certain regularity conditions in our context is crucial and
gives a rise to non-uniqueness.

We briefly outline the contents of the paper. We consider heterogeneous agents rep-
resented by exponential utility functions (defined on the positive half real line) and
endowment streams. In the first stage, we consider the corresponding individual’s
utility maximization problem in a complete market setting, and derive a formula
that describes the optimal consumption stream. This formula involves a put option
on the logarithm of the state price density, and some strike that depends on the
risk aversion, time scaling and the endowment stream of the agent. We then note
that this problem is similar to the unconstrained one, for large levels of endow-
ments. We turn then to conducting an equilibrium analysis by exploiting the latter
formula combined with some standard arguments involving the “excess demand”
function. Under the assumption of positive endowments, we prove the existence
of equilibrium and characterize explicitly the associated state price densities and
consumption allocations. A simple corollary is that in a homogeneous economy the
equilibrium is unique. Uniqueness does not hold in general. This is illustrated in a

two-agent economy and a deterministic market model consisting only of a risk-less
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security. We extend the existence result to the more general case of possibly vanish-
ing endowments. In this case, we show that there exist infinitely many equilibria,

all are of the same canonical form.

2. THE MODEL

We fix a final time horizon T' € N. The uncertainty in our model is captured by
a probability space (€, F, P) and a filtration Fy = {¢,Q} C F; C ... C Fp = F,
where each sigma-algebra F, corresponds to the information revealed at each period
k € {0,...,T}. In the present paper, adaptedness and predictability is always meant
with respect to the filtration (Fg)g=o,.. . We will use the following notations
R4 =[0,00) and R4 4 = (0, 00). The economy in our model is inhabited by N (types
of) agents labelled by i = 1, ..., N. The preferences of each agent i are characterized
by an exponential utility function w;(x) = —e™ 7, defined on R, for a given risk
aversion coefficient v; > 0. Each agent i receives a random income (62) k=o0,... 7. This
process, which will be referred to as the agent’s endowments stream, is assumed
to be non-negative and adapted. We assume that prices of payoffs are determined
according to a certain pricing functional (or, state price density) represented by a
strictly positive adapted process (&k)k—o,..., 7. More precisely, given a non-negative
random variable X that represents a certain payoff at the maturity date T, the
price at time j assigned to X is given by

&r
E|ZLx|F],
Lj J}

for all 0 < j < T. We will not distinguish between non-normalized pricing kernels

(&k)k=o0,...,7 and the corresponding normalized ones (£x/&0)k=o,... 7. Each agent i
solves the following utility maximization problem from consumption

T
(2.1) sup e PR [uz(cfc)} ,
k=0

(cé,...,c;) —

under the constraints: ci € L{ (Fg) for all k=0, ..., T, and

(2.2) Y Eléct] =) E[éei].
k=0 k=0

Here, p; > 0 stands for the degree of impatience of agent i, and L (Fj) denotes
the space of all non-negative Fi-measurable random variables. Below, we introduce

the notion of Arrow-Debreu equilibriunﬂ.

1Under certain regularity conditions, the whole model can be implemented by a complete
security market with a unique state price density process ({x)k=o,...,7- Since time is discrete and
the probability space is not assumed to be finite, there might be infinitely many securities that
complete the market. The Arrow-Debreu equilibrium then becomes an equilibrium of Radner

type; see Duffie and Huang (1986) for a detailed treatment of these issues.
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Definition 2.1. An Arrow-Debreu equilibrium (or, equilibrium for short) is a pair

of processes (ci)k=o,... Tsi=1,....N» and (&)x=1,... T such that:

(a) The process (& )k=1,...,7 is a state price density, and (ci)r—o,.. r is the optimal
consumption stream of each agent i, i.e., solves (Z1]) under the constraints ci,
€ L (Fg) for all k=0,...,T, and (Z2).

(b) The market clearing condition holds

N
(2.3) Z cl = € 1= Z
forallk=0,....,T

3. OpTIMAL CONSUMPTION AND EXISTENCE OF AN EQUILIBRIUM

3.1. Optimal Consumption Streams. We study an individual’s exponential
utility maximization problem with the constraint of non-negative consumption poli-
cies. This is a typical situation where the use of the convex conjugate and some
related notions is efficient in characterizing the corresponding controls; see Rock-
afellar (1970)). Based on those standard ideas from convex analysis, we derive a

formula for the optimal consumption stream.

Theorem 3.1. Consider i-th agent’s utility mazimization problem (21) under the
constraints: ¢t € Li(Fy), for all k = 0,..,T, and (Z3). Assume further that
Si_o E[ékel] >0, foralli=1,..,N. Set

(3.1) L) = ~log (7) V0,

Vi )
for all y > 0. Then, there exists a umque optimal consumption stream given by
. " Vi +

(3.2) ch = Vo) = = (log (1) = pk oz (60)
where \* is determined as the unique positive solution of the equation

T T
(3.3) SN E[GL(Ne" )] = E et -

k=0 k=0

We first proof the following auxiliary lemma:

Lemma 3.2. Consider the function ¢ : Ry, — R, defined by

T
=Y E[&L(Ne" )]

k=0
Then, ¥*(\) is a decreasing continuous function of the following form: If 1%(b) >
0 for some b € Ry, then ¢'(a) > '(b) for all 0 < a < b. Furthermore,
limy 0 ¥(\) = oo and limy_ 4o ¥ (N) = 0.
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Proof of Lemma First observe that F [£,1;(c{r)] < 400 for all ¢ > 0 since

(3.4) Bl (c6)) = - [ (1og () ~Tog(61)) Le, 20

1 1
~+ —E&] < oo,
c Vi

2

IN

where the first inequality follows from the fact that 1 + logt < ¢, for all ¢ > 1.
This shows that 1¢(\) is well defined for all A € Ry . Next, we prove that ¢
is continuous. Let A, be a sequence such that A, 1 A, hence, lim,, o & 1;(An
ePike) = & I;(\efiF€,), P—a.s, and thus the dominated convergence theorem im-
plies that lim,, o ¥*(\,;) = ¥%()\). The same argument holds for a sequence \,, | \.
Now, we treat the limits. Consider an arbitrary increasing sequence \,, — oo, then,
Eli(MneP®E) — 0 and &1 (M\eP &) > & l;(M\nePi*E), for all n. Therefore,
dominated convergence implies that lim,, . %*(\,) = 0. Next, pick an arbitrary
sequence A, J 0 and note that lim, . fkfl-()\nepikék) = 400, P—a.s. Therefore,

Fatou’s lemma implies that
liminf B [ (Ae” )] > E [liminf{“kl()\nepkgk)] — 4o
n—o0 n—oo

This shows that limx_o¢*(A) = oo. Next, note that A\ — E [&I; (Ae?*&)] is a
decreasing function for each k = 1,...,T since I; is decreasing. Therefore, ¥*()\)
is decreasing. Finally, assume in a contrary that ¥(b) > 0 and ¢i(a) = (),
for some a < b. By the previous observation, it follows that E¢j [IZ- (ae”ikfk)} =
E [&d; (beri*¢)] , for each k = 0, ..., T. By definition, I;(y) is a strictly decreasing
function for 0 < y < ~;, thus I; (yepikﬁk) Yiyerite,<yy < Li (xepikgk) Liperite, <y}
This is a contradiction, finishing the proof. [

Proof of Theorem [3.1] First, observe that Lemma yields the existence of a
unique solution to equation ([B3]) denoted by A* > 0. Next, consider the Legendre
transform of u;(z) = —e™7*, defined for y > 0 by

vi(y) = sup (ui(x) —xy).
TERy

Observe that %(ul(x) — xy) = vie ¥ —y. Therefore, if y < 7;, then v;(y) =

Uu; (% log (%)) — % log (%) .If y > ~;, then v;(y) = u;(0). Thus, we can rewrite

vi(y) = ui(I;(y)) — Li(y)y, for all y > 0. Now, it follows that
V(AP &) = ui (Ii(A e’ &) — A P F &I (A" e M)
> w(Xy) — N e Xy,
for all Xy, € L (Fy). Hence,

e_pikui(li(/\*e”ikfk)) > e_pikui(Xk) + )\*fk(li()\*epikgk) — Xk).
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In particular, we have that
T

> e RE [us (I (A eP*er))]

k=0

T
ZZ Pik B s (X )] +Zz\* LN e &) — X)),
k=

for all X € L (}'k) such that E[{ka] < 00. These considerations combined with
the fact that Zk—o [{k( i(/\*eplkﬁk)} = Ek:o [gkek} imply that

T
Ze PEE [u;(1; (N ePF&,))] =D e PR E [ui(Xy)],
k=0
for all Xo, ..., X7 such that Xy € Lg (Fy) and 34 E[6:.X4] = Shey E [€rel] . We
conclude the proof by remarking that uniqueness follows from the strict concavity
of the utility function. O

For a sufficiently large level of endowments, and under some regularity assumptions
on the state price density, the optimal consumption stream is strictly positive. In
particular, it coincides with the optimal consumptions corresponding to the setting

of unconstrained exponential utility.

Corollary 3.3. Assume that &, < C and €, > + (log ( ) +pi (T — k)) , P—a.s.,
for ol k = T, where C' > 0 is some posztwe constant. Then, the optimal

consumption stream of the i—th agent is strictly positive and is given by

i Zl o B [& (vi€l +1og& + pil)] )
3.5 - — pik —1 0
B %( ST E ] pik o | =

forallk=0,...,T

Proof of Corollary[3.3l Fix z = =L+ and observe that

CeriT ze"wk&

for all k = 0,...,T. Therefore, by applying the same argument as in the proof of

_ Con 5,
&k

Lemmal3.2] one concludes that % ()) is a strictly decreasing function on the interval

(0, z). Moreover, note that

ZE[&(logQ)m(T b)| < kZTOE[ez&kL

by assumption. Therefore, a solution \* to equation ([B3]) is attained for some
A" €(0,2), and thus 57 25— > 7t > 1. In view of [B2), we obtain that the

optimal consumption stream admits the form

;1 Vi
=1 — ] >0.
Cr, e og (A*epiké-k)

By plugging this back into the budget constraints equation ([3.3]), one can solve this

equation explicitly and verify the validity of (35). O
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3.2. Equilibrium. In the current subsection we show that there exists an equilib-
rium under the assumption that all endowments are positive. Moreover, we describe
the set of all feasible equilibrium state price densities and the associated optimal
consumption policies. For this purpose we introduce the following quantities. For
each vector (A1, ..., An) € RY,, we define

(3.6) Bilk) = B (k) = !

/\iepik7
foralli=1,...,N and all k =0,...,T. For a fixed k = 0,...,T, let i1(k), ..., in (k)
denote the order statistics of 51 (k), ..., By (k), that is, {i1(k),....,in(k)} = {1,..., N}
and f;, (k) (k) < ... < Biyy (k). We set B () (k) =0, for all k = 0,...,T. With the

preceding notations, we denote

> 0.

ZN: log (B, k) (k) — log (85, (k) (K))

37) (k) =g (k) = _
Vi (k)

I=j+1

Note that 19(k) = +oco and ny (k) = 0, for all k = 0,...,T. At last, we introduce a

candidate for the equilibrium state price density

(3.8) &k (A1, AN) =

i IJ_VI (N vy oy /v (k)))71 €k
Buay T exp | —=F | | Hmsm<en<n—1 ()}
j ) Zl:j 1/%‘;(1@ * '

j=1 \l=j

foral k=1,...,T.

Theorem 3.4. Assume that €, > 0 for each period k and each agent i, P—a.s.
Then, every equilibrium state price density is given by (§x (AL, ..; AN)) o 1
where A}, ..., Ay € R4 are constants that solve the following system of equations
(3.9)

T
E (&M, oo AN L (A€ 6, (M, s AN))] = D0 B [6 (M Aay s A €1
0 k=0

[M]=

E
Il

fori=1,...,N. The optimal consumption stream of agent i is given by
(3.10) ch = LA e (N, o AN)),s
forallk=0,..,T.

Remark. Theorem [B.4] constitutes a preliminary tool for proving the existence
of an equilibrium (see Theorem B.6) and yields a characterization of all feasible

equilibrium pricing kernels.

Proof of Theorem B.4. Let (¢ )k—o,.. 7 denote the optimal consumption stream
of agent i. Recall that, by [B.2)), we have that ¢} = I; (Afepikﬁk) for some A} > 0.
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Plugging this into the market clearing condition (Z3]), we obtain that the following

holds in equilibrium:

N
(3.11) S5 (Aerte) = e,
=1

for all £ = 0,...,T. Here, A},...,\} are constants that will be derived from the

budget constraints in the sequel. Using the explicit form of I;, this is equivalent to

N ‘ 1/7i
i—1 i

%1{,\;8%’“& sy b Al eplkgkl{)\fepikfk <vi}

a further transformation yields,

N
IT (itgensomy + i ™ e, <p.) H% exp(—€x),
=1

where §;(k) = [31-()‘:)(16) was defined in (3.6). This is equivalent to

(3.12)
N

N N
(k) 1/vi _ 1/ _
_Z;YJ‘ 1{/31.],71(,6)(k)<5kgﬂij<k>(k)} + _1_[1%‘ 1{£k>5iN<k>(k)} - _1_[1%' exp (—€x)
J]= 1= 1=

where

J—
Yj(k) H 1/’Yzl(k) H (k) 1/’Y”(k) exp kz Piy (k) ngf\;J will(k) .
’Yll(kl)
=1

The strict-positivity assumption on the endowments implies that € > 0, P-a.s, and
thus & < Biy (k) holds P—a.s. Next, for each k =0, ..., T, we have that

(k
Yi {ﬂ"] 1 (e) (B) <€k <Bi; (i) ( } 1_]1:% exp( Ek {sz 1 00) (R) <€k <Bij k) (k )}
1=

which implies that the following holds on each set {ﬁij,l(k)(k) <& < ﬁi].(k)(k)} :

N
& = [[ By (k) (Zm=s 70 1im) ™ xp (—N7> .

1=j 2= YY)
In particular, one checks that & < f; (k) is equivalent to e > n;(k) and
Bi;_1 (k) (k) < & is equivalent to e, < 1;-1(k), where, n;(k) = n;\;""’ATV(k) is given
in 8.7). Now, one can revise the above identity in terms of A}, ..., A} and conclude
that every equilibrium state price density is of the form (B8] for some A}, ..., A\§,. At
last, observe that due to the budget constraints (Z2)), in equilibrium, the constants
A%, ..., A}y solve the system of equations (3.9]). This concludes the proof. O

The following result is essential for proving an existence of equilibrium.
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Lemma 3.5. For each i = 1,....N, consider the excess demand function g' :
Rer — R defined by

T
P Z (E (6O AW L (O e R G AV ) =B [&e (T o A ed] )
where £ (M1, ..., An) is defined in (38). Then, the following properties are satisfied:

(1) Each function g*(\1, ..., A\n') is a homogeneous function of degree 0.
(2) We have

N .
Z )\igl()\l, ceey )\N) = O,
i=1

for all (A1, ..., n) € RY,.
(3) Each function g*(\1, ..., \n') is continuous.
(4) (i) The following limit holds

Jim 6" (A, .. Aw) = o0,
(ii) Each function g*(A1, ..., An) is bounded from above.

Proof of Lemma[3.5l (1) This follows from the identity & ((cA1) 7L, ..., (eAny) ™)
= &\, ., Ay, for all ¢ > 0, which follows from the fact that 77]01»---»“) —

77§CA1 ..... V) g G3).

(2) By the construction of the pricing kernels in the proof of Theorem [3.4] (see
BID), it follows that ¢ = I; (A;lepikﬁk (A\T', .. Ay')) satisfies the market clear-
ing condition (Z3), for all (\[*,...,\y') € RY, . By changing the order of summa-
tion, the claim becomes equivalent to

T N N
d_E|GOr AN <ZL- (A terFg (ALY 0 AWY) —Zegﬂ =0,
k=0 i=1

i=1
which follows from the latter observation concerning the market clearing condition.

(3) Consider some z = (21, ...,zn) € RY, and a sequence z,,, = (2", ..., 27%) € RY,
such that 2, — x. One checks that the random function & (A1, ..., An) : Rf+ —
R, is P—a.s continuous, and hence lim,, o0 &k (2m) = & (2), and consequently
limy, o0 Ep(m) Li(xMePi*Ep(vm)) = &k ()1 (7;eP% € (x)). Therefore, it suffices to
show uniform integrability in order to obtain L!—convergence. Thus, it is enough
to check that

sup £ [(ﬁk(wm)fi(xgnep"kfk(xm)))p] <40 SlgiE[(fk(iEm)Ek)p] < +o0,

for some p > 1. Since z; > 0, for all ¢ = 1,..., N, we can assume that there
exists € > 0 such that «]* > ¢, for all # = 1,..., N and all m. Therefore, we
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can estimate & (x,,) < Ke M for all m and some constants K, M > 0. Hence,

sup,,>1 B [(§r(@m)er)’] < KPE [e7MPerel] < (££)". Next, one checks that

sup E [(fk (xm)1; (Ucznepikgk (xm)))p]

m>1

1 ")/Z P
e meepik - 5/@(%)) 1{zm1ipiksk<xm>>o}]

1 Vi e\ 1/ v P
< = sup E KeMe <—( K) :
<y | (e K ) < p (it

where the first inequality follows from the fact that 14 logt < ¢, for all t > 1. This
shows that g(\, ..., Ay) is continuous.

(4) (i) For each i = 1,...,N and k = 0,...,T, consider the random function (de-
pending on w € Q) fi(k, A1, ..., An) : RY, — R given by

fi(kv)\la EE3) A]\f) = Azgk()\la EE3) A]\7) (IZ (Aiepikgk()\la EE3) A]\7)) - EZ}) .

The claim is equivalent to showing that limy, ;00 [fl(k:, ALy eeey /\N)] = —o0. First,
we show that limy, oo Ek(A1, ..., AN) (IZ- ()\ie”ikfk()\l, ...,)\N)) — 62) < 0, P—a.s.
Assume that A; is sufficiently large so that i =41(k) and A\; = A;, () > max{Ay, ...,
Ai=1, Ai+1, -, AN }. One checks that limy, o 71 (k) = co. This implies that

(314) lim gk ()\1,...,/\]\[)
)\i‘)OO
N -1
N Vi )/ Yim €k
= ﬂi(L(k) i) oy <_7N ) L{a(k) <en<-too} T
1 2= 1/ vk

L, (ky<en<n;—1 )y > 0,

j=3

N [N -
B(Zﬁzj Vi) [ Vim ) exp (_€7k>
E ” it (k N
) >oimy v

P—a.s. Next, we claim that limy, ;00 I; ()\iepikﬁk(/\l, ...,)\N)) = 0. Indeed, recall
that

| 1 %
I (Aie” & (M, An)) = —lo < l > ! 7
( 61, M) i B\ NP FE (A, o M) {W”}

and note that, by (3.14),

is satisfied identically P-a.s, for sufficiently large A;. This yields that
/\11_1}100 &M AN) (I (Nie” & (M, s AN)) — €;) < 0.

Now, consider an arbitrary sequence (a,)$2; such that a, — -+oo, and denote
b, = (M, e, Nic1, Ay i1, AN) € RL. The same arguments as in (3) can be
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applied to show that the sequence {&(bn) (I; (ane?*&k(by)) — €k) }:o

_, is uniformly

integrable. Therefore,

Jim B LR M A )]

= lim NE | lm &(Ar, 0 An) (I (Aee” (M, An)) — €4) | = —oc.

i —00 i —00
This accomplishes the proof of part (i).
(ii) This Follows by the fact that the function h : Ry; — R given by h(z) =
z((log1/2)" —a) is bounded from above, for any fixed @ > 0. O

The next statement establishes the existence of an equilibrium.

Theorem 3.6. Assume that €; > 0 for each period k and each agent i, P—a.s.
Then, there exists an equilibrium. Furthermore, a process (&}.)k=o,... v 1S an equi-
librium state price density if and only if & = Ex(A], ..., Ay) for some (A, ..., A\§) €
Rf + that solves the system of equations (3.9). The optimal consumption stream is

given by (ZI10).

Proof of Theorem 3.6l By Theorem (B3] it is sufficient to prove that & (A}, ...,
Ay) and L (AfePiF€p(Xr, ..., i) is an equilibrium. Therefore, it is left to check that
the system of equations ([3.9) has a solution, or equivalently, the system of equa-
tions g*(A1,...,An) = 0, for i = 1,..., N (see (3.I3)) has a solution. The existence
of a solution follows by properties (1)-(4) in Lemma and fixed point arguments
similar to those appearing in Theorem 17.C.1 in Mas-Colell et al. (1995). O

As will be shown in the next section, the equilibrium state price density is, in
general, not unique. Nevertheless, when the economy is homogeneous, the utility
maximization problem is similar to the one in the non-constrained setting for con-

sumption, and in particular assures uniqueness.

Example: Homogeneous Economy. In an economy populated only by an agent 4 that
holds a strictly positive endowment stream (62) k=o0,...,T, there exists a unique equi-
librium and the corresponding homogeneous state price density process {£i}x—o,.. 7
is given by

g = emrildma),
for all £ = 1,...,T. The optimal consumptions obviously coincide with the endow-

ments: ¢, =€, for all k=0,...,T.
4. NON-UNIQUENESS OF THE EQUILIBRIUM

4.1. Non-Uniqueness with Positive Endowments. It is evident that the sys-
tem of equations (B9 is related to the uniqueness of the equilibrium. The sys-

tem of equations ([B.9) is somewhat cumbersome in certain aspects: the functions
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&k(A1, ..., Aw) are not differentiable with respect to each variable \;; it might happen
that ([B.9) has infinitely many different solutions but the equilibrium is still unique;
the property of “gross substitution” (see Definition 3.1 in Dana (1993b)), which
would be a sufficient condition for the uniqueness of the equilibrium, is not neces-

sarily satisfied. The next example demonstrates the existence of multiple equilibria.

Example: Non-Uniqueness of Equilibrium. We assume a one period market with
Fo = F1 = {Q,0}. Consider two agents ¢ = 1,2 represented by uq(z) = uz(x) =

% and p; = p2 = 0. The agents hold different endowments €}, el and €2, €?

—e
respectively. Let ¢y and €; denote the aggregate endowments. By Theorem [B4]
every equilibrium state price density is of the form

1
z,y) = ———1 x e x —a/2
&, y) min{z,y}  {e<los el 5}}} \/_ iog mexfea) <} ’

where x and y are to be determined by the budget constraints. One can check that

it is possible to rewrite it as

11 . y
P if0<ax< P

& (x,y) = \/gelel/Q % if ye ¢t <z < yet
yelel if x > yet.

The positive arguments z, y solve equations ([3.9) which take the form:

1
(1) log(1/y)1iy<1y + &i(x,y) log (W) Lise, (e)<1} = €0 + €161(2,Y),

1
(2) log(1/2)1 <1y + & (2, y) log (m) e, (vy)<1} = 63 + 6%51 (x,y).

Let us note that we work with a normalized state price density, i.e., §, = 1. We

1
o) =) (18 Gy )t ).

1
9(z,y) = & (2, y) (1og <m> Lizti(@y)<1y — 6%) :

Observe that

denote

and

—e 51t if0<a< L,
1/2 .
h(z,y) = Wﬁ (log (ﬁ\e/gl ) - E%) if ye™ <z < ye™
Ue%l (€1 —€) if x > yet.
and that
—e L1 if0 <z < 4,

o1/2€1 . . .
g(z,y) = ﬁ%(log(%)—e%) if ye=1 <z < yet

L (e1 —€}) if z > ye
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Hence, equations (1) and (2) can be rewritten as
! _ 1
(1") log(1/y)1y<1y + h(x,y) = €,

(2") log(1/z)1ip<1y + g(z,y) = €.
We are going to define the endowments in a particular way that will yield two
distinct solutions to (17) and (2'). More precisely, we are going to construct two
solutions (x1,y1) and (z2,y2) such that y; < 1 and 0 < x; < yie™ ', for [ = 1, 2. Set

b =2 e2971 > ¢l and €l < e7!. We start by treating equation (2'). Consider

the function ¢(x) = log(1/z) — g 1 on the interval [0,ye~!], for arbitrary y > 0.

el

Note that ¢'(z) = L 9 _ 1 and hence ¢x) >0if ¢ < %, and ¢'(z) < 0

2 el x’

1 1
if > - which implies that - is a maximum of ¢. Furthermore, y; (to be

el el

determined explicitly in the sequel) will satisfy e} < y;, and this will guarantee
6% —€1
€10, yie™].

ecl

1 €
Next, note that ¢(-=L) = log (%;—) —1 > 0 due to the assumption ¢21~1 > €.

that the maximum is indeed in the domain of definition of ¢, i.e.,

ecl
Now let § > 0 be some small quantity to be determined below. Omne can pick
€2 such that the equation ¢(z) = €3 has exactly two solutions z; and x5 in the
1 1
interval [+ — 8, =& + 6]. Now, equation (1’) has two solutions denoted by y; and

y2 (depending on €}) corresponding to z1 and z that are given by

el 1
Y = exp (—66 - —1—) :

el a1

for I = 1,2. Obviously, y1,y2 < 1. It is left to check that max{x, :—211} < yre e,
for [ = 1,2, that is,

€ . el
max{xl,e?}<exp —€1—€g——— .

2 2
Since x; € [Z4 — §, =+ + 4], it suffices to verify that

€1
1 1
€ € 1
e +5) <exp|—eh— =
e er i 5]’
e

for an appropriate choice of § > 0 and €. This inequality is equivalent to

1
€
E} =+ 6651 < exp (—Eé — W) .
1

By continuity, it suffices to prove this inequality for 6 = 0 and €} = 0, which

becomes ele < 1, and follows from the assumptions imposed on el. [

4.2. Non-Uniqueness with Vanishing Endowments. In Theorems[3.4 and [3.6]
we have assumed that P(e} > 0) =1, for all k = 1,...,7 and all i = 1,..., N. This
assumption was crucial for proving that every equilibrium state price density is
of the form [@8). It turns out that once this assumption is relaxed, there exist

necessarily infinitely many equilibria all of the same canonical form.



14 R. Muraviev and M. V. Wiithrich

Theorem 4.1. Assume that all the assumptions of Theorem [3.7] hold, except that
P(ex = 0) > 0 and P(UI_,{ei > 0}) > 0, for all i = 1,..., N. Then, there exist
infinitely many equilibria. FEvery equilibrium state price density (gk)kzo,,,,,;p is of
the form

(4.1) EeA 1y s AN) = €A, ooy AN) L0} + Xl (o0}

forallk =1,..,T, where gk(Xl, XN) is given by (2.8) and Xy is an arbitrary
Fi-measurable random variable that satisfies E [X] < oo and Xj > B(AIN(k))(k),

P-a.s, where ﬁiNl(%)(k))(k) is given in (30). The constants A1, ..., \y are determined
by the budget constraints

ZT:( B [&(, o AT (AP € (M, A)) | = B [&s s An)eh] ) =0

k=0

fori=1,...,N.

Proof of Theorem [4.1l The proof is identical to the proofs of Theorem [3.4]
and Theorem apart from a slight modification as follows. Consider equa-
tion (BI2) and note that in the current context this equation admits the form
1{§~k>5iN(k)(k)} =1 on the set {e; = 0}, which implies that & is of the form .TI).

The rest follows by similar arguments to those found in Section 3. O
We illustrate the above phenomenon in the following elementary example.

Ezample: Infinitely Many Equilibria. Let (2, F1, P) be a probability space where
Q = {w1, w2}, P{w1}), Pwz}) > 0, Fo = {Q,0} and F; = 2. Consider a one
period homogeneous economy with an individual represented by the utility function

* and p = 0. The endowments of the agent are denoted by ¢y and e;.

u(z) = —e~
For the sake of transparency, we analyze the following two simple cases directly by
using the definition of equilibrium rather than by using Theorem 411

(i) Let e = 0 and €; be an arbitrary JF;—measurable positive random variable.
Theorem [B.1] implies that the optimal consumption policies ¢y and ¢; are given by
co = —log (1{)\>1} + )\1{,\<1}) and ¢; = —log (1{>\51>1} + /\511{,\51<1}) The mar-
ket clearing condition ¢y = 0 and ¢; = €1 implies that & = % is an equilibrium
state price density, for all A > 1. Note that the budget constraints of the type (2.2))
are automatically satisfied due to the fact that the market clears and due to the ho-
mogeneity of the economy. We stress out that for the corresponding unconstrained
problem

sup —e~ % — Fle™ ],
CoGR,Cl€LO(]:1)
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under the budget constraint
co+ El§1c1] = €0 + Eléren],

there exists a unique equilibrium corresponding to A = 1, that is, & = e~ €.

(ii) Let e > 0 be arbitrary, €1(w1) > 0 and €1(w2) = 0. Then, by Theorem Bl
we obtain that cg = log(1/A) = € and ¢; = max{log()\%l),O} = €. It follows
that A = e™“, and that there are infinitely many equilibrium state price densi-
ties of the form & (y) = e~ 1y 20y + yl{c, =0y, for every y > €. As in (i), the

market clearing condition is redundant due to the homogeneity of the economy. [

Acknowledgements. We thank Yan Dolinsky for useful comments and discus-
sions and Paul Embrechts for detailed remarks on a preliminary version of the
manuscript. Roman Muraviev gratefully acknowledges financial support by the
Swiss National Science Foundation via the SNF Grant PDFM2-120424/1.

REFERENCES

[1] BUHLMANN, H. (1980): An economic premium principle, Astin Bulletin 11 (1), 52-60.

[2] BUHLMANN, H. (1984): The general economic premium principle, Astin Bulletin 14 (1),
13-21.

[3] CONSTANTINIDES, G.M., AND D. DUFFIE (1996): Asset pricing with heterogeneous con-
sumers, J. Political Econ. 104, 219-240.

[4

CVITANIC, J., AND F. ZAPATERO (2004): Introduction to The Economics and Mathemat-
ics of Financial Markets, MIT Press, Massachusetts.

5

DaNa, R.-A. (1993a): Existence and uniqueness of equilibria when preferences are addi-
tively separable, Econometrica 61 (4), 953-957.

(6

DaNa, R.-A. (1993b): Existence, uniqueness and determinacy of Arrow-Debreu equilibria
in finance models, J. Mathematical Economics 22, 563-579.

(7

DurFIE, D. (1986): Stochastic equilibria: Existence, spanning number, and the no ex-
pectcd financial gain from trade hypothesis, Econometrica 54, 1161-1183.

[8] DUFFIE, D., AND C. HUANG (1985): Implementing Arrow-Debreu equilibria by continuous
trading of few long-lived securities, Econometrica 53, 1337-1356.

[9

KARrATZAS, 1., J. P. LEHOCZKY, AND S. E. SHREVE (1990): Existence and uniqueness of
multi-agent equilibria in a stochastic, dynamic consumption/investement model, Mathe-
matics of Operations Research 15, 80—128.

[10] KarATzAS, 1., J. P. LEHOCZKY, AND S. E. SHREVE (1991): Existence of equilibrium

models with singular asset prices, Mathematical Finance 1 (3), 11-29.

[11] KaraTzAs, K., AND S. E. SHREVE (1998): Methods of Mathematical Finance, Springer,

Berlin.

[12] MALAMUD, S., AND E. TRUBOWITZ (2006): Rational factor analysis, Working Paper,
ETH Zurich.

[13] Mas-CoLELL, A. (1986): The price equilibrium existence problem in topological vector
lattices, Econometrica 54, 1039-1053.



16 R. Muraviev and M. V. Wiithrich

[14] Mas-CoLELL, A., M. D. WHINSTON, AND J. R. GREEN (1995): Microeconomic Theory,
Ozford University Press, Oxford.

[15] ROCKAFELLAR, R. T. (1970): Convex Analysis, Princeton Mathematical Series, No. 28.
Princeton University Press, Princeton, N.J.

[16] SHOVEN, J. B., AND J. WHALLEY (1992): Applying General Equilibrium, Cambridge

University Press, Cambridge.

DEPARTMENT OF MATHEMATICS AND RISKLAB, ETH, ZURricH 8092, SWITZERLAND, E-MAILS:
ROMAN.MURAVIEV@MATH.ETHZ.CH, MARIO.WUETHRICHQMATH.ETHZ.CH



	1. Introduction
	2. The Model
	3. Optimal Consumption and Existence of an Equilibrium
	3.1. Optimal Consumption Streams
	3.2. Equilibrium

	4. Non-Uniqueness of The Equilibrium
	4.1. Non-Uniqueness with Positive Endowments.
	4.2. Non-Uniqueness with Vanishing Endowments.

	References

