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Abstract. We show that by Miura-type transformation the Itoh-Narita-
Bogoyavlenskii lattice, for any n > 1, is related with some differential-difference (mod-
ified) equation. We present corresponding integrable hierarchies in its explicit form.
We study elementary Darboux transformation for modified equations.
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1. Introduction

The equation
=t (1)
Vi—1 — Vit1

is known to be one of a representative in the class of integrable differential-difference

equation of Volterra-type form v; = f(v;—1,v;, v;41) [11]. As is known, the equation ()

is related with the Volterra lattice a; = a;(a;—1 — a;4+1) by Miura-type transformation [5]

i @)
i—2 — U;)(Vie1 — Viy1)

The Volterra lattice gives natural integrable discretization of KdV equation. More

general class of integrable differential-difference equations sharing this property is given

by Itoh-Narita-Bogoyavlenskii (INB) lattice [2] 3, 6]

a; = a; <Z Qi—j — Z az’-l—j) - (3)
j=1 j=1

The Volterra lattice and its generalization (B]) also share the property that it admit
integrable hierarchy. This means that the flow defined on suitable phase space by the

a; =

evolution equation (B]) can be included in infinite set of the pair-wise commuting flows.
We have shown in [7], 8] that corresponding integrable hierarchies for ([B]) and for some
number of integrable lattices are directly related with KP hierarchy.
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The goal of this paper is to present some class of differential-difference equations
each of which is related with INB lattice with any n > 1 by some Miura-type
transformation generalizing (2). In the works [9, [10] we showed explicit form for
INB lattice hierarchy in terms of some homogeneous polynomials Si[a]. Using these
results, we give explicit form of modified evolution equations on the field v = v,
governing corresponding integrable hierarchies in terms of some rational functions S o).
In section Bl we study Darboux transformation for underlying linear equations of
modified integrable hierarchies and as a result derive some discrete quadratic equation
parameterized by n > 1 which is shown to relate two solutions {v;} and {7;} of
modified equation yielding the first flow in corresponding integrable hierarchy. We
claim but do not prove in this paper that this algebraic relation is also compatible
with higher flows of modified integrable hierarchy. We can interpret quadratic equation
Flv,v] = 0 as a two-dimensional equation on {v; ;}. We show that this equation can
be written in the form of discrete conservation law ;11 ; = I; ;. In the case n = 1, this
two-dimensional equation can be treated as a deautonomization of the discrete KdV
equation I; j = (v;j — Vit1,j41) (Vit1,; — vij41) = c. Similar relation for any n > 2 gives
a generalization of the discrete KdV equation.

2. Miura-type transformation for INB lattice

2.1. The INB lattice and its hierarchy

Let us consider the INB lattice (B)) together with auxiliary linear equations on KP
wavefunction:

2Wivn + Qipni = 2Vint1, Vi = 2Wign — <Z ai+j—1) ;. (4)
=1

As was shown in [9], [10], linear equation governing higher flows of the equation (B]) can
be written as

Outhi = 2" Pigan + 3 2" (=170, 1 (i = ( = D)tis(amspn- (5)
j=1

Coefficients of this equation are defined by some special polynomials S![a]. More exactly,
let

l
Si(yl, cee >ys+(l—1)n+l) = Z < y)\j—i-n(j—l)) .
1< << <s+1 \j=1

Then Si(i) = Si(ai,...,ai+s+q-1)n). Integrable hierarchy of the flows for INB lattice
() is defined by the totality of evolution differential-difference equations [9] [10]

Osa; = (—1)%a; {85, 1 (i — (s = n+1) = S5, (i —sn)} (6)
for s > 1.
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2.2. Miura-type transformation

Let us consider following rational noninvertible substitution
2n

=] —— (7)

raion Vi—j — Vi—j4n+1

which is a generalization of (2]). By simple but tedious calculations one can check the
latter sends solutions of the equation
/ - ]'

Vi—j — Vi—jtn+1

i=1

to solutions of the INB equation (B]). Moreover, we have the following.

Proposition 1 Integrable hierarchy of the lattice (8) is given by evolution differential-
difference equation

Oy = (11551 — (s —2m) [ |

J=1

(9)

Vimj = Viejintl
Therefore we obtained integrable hierarchy () intimately related with INB lattice

hierarchy via substitution (7).

2.3. Auxiliary linear equations

Introduce the function ~;, such that
Vit1 1

= ) 10
Vi Vi—n — Vit1 (10)
Clearly, in terms of ;
n+1
a; = [ L=t
e Yi—ntj—1
Proposition 2 In virtue of (@) and ({I0),
Osyi = (=1)°85,_1(i = (s = D)n)ys. (11)
Let ¢; = ;¢;. In terms of this new wavefunction, linear equations (@) become
2(Vi = Vignt1)itn + Gi = 2Qiyny1, (12)
G ][ (13)
i Vi—j — Vi—jtn+1

To derive these equations, we take into account proposition [2 namely, that

= =S = - Z (H ! ) Vi

=1 \ken Vi—k+j—1 — Vi—k+j4n

t Tt is supposed, in (@), that S![v] = Si[a], where the field a is expressed via v in virtue of (7).
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In a similar way we get the linear equation

s’}/z sn s— Yi+(s . .
Oy = 21 %ﬁz Y 2o *; D85 (1= (= 1)n) i s—yn (14)
Jj=1 !

governing all the flows ().

3. Darboux transformation for linear equations (I12) and (I3])

3.1. Darboux transformation

Let us show that linear equations (I2) and (I3]) admit Darboux transformation

$i = biv1 + (Vi1 — T;)¢i. (15)
It is worth remarking that the latter does not depend on n. It is simple exercise to
verify that (I3 yields Darboux transformation for linear equation (2] if the relation

(Vi = Vign41) (Vig1 — U3) = (Vignt1 — Vign) (Ui — Vigni1) (16)
holds. One can rewrite this equation as

(Vi = Vign41) (Vig1 — Vigng1) = (Vi = Vigen ) (03 — Vigng1) (17)
and

(Vi = Vign) (Vig1 — 0i) = (Vig1 — Viznt1) Vigns1 — Vign) (18)
and

ViVit1 — Vit 1Vignt1 + Vignt1Vipnt1 — Uil; + UiUipn — UignUipni1 = 0. (19)
We have the following.
Proposition 3 The relation ({13) is compatible with the flow given by (8).

It is natural to expect that the relation (I9) in fact is compatible with all the
higher flows (@), but this question we leave for subsequent studies. Taking into
account proposition (B]), one can check that the relation (I5]) yields elementary Darboux
transformation for the linear equation (I3)).

3.2. Generalized discrete KdV equation
We observe tha‘@

n+1

I = H (Vigth—1 — Vith—2) (20)

k=1
is an integral for discrete equation ([I9). Indeed, making use of (I§]), one can easily
check that I;1; = I;. Identifying v; = v;;, ¥; = v; ;41 and I; = I; ;, we can interpret

§ It is supposed in (20) that in all the subscripts of the type i + r, the variable r take its values in
Z/nZ.
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the relation ([I9) as two-dimensional discrete equation with an integral (20). In the case
n = 1 the equation (I9) and its integral (20)) are specified as

Vi jVit1,j — Vigl,Vit2,5 t Vit2,jVig2,j41
— U jVij4+1 + Vi j410it1 j+1 — Vit1j+10ir2,5+1 = 0 (21)

and

Li; = (Ui,j - Uz'+1,j+1) (Uz'+1,j - Ui,j+1) )

respectively. Assigning some values: I; ; = c;, we are led to the nonautonomous equation

(Vij = Vitrg41) (Vi1 — Vi) = ¢
which is obviously equivalent to (2I)). In particular case when ¢; = ¢, we come to the
well-known discrete KdV equation [4]

(Vij = Vigrj41) (Vigrj — Vige1) = ¢ (22)
also known as the H; equation in Adler-Bobenko-Suris classification [I]. Therefore the

equation (2I) can be treated as the deautonomization of (22]). In general case, we have

the following equation:
n+1

H (Ui-i-k—l,j - Ui+k—2,j+1) =, (23)

k=1
being in a sense a generalization of the discrete KAV equation (22]). As can be checked,
the deautonomization of this equation given by a change ¢ — ¢; yields the equation

(T9).
4. Conclusion

We have shown in this paper an infinite number of integrable hierarchies () closely
related via noninvertible substitution with INB lattice hierarchies given by evolution
equations ([@). These equations appear as compatibility condition of the linear ones (12))
and (I4). In section B we studied Darboux transformation for linear equations. We
have shown that the discrete equation (I9) yields elementary Darboux transformation.
In the case n = 1, it can be obtained by a sort of deautonomization of the discrete KdV
equation (22)). The same is true in general case. Namely, one can derive the equation
(I9) as the deautonomization of the generalized discrete KAV equation (23]).

Appendix A. Proof of proposition 1

We must to show that in virtue of equation (@) the equation (Bl) holds. We have

0sa; = 0O (ﬁ T 1 ) — f_”[ 1 . 2Zn 88Ui—j+n+1 — 851)@-_]-

i—j — Vi—j+n+1 raion Vi—j — Vi—j4n+1 ra Vi—j — Vi—j4n+1

2n 2n n
1 ~ 1
= (-1°]] > Selii—j—(s=3)n+1)]]
ien Vimi T Vimjntl (G5 ' oo Vimi—k+n = Viej—k+2n+1
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Zssnllz'—j—<s—2>n>H ! }

0 Vi—j—k — Vi—j—k+n+1

2n
= (-1)%a; {Z Uiton—j S 1 (i—j — (s = 3)n+1)

j=n
—Zam S5 z'—j—(s—2>n>}.

To proceed, we need to use the identity [9] [10]

S04 1) = S1(6) = et S (i 4 1) — g S (). (A1)
Taking the latter into account we get
2n
Ova; = (=1)%a; Yy (S3ua(i—j — (s =2)n+1) = 85,1 (i — j — (s = 2)n))
j=n

al{Ssn (i—=(s=1Dn+1)—=S5; _ 1(z—sn)}.

Appendix B. Proof of proposition [2|

On the one hand
8, <%+1) _ Yi+1 <as%+1 _ 55%') ‘ (B.l)
Yi Vi Yi+1 Yi
On the other hand

8, (%‘H) — 0, ( 1 ) _ (asvi—l—l - asvi—n)
Vi Vi—n — Vit1 (Ui—n - Ui+1>2
1 - 1
=(-1)’——— {5§n11(i —(s=2n+1)]]

Vi—n — Vit1 Vi—j — Vi—j4nt1

n
=S i —(s—=Dn) ]
Vi—j—n — Vi—j+1

7=0

J=0

= (1) {85 (5= 2+ 1) @S (s - D) |

— (- 1)87’;1 {Saili=(s=Dn+1)= 85, 16— (s = )} (B.2)

Remark that we used here the identity (A.I]). Comparing with (B.I]), we come to
(Im.

Appendix C. Proof of proposition 3

Differentiating of (1)) in virtue of (&) yields

n
Uz—i—l H
J=1

n—1

+ (Vigns1 — i) H

J=0

1

Vi—j — Vi—jtn+1

Vi—j — Vi—j4n+1
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-1 -1

_ 1 _ 1
+ (Vit1 — Vitn+1) H =t + (Vitn — Vitnt1) H =
1—j i—j+n

V; — U;
j=—n j=—n i—j i—j+n+1

0

-1 [[ —— —n ] 0. (1)

JE—— Vi—j — Ui—j—l—n—l—l j=1 7_]2 —7 Uz —Jj+n+1

Thus, we must to prove that the relation (C.I)) is the identity in virtue of (I9). We are
in position to prove that in fact two relations

n n—1 1
— Vit1 H + (Uz’+n+1 — ) H
i Vi—j — Vi—j+4n+1 =0 Vi—j — Vi—j4nt1

n

—vin) [ = =0 (C.2)

Vi—j Uz —J+n+1

J=1
and
-1 -1
_ 1 _ 1

(Vi1 — Vign1) H o o + (Vign — Vign+1) H T o

j=—n i—7J i—j+n+1 j=—n ] i—j+n+1
0 1

+ O — ) [ ——— =0 (C.3)

et Vi—j — Vi—j4n+1

are both the identities in virtue of (I9). Let us prove ([C.2)). Remark that one can write
the second member in (C.2)) as

n—1
1 1
Gy = (D1 — i) | [ - —.
T Viej = Vi—jin+1 | Vien — Vit1

Jj=1

In turn, using step-by-step the relation (7)), one can rewrite the third member in (C.2))
in the form

n—1 1 1
G3 = (Vient1 — Vig1) | | — —.
-~ 7 Vi = Vi—j4n+1 | Vi-n — Uig1

J=1

Summing these two terms and using (I6]) we obtain

n—1
1 —n - _i—n
G2+G3:<H )”_ S

i Vi—j — Vi—j4n+1 Vi—n — Vit1

n—1 _
. H 1 Vit1 — U;
1 Vi—j = Vi—j4nt1 ) Vi-n = Vip1

J

a 1
= (Vig1 — ;) = —Gi.
- ]1:[1 Vi—j — Vi—j4n+1

Therefore we proved (C.2). The similar reasonings are needed to prove (C.3)) and as a

result (CT]).
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