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Abstract
A brief and incomplete review of known integrable and (quasi)-exactly-solvable quantum models
with rational (meromorphic in Cartesian coordinates) potentials is given. All of them are charac-
terized by (i) a discrete symmetry of the Hamiltonian, (ii) a number of polynomial eigenfunctions,
(iii) a factorization property for eigenfunctions, and admit (iv) the separation of the radial coor-
dinate and, hence, the existence of the 2nd order integral, (v) an algebraic form in invariants of a

discrete symmetry group (in space of orbits).
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In this Talk we will make an attempt to overview our constructive knowledge about
(quasi)-exactly-solvable potentials having a form of a meromorphic function in Cartesian
coordinates. All these models have a discrete group of symmetry, admit separation of
variable(s), possess an (in)finite set of polynomial eigenfunctions. They have an infinite
discrete spectrum which is linear in the quantum numbers. All of them are characterized
by the presence of a hidden (Lie) algebraic structure. Each of them is a type of isospectral
deformation of the isotropic harmonic oscillator.

Let us consider the Hamiltonian = the Schrodinger operator
H = —-A+ V(z), r € R". (1)
A problem of quantum mechanics is to solve the Schrodinger equation
HU(z) = EV(z) , U(z) e L*(RY (2)

finding the spectrum (the energies F and eigenfunctions W). Since the Hamiltonian is an
infinite-dimensional matrix, solving the Schrédinger equation is equivalent to diagonalizing
the infinite-dimensional matrix. It is transcendental problem, the characteristic polynomial
is of infinite order and it has infinitely-many roots. Usually, we do not know how to make
such a diagonalizing exactly (explicitly) but we can ask: Do models exist for which the
roots (energies), some of the them or all, can be found explicitly (exactly)? Such models do
exist and we call them solvable. If all energies are known they are called Fzractly-Solvable
(ES), if only some number of them is known we call them Quasi-FEzactly-Solvable (QES).
Surprisingly, all such models I am familiar with are provided by integrable systems. The

Hamiltonians of these models are of the form

1 22 W)
%ES:—§A+WT ‘l‘T (3)
in the exactly-solvable case and
1 W(Q)+T
HQES: —§A+®,3T2+7( 7‘)2_'_ +ar6—|—br4 s (4)

in the quasi-exactly-solvable case, where w, @y, I are parameters, W (€2) is a function on unit

sphere and 7 is the radial coordinate. In both cases there exists the integral
L
.7-":§£ + W(Q), (5)
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where L is the angular momentum operator, due to the separation of variables in spherical
coordinates.

Now we consider some examples among which are known so far.
Case O(N)
The Hamiltonian reads

or, in spherical coordinates,

B 1 0( 50 1 5,
How) = 2rN Or (7“ 87’) +2w e 72 ' (7)

]—":%EQ. (8)

The Hamiltonian (@) is O(N) symmetric. It describes a spherical-symmetric harmonic oscil-
lator with a generalized centrifugal potential. Needless to say that the Hamiltonian Hon
and F commute,

How), F] = 0. 9)

Thus, F has common eigenfunctions with the Hamiltonian Hoy). The spectrum can be

immediately found explicitly, and all eigenfunctions are of the type

wr2

P (r?)r' Y (e %,

where Y (Q2) is a N-dimensional spherical harmonics, FY((Q) = 7Y (£2). The Hamilto-

nian (@) describes an N-dimensional harmonic oscillator with generalized centrifugal term.

L«)T'z

Substituting in () the operator F by its eigenvalue v and gauging away W, = rle=5 we

arrive at the Laguerre operator
_ -1 2 N
honvy = (Wo)™ (Howy — Eo)¥olre=y = —2t0; + (2w —1 — 5 0)0, (10)

where FEj is the lowest energy and the parameter { is chosen in such a way as to remove
singular term o - in the potential in (7). (I0) is the algebraic form of the Hamiltonian ().
The gauge-rotated Hamiltonian ho(yy (I0) is sl(2)-Lie-algebraic (see below), it has infinitely-

many finite-dimensional invariant subspaces in polynomials P,,n = 0,1,... forming the



infinite flag (see below), its eigenfunctions P, (r? = t) are nothing but the associated Laguerre
polynomials.

By adding to hovy ([I0) the operator

§hlees) = 4(at® — 7)% — dakt + 2wk | (11)

we get the operator hon) + §h(@°*) which has a single finite-dimensional invariant subspace
Pr={"0<p<k),

of the dimension (k + 1). Hence, this operator is quasi-exactly-solvable. Making the change
- R ot at?
of variable t = r? and gauge rotation with ¥, = e~ T we arrive at the O(N)-symmetric

QES Hamiltonian [2]
F+T

2 )

(12)

1 0 0 1
Howy = —N8_<TN87‘) + a1 4 2awrt 4 = 2 2p2 4 .

where 4,I", @ are parameters and + is replaced by the operator F. In (I2) a finite number

of the eigenfunctions is of the form

Pi(r)r*Vig(Qe” = 0

they can be found algebraically. It is worth noting that at a = 0 the operator hon) + Shlaes)
remains exactly-solvable, it preserves the infinite flag of polynomials P and the emerging

Hamiltonian has a form of ().

Case Z5
The Hamiltonian reads
N N
1 o2 9 o 1 vi(v;i — 1)
or, in spherical coordinates,
Hzé\f = —%—Na(’r E) + 5(/0 re 4 7’2 s (14)
where



and F is given by (®). The Hamiltonian (I3)) is Z) symmetric. It defines the so-
called Smorodinsky-Winternitz integrable system [l which is in reality the maximally-

superintegrable (there exist (2N — 1) integrals including the Hamiltonian) and exactly-

solvable. Gauging away in (I3]) the ground state, g = Hﬁil(xz

7

Yy wzx? .
)2 exp (——*), and changing
variables to ¢; = z? we arrive at the algebraic form. Also it admits QES extension. The
system described by the Hamiltonian (I3]) at v; = v is a particular case of the BCy—rational

system (see below).
Case Ayx_;

This is the celebrated Calogero Model (Ay_; Rational model) which was found in B] It
describes N identical particles on a line (see Fig.1) with singular pairwise interaction.

@ @ @ @
X, < X, < X, < < Xy

FIG. 1: N-body Calogero model

The Hamiltonian is

N N

1 0 ) 1
Hcal—§‘z<—87i2+wm’i)+V(V—1)Zm, (15)

>7

where the singular part of the potential can be written as

Z% = WAN%Q) ) WANI(Q)=Z(ﬂiﬁ) , (16)

i>j Tt 7)* r

Here 7 is the radial coordinate in the space of relative coordinates (see below for a definition)
and Wy, ,(Q) is a function on the unit sphere.
Symmetry: S,, (permutations x; — x;) plus Zs (all z; - —x;). The ground state of the

Hamiltonian (I5) reads
Wo(x) = [[ lzi — zl7e 2 =70 (17)

1<j

Let us make the gauge rotation
hea = 25" (Hea — Eo) ¥,
and introduce center-of-mass variables

1
Y:Zl'l,yzzxz—NY,Zzl,,N,



and then permutationally-symmetric, translationally-invariant variables
(w1, 22,...an) = (YVita(2) = ou(y(2))| n=2,3...N) ,

where

or(x) = Z Ty Tiy - - T, 5 On(—2) = (—)For(z)

11 <i2<...<ik

are elementary symmetric polynomials, and
t1=0, tzNZ(ﬂfi—xj)2:7°2>
i<j
hence, the variable t5, which plays fundamental role, is defined by radius in space of relative

coordinates. After the center-of-mass separation, the gauge rotated Hamiltonian takes the

algebraic form [4]

hea = A~-(t)a—2 +B-(t)£ (18)
cab = R oot T ot
where
(N—i+1)(1—7) L
Aij = N ticitj—1+ Z | 2l =g+ i) tiyiatj—i—1 ,
I>max(1,j—1)
1
B, = N(l+uN)(N—z'+2)(N—z'+1)t,~_2+2w(z’— 1)t; .
Eigenvalues of (I§]) are
N
oy = QWZ(i -1 pi,
=2
hence, the spectrum is linear in the quantum numbers ps3  n = 0,1, ..., it corresponds to

anisotropic harmonic oscillator with frequency ratios 1:2:3:...: (N —1).
It is easy to check that the gauge-rotated Hamiltonian hc, has infinitely many finite-

dimensional invariant subspaces
PN — (P213P3 PN 0 < Ep; < )

where n = 0,1,2,.... As a function of n the spaces PN form the infinite flag (see below).

Remark.

glay1-algebra (acting in R?), for the Young tableaux as a row (n,0,0,...0), has
——

d—1
a form



T o= =1,2
\77, 8t27 Z ) d?
0
j] atjv (2W) 9 )
0
0= N — — 1
0
\72 tzj tz <j§:1 t] 8t] n), ] s d

The total number of generators is (d+1)2. If n = 0,1,2.. ., the finite-dimensional
irreps occur

P — (P2 P 0 < Sp; < n)

n

for which there is a property
PoCPiCPyC...CP,C...P.

Such a nested construction is called infinite flag (filtration) P. It is worth noting
that the flag P is made out of finite-dimensional irreducible representation
spaces P of the algebra glyyq taken in realization (I9)). It is evident that any
operator made out of generators (19]) has finite-dimensional invariant

subspace which is finite-dimensional irreducible representation space.

It seems evident that the Hamiltonian (I8]) has to have a representation as a second order

polynomial in generators (I9) at d = N — 1 acting in RV,

subspace PNt

hca = Polo(J; jz‘jo) 3

where the raising generators J;" are absent. Thus, gl(N — 1) (or, strictly speaking, its
maximal affine subalgebra) is the hidden algebra of N-body Calogero model. The eigen-

functions of N-body Calogero model are elements of the flag of polynomials PV~1. Each

)

eigenfunctions, which is equal to the volume of the Newton polytope.

Making the gauge rotation of the integral (&) with Wy, ,(Q) given by (IG)

foa = Vo' (Foa — Fo) ¥y,

7

is represented by the Newton polytope (pyramid). It contains C’ﬁj},_l



where [y is the lowest eigenvalue of the integral, Fc,Vo = Fy¥y, the integral gets the

where f;; is 2nd degree polynomial in ¢, fo; = 0, and gi 1s 1st degree polynomial in ¢, g, = 0.

It also can be rewritten as the second degree polynomial in the gl(N — 1) generators,
fea = Pola(J; jz‘jo) .

sl(2)-Quasi-Ezactly-Solvable generalization of the Calogero model
By adding to hca (I8)), the operator
0
ohlees) = 4(at? — v)=— — dakty + 2wk (21)
Oty
we get the operator hca + 0519 having finite-dimensional invariant subspace

Pr=(t50<p<k).

By making a gauge rotation of hca + 0h(9°%) and changing of variables to Cartesian one we

arrive at the Hamiltonian E]
L N 52 N
MY =52 (s ad) o= 1) > oy
A z ]

2y —2n(1 +v+wvn)+ 3] N

+ a*r® + 2awrt — a2k+2n(1+v+wvn) —y—1]7* . (22)

For the Hamiltonian, (k + 1) eigenfunctions are of the form
es a
\If,(fq H |z — 247 (r*) Y Pu(r?) exp [—— Zx — —r ] = (7’2)7Pk(r2)exp(—zr4)\lfo ,
1<J

where Wy is given by (7)), P is a polynomial of degree k in r* = ZK]. (; — ;)% = ta. All
remaining eigenfunctions can be represented in the same form but P,’s are not polynomials
anymore being functions depending on all variables z;. It is worth noting that at a = 0 the
operator heq + 0h1%°) remains exactly-solvable, it preserves the flag of polynomials P(V-1)
and the emerging Hamiltonian has a form of (IH) with the extra term 7% in the potential.
Its ground state eigenfunction is (r?)7W,. It is the exactly-solvable generalization of the

Calogero model (I5) with the Weyl group W (Ax_;) as the discrete symmetry group,

I
Hwan_1) = H0a1+ﬁ



Case: Hamiltonian Reduction Method

(for review and references see e.g. Olshanetsky-Perelomov ﬂg])
In this method a family of integrable and exactly-solvable Hamiltonians associated with
Weyl (Coxeter) symmetry was found with the Calogero model as one of its representatives.

The idea of the method is beautiful and sufficient transparent,
e Take a simple group G,

e Define the Laplace-Beltrami (invariant) operator on its symmetric space

(free/harmonic oscillator motion)

e Radial part of Laplace-Beltrami operator is the Olshanetsky-Perelomov Hamilto-
nian relevant from physical point of view. The emerging Hamiltonian is the Weyl-
symmetric, it can be associated with root system, it is integrable with integrals given

by the invariant operators of higher than two orders with a property of solvability.

Rational case:
This case appears when the coordinates of the symmetric space are introduced in
such a way that the zero-curvature surface occurs. Emerging Calogero-Moser-Sutherland-

Olshanetsky-Perelomov Hamiltonian in Cartesian coordinates has the form,

R B K

k=1 acRy

where R is a set of positive roots, x is a position vector and v}, are coupling constants
(parameters) which depend on the root length. If roots of the same length, then v/, have to
be equal, if all roots are of the same length like for A, then all v = v. In the Hamiltonian
Reduction the parameters v, take a set of discrete values, however, they can be generalized
to any real value without loosing a property of integrability as well as of solvability with the
only constraint of the existence of L2-solutions of the corresponding Schrodinger equation.
Configuration space for (23] is the Weyl chamber. Ground state wave function is written

explicitly,

Uo(y) = ] la- ) te=/2. (24)

acR



The Hamiltonian (23] is completely-integrable: there exists a commutative algebra of
integrals (including the Hamiltonian) of dimension which is equal to the dimension of the
configuration space (for integrals, see Oshima [7] with explicit forms of those). For each
Hamiltonian (23]) after separation of center-of-mass coordinate (if applicable) the radial
coordinate (in the space of relative coordinates) can be also separated. It gives rise to the
existence of one more integral of the second order (). Hence, the Hamiltonian (23) is super-
integrable. The Hamiltonian (23) is invariant with respect to the Weyl (Coxeter) group
transformation, which is the discrete symmetry group of the corresponding root space.

The Hamiltonian (23]) has a hidden (Lie)-algebraic structure. In order to reveal it we

need to

e Gauge away the ground state eigenfunction making similarity transformation

(\I/())_l (7‘[ — EO)\IIO = h

e Consider the Hamiltonian in the space of orbits of Weyl (Coxeter) group by taking

the Weyl (Coxeter) polynomial invariants as new coordinates), these invariants are

ti(2) = (a-2)",

ae)

where a’s are the degrees of the Weyl (Coxeter) group, € is an orbit.

The invariants t are defined ambiguously, up to invariants of lower degrees, they depend on

chosen orbit.

Case BCy

The BCy-Rational model is defined by the Hamiltonian,

Hpey = __Z<8x —w xz) +

1 1 Vo(vs — 1) o 1
=1 [(%‘ — ;)2 - (i +%‘)2] - 2 ;x_f 7 (25)

1<j i=1

where w, v,y are parameters. If v = 0, the Hamiltonian ([25) is reduced to (I3)). The
symmetry of the system is Sy @ (Zy)" (permutations z; — z; and z; — —z;).

The ground state function for (28] reads

N
Wo = [T le: =l + 2y T ail™2 | e 2 E50t (26)
i<j i=1
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(cf.@24])). Making the gauge rotation
hsoy = (o)™ (Hpey — Eo) Yo ,
and changing variables
(x1,29,...2N) = (Jk(:cz)\ kE=1,2,.. .,N) ,

where

O'k(.:(:z) = Z x?l xi e xlzk ?

i1 <ig <o <ip

2 2 2 2 2
o(z°) =] +as+...+ay = 17,
where r is radius, we arrive at ﬂg]

o 0

hBCN = Aw(O')W + BZ(O')a—O_Z s

(27)
with coefficients

Aij = =2 @I+ 1+j—i)oii10j4,
>0
B = [1+ve+2v(N—=9](N—i+1)o;1+2wio; .

This is the algebraic form of the BCy Hamiltonian. Assuming polynomiality of the eigen-

functions we find the eigenvalues:

N
€, = 2w§ 1 n;
i=1

hence, the spectrum is equidistant, linear in the quantum numbers and corresponds to
anisotropic harmonic oscillator with frequency ratios 1:2:3:...: N. The Hamiltonian

hpc, has infinitely many finite-dimensional invariant subspaces of the form
PN = (gPropP2 . onPV| 0 < Ep; <),

where n = 0, 1,2, .... They naturally form the flag P™). The Hamiltonian can be immedi-

ately rewritten in terms of generators (I9) as a polynomial of the second degree,

hpcy = Pola(TJ; ~7ij0) ;

11



where the raising generators J;© are absent. Hence, gl(N) is the hidden algebra of BCy
rational model, the same algebra as for Ay, -rational model. The eigenfunctions of BCy-
rational model are elements of the flag of polynomials P®¥). Each subspace PN contains
CX_y eigenfunctions (volume of the Newton polytope (pyramid) P,

n

The BC'y Hamiltonian admits 2nd order integral as result of separation of radial variable

2rN=19p 22

Hpey = — ! ﬁ (TN_lagr) +w2r2+—( A(N +W(QZ) (28)

-~

]:BCN

Evidently, the commutator

[HBCN ) fBCN] = 0.

Gauge-rotated integral
feey = V' (Foey — Fo) Yo ,
where Fpe, Vo = FyUy, takes the algebraic form in ¢-coordinates,
82 8

where f;; is 2nd degree polynomial, fi; = 0, and g, is 1st degree polynomial, g; = 0,
fBCN = POl?(*Z'_ ) \7ij0> )

in terms of the gl(N) generators. It is worth mentioning that the commutator of [h, f]

vanishes only in the realization (I9), otherwise,

[h'BCN(j)?fBCN(j)] 7é 0.
sl(2)-Quasi- Exactly-Solvable generalization
By adding to hpc, the operator
(ges) 2 d
O\ = 4(aoy — )8— —4dakoy + 2wk |
o1

which is the similar to one for Calogero model, we get the operator hpc, + dh\%) which has

the finite-dimensional invariant subspace

Pr= (01|00 <p<k).

12



Making a gauge rotation of hpc, + 6h%) and changing the variables o’s back to Cartesian

one the Hamiltonian becomes

fH(qes) _ 1 = 0 2 2
BCy ™ _52 8@-2 v Ii +

- 1 1 va(ve —1) = 1
v 1)2 [(93 i (Ii+%’)2} i 2 Zx? i

i — ;)

i<j =l
29[y — 2N(1 4+ 2v(N — 1) + 1) + 3]
r? -
@S + 2awrt — a2k +2N(14+20(N — 1) + 1) —y — 172, (29)

for which (k + 1) eigenfunctions are of the form

n n 2
W (@) = [ |22 = 23" T Jail? %) Pe(r?) exp {—% - %7“4} )
i<j =1

where P is a polynomial of degree k in 72 = S 22 .

It is worth noting that at a = 0 the operator hpc, + §h\%) remains exactly-solvable,
it preserves the flag of polynomials P®¥) and the emerging Hamiltonian has a form of (23)
with the extra term T% in the potential. Its ground state eigenfunction is (72)7W¥,. It is
the exactly-solvable generalization of the BCy-Rational model (25) with the Weyl group

W(BCy) as the discrete symmetry group,

r
Hwmen) = Hpoy + 2
Now we are in a position to draw an intermediate conclusion about Ay and BCy rational

models.

e Both Ay— and BCy— rational (and trigonometric) models possess algebraic forms
associated with preservation of the same flag of polynomials P®Y). The flag is invariant
wrt linear transformations in space of orbits t — t+ A. It preserves the algebraic form

of Hamiltonian.

e Their Hamiltonians (as well as higher integrals) can be written in the Lie-algebraic

form

h = Poly(J (b C 911(\2-1» )

13



where Pols is a polynomial of 2nd degree in generators J of the maximal affine sub-
algebra of the algebra b of the algebra gly; in realization (x). Hence, gly.; is their
hidden algebra. From this viewpoint all four models are different faces of a single

model.

o Supersymmetric Ay— and BCy— rational (and trigonometric) models possess alge-
braic forms, preserve the same flag of (super)polynomials and their hidden algebra

is the superalgebra gl(N + 1|N) (see [§]).

In a connection to flags of polynomials we introduce a notion ‘characteristic vector’. Let

us consider a flag made out of "triangular” linear space of polynomials

,Py(LdJ)F _ <{E11)1{K1272. .x§d|0§ f1p1_|_f2p2—|—...‘|‘fdpd§n> )

where the “grades” f’s are positive integer numbers and n = 0, 1,2, .. .. In lattice space P o
defines a Newton pyramid.

DEFINITION. Characteristic vector is a vector with components f; :

F=(f1,for- fa) -

From geometrical point of view f is normal vector to the base of the Newton pyramid. The

characteristic vector for flag P is,

fo = (1,1,...1) .
d

Case G,

Take the Hamiltonian

Ha,

o> ’
Z( 9p.2 +wx)—|—yy—lz

=1 1<J

R S s T (30)
Sk l£Em

N | —

where w, v, i are parameters. It describes the Wolfes model of three-body interacting system
| or, in the Hamiltonian reduction nomenclature, G5 -rational model. The symmetry of

the model is dihedral group Dg. The ground state function is

3 3
L1332
i<j k<l, kl#£m

14



Making the gauge rotation
ha, = (Vo)™ (Ha, — E) ¥q
and changing variables
Y =) ety i-123
- (] yl - 3 ) D R )

(w1, 72, 23) — (Y, A1, >\2) )

where
M=yl =y =iy ~—1" , o= [y +p)°,

and separating the center-of-mass coordinate we arrive at

4
th = )\18}2\1)\1 ‘l— 6)\26}2\1)\2 - g)\%)\QaE\QAQ

4
+ {20A1 +2[1+3(u+ )]}y, + [6wAs — 5(1 +20)A7] Oy,

which is the algebraic form of the Wolfes model. The eigenvalues of hg, are

€py = 2w(p1+3p2) .

It coincides to the spectrum of anisotropic harmonic oscillator with frequency ratio 1:3.
Separating the center-of-mass in (30) and introducing the polar coordinates (o, ¢) in the
space of relative coordinates we arrive at the Hamiltonian

Iw(wv—1) u(p—1)
r2cos?3p  r2sin®3¢

_ L
Hey(0.pivp) = =07 =~ 0, — 02 +whr® + 5

It is evident that the integral of motion which appears due to separation of variables in polar
coordinates (cf.(H)) has the form

Wwv—1) 9u(p—1)
F = -0 :
ot cos? 3 sin? 3¢

(32)

It is evident that after gauge rotation with W, and change of variables to (A1, A2) the integral
F takes algebraic form.

The Hamiltonian hg, has infinitely many finite-dimensional invariant subspaces

Py = MNP 0<pi+2p2<n), n=0,1,2,...

15



hence the flag 77((127)2) with the characteristic vector f = (1,2) is preserved by hg,. The
eigenfunctions of hg, are are elements of the flag of polynomials 77(12)2 . Each subspace
777(1 (1.2) 77(2 (1.2) contains ~ n eigenfunctions which is equal to length of the Newton line
L, = (M X" |p1 + 2p = n).

A natural question to ask: What about hidden algebra? Namely: Does algebra exist for
which 737(5()172) is the space of (irreducible) representation? Surprisingly, this algebra exists
and it is, in fact, known.

Let us consider the Lie algebra spanned by seven generators

']1 = 81&7
2 n 3 n
=1 - 5 = 2 (7
Jn 8t 3 y ']n u0, 3
Jt = 120, + 2tud, — nt, (33)

Ry = t0,,i=0,1,2, L=(Ry,Ri,Ry).

It is non-semi-simple algebra gl(2,R) x R (' S. Lie, ﬂﬂ] at n = 0 and A. Gonzdlez-Lopéz
et al, ] at n # 0 (Case 24)). If the parameter n in (33)) is a non-negative integer, it has

P = (#u?|0 < (p +2q) <)
as common (reducible) invariant subspace. By adding
Ty = udf

to gl(2,R) x R? (see (B3)), the action on 73” (1.2) gets irreducible. Multiple commutators

of J} with T, 0( generate new operators acting on 7D (12)

)

T = [J4 [T T = wd  de(Jo+1) . (Jo+i—1), i=0,1,2,

where Jy = t0, + 2ud, — n, and all of them are of degree 2. These new generators have a

property of nilpotency,
T =0,i>2,

and commutativity:

TP 1P =0, ij=012, e=(1" 1 1) . (34)

16



Pa(gl2)
FIG. 2: Triangular diagram relating the subalgebras L, £ and gl5. P(gf2) is a polynomial of

the 2nd degree in glo generators. It is a generalization of Gauss decomposition for semi-simple

algebras.

B3) plus ([B4) span a linear space with a property of decomposition:
g =L x (gly @ Jy) x £ (see Fig.2).

Eventually, infinite-dimensional, eleven-generated algebra (by (33) and Jy plus (34), so
that the eight generators are the 1st order and three generators are of the 2nd order differ-
ential operators) occurs. The Hamiltonian hg, can be rewritten in terms of the generators

[B3), B4) with the absence of the highest weight generator J,
2
ha, = (J* +3J%)J" — gJ3R2 + 2[3(p +v) + 1)

4
+2wJ? + 3wJ? — 5(1 +21) Ry |

where J23 = J2°. Hence, gl(2,R) x R® is the hidden algebra of the Wolfes model.

(i) G2 Hamiltonian admits two mutually-non-commuting integrals: of 2nd order as the
result of the separation of radial variable 7? (see ([B2)) and of the 6th order. If w = 0 the
latter integral degenerates to the 3rd order integral (the square root can be calculated in
closed form).

(ii) Both integrals after gauge rotation with W, take in variables A; o the algebraic form.

(2)
(1,2)"

(iii) Both integrals can be rewritten in term of generators of the algebra ¢(®): integral of

Both preserve the same flag P

2nd order in terms of gl(Q,i x R generators only and while one of the 6th order contains
13

generators from £ as well

sl(2)-Quasi- Exactly-Solvable generalization
By adding to hg,, the operator (the same as for Calogero and BCy models)

Shlees) = 4(aX? — fy)i — 4ak + 2wk |
o\

17



we get the operator hg, + 0h9°) having single finite-dimensional invariant subspace
Pe=(M0<p<k).

Making a gauge rotation of hq, + 0h(%), changing of variables (Y, \;2) back to Cartesian

coordinates and adding the center-of-mass the Hamiltonian becomes

3
(qes _ 1 2
-2 () ¢
1 1

3 3

1 1
viv—1)y ——= +3u(p—1) +
; (i — ;)2 i<l%l:7ﬁm (x; + 21 — 22,,)?
dry(y +3u+3
YO+ 26 4 gt + 22k —3(utv) — 20+ )12, (35)

r2

for which (k + 1) eigenfunctions are of the form

\Il](gqu) —

3 3 3
[Tl == T o+ 2 — 22,/ (°) Po(r?®) exp [_g ZI? - %71 :

i<j i<J6,J7#p
where P, is a polynomial of degree k in 72
It is worth noting that at a = 0 the operator hq, + dh(%) remains exactly-solvable, it
preserves the flag of polynomials 73(1 2) and the emerging Hamiltonian has a form of (30)
with the extra term % in the potential. Its ground state eigenfunction is (r?)7Wy. It is the
exactly-solvable generalization of the Gy-Rational model ([B0) with the Weyl group W(Gs)

as the discrete symmetry group,

r

Hwa,) = Hae, +—
Cases [y and Eg7g

In some details these four cases are described in B]

Case Iy(k)

In some details this case is described in ] It is worth noting that the Hamiltonian Re-
duction nomenclature is assigned to this case the parameter k£ takes any real value. Discrete

symmetry group Do of the Hamiltonian appears for integer k.
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Case Hj

The H; rational Hamiltonian reads

1
2v(r —1) Z Z ot + (— D o (36)

{i,5,k} p1,2= 01

where {i, 7, k} = {1,2,3} and all even permutations, w, v are parameters and

1++5
P+ = 9 5

the golden ratio and its algebraic conjugate. Symmetry of the Hamiltonian (B0l is Hj
Coxeter group (full symmetry group of the icosahedron). It has the order 120. In total, the

Hamiltonian (B8] is symmetric with respect to the transformation

Ty <> Tj ,

Py P

The ground state is given by

Uy = A7AY exp (——

N | &
M-

3
xi) , Fo= §w(1 + 10v) ,
where

kaa
CTD T ot 1ty + (-]

{1,5,k} p1,2=0,1

Making the gauge rotation
h'Hs = _2(\:[]0)_1(%1{3 - EO)(\IIO) )
we arrive at new spectral problem

hiy¢(x) = =2€¢(x) .
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After changing variables (123 — T12.3):

2 2 2 2
lel'l—l-il?g“‘l'g:r )

7= o (o 28) + (2~ Bpy) (aed + aded + aded)
(2= 5 ) (ko aded +aded) -
T3 = %5 (1" + 2" + 23”) + 235(1 + 5p_) (a5 + x5} + afx])
o (145, (2308 + o33 + a3ed)
¥ o (1= 5p.) (afrd + aforh + aded)
4

+ 55 (1= 5y (a3 + apa’ + a5ay)

112
6.2 2 6.2 9 6.2 2
— -5 (717503 + vya37] + T30773)

25
212 5 4 4 244, 244
+ 5 (zi2575 + 13237] + 137773)

in the gauge-rotated Hamiltonian, it emerges in the algebraic form M]

3

i 0 )
— § :A..i 2 :B-—
for Y 0T, 07; + : Tor;

ij=1 =1
where
Ay =4n , Ap =121, A3 = 20713,
Agy = —% 27 + %7‘3 , Aoz = %7‘17'22 — 247273, Asy = —6—347'17'27'3 + %587'23 ,
By =6+ 60v — 4wr , By = —4—58(1 + 50)72 — 1207,
B; = —%(2 + 5v)mTy — 20wTs

which is amazingly simple comparing the quite complicated and lengthy form of the original

Hamiltonian (B@l). The Hamiltonian hy, preserves infinitely-many spaces
P23 = (7102780 <y +2n9 +3n3 <n), neEN,
with characteristic vector is (1,2,3), they form an infinite flag. The spectrum of hy, is given
by
€py pops = 2w(p1 +3p2 +0p3) , pi=0,1,2,...,
with degeneracy p; + 3ps + 5p3 = integer. It corresponds to the anisotropic harmonic

,P(l,2,3)

oscillator with frequency ratios 1:3:5 . Eigenfunctions ¢,,; of hpy, are elements of Py

20



The number of eigenfunctions in P23 i maximal possible - it is equal to dimension of
P23

The space P2 is finite-dimensional representation space of a Lie algebra of differential
operators which we call the h(® algebra. It is infinite-dimensional but finitely generated
algebra of differential operators with 30 generating elements of 15¢ (14), 2°4 (10) and 3*¢ (5
orders, respectively, plus one of zeroth order. They span 5 4+ 5 Abelian subalgebras E;
and one Cartan type algebra (for details see |14]). The Hamiltonian hy, can be rewritten
in terms of the generators of the h(3-algebra.

By adding to hpg, (B6) the operator (IIJ) in the variable 7 (of the same type as for
Calogero, BCy and G5 models) we get the operator hy, + 6h(%®®) which has the finite-

dimensional invariant subspace
P =(n"l0<p<k),

of the dimension (k + 1). Hence, this operator is quasi-exactly-solvable. Making the gauge
rotation of this operator and changing variables 7 back to Cartesian ones we arrive at the
uasi-exactly-solvable Hamiltonian of a similar type as for Calogero, BCy and G5 models
D] By adding to hy, ([B6]) the operator 478871 we preserve the property of exact-solvability.

23) and the emerging Hamiltonian has a form of (38))

This operator preserves the flag P!
with the extra term % in the potential. Its ground state eigenfunction is (r?)"Wy. It is the
exactly-solvable generalization of the Hs-Rational model (B0) with the Coxeter group Hj as

the discrete symmetry group,

e o+ (D) + (D)Ray + (D

1
viv—1) ,
Z Z ,Uzlgo_l_xj _|_(_1),U«290_:1;k+0.xl]2

{i,5,k,l} p1,2= 01
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where {i,j, k, 1} = {1,2,3,4} and all even permutations, w, v are parameters and

1++5
2 M

P+ =

the golden ratio and it algebraic conjugate. Symmetry of the Hamiltonian (37) is H; Coxeter
group (the symmetry group of the 600-cell). It has order 14400. In total, the Hamiltonian

[B7) is symmetric with respect to the transformation
Tis——Tj, Py < P .

The ground state function and its eigenvalue are
<
Wy = AYAYAY exp (—5 in> , Eo=2w(1+30v) ,
k=1

where

4
A1 = ka )
k=1

Ap= [T Foot (=)= + (< 1) + (< 1))

p2,3,4=0,1

Az = H H [z, + (=1)"@ya; + (—1)"2p_xp, +0-2y) .

{4,3,k,l} p1,2=0,1

Making a gauge rotation of the Hamiltonian
h'H4 = _2(\:[]0)_1(%1{4 - EO)(\IIO) )

and introducing new variables 7 23 4 as invariant wrt Hy Coxeter group polynomials in z of
degrees 2, 12, 20, 30 (degrees of Hy), we arrive at the Hamiltonian in the algebraic form [15]

4

4 82
e = 0 Mg, *

3,j=1 Jj=

0
1 Bja—Tj : (38)
where
An=4mn, Ap =241, Ai3=40T13, A1y =060 74,
Ay =88 T +8 701y, Ags = —4 72 +24 013 — 8 14,
Agy =10 71715 + 60 77273 + 40 7774 — 600 73 |

8
Asg = 3 7'17'23 + 28 7‘137'27'3 —3 7'147'4 ,
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Asy = 210 727273 + 60 Tim7y — 180 773 + 30 75
Ay = —2175 7‘17‘237'3 — 4507'127'227‘4 1350 7'1 7‘27‘3 600 7‘1 T3T4
By = 8(1 +30v) — 4wty , By =12(1 +10v) 77 — 24wy ,
By =20(1 4 6v) 7775 — 40wTs , By = 15(1 — 30v) 78715 — 450(1 + 2v) 773 — 60wy ,

which is amazingly simple comparing the very complicated and lengthy form of the original
Hamiltonian (37). It is easy to check that the algebraic operator hy, preserves infinitely-

many finite-dimensional invariant subspaces
PULESI2) — (pmpn2pis s | <y 5ngy + 8ng 4+ 1204 <n) , n €N,

all of them with the same characteristic vector (1, 5, 8, 12), they form the infinite flag. The

spectrum of the Hamiltonian hy, ([B8) has a form
€k ko ks ky — 2w(k1 + 6ko + 10k3 + 15]{34) , k=0,1,2,...,

with degeneracy ki + 6ko + 10k3 + 15ks = integer. It corresponds to the anisotropic har-
monic oscillator with frequency ratios 1:6:10:15 . Eigenfunctions ¢, ; of hy, are elements of

) is equal to dimension of pLLoS12)

P81 The number of eigenfunctions in pLLoS12
By adding to hy, (B1) the operator (Il) in the variable 7 (of the same type as for
Calogero, BCy and G, H3 models) we get the operator hy, + dh\%) which has the finite-

dimensional invariant subspace
P =(n"l0<p<k),

of dimension (k + 1). Hence, this operator is quasi-exactly-solvable. Making the gauge
rotation of this operator and changing variables 7 back to Cartesian ones we arrive at the

uasi-exactly-solvable Hamiltonian of a similar type as for Calogero, BCy and G5 models
E] By adding to hy, [B7) the operator 476%1 we preserve the property of exact-solvability.
This operator preserves the flag P1-5%12) and the emerging Hamiltonian has a form of (37)
with the extra term 4 in the potential. Its ground state eigenfunction is (r?)YW. It is the
exactly-solvable generalization of the H,-Rational model ([B7) with the Coxeter group Hy as
the discrete symmetry group,

I
HH4 = HH4+—
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Conclusions

e For rational Hamiltonians for all classical Ay, BCy and exceptional root spaces
G, Fy, Eg 75 (also trigonometric) and non-crystallographic Hs 4, Io(k) there exists an
algebraic form after gauging away the ground state eigenfunction and changing vari-
ables to symmetric (invariant) variables. Their eigenfunctions are polynomials in these
variables. They are orthogonal with the squared ground state eigenfunction as the

weight factor.

e Their hidden algebras are gl(N) for the case of classical Ay, BCy and new infinite-
dimensional but finite-generated algebras of differential operators for all other cases.

All these algebras have finite-dimensional invariant subspace(s) in polynomials.

e Generating elements of any such hidden algebra can be grouped into even number of
(conjugated) Abelian algebras L;, £; and one Lie algebra B. They obey a (generalized)
Gauss decomposition (see Fig.3). A description of all these algebras will be given

elsewhere.

FIG. 3: Triangular diagram relating the subalgebras L, £ and B. P,(B) is a polynomial of the
pth degree in B generators. It is a generalization of Gauss decomposition for semi-simple algebras

where p = 1.

General view ((quasi)-exact-solvability)
There are two solvable potentials in 1D in [0, c0) generalized to D:

% ES-case

7€)

r2

w4 L N
T
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(a generalization by replacing the symmetry O(N) by its discrete subgroup of symmetry
given by Weyl(Coxeter) group);

*

QES-case
7(92)

wzrz%—:é-+-ar64—br4 — o*r? + 5 + ar® 4+ ot
T T

(a generalization by replacing the symmetry O(N) by its discrete subgroup of symmetry
given by Weyl(Coxeter) group).

Concluding I must emphasize that the algebraic nature of the considered systems was

revealed when,

Invariants of the discrete group of symmetry of a system are taken as variables

(space of orbits).
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