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ABSENCE OF RESONANCES NEAR CRITICAL LINE FOR CC MANIFOLDS

LEONARDO MARAZZI

ABSTRACT. We find a resonance free region polynomially close to the critical line on Conformally com-
pact manifolds with polyhomogeneous metric.

1. INTRODUCTION

In this note we prove that there is a resonance free region polynomially close to the critical line for
Conformally compact (CC) manifolds with polyhomogeneous metric near the boundary.

CC manifolds appear in both physical and mathematical settings. From the physical perspective CC
Einstein manifolds, which have a polyhomogeneous metric when their dimension is odd, are related to
string theory via the AdS/CFT correspondence. In most of the cases in the literature the sectional
curvatures of a CC manifold are constant, at least at the boundary of the manifold, this is seen in the
generic examples: Asymptotically hyperbolic (AH), Schwarzchild, de Sitter-Schwarzchild, etc. In gen-
eral the sectional curvatures of a CC manifold are not constant neither near the boundary nor at the
boundary. From a mathematical perspective this new parameter that appears, related to the curvature
at the boundary, changes the geometry of the CC manifolds at the boundary. The question is how
much it affects the resolvent? In this note we show that the resonances free regions close to the criti-
cal line still appear. It is still an open question whether there is a resonance free strip near the critical line.

Scattering theory on AH manifolds has been studied by many authors originating with the paper of
Mazzeo-Melrose [MaMe]. One of the main philosophies of scattering theory is to study the distribution
of resonances (poles of the resolvent). In AH manifolds (c.f. [Guill]) there is a region free of resonances
close to the critical line (c.f. [Burq]). Guillarmou (c.f. [Guill]) proved there is a resonance free region
exponentially close to the critical line on AH manifolds and for AH manifolds with constant curvature
near infinity he proves that there is a strip free of resonances close to the critical line.

Other important questions on scattering theory refer to upper and lower bounds on the number of
resonances on balls (c.f. [GuZw2]). As far as the author knows resonances have not been studied
on CC manifolds. Questions regarding upper and lower bounds on the number of resonances on balls are
unknown for a general AH manifold let alone CC manifolds.

The method we use is more or less standard, the main point is to carry out the parametrix taking
into account the parameter a(y) that appears in the Laplace-Beltrami operator and which corresponds
to the sectional curvatures at the boundary. The parametrix consists of an approximation near and away
from the boundary. Near the boundary we use a CC metric with polyhomogeneus metric together with
the uniform estimates on the resolvent up to the critical line R¢ = n/2 given in Proposition 2] and
then take a suitable polyhomogeneous metric. Away from the boundary we use the hyperbolic model,
for which we prove the necessary energy estimates in Proposition [[.1]
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Scattering theory on CC manifolds was first studied in this generality by Borthwick [Borth|. In [Mar(9]
the author proves inverse theorems on CC manifolds. In this setting we have from [Marll] combined
with Theorem 1.1 of [Borth| the following

Theorem 1.1. The essential spectrum of Ay is [a%%, o0) and there are no embedded eigenvalues except
possibly at a§’2—2.

We can meromorphically extend the resolvent R(§) := (A, —a3&(n—¢&))~! to the whole complex plane
without some intervals (c.f. [Borth]). A vertical interval near £ = n/2, and some horizontal intervals to
the left of RE = n/2. (See Figure [I)

Re & =n/2

FI1GURE 1. Bold lines are not covered by the meromorphic extention

Let X be a compact C* manifold with boundary X which is equipped with a Riemannian metric g
such that for any defining function "z” of 9X x2g is a C* non-degenerate Riemannian metric up to 9X.
It can be shown (c.f. [Grahll [Mar09]) that there exists a diffeomorphism ¥ : V' — [0, €) x R™ such than

g satisfies
da? h(z,y,d

1.1 Uty =

)

for V' a collar neighborhood of the boundary dX. Here h(x), z € [0,¢), is a family of metrics on 90X, and
a € C*(0X). To simplify notation we drop the pull-back coordinate function ¥ and call the compact
manifold (X, g) with boundary X and metric g a CC manifold. We let g = mingx « and a3 = maxpx a.
Without loss of generality we could assume that ay = 1, however we keep «q for clarity purposes. We
assume that h(z), z € [0,€), is a family of metrics on X which has a polyhomogeneous expansion near
the boundary 90X of the form

(1.2) h(w,y,dy) ~ ho(y, dy) + > o' > (Ina) hy(y, dy),
0<ieN  0<j<U;

where U; € Ny and h;; are symmetric 2-tensors at 9.X.

We say that the metric g is non-trapping if every geodesic approaches the boundary 0.X. Under this
assumption using Propositions [T and [Z1] we prove in Section @] our main theorem

Theorem 1.2. Let (X,g) be a CC manifold with metric g as in (1), and = a boundary defining
function. If g is non-trapping, there exists Cy,Cy > 0 such that the weighted resolvent x'/?>R(&)x'/?
extends analytically across {§ € C: || > Co, RNE > 5} to

n Cl

{§€C2|%§|>CQ,§R§>§—%—§},

as a bounded operator in L?(X).



ABSENCE OF RESONANCES NEAR CRITICAL LINE FOR CC MANIFOLDS 3

n
Im & “2
\

i

Re &

Nl
N

FIGURE 2. Region with no resonances

Let (M, Hy) be a compact Riemannian manifold, for the parametrix near X we use (X, go) the
manifold

- d$2 +H0

(13) XQ = (0, OO);E X M, go : 5

T

and them take Hy = a?hg. We are interested in the behavior of the resolvent near x = 0, thus we consider
functions supported in (0,1), x M that could be written in local coordinates as

> ain(my)(@0n) 5 (0,)%,

i+|BI<k

with a; (2, y) polyhomogneous in z.
Modulo the inclusions necessary to be in the right manifold, we construct a parametrix which satisfies
Ay —a?Ayps = 2Dp + (22 A — o*2?Ag,),
Ay — 0421/13Ag0 =Dy + (172Ah - azszHO),
and by taking Hy = a?hg we obtain
(1.4) Ay — O‘QAQM/)B = xDg,
1.4
Ag — a2’¢3Ago = LL'DL.

After obtaining such a parametrix the method of [Guill] is applied using the stronger estimates of the
following proposition we prove in section Bt

Proposition 1.1. Let (Xo, go) be as before, and x a boundary defining function. Then there exists C > 0
such that the weighted resolvent x'/2 Ro(€)z'/? = 21/2(Ay) — ad&(n—€))~'a'/? extends continuously from
{RE > n/2,|]¢E| > 1} to {RE > n/2 — 1/4,|S3¢| > 1}, as a map in L(L*(Xo,90)), HP(Xo,90)) and the
extension satisfies

n _
(1.5) 108" 2R(€)x 2| £(r2 mry < ClE = 51727,
forp=0,1,2, ¢g=0,1, and £ #n/2.

Throughout this note C' is an arbitrary constant that can change every time it is written.
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In the final section we include an application to the wave equation. To state the corollary let fi, fo €

(o)

C5(X), and u(t,z) € C°(R4x )O() satisfy:

Ou= (D} — Ay)u(t,z) =0, on Ryx )%,
u(0,2) = f1(2), Diu(0,2) = fa(z).

Here D; = —qp 2t

Zt. Our result will only hold for high energies so we need to take v = x(t)u and 0 < e << 1
so that x(t) is a smooth function so that

0, t <eg,
={

(1.6)

O

, t>1.
We prove the following corollary
Corollary 1.1. Let u be a solution to [(LO) and let v be as above. Then
[o]| < Cnt™Y, VN.
Acknowledgements The author acknowledges support from CNPq and thank F. Cardoso for en-

couragement while writing this note. The author also thanks A. S& Barreto for suggesting the problem
and P. Hislop for many helpful discussions.

2. UNIFORM ESTIMATES UP TO THE CRITICAL LINE

In [CardVod] Cardoso-Vodev obtained uniform estimates for the resolvent of the Lapacian for a metric
of the form
(2.1) gr = dr® + o (r),

where o(r) is a one-parameter family of Riemannian metrics. The transformation @ = e~" puts the AH
metric (L)) into the form of the metric studied in [CardVod] with o(r) = e?"h(e~"). In that same spirit
we consider the metric

(2.2) gr = (ay))~?dr® + o(r),
where the metric o no longer has a polyhomogeneous expansion, it is actually in the class studied in

[CardVod]. Combining [Mar(09] and [Marl1] we can prove that the resolvent R(§) is analytic for ¢ > n/2.
We denote by |o| the determinant of 0. The corresponding Laplace-Beltrami operator is

a?(y)d, (|o]'?) Oy, (y) i
|0_|—1/28T - Ag + Ty)a ayj.

We follow the notation of [CardVod|] and denote |o|*/? by p, we also write « instead of a(y) keeping in
mind that o is a function on the boundary. If we conjugate A, by p'/?, we obtain

(2.4) PP AgpT P = —a?(y)07 + A+ q,
with A = —0,,079,,, and

(2.3) Ay =—a?(y)07 -

25) g¢=-— (3;1;?2 - 8yip;;'p(9éyjpg ol 1 paA?qul ~ 6y21p0 090y, 0 - (ayia)oij% I %Uijayj'
The method of [CardVod] under the following assumptions

(2.6) lg| < C, orq < Cr—1790

and

(27) 008 > Co iy V. TS

gives the following:
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Proposition 2.1. Let (X,g) be a conformally compact manifold with metric g as in (L)), and x a
boundary defining function. Then there exists ¢ > 0 such that the weighted resolvent 11/2R(§)xl/2 =
2/2(A, — adé(n — €))7 'al/? extends continuously from {RE > n/2,|S¢| > 1} to {RE > n/2,|3¢| > 1}
on L*(X) and the extension satisfies

(2.8) ||171/2R(§)$1/2||L(L2,Hp) < CeCkl C >0,

forp=0,1, S| > 1, and 0 < NE — n/2 < 1; where the Sobolev norm is with respect to the metric g.
Moreover if g is non-trapping we have

(2.9) a2 R(€)a"?| | c(z2,m0) < CISE[7HHP, O >0,

forp=0,1,18¢ > 1, and 0 < RE—n/2 < 1.

Proof. The technique is essentially found in [CardVod| however our case is a bit simpler in the sense
that we are only concerned with what happens near the boundary dX of the CC manifold X which
corresponds to the elliptic ends of the manifolds considered in [CardVod], the manifolds they considered
include also manifolds with cusp ends. Away from the boundary the operator A, is elliptic and the result

follows from the existing results for asymptotically hyperbolic manifolds (e.g. [CardVod, [Guill]).
We prove the theorem using the coordinates (r,y) with corresponding Laplace-Beltrami operator

2 1/2 .
o (y) 9 (lo| )ar — A, + 9y, a(y) a9,

(2.10) Ay = —aW)dr — = a(y)

We denote by
(2.11)
P =p"?((aoN) 724, — 1+ i(ap)) 2e)p™ 2 = —a?(y) (o A) 7202 + (a0 \) T2A + (o)) ~2q + i(a ) e,

with A and ¢ as before. We rename L, = (apA) “2A, V = (ap))"2q and D, = (i)~ tad, to simplify
notation.
The theorem follows from the following

Proposition 2.2. Let u € H?(X, g) be such that r*Pu € L*(X,g) for 1/2 < s < 1/2+ . Then for all v
such that 0 < v << 1 there exist constants C1, Ca, Ao > 0 independent of A and €, such that for X > Ao
we have

(2.12) ||r75u||§11(v7g) < Cl)\2||r5Pu||%2(V7g) — CoA ' {ag ?adru, u) 2 (o, g)-
Proof. Integration by part gives
(r72* (Lo =14V ), u) 2 v,y Hlr = aDyul |22y, ) = ROT2 Pu,u) g2y, ) +25(ao\) 2R~ o u) 12 (v, g).-
Thus by Cauchy-Schwarz we have
(213) [ (L = 1+ V)u,u)raqrg) + 1 aDpul[Ls(y )|
< O Pull gy + O™ (Il aDeulZaqysgy + I ull3aqrsy )

Since S(YTIAPu, YA ) p2(v ) = S(Pu, ) 2(v,g) = (N) 73S (ag 2adru, u) r2ov) + €| |ul|r2(v,g), we have
that

(2.14) ellullz2vigy < TIAP PullZ2 gy + A HIr w2 v ) — (V) 72 Sag 2 adru, u) 2 oy
for all positive . Again taking imaginary parts since € is small and « bounded we have

(2.15) 1Drullf2v,g) < CllullZaqvg) + I1Pulli2(y)-
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The previous two equations give
(2.16)

€A (||U||%2(V,g) + ||DTU||%2(V,g)) S OW)|Ir* Pul|F2(v.g) + Yr w31 vy — CA ' Sag * adpu, ) 2(0v) -

for all v > 0. Let

B(r) = —{(Lr =1+ V)u(r, ), u(r,-)) + | Dyulr, )|,
where ||u(r, -)|| means the L? norm in the rest of the variables that do not include r. Taking the derivative
with respect to r we have

(2'17) El(r) = _<[6T7 LT]U(Tv ')7 u(r, )> - <Vlu(r= s u(r, )

1
a()
Writing (Pu(r,-), == Dyu(r,-)) = (r=2*APu(r, ), =45r**Dyu(r,-)), and using our assumptions (28],

a() a()
(271) and Cauchy-Schwarz we have

— 2 (u(r, ), u'(r, ) — 220 S{(Pu(r, -), Dyu(r,-)).

C

—(Lyu(r, ), u(r, ) = A([fu(r, )| + ||%Dr(ﬂ )

=2 ([Ju(r, )P + 1Dr (r, )I17) = A% Pu(r, )l

(2.18) E'(r) >

Integrating and using that L, > 0 we get

o 00 o i
219) B0) =~ [ B0 < [ [xute 7 + 12500 e+ 11t
+ N2l Pu(r, )| |72(v. g9
and using (2I6) we obtain
(2.20) E(r) < vllr~%u(r, ')”%TI(V,g) + CX?||r® Pu(r, -)||2L2(V7g) — CA\'S(ag 2adru, u)r2(av)-

On the other hand
(221) r 7 E'(r) = Cr>* (Lyu(r, ), u(r, ) — r' > eA([Ju(r, -)|]* + IIQTO)DT(T, %)
a .

A (fa(r, )P+ 11D (r, )P — 2N | P, )|

and [ r172E/ (r)dr = (25 — 1) [ r=2*E(r)dr, thus integrating 2.21) from a to co we get

s “2s —25 Q0
(2.22)  Cllr=*(Le)"?|[F2(v,g) — XIr > u(r, )Ty + [Ir 2 mDr(ﬁ Nz vg))
— (Ir' =" ulr, 1Z2ev.g) + 17 De(r, 1 Z20v. ) = A lrPulr, Nz (v
<Al ulr NI v.g) + CAN I Pulr, )72 (v.9) — CA™'Sag > adru, u) L2 (ov).-
Since 1/2 < s < 1/2+ §p and oy < o < oy the terms with negative sign in left hand side of the previous
equation can be absorbed by the terms in the right hand side to get

(2.23)
||T‘75(L7')1/2||%2(V,g) < Al ulr, i vgy + CXPr° Pulr, )2y, — CA ' S{ag *adru, u) 2oy

The proposition now follows from the previous inequality, (220) and ZI3).
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The theorem follows from the previous proposition by noticing that

(2.24) = S{ag *adru, u)2ov) = —S{ag?(Ag — agA® —i€)u, u) 2(v,g) — ellag “ulT 2y )
< C|(Ag — agA? —ie)ul[Ta(y ) + CellulF2 (v )

this inequality into ([2.12]) gives

(2.25) ||7°75U||§11(v,g) < Cl)\2||7°spu||%2(v,g) +O[[(Ag — agh® - Zf)“”%?(v,g) + C€||U||2L2(v,g)a

letting € — 0 since |A| > K we obtain

(2.26) ||T*Su||§11(v)g) < CoM||r* Pul|p2(v,g)-

The theorem, with P = (In a:)%s instead of x, follows from the last inequality by factoring out A\~2

from P. Lastly, noticing that 2!/2 < |In x|%6 for = > 0 sufficiently small we obtain the theorem. O
3. MODEL

Writing the Laplace-Beltrami operator A in local coordinates z = (z,y), logaritmic terms appear. It
is a differential operator of order two in (x0;,z0,) with polyhomogeneous coefficients. Hence we denote
by P'Difff (X) the space of polyhomogeneous differential operators of order k that could be written in
local coordinates as

Z ai,k(‘rv y)(‘raw)ixlm (ay)67
i+[8|<k

with a; x(x,y) polyhomogneous in .

The variable sectional curvature gives a resolvent which lives on spaces of polyhomogeneous operators
A(X), however the definition of such spaces is well known and we do not discuss these spaces in more
detail here since we are just going to look at the resolvent as a linear map. We refer the interested reader
to [Borthl Mar09, [Mar11].

The argument of [FrHis] can be extended to show PP!Diffs (X) C L(H*(X), H*~*(X)), where as usual
H*(X) := Dom(1 + A,)*/2. Also x= P DFg? € PIDIiff§(X) for DF € POIDIfff(X).

The part of the parametrix near the boundary will be given by (Xo, go) we define next: let (M, Hp)
be a compact Riemannian manifold then (Xy, go) is the manifold

dx? + H,
(3.1) Xo:=(0,00) x M,  go:= TO
Note that
(3.2) Xo :=[0,00) x M.

The elements of P°'Diff5 (X) with support in [0,1] x M could be written in local coordinates as

Z i,k (2, y) (xaw)ixlm (ay)67
i+|B8|<k
with a; (2, y) polyhomogneous in . Via the change of variables r = Inz, Ay, is unitarily equivalent to
n2
PO = —83 +€2TAH0 + Z
We now prove Proposition [I1]
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Proof. We prove the proposition for p = 0, the other cases follow from P°'Difff(X,) being contained in
L(H®*(Xo), H*"%(Xy)) (JFrHis]). By the spectral theorem we can decompose

2
n

PO:@Péj); P()(j):_872‘+62r,u?+ 1
J

with {11;};en, the eigenvalues of Ay, associated to an orthonormal basis {t;}jen, of L?(M) eigenvectors
and counted with multiplicities.

We have the decomposition

p(Po—En =€) pf = p(Py —&(n— €)' < 5 > vyp.

J€ENo
We let Uy : L*(R,dr) — L?(R,dr) be the isometric translation
Uy=f() = fn(g) +),
for pu; # 0, we have UjPO(j)Uj =Q, with Q = —9? +e?" + "4—2. We set k = ¢ —n/2 to simplify notation.

It is well known that we can decompose the Green kernel

Ro(&r,t) = (Q = &(n — €)' (rt) = K_i(e") k(e H(r — t) — Ix(e") K _p(e") H(t — 1),

where H is the Heaviside function, and K_j, Ij, are given by

3.3 Ii(2) = l e (W) cos(ku)du — sin(kr) e~ #cosh(w)—ku gy,
(3.3) (2) :
™ Jo m 0
(3.4) K_i(2) :/ cosh(ku)e ™ <sh) gy,
0

If |R(k)| <1/4 and |S(k)| > 1, we have, for t > 0, that

(35) |Ik(€t)|: l/ eet(:os(u) cos(ku)du—sm(kﬂ)/ efetcosh(u)fkudu <
T Jo T 0
C'/ e e elklugy| 4+ cee’ / e M du SCe—t|k|_l,
0 0 €
(3.6) |K_(eh)] = / cosh(ku)e ¢ <@y | < C / sinh(ku)e ¢ ©hw) gy goe?m—l
0 0

the proof of the first inequality of ([B.6]) is included in the appendix. For ¢ < 0 we have

l/ eet cos(u) COS(kU)du _ Sln(kw) / efet cosh(u)fkudu
0 0

™ ™

<

(3.7) k(e =

C +C < Clk|

/ cos(ku)du
0

oo
/ e Fuduy
0

and

(3.8) |K_r(e")| = < Clk|™h

/ cosh(ku)efetCOSh(")du
0

We suppose, without loss of generality, that p(e”) = e/ 2x(r) with y a smooth function so that x(r) = 1
for r < —1 and x(r) =0 for r > 1. Thus the last inequalities give

Clnp, Clk|™ e r>0
. K_ T r—In p; <
(3.9) @< { QLT T2
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Clk|™tee" t>0

1 T t t—In p; <
(3 0) | k(e )p(e )| — { O|k|7let/2 t S 0

Thus we obtain

GGl /Oo (K _k(e")p(e )] < %
' C

Kl ) [ e ot <

When p; =0, for £ ¢ C\0, the euclidean resolvent

R (& 7,t) = |2k "L HIr—H.
Thus for RE > 2 — 1, (€] > 1, and p=0:

(3.12) 1020(e )RS (€)p(e |2y < |KI72TP.

For (p, ¢) = (0,0) the Lemma follows from I1]) and B12), and the cases (p, ¢) = (1,0) and (p, q) = (2,0)
follow from PO'Diff§ (Xo) € L(H*(Xo), H* *(X0)). The case ¢ = 1 follows from the Cauchy formula. [J

4. ABSENCE OF RESONANCES NEAR CRITICAL LINE

In this section we prove Theorem

Proof. We define the resolvent Ry(£) := (Py — a2&(n — €)1 and let R(£) be the resolvent as defined
before, which extends to the physical sheet {R(£) > n/2}. We work in V' be a collar neighorhood of X
in the conformally compact manifold (X, g) isometric to U := (0,6), x X equipped with the metric
(ax)~2dx? + x72h(x), via the isometry i : V — U. We assume 6 = 1 without loss of generality.

Let Iy : L*(Xo,dvoly,) — L*(U,dvol,) and Ry : L*(U,dvol,) — L*(Xo,dvolg,) be the bounded
operators given by
Ru: fr= flw(),
Iy : f=1uf;

where ¢y is the inclusion U < Xy, and 1y is the characteristic function of U. Since the function o = «a(y)
satisfies 0 < a9 < @ < a1, i*go and g are quasi-isometric. The pullback and push-forward of i map
i* : L*(U, dvoly,) — L?(V,dvoly) and i, : L*(V, dvol,) — L*(U, dvol,, ) respectively as bounded operators.
We also have I* := Zyi*Ry, and I, := Zyi, Ry as linear operator from L?(Xo, dvoly,) to L*(X, dvol,)
and from L?(X, dvoly) to L?*(Xo, dvoly,) respectively.We let for j = 1, ...,4; 1;(x) be defined by
PR z € [0,7/5]
vale) = { 0, we[(j+1)/5,00)
We have I, I*; = 1; and I, I*i*; = i*;.
For the first step of the parametrix we note the there exist operators D and Dy, in P°'Diff2(X) such

that

Ay — PT* Ay b3l = 2D + (2° Ay, — o*2®Ap,),

Ay — PI* P3Ny I = xDp + (22 Ap, — o*2*Ag,),

since

Ay = 2~ (28,)? +nad, — 2% (9, I Vh)0y] + 22 A — 2%(y, Ina)h 9, .
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Notice that

1
(4.1) CL‘QA}L 2

=T s ;h" j =T “9;0; + xDy,
NE OihV|h| 205 = 2* Y " h'9;0; + xD

with Dy in PO'Diff} (X). We assume we can write

(4.2) h(z,y,dy) ~ ho(y,dy) + Z ! Z (Inz)? hij(y, dy).
1€Ng  0<j<U;

thus
(4.3) 22 Ay, = 2? Z hil 8;0; + x Dy,
with Dy in PP'Diff2(X). Thus taking Hy = a?hg we get that a?22Ap, — 22A, = xD3, with D3 in
PoIDiff2(X). Thus we obtain
Ay — PT* Ay p3l. = zDp,
(44 A, — 2T 3Ny I = 2Dy

where Dg and Dy, are not necessarily the same as before.

By (#4) we can now apply the same parametrix as the one used in [Guill] to prove the absence of
resonances exponentially close to the critical line. For R(£) > n/2 we have

(Agowi% - f(n - 5))¢2R0(§)¢1 =11+ [Agww?]RO(g)wl'

We let x; := 1 — 4"y, and x¢ a smooth function with compact support on X which is equal to 1 on
the support of x1. We denote by D? (resp. D} ) all differential operator in Diff?(X) with support in
Supp(i*y3 ) (resp. Diff5(Xy) with support in Supp(s )). We have DPx = xDP, DiI, = I.DP, and
DrI* =I*DE.

Let Z :=¢&(n — &), and Zg := a3&(n — &), for & fixed such that R(&y) > n/2, we have
(4.5) (Ag —E)ER(E) =1+ Lr(9),
with

Er(€) = Ror() + 0oR(@)x1.  Ron(€) i= I"baRo(€) L2 1.

(4.6) Lr(§) = [Ag, x0]R(§0)x1 + (E — o) xoR(&o)x1 + I*OCQ[Agm%]Ro(f)%I* +xDgRor(§).

Thus we obtain

(4.7) 2 V2Lg = (D' + (E—Z0)z " x0)R(So)x1 + 171/21*042D3R(5)%1*-
On the other hand

(4.8) EL(§)(Ag —E) =1+ Lr(§),

with

(49) EL(©) = Ro(&) + voR(Eo)x1,  Ron(€) = I" A Ry(&)uL.,

and

(4.10)  Lr(§) = x1R(&)[Ag, x0] + (E — Zo)x1R(§0)x0 + I*%Ro(ﬁ)QQ[AgmUJz]h + Ror(§)zDrg.



ABSENCE OF RESONANCES NEAR CRITICAL LINE FOR CC MANIFOLDS 11

From equations (L5]) and (L8] we get
(4.11) R(§) = Er(§) — R(§)Lr(E),  R(2) = EL(z) — Lr(2)R(2).

Substituting the first equation in (@II]) into the resolvent identity R(§) — R(z) = (E — Z)R(§)R(z), we
get o'/2R(€)x'/2(1 + K (€, 2)) = K1 (€, 2), where

K&, 2) = (B—2)z Y2Lg(6)R(2)zY? and Ki(£,2) = 2'?R(2)z'/? + (2 — 2)a*?Er(&)R(2)z/2.
From (£9) and (£I0) we have
(4.12) R(2)2'/? = Ep(2)2Y/? — Ly (2)R(2)x/? = I*%Ro(z)wﬂ*xlﬂ + I o222 D% 2 R(2) 2/ ?)
+x1R(&)z'?[x0 + D'a' P R(2)a'? + (Bg — Z)a™ xoR(2)a'?].

Putting the last equation together with 2~ '/2L (&) into

K,z _
K63 _ g
we get
K,z — —
(113) B&2 _ (pty (=, - 20 xo)r P RE R
+ $1/2I*Q2D%¢4Ro(f)%Iﬂl/%_l/z)ﬁR(fo)fElm (Xo + D'a'?R(2)2'? + (S0 — Z)$_1/2X0R(Z)$1/2>

+ x1/2I*a2D§¢4R0 (5)7’5—}?]%0(2)]*961/2 (a2:101/2D2:E1/2R(z)x1/2 + 1&2)
The first line in (@I3) extends to {R(€) > n/2—1/4}N{|S(E)| > 1} and {R(2) > n/2} N{|S(2)| > 1}

as an operator with L? norm bounded by

() <l

|| E]
The second line can be extended to {R(£) > n/2 —1/4} N {|S(&)| > 1} and {R(z) > n/2} N {|S(2)| > 1}
as an operator with L? norm bounded by
C(lz] + Cr +1/]2]) < Clz|
Finally we analyze the third line, by Proposition 2] D?z'/2R(z)x'/? can be extended to {R(z) > n/2} N
{IS(2)| > 1} as an operator with L? norm bounded by C|z|. Using the trick of [Guill] i.e. writing
2

(4.14) fEl/QI*D%WRo(f)%Ro(z)wf*fvlﬂ =

B 1/2 R, . 1/2 — 1/2 R i 1/2
(% _i*(x1/2)¢4[%7Ag0]$_1/2)2 22y Ro(§)iww 1#45 _ZZ(.%' Y4)Ro(2)isx ¢4><

1/}1 —1/2 1/)1 . 1/2
X (? -z / [EvAgo]Z*x / ¢4)7

and using Proposition [Tl for ¢ = 1 we see that we can extend (I4) to {R(£) > n/2—1/4}N{|S(&)| > 1}
and {R(z) > n/2} N {|S(2)] > 1} as an operator with L? norm bounded by C’#. Combining the last
two estimates we get that the third line of (I3) can be extended to {R(£) > n/2 — 1/4} N {|S(&)| > 1}
and {R(z) > n/2} N{|I(z)| > 1} as an operator with L? norm bounded by C%.

These three bounds together give that

= 2
(4.15) |m@mmmscww(%9ﬂ%+m0.
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Fixing z = n/2 + is, with |s| >> 0 and J(§) = s, R(§) > n/2 — 1/4, the last inequality becomes

ny (TR | (R
(4.16) [|K (&, 2)ll L2y < CIR(E) — §| ( (RE? + 2 + \/m + n2/4+32>

< CIR(E) - S1(V/w? /147 + %>

Thus taking
(4.17) R - 51 < O

K (¢, z) is holomorphic in & for {R(£) > n/2 — C(S(€))'} N{|S(€)| > 1} and we can invert 1+ K (&, 2)
holomorphically. The term K7 (&, z) can be handled using the estimates above. |

5. ASYMPTOTICS OF THE WAVE EQUATION
In this section we give a second application of the resolvent estimate given in Theorem (21I) to the

wave equation on a CC manifold. We prove Corollary LT}
[e]

Let (X, g) be a CC manifold and f1, fo € C§°(X), and u(t, z) € C° (R4 x )o() satisfy:

Ou= (D} — Ay) u(t,z) =0, on R+><)O(,

(5.1)
u(0,2) = f1(2), Dwu(0,2) = fa(2).

Here D; = —ao%. Our result will only hold for high energies so we need to take v = x(t)u and 0 < e << 1
so that x(t) is a smooth function so that

0 t<e
t: ) )
x(®) {1, t>1.

Then we have that v satisfies

Ou= (D} — Ag)v(t,z) = F :=[0,xJu, on Rix )%,

(52) v(0,2) =0, Dv(0,z)=0.

Thus taking the Fourier transform in ¢t we get that Fuv satisfies
(5.3) (aoX® = Ay) (Fv)(A,2) = FF.

Now we can use Theorem (2], since (Fv)(A,z) = R(A\)(FF)(A, z). Thus taking the inverse Fourier

transform we have

v(t,z) = /eitAR(/\,z,z’)ﬁ’()\,z/)dz’d/\.

The corollary now follows since we obtained polynomial bounds on the resolvent R()) and F is Schwartz.

APPENDIX: PROOF OF INEQUALITY IN (B.6)

We prove that if |[R(k)| < 1/4 and [S(k)| > 1,

(-4) <C

/ cosh(ku)e*et cosh(u) gy,
0

/ sinh(ku)efet cosh(ku) gy,
0
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The left hand side of (4] is

2

(-5)

/ cosh(ku)e*et cosh(u) gy,
0

2
4+

2

0 (RE)u —(Rk)u .
/ cos((%k)u)%e_e cosh(u) gy,
0

00 Rk)u _ ,—(Rk)u .
/ sin((%k)u)%e_e cosh(w) gy,
0

The right hand side of (4] is

2

(-6)

/ sinh(ku)e_etCOSh(k“)du
0

00 RE)u _ ,—(Rk)u (Rk)u —(Rk)u . N SRR —(RR)u
/ (cos((%k)u)% + isin((%k)u)%) o= cos((Skyu) eIt
0

(Rk)u _ ,—(Rk)u (Rk)u _ ,—(Rk)u
%] — i sin[e’ sin((%k)u)%]} du
e(%k)u _ e—(?Rk)u]

2
00 (RE)u —(Rk)u . o SRR u |, —(RE)u RE)u _ ,—(Rk)u
+/ du%(ei8 cos((Iku) E ) sin((Sk)u) sinfe’ sin((%k)u)%]
0

00 (Rk)u —(Rk)u . - J(REYu | —(RE)u Re)u _ o~ RE)u
/ du% G COS(("’“)“)%) sin((Sk)u) cos[e’ sin((Sk)u) %
0

00 (Rk)u _ —(RE)u , L RRu— (RR)u (Rk)u _ —(Rk)u |2
- / du%(eﬂ cos((Sk)u) ——5——— cos((Sk)u) sin[e’ sm((szc)u)%
0

2

[cos[et sin((Sk)u)

oo (RE)u __ (RE)u ; (RE)u 4 —(RE)u
/ duf(e_e cos((Sk )“)7) cos((Sk)u) cosle’ sin((Sk)u)
0

2

+

00 RE)u _ —(RE)u , R~ (RR)u RE)u _ —(Rk)u 72
[ / du%(eﬂ cos((Ik)u) ——5——— cos((Ik)u) cos[e’ sin((Sk)u) — ]

2
+ /OO e — e + e (e_et cos((Sh)u) S ) sin((Sk)u) sinfe’ sin((Sk)u) —e(ﬂ?k)u ;e_(%k)u I’
/o |
+ -/Oo due(m)u + e (e COS((%)“)M)COS((S@W sin[e’ sin((%k)u)w]- ’
/o ]
+ / h due(m)u O et con((@m I ) coslet sin((Sh)u) e _267@%)“]_ 2
0 i
+2 /000 i e (efet COS((%)")M) cos((Sk)u) cosle’ sin((%k)u)w] X
/ T T Ot con(auy SO () sinfel sin((SR)u) e ‘267@%)”]
0
-2 /OO due(m)u e O (e—et cos((Skyu) T e (R ) cos((Sk)u) sinfe’ sin((Sk)u) —e(%k)u _26_(8%)“] X
0

©0 RE)u 4 o= (Rk)u J(RE)u | — (Rk)u RE)u _ ,—(Rk)u
/ dui TE T (et eos((SRu) T G (S ) cosle! sin((sk)u)%].
0
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The inequality follows by noticing that the difference of the last two terms is bounded by the sum of the
first four and that

S (Rk)u —(RE)u 2
(7) / cos((%k)u)%e*e cosh(w) gy, | <
0
0 JRR)u _ o—(RR)u by (RR)u (RR)u _ o—(Rk)u 12
c [ / du%(e—e cos((Fk)u) ——HF——— )cos((sk)u)cos[efsin((sk)u)%]]
0
o JRR)u L o—(RR)u L (wu—(ku (RE)u _ o= (Rk)u 72
+ { / du%(e% ees((900) T cos(Shu) sinfe sin(Sh)u) ———— }
0
and that
oo (RE)u _ o~ (RE)u 2
/ sin((%k)u)%e‘e cosh(u) gy | <
0

e(RR)u _ o—(Rk)u r

oo (Rk)u —(Rk)u . o J(REYu, —(RE)u
c [ / du%(eﬂ cos((Sh)u) ——5——— 4in((Jk)u) sinle’ sin((Sk)u) 5
0

c(RE)u _ ,—(Rk)u r

00 Rk)u _ ,—(Rk)u . N SRR u |, —(RE)u
+ {/ du;(ef8 cos((Ik)u) E ) sin((Sk)u) cosle’ sin((Sk)u) 5
0

2
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